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Introduction

Recently there has been a growing interest in nonlinear
time series models. Some representative references are Andel (1976)
and Nicholls and Quinn (1982) on random coefficient autoregressive
models, Granger and Andersen (1978) and Subba Rao (1981) on bilinear
models, Haggan and Ozaki (1981) on exponential autoregressive models,
Tong and Lim (1980) on threshold autoregressive models, Harrison and
Stevens (1976), Ledolter (1981) on dynamic state space models and
Priestley (1980) on general state dependent models. A review has
been given in Tjdstheim (1984a).

To be able to use nonlinear time series models in practice one
must be able to fit the models to data and estimate the parameters.
Computational procedures for determining parameters for various model
classes are outlined in the above references. Often these are based
¢ on a minimization of a least squares or a maximum likelihood type

criterion. However, very little is known about the theoretical
properties of these procedures and the resulting estimates. An excep-

tion is the class of random coefficient autoregressive processes for

which a fairly extensive theory of estimation exists (Nicholls and

Quinn 1982). See also the special models treated by Robinson (1977)

N .
RISy

and Aase (1983). Sometimes properties like consistency and asymptotic

R
normality appear to be taken for granted also for other model classes, :1—~
but some of the simulations performed indicate that there are reasons .::‘:

. for being cautious. l——;ﬂ
In this paper we will try to develop a more systematic approach o

) and discuss a general framework for nonlinear time series estimation. ".{

This enables us to survey known results with new proofs as well as to ;;-—;

obtain a number of new results. The approach is based on Taylor

expansion of a general penalty function which is subsequently




specialized to a conditional least squares and a maximum likelihood type
criterion. Klimko and Nelson (1978) have previously considered such
Taylor expansions in the conditional least squares case in a general
(ﬁon-time series) context.

Our approach yields the estimation results of Quinn and Nicholls
(1982) as special cases, and, in fact, we are able to weaken their
conditions in the maximum likelihood case. The results derived are also
ir applicable to other classes of nonlinear time series. Although the
conditions for consistency and asymptotic normality are not always

easy to verify, they seem to give a good indication of the specific

problems that arise for each class of series. They also suggest that
for some models quite strong assumptions could be needed, and thus that
there are situations where taking consistency and asymptotic normality
for granted may lead astray.

We have found it convenient to subdivide our results into two
papers. In the present paper we study strictly stationary ergodic

series. This allows us to use the ergodic theorem and the central limit

theorem for ergodic strictly stationary martingale differences
(Billingsley 1961). The assumption of strict stationarity may appear
overly restrictive from a practical point of view, and in some cases
it certainly is. However, it should be realized that a strictly _~ff1
stationary nonlinear model is capable of producing realizations with
a distinctive nonstationary outlook (cf. e.g. Nicholls and Quinn 1982,
Sec. 1 and Tj@stheim 1984a, Sec. 5.1).

An outline of the paper is as follows: 1In Section 2 we present

some results on consistency and asymptotic normality using a general

| -
penalty function. In Sections 3 and 5 we specialize to conditional :
least squares and to a maximum likelihood type penalty function. )
¥
Applications of our results to a wide range of examples of nonlinear




3
time series are given in Sections 4 and 6.

In the sequel to this paper (Tjgstheim 1984b) we look at some
nonstationary models again basing our results on a Taylor expansion
of a general penalty function. A number of additional examples are
given in that paper.

2. Two results on consistency and asymptotic normality.

The two results to be stated in this section will be formulated
without requiring stationarity, since versions of them will be used also in
Tjdéstheim (1984b).

Let {Xt,teI} be a discrete time stochastic process taking values
in Rd and defined on a probability space (Q,F,P). The index set I
is either the set Z of all integers or the set N of all positive

integers. We assume that observations (X ..,Xn) are available. We

12
will treat the asymptotic theory of two types of estimates, namely
conditional least squares and maximum likelihood type estimates. Both
of these are obtained by minimizing a penalty function, and since, in our
setting, the theory is quite similar for the two, we will formulate
our results in terms of a general real-valued penalty function Qn = Qn(B)
= Qn(xl,...,xn;e) depending on the observations and on a parameter
vector B.

The parameter vector B = [Bl,...,Br]T will be assumed to be
lying in some open set B of Euclidean r-space. Its true value will be
denoted by Bp. We will assume that the penalty function Qn is almost
surely twice continuously differentiable in a neighborhood S of Bo. We
will denote by |-| the Euclidean norm, so that |B8] = (BTB)%. For 6 > 0,
we define NG = {B: |B-BO|< 8}. We will use a.s. as an abbreviation for
almost surely, although, when no misunderstanding can arise, it will be

omitted in identities involving conditional expectations.

Theorems 2.1 and 2.2 are proved using the standard technique of




B

Theorem 2.1:

Taylor expansion around Bo (cf. Klimko and Nelson 1978 and Hall and

Heyde 1980, Ch. 6). Let NGCS. Moreover, let BQn/SB be the column

vector defined by 3Q,/38,, i=1,...,r, and likewise let 3°Q,/38° be

the rxr matrix defined by BZQn/BBiBBj, i,j=1,...,r. Then -

1% 0 r 2%,
Qn(B) Qn(B)+(BB) —-(B)+1(BB) —-—(BB)

(2.1)

e,

3
OT{ Q“(s)-——(s)}(se)
BB

+ %(B-8

is valid for |B-BOI<6. Here 8 = B (X

.,Xn;B) is an intermediate
0
point between B and B.

Assume that {Xt} and Qn are such that as n + o«

0 8-S
Al: n =2 (B) > O, i=1,...,r
3B,
1 -
. . 2 0 2 . .
A2: The symmetric matrix 9 Qn(B )}/3B” is non-negative
definite and ) ﬂi
lim inf o, 2.s- 7
n-e min () > 0 .
0 _—
5 -
where x;in (80) is the smallest eigenvalue of a‘Qn(B )/362. '
3 Q 2Qn a.s. ]
A3: 1lim sup (n6)' —B——B—(B ) - —B—B—(B ) L ]
e §40 '
for i,j=1,...,r E
Then there exists a sequence of estimators Bn =(BﬂP""Bnr)T such E
~ a,s. o0 -
that Bn 37 B as n » «, and such that for £ > 0, there is an event =
in (Q,F,P) with P(E) > 1-¢ and an n, such that on E and for n > Ny B(Qn(Bn)/38i=0, L
~ R
i=1l,...,r, and Qn attains a relative minimum at Bn' o

Proof: The proof is as in Klimko and Nelson (1978), but it will be o
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outlined to demonstrate explicitly that the argument does not depend

| on the special conditional least squares function used there.
. Taking into account Al-A3 we can use Egorov's theorem. Thus for

. a given € > 0 we can find an EeF with P(E) > 1-€, a positive s < s,

I an M >0, aA >0, and an n, such that on E and for n > n,, we have
for B e N,
8
“ 3 8
0.T *% 0 * 3 0.1 ° % o 0,2
l (881" 52BN | < n8))>, [(8-81)" ——2—(3)(66)13 AB-8"1°  (2.1)
and 2
a 3
0.7° Y 0 * 3
- [(8-B") {-———(B ) - ——8%(8 )}(B-B Y| < nM(8 ) (2.2)
] 9B
Using (2.1) and (2.2) we have that if B is on the boundary of N ,, then
8
: o . 0 * 2 %* *
; Q,(B) > Q (B) +n(8) (-8 M), (2.3)
. where the last term in (2.3) can be made positive by initially choosing .;D{;
8 sufficiently small. Hence, for such a §, Qn(B) must attain a minimum :
. ' at some Bn in NG*, and for this Bn we must have aQn(en)/as = 0. The ] 7
- proof can now be completed as in the proof of Corollary 2.1 of Klimko
p and Nelson (1978) by selecting appropriate sequences {ek} and {Gk} tending .
< to zero. S
3 I b
- A penalty function Qn satisfying the general conditiovns Al1-A3 .
;i will not necessarily be useful in practice. It seems that additional
; constraints have to be imposed on the functional form of Q, to make it -
natural to choose as Bn the value of B giving the smallest relative
minimum of Qn' Such properties are inherent in the conditional least
i squares and maximum likelihood type penalty function. (For e.g. the b
- conditional least squares case we have E{Qn(Bo)} < E{Qn(B)} for all B). ]
g
X
g
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3
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The condition A3 may not always be easy to check in practice. If
Qn is almost surely three times continuously differentiable on S, then,
using the mean value theorem, an obvious sufficient condition for A3 is

the existence of an M>0 independent of 8 such that

_ 63Qn a.s.
A3': 1lim sup n =] < M
n o+ o BBiaBjask

for 8 ¢ $and i,j,k = 1,...,r.

When it comes to asymptotic normality it is essentially sufficient
to prove asymptotic normality of aQn(BO)/QB.
Theorem 2.2: Assume that the conditions of Theorem 2.1 are fulfilled

and that in addition we have that as n + =
32 a.s.
a2y 9
Bl: n Ts—i-a-éJ—(B) > Vij
for i,j = 1,...,r, where V = (Vij) is a strictly positive definite
matrix, and

5 0

B?.: n W (Bo] g N(O,W)
where N(O,W) is used to denote a multivariate normal distribution with

A
a zero mean vector and covariance matrix W. Let {Bn} be the estimators

obtained in Theorem 2.1. Then
1. A - -
n* -8% $ Neo,viwvh (2.4)

The proof is identical to the proof of Theorem 2.2 of Klimko
and Nelson (1978) and is therefore omitted.

In the remaining part of this paper {Xt} will be assumed to be
strictly stationary and ergodic. In addition second moments of {xt}
will always be assumed to exist,so that {Xt} is second order stationary
as well. The task of finding nonlinear models satisfying these

assumptions is far from trivial (cf. Tjéstheim 1984a, Sec. §5).

3. Conditional Least Squares

We denote by F: the sub o-field of F generated by {Xs, sst}, and

~

we will use the notation X

tle-1 = tht-l(B) for the conditional

PSS TP S W Py S S PO TS L. o . . PR . o
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-
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expectation EB(xtlF:-l)‘ We will often omit B for notational convenience.

Since second moments of {Xt} are assumed to exist, tht ; is the optimal

one-step least squares predictor of Xt and E(X 2 is finite.

t'xtlt-l)
In the case where {xt} is defined for tzl only (this will be

~

referred to as the one sided case), X will in general depend

t|t-1

explicitly on t and therefore X do not define a stationary process.

t|t-1
If the index set I of {Xt, tel} comprises all the integers, then

Xele-1 t-1

included in the set of observations (xl,...,xn). To avoid these

~

is stationary, but in general th will depend on Xt's not

problems we replace F:_l by F:_l(m), which is the o-field generated by

{Xs, t-m < s < t-1}, and let X = E{thF:_l(m)}. Here m is an

t|t-1

integer at our disposal, and we must have t>m+l in the one sided case.

We will use the penalty function

-~

n
2
Q,(8) =tzm+1{xt - Xeeo1 480} (3.1)

and the conditional least squares estimates will be obtained by

minimizing this function. In the important special case where X

t|t-1
only depends on {Xs, t-p <s < t-1}, i.e. {Xt} is a nonlinear auto-

regressive process of order p, we can take m=p and we have E(thF:_l)

L
PSRN S R )

= E{Xt|F§_1(m)}, where t 2 m+l in the one sided case. It should be

-y
noted that we may loose parameters of interest in the conditioning ,
operation with respect to F:-l or F:_l(m), but as will be shown in the Tj‘
examples of the next section, there are ways of getting around this i;;;j
problem. ._ﬁiﬂ
The theorems in this section are essentially obtained by AR
reformulating and extending the arguments of Klimko and Nelson (1978) 'Y
—
to the multivariate case. e ,}
-
e

. PR . AP P U R PSRy S ey




8
Theorem 3.1: Assume that'{xt} is a d-dimensional strictly stationary

. . 2 > . X
ergodic process with E (lxt| < « and such that tht_l(B) = EB{xtlFt-l(m)}

js almost surely three times continuously differentiable in an open set

B containing B Moreover, suppose that

8 X
CI:E{—t—LE——(B) < o and E _—L‘t—-(B) < o
{

B BB

for i,j = 1,...,T

C2: The vectors axtlt_l(s°)/asi, i=1,...,r, are linearly

independent in the sense that if a,....,a are arbitrary

2

real numbers such that E = 0, then

——L—t”(s)
BB-

1=1

a1 = 32 =,..= ar = 0.

C3: For B ¢ B, there exists functions Gti?(xl,...,xt_l) and

IJk(X ""Xt) such that
~ 2~
X
t]t-1, t[t -1, ijk 1Jk -
38, B) 3,98, (B)} < Gly» E(GIp <
~ 3 X <. .
_ t|t-1 ijk ijk
{Xt xtlt-l(B)} BBiasjBBk(B) B BT <
for i,j,k=1,...,r
Then there exists a sequence of estimators {Bn} minimizing Qn of (3.1) L-‘j

such that the conclusion of Theorem 2.1 holds.

Proof: Using (3.1) we have

‘
H
PO P PR W)




9 o
9 n ~ 3X n L
_an = -2) (X, xtl,c ) —-J—gst'l A ) Ve (3.2) —
i =m+1 i t=m+1 .
But e
ax RN
0, _ T X tit-1
E{y, (87} = E[E[{Xt tht 1(6 )} IF l(m)] —l_(aB B )]—0 (3.3)
. Furthermore, from the Schwarz inequality and C1 we have E{|wt(80)|} <® ._
X and using the ergodic theorem we have that Al of Theorem 2.1 is fulfilled. Lfi
: Second order derivatives are given by e
2 ST 27 »
. 9°Q - zrzi axtlt-—l axtjt:—l -2(x, X )T T @ X¢le-1 (3.4) )
3 aBi5Bj t=m+l 3Bi BBj t|t-1 asiasj
Reasoning exactly as above we have that the expectation of the last term
i of (3.4) is zero for B = Bo. Again using the Schwarz inequality and Cl , o
s it follows from the ergodic theorem that as n -+ o,
'E a%q aX ax e
- -1 0,2a,s. t{t-1 _0,%%¢]t-1 .
. L ¢ 3 ) -_
’ for i,j=1,...,r. The matrix V = (vij) in (3.5) is by definition L
. non-negative definite. That its smallest eigenvalue is larger than :;l?
* zero follows from C2, and this in turn implies that A2 of Theorem e
j 2.1 is fulfilled. Finally, from C3 we have that the ergodic theorem
and the mean value theorem implies A3 of Theorem 2.1 |]
- . . - L_ ® .
Let axt|t_1/as be the dxr matrix having axt|t_1/aei, i=1,...r,
as its column vectors._ We denote by U=V the r*r matrix defined by
oX T
U= s{ tlt=1g% Zeje-1g0 )} (3.6) |
) 96 .
We will next use Theorem 2.2 to prove asymptotic normality. The
proof depends on Billingsley's (1961) martingale central limit theorem.
We then need to condition with respect to an increasing sequence 'y
of o-fields in order to obtain a martingale, and since {Fi(m)} is
not increasing, we now assume the existence of an m such that we have
e .
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(t > m+l in one sided case)

E(X, [FY )25 B(x |F}_j(m)

and (3.7)

b ; Ty X
ft|t-1 - E{(xt'xtlt-l) (X - tht-l) 'Ft-l}

a.s. TyX
= R e Ko Xege-?) IFe.q (m)

where we have used f to denote the dxd conditional prediction error

t|t-1
matrix of {Xt}. The relations in (3.7) hold trivially for nonlinear
AR processes.

Theorem 3.2: Assume that (3.7) and the conditions of Theorem 3.1

are fulfilled. _In addition assume that

X X
p1: R =Bt @0 ¢ (g% —'——EB"I(BO) <o

Let {Bn} be the estimators obtained in Theorem 3.1. Then

1

n?8,-6%) $ N(o,uru™). (3.8)

Proof: In view of Theorem 3.1 and (3.5) we only have to verify

condition B2 of Theorem 2.2. This will be done using a Cramer-Wold
type argument. Thus let YiserosYy be arbitrary real numbers. Using

the definition of X we have

t|t-1

N T
r oX ~
tit-1 0
E| ¥ vy —5-!51— (8 {x,-X

Oy11eX | .
tlt-l(B)HFt-l =0 (3.9)

r
and from (3.2) we conclude that the time increments of E YiaQn(BO/BBi)
i=1

are strictly stationary ergodic martingale increments with respect

LT
to {F:}. It follows from Billingsley (1961) that n” °¥ Yii)Qn(Bo)/i)B.1
i=1

converges in law to a normal distribution with zero mean, and thus

1
n'iaQn(BO)/aBi has a multivariate normal distribution as its limiting

o th tdtnaduuiesily i i siainssteintendutinfetuindeie
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distribution.

It remains to evaluate the covariance matrix. Since {aQn(Bo)/BBi,

is a martingale, using (3.2) it is easy to verify that

E{Bon 0, % o}=

5§; (87) §§; (B7)

-~ T N
o i . ax

ele-1 .0 0 0,,T X t{t-1,.0
ay E[_Té.i__ 8 )E[{xt-xtlt_l(s YHX X1 1 (B} |Ft-1:| 38, (b )]

t=1 j

and by combining (2.4), (3.5), (3.6), (3.7) and Dl we obtain (3.8).]|
For a large class of time series models (including the ordinary

linear AR models) the condition D1 is implied by the condition C1

of Theorem 3.1, and hence essentially no extra condition is required

to ensure asymptotic normality.

X

t-1° then D1

Corollary 3.1 : If Xt-tht_l(Bo) is independent of F
is implied by Cl.

Proof: Under the stated independence assumption we have

ftlt-l(so) = E[{xt-xtlt_l(eo) }{xt-xt!t_l(so) }T] (3.11)

and the Schwarz inequality yields the conclusion.||
4. Examples

A number of models was referred to in the Introduction. In
Tjéstheim (1984a) these were subdivided into three main categories:
Models motivated by nonlinear differential equations, bilinear
models and doubly stochastic models. We will try to apply the results
obtained in the preceding section to one model from each category,
namely an exponential autoregressive model, a bilinear model and a
random coefficient autoregressive series.

For notational convenience we will omit the superscript 0 for the

Ry

X
Fn}

::#




12 e
true value of the parameter vector in this section. Moreover, in o]
all of the following {e , -» <t < »} will denote a sequence of '

independent identically distributed (iid) (possibly vector) random

variables with E(et) = 0 and E(eteI) =G <=, )
4.1 Exponential autoregressive models . '____1
These models were introduced and studied by Ozaki (1980) and ;ile
Haggan and Ozaki (1981). The point of departure is an ordinary 5}%5
scalar autoregressive model of order p (AR(p)), where the ith auto- :tiﬂ
regressive coefficient a, is replaced by ai(t-l,x) = ¢+ niexp(-yxt_f), o
where wi,ﬂi,i=1,...,p and Yy are real parameters such that y > 0. This ;_;d
results in a model F"ﬂj
P )
X, —izl{wi+ niexp(-yxt_l)}xt_i = e, (4.1) ’i
which is assumed defined for t2p+l with Xl,...,Xp being initial variables. L?;?
Haggan and Ozaki (1981) have considered the problem of numerical ' ;fﬁ%
evaluation of Gin’ ;in and ;n by minimization of the sum of squares ;ff3
penalty function Qn of (3.1), and they have done simulations. However, L*“f
we are not aware of any results concerning the asymptotic properties
of these estimates. .
To make the principles involved more transparent we will work with -
the first order model
xt -{p+m exp(-YXi_l)}xt_1 = e (4.2) '
L

defined for t 2 2 with X1 being an initial variable.
Theorem 4.1: Let {xt} be defined by (4.2). Assume that [¢| + |7| < 1,
and that e, has a density function with infinite support such that

E(ei) < o, Then there exists a unique distribution for the initial

e, " . I . .
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variable X, such that {Xt, t > 1} is strictly stationary and ergodic.

1
Moreover, there exists a sequence of estimators {Ein’;n’;n]} p_ 'i
minimizing (as described in the conclusion of Theorem 2.1) the penalty .ﬂ;};}
function Q of (3.1) and such that [@n,;n,§ﬁ]a;s'[w,n,Y], and ff;i;
) [;n’"n’;n] is asymptotically normal. ;;‘_i
Proof: Our independence assumption on {et} implies that {Xt’ t>1} V;
is a Markov process, and the problem of existence of a strictly ;i if
stationary and ergodic solution to the difference equation (4.2) ;;iiﬂ
can then be treated using Corollary 5.2 of Tweedie (1975). ﬁ
Since e, has a density with infinite support it follows that ;.v_}
{Xt} is ¢-irreducible (cf. Tweedie 1975) with ¢ being Lebesgue ;hif:
measure. Since for an arbitrary Borel set B we have : }¥‘
) P(x,B) = P (X, ¢ B[Xt_1=x) =P (e, € B-a(x)* x) (4.3) - }
where a(x) = p + 7 exp(-yxz), and since the function a is continuous, !"“‘
it follows that {P(x,*)} is strongly continuous. Moreover, it is _
easily seen from (4.2) that -
_
v, = ELCX ] - Ix DX = x} < {lax)| - 1} |x| + Ele ]. (4.49) B
Here, |a(x)| < |w| + || exp(-yxz) < |w| + |m| since vy > 0. Let
a = E(|et|)/(1- g - |n]). Then if |y| + |m| < 1, there exists a h -;;;_
¢ > 0 such that y < -c for all x with x| > a. Moreover, Y, is bounded
from above for all x with |x| < a. It follows from Corollary 5.2
of Tweedie (1975) that there exists a unique invariant initial o
distribution for X; such that {Xt, t>1} is strictly stationary and
ergodic.
Since we have a nonlinear AR(1) process, we can take m=1 in Y
Theorems 3.1 and 3.2. The conditions stated in (3.7) will then be
trivially fulfilled and we have for t>2
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. X = B |FY ) = v+ 7 oexpl-vX® )x (4.5) -
t|t-1 t! t-1 t-17""t-1" . L

1
Furthermore, ftlt-l = E(ez) =402 such that D1 of Theorem 3.2 follows -
]
from C1 of Theorem 3.1,and it is sufficient to verify Cl1 - C3. 1
Since any moment of = exP('Yxi-l)xt-l exists, it follows from R

(4.2) and the strict stationarity of {Xt} that E(eg) < o jmplies E(X:) < o,
Ffom (4.5) we have

k ot

X aX c-

t|t-1 _ t!t-l ok 2 kel o]
—5‘})_ = X 3y = (-2)'m exp(-¥X, )X 4

LI

~ ~ (4.6)
¢ |t-1 2 3x:fi-1 k 2 | ksl .
T = exP(_YXt-l)xt-l, k = (‘2) exP(-Yxt-l)xt-l S
oy om —d
| SN
for k=1,... while the other derivatives are zero. It is easily seen :
that E(X:) < « implies that Cl is satisfied. Since |p| + |7] < 1, we
have that lxt'xtlt-1|-i |xt| + |Xt_1| and that the above derivatives - ;~1&
k k+1 k k+1 . -
are bounded by |X |, 2 X, s X, ;| and 2 |X,_y|" ", respectively. o
Successive applications of the Schwarz inequality and use of E(x:) < ® i;
yield C3. L
]
Let al, a2 and 33 be three arbitrary real numbers. Then
X X X
E||a t|t-1 a, tjt-1 | Tt|t-1 =0 4.7)
ay o 9y
implies -
X a, + exp(-yx2 )y{a, X, ,-2a,7} 3:5: 9 (4.8) K
t-1{"1 t-1""2%¢t-1 773 ’ ’ K
. 2 2 - o ) )
and since E(Xt)'z E(et ) > 0, it follows that al—az-as-o. Hence L

C2 holds and the proof is completed. ||
The infinite support assumption on {et} can be relaxed.
Moreover, it is not absolutely critical that the model (4.2) is

initiated with X1 in its stationary invariant distribution. The
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critical fact is the existence of such a distribution (cf. Klimko
and Nelson 1978, Sec. 4).

The general P-th order model can be transformed to a first
order vector autoregressive model, and essentially the same technique
can be used. In this case, the condition |¢| + |7| < 1 can be
replaced by the condition that there is a matrix norm || such that

|¥] + |M| < 1, where

with wpll = Ewl,..., p-]] and Hp-l = Epl,...,np_ij , and where Ip-l

is the identity matrix of order p-1.
It is interesting to consider the special case of an ordinary

AR{p) process. Then y=0 and ¢i +T, = a,. The ergodicity and stationarity

conSition from Tweedie (1975) reduces to requiring that the zeros of
zp-Z aizp'iare inside the unit circle of the complex z-plane. Since

i=1 ~

only first order derivatives of X are non-zero, and since f

t]t-1 t]t-1

= E(ef) = 02 and xt_i, i=1,...,p, are linearly independent, we have
that C1-C3 and D1 amount to requiring E(X:) < ®, or E(ez) < », so that
Theorems 3.1 and 3.2 reduce to the classical consistency and central
limit theorem in this situation.

A related class of models is the threshold autoregressi?e processes
(Tong and Lim 1980). Unfortunately we have not been able to establish
the existence of a stationary invariant initial distribution for

these processes., The transition probability P(x,-) is not in general

strongly continuous (nor is it weakly continuous), and this makes it

SO
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difficult to apply Tweedie's (1975) criterion. We will treat the
threshold processes in Tjgstheim (1984b), however.
Another class of related processes is studied by Aase (1984)

(see also Jones 1978). In particular Aase looks at models of type

xt - ef(xt_l) =e, (4.10)
The parameter 8 is to be estimated. Clearly
X = 6f(X_ ,) and —a)itrl—t'—l = £f(X, .) (4.11)
t]|t-1 t-1 ) t-1 :

while higher order derivatives are zero. Using the method of the

preceding proof it is not difficult to show that if e, has a density
with an infinite support and E(e:) <o , if f is continuous, non-zero
almost everywhere, and there is a constant c¢ such that |f(x)| < c|x],

A~ n n
. -1 . ) 2 .
and if |@] < ¢, then the estimate o, —tzzxtf(xt_l){zzf (X,_;) is

strongly consistent and asymptotically normal. Some other examples
are discussed by Aase who uses densities with bounded support and
recursively defined estimates.

4.2 Random coefficient autoregressive (RCA) models.

These are defined by allowing random additive pertubations of
the AR coefficients of ordinary AR models. Thus a d-dimensional RCA model

of order p is defined by

X, -

f -l +b X . =e (4.12)

1 t

"o~ g

i=l

for -o<t<o, Here, a;, i=1l,...,p, are deterministic d x d matrices,
whereas {bt(p)} = {[btl"'
process with the bt(p)'s being iid and independent of {et}. Second

"btﬁl} defines a d x pd zero-mean matrix

moments of both {bt(P)} and {et} will be assumed to exist, and the

covariance matrix G = E(etez) will be assumed to be nonsingular. We

O S S S AUY" S S SO ¥ - e B A B A - . P . . PAPEY o " e . ) - . . .
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denote by F: and F: the o-fields generated by {es, sst} and

{bs(p), sj;},'and we assume that conditions are fulfilled so that an
ergodic, strictly and second order stationary F: v F:-measurable
solution of (4.12) exists. Various conditions for this in terms

of the matrices a,, i=1,...,p, and the second moments of {bt(p)}

are given in Nicholls and Quinn (1982, Ch. 2).

A least squares estimation theory of RCA processes is developed
in Chs. 3 and 7 of Nicholls and Quinn (1982) using regression
analysis and conditioning with respect to F: v F:. We will demonstrate
that the general framework of estimation developed in this paper can
be used to obtain their results, i.e. their theorems 3.1, 3.2, 7.1
and 7.2,

It is convenient to rewrite (4.12) slightly. Let

T T T . 2.,
by = [vec (byy)s-.-,vec (btp)], where vec(b ,) is the d”-dimensional

column vector obtained by stacking the columns of bti one on top of

the other in order from left to right, and let aT = (vecT(al),..,yecT(apil.

Moreover, let c <, and 3 be matrices such that the product €C,C2 is

1’
well defined. Applying the formula vec(clczcs) = (cg ® cl)vec(cz),

where ® denotes tensor product, we obtain using vectorization on (4.12) i”i'y
e
Xt - F(t-1,X) (a + bt) =e.. (4.13) .

Here F(t-1,X) is the d x pd2 matrix function given by
T T -
o F(t-1L,X = BXep @ 1y peeeiXy p ® ,]. (4.14) b
We describe the processes {bt} and {et} by their covariance matrices B
Aand G, respectively. This amounts to a complete description in the %. 'f
Gaussian case. The parameters of interest are then the pd2 elements i;' \

of the vector a and the pdz(pd2 +1)/2 + d(d + 1)/2 distinct elements
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of the symmetric matrices A and G.
Theorem 4.2: Under the stated assumptions on {Xt} there exists a
strongly consistent sequence of estimates {;n} for a. If we assume
in addition that E{Xii} <o, j=1,...,d, where Xti is the ith
component of Xt, and that e, cannot take on only two values almost
surely, then there exists strongly consistent sequences of estimates

{A n} and {Gn} for Aand G.

Proof: Note that (3.7) is fulfilled if we take m = p, so that we

X
t-1

the proof of asymptotic normality in the next theorem.

may condition on F instead of F:_l(m) both in this proof and in

. . X b e
Since {Xt} is generated by {et} and {bt} we have F, < F_ v F,

and due to our independence and zero mean assumptions
E{Fre-1,X)b, [FX .} = F(t-1,0E{E®,|F° . v FE J|FX 1 =0 (4.15)
T e -1 ’ t t-1 t-17"t-1 ’ ’

It follows immediately that X = F(t-1,X)a. The equation

t|t-1
ainavec(a) = 0 with Qn as in (3.1) is linear in a, and an explicit

and unique solution a  can be found (cf. Quinn and Nicholls 1982, p.126).

Using victor notation in derivatives we have

-~

a(tlt-l
with respect to a,, i=1,...,p, are zero. Since by assumption {Xt}

/3vec(ai) = XT(t-i) @ Id while the higher order derivatives

has second moments, it follows at once that Cl and C3 of Theorem 3.1
are fulfilled. The linear independence condition C2, on the other

hand, follows from the nonsingularity of the matrix G (cf. Nicholls

and Quinn 1982, proof of Th. 2.2, p. 24), and the first part is proved.

To obtain estimates of Aand G we use the conditional least

squares principle with Xt replaced by




Using the same reasoning as when deriving (4.15) we have

~

- - X\ _ T
ft't_l— Velt-1 E(vt|Ft_1) = F(t-1,X) A F (t-1,X) + G. (4.17)

We are only interested in the pdz(pd2 +1)/2 + d€d + 1)/2 distinct

elements of Aand G, and we therefore use the vech operation on (4.17). We

I refer to Nicholls and Quinn(1982, Ch. 1) for a description of this
' operation. We have
veeh(v, |, ) = H{F(t-1,X) o F(t-1,X) }K' vech( A +vech(G) (4.18)
I where H and K are constant matrices independent of Aand G.

We now consider conditional least squares estimates obtained

by minimizing

‘ n ~
- 2
'(v) =] |vech(v,) - vech(v | )| (4.19)
. % topsl t t|t-1
where in practive Ve has to be replaced by
. . A _ ~ A A T .
i Ve = {Xt-xtlt_l(an)}{Xt-xt‘t_l(an)} . From (4.18) it follows that
3 ~ -
9 vech(v ) 3 vech(v )
3 tlt=1” | 4{R(e-1,%) @ F(t-1,X))K and tle-1” | Ticd-1)/2 (4-20)
davech (A 3 vech (G)

while higher order derivatives with respect to the parameters are

zero. The fact that e, cannot take on only two values almost surely

now ensures (cf. Nicholls and Quinn 1982, p.45 and their Lemma 3.1)

that C2 of Theorem 3.1 holds, while (4.20) and the existence of fourth
order moments of {Xt} means that Cl and C3 are fulfilled, so that the

estimation of Ah and Gn obtained by minimizing (4.19) are strongly con- .

sistent. The equivalence of using Ve and Ve

Nicholls and Quinn (1982, Appendix 7.1), where explicit expressions

as n + » is proved in

L' A A .

b for A and G are also given. I .‘ffT
1 For genuine RCA processes with A # 0, the conditional prediction :
b

t error matrix ftlt-l given in (4.17) will be stochastic and condition

"y
d h A
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D1 of Theorem 3.2 in this case implies that some extra conditions
I are needed on {Xt} to obtain asymptotic normality.
A Theorem 4.3: The estimate ;n of Theorem 4.2 is asymptotically normal
| if we assume in addition that E(X;,) <=, i=l,...,d. Similarly
l Kn and Gn are asymptotically normal if in addition to the conditions
of Theorem 4.2 we assume E(Xgi) < _i=1,...,d.
Proof: Using (4.17) we have that the matrix R in the condition D1
l is given by
R = E[F (t-1,X) {F(t-1,X) A F (t-1,X) + G}F(t-1,X)] (4.21)

and it follows from (4.14) and Theorem 3.2 that existence of 4th

; order moments is sufficient to guarantee asymptotic normality of ;n'
The matrix U defined in (3.7) is given by U = E{FT(t-l,X)F(t-l,X)}
from which the limiting covariance matrix of n%{vec (;n) - vec (a)} .
i can be obtained from (3.8) and (4.21). The covariance matrix is
given in a slightly different form in (Nicholls and Quinn 1982, p. 127), ’
but the connection can be established with simple tensor product
. operations.
When it comes to the parameter vectors y = vech(A) #nd
g = vech (G),Theorem 3.2 can again be used if Xt is replaced by
i L vech (vt) with v, defined in (4.16). Again it can be shown that
the difference between using Ve and ;t has no influence on asymptotic
results (cf. Nicholls and Quinn 1982, Appendix 7.1).
i To ease the comparison with Nicholls and Quinn (1982) we use
g the notation | = H{F(t-1,X) ® F(t-1,1)}K'. Using (4.20) it is not
5 difficult to show that corresponding to the matrix R of the condition D1 ]
! we obtain LS
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zt
w o W T
R" =E . feit-1 [z, Id(d-l)/2] (4.22)
d(d-1)/2
where £ = E((w, - w.. D0w-w . OTIFX .}, and where
t]t-1 t ~ Vt]t-1/ e e-1) ea1e

~

"t|t~1 is given in (4.18). From the definition of W, and Zt it is seen
that the condition D1 of Theorem 3.2 now requires the existence of

8th order moments of {Xt}’ which is the condition given by Nicholls

and Quinn (1982) in their theorems 3.2 and 7.2.

From (4.20) it follows that corresponding to (3.7) we have

Z 7

T
tt
T
t

- 7
. £
U =E . (4.23)

L4(d-1y/2

and we can now easily recover the formulae for asymptotic covariance
for (Yn,gn) given in Nicholls and Quinn (1982, p. 132) from the general

formula (3.8).]]

This reasoning only gives the asymptotic marginal distributions
A A
of ﬁn and (Yn,gn), respectively., To prove joint asymptotic normality

of (an,yn,gn) we can consider the penalty function
2 % X -X 2 ¢ - 2
= Xe-Xeqeql + 1 lwe-w | (4.24)
Q, tepe1 t]t-1 tepsl t t]t-1
and apply basically the same technique (cf. Theorem 2.2).

4.3 Bilinear models

This class of models has received considerable attention recently.
We refer to Granger and Andersen (1978), Subba Rao (1981) and Baskara
Rao et al (1983) and references therein. A scalar bilinear time
series {Xt} of type BL(p,q,m,k) is defined for all integers t by the

difference equation




a m
-.X a.X = e +.z c.e_ : + ) (4.25)

k
i“t-1 t §=b X

i it
Most of the work in the literature has been concerned with finding
stationary F:-measurable solutions to (4.25) and to the evaluation
of parameters from the data. We are not aware of a theory of statistical
inference for these models, except in rather special cases (cf.
Hall and Heyde 1980, Sec. 6.5). Using our general framework we
have only been able to treat some special bilinear series, and we
will point out the reason for failure in the general case.

Guegan (1983) examines conditions for stationarity for the

bilinear model

2
Xt-axt_1 =ce + bxt-let + d(et -1) (4.26)

where {et} is a zero-mean Gaussian white noise with variance 1. Guegan
shows that there is an ergodic, strictly and second order stationary

solution of (4.26) if E{(a+bet)2} < 1. We can choose m=1 in (3.7)

z _ 2 2
and we have xtlt-l = aXt_1 t|t-1 t_I;C) + 2d ﬁ It follows
directly from Theorems 3.1 and 3.2 that a_ = (] X X_.)(} X2 )-1 is a
no oot t-1 t=2 t-1
strongly consistent estimate for a, and that if we assume E(Xt) < o,

and f = (bX

it is also asymptotically normal. Estimates of b,c, and d can be

treated by using Theorems 3.1 and 3.2 on v, = {bxt-let

The model (4.26) has a very special structure, since no '‘past"

2 2
+ce + d(et-l)} .

et's are allowed. This guarantees that {Xt} is a Markov process.
We refer to Guegan (1983) for some generalizations.
The difficulties in the general case is illustrated by

conditioning on F:-l in (4.25). We obtain

VT Y )

d
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- P q X mn k .
Xele-1 = 20 +izlaixt-i *izl SUICHITLARY +i£1 Jzﬂbijxt-iE(et-j‘Ft-l) (4.27)
The conditional expectations E(et_iIF)t(_l) will in general depend .
nonlinearly on the parameters and on {xs,s < t-1} , and thus the
) derivatives with respect to the parameters will in general be infinite "_‘_
i ) expansions in terms of {Xs, s < t-1} as well. The conditions ’
Cl, C3 and D1 essentially require mean square convergence of such
expressions and are thus intimately connected with the invertibility 5
problem of bilinear models; i.e. the problem of expressing e, in terms .
of a properly convergent nonlinear series of past Xt's. This problem
seems very complicated (cf. Granger and Andersen 1978, Ch. 8) and P
until more progress is made, it appears to be difficult to make ’ B
g substantial headway in conditional least squares estimation of bilinear
i series using the present framework. o
5. A maximum likelihood type penalty function. ,
In all of the following it will be assumed that the conditional
» prediction error matrix ft]t—l is nonsingular and that there exists o
i an m such that (3.7) holds. !“
E Corresponding to weighted least squares estimation we introduce o
' the conditional weighted sum of squares penalty function )
n ~ ~ n e
Lr(: =tzm+1(xt_xﬂt-l)Tfl-:}t-l(xt-xt|t-1)é t£m+1at .1
We would still like to base our reasoning on the general Theorems 2.1
and 2.2. It was essential in Section 3 that {aQn(BO)/BBi,F:} was a é—;
zero-mean martingale. We have the following result, where Tr and det
are abbreviations for trace and determinant.
Proposition 5.1: Let a be as defined in (5.1). Then .-—
[ T
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of
1 gl e 60
1

3
t 0 X
E{EET (8 )IFt-l}

1

(5.2)
- - = 1n [ger (£, 1 87)))
oB.
1
Proof: We have
a0 ~ aX ~ of . ~
t o ey T t|t-1 ., Te-1 t|t-1 -1
3B, 2(x, tlt—l) felta 38 (X xtlt-l) filt-1 38 ft]t-l(xt'xtlt-l)
: L (5.3)
Using the definition of xt|t-1 and standard Tules of the trace
operation we have for B = B
aa < aof -~
t X _ T.-1 t|t-1 -1 X
Ec?ﬁ; IFe_1)= ’E{(xt'xtlt-l) £t 38, ftlt-lcxt_xtlt-l)lFt-l}

N . of
3 ) ) Ty X qe-1 t!t-l -1

. -Tr[ ¥ o f;1t_1] (5.4)
—Het

1

The last expression can be written as -3/3Bi{Tr(1n ft|t-1)}

However, for a general symmetric matrix A we have Tr(lnA) = 1ln(det A)
and (5.2) follows. ||

This proposition shows that {at} is not a martingale difference

. X . . .
sequence with respect to {Ft}’ but if we introduce an adjustment term

-~

corresponding to (5.2) we obtain a penalty function

n
L. =) [in{det(f
N t=ms1

~

-1 (X_-X

- T o
ele-Db  KeXeenn) Fejear e tlt-l)]é ¢ (9 o

n
tzm+1
which has the required martingale property.

If {Xt} is a conditional Gaussian process, then l.n coincides with
the log likelihood function except for a multiplicative constant.
However, in this paper we will not restrict ourselves to Gaussian

processes and a likelihood interpretation, but rather view Ln as a
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general penalty function which, since it has the martingale property
for a general {Xt}, can be subjected to the kind of analysis described
in Sections 2 and 3.
The analysis of L will differ in an essential way from that

based on conditional least squares only in the cases where ft|t 1

-~

is a genuine stochastic process; i.e. when xt-x is not independent

t|t-1
of F:_l. For the examples treated in detail in Section 4 this is the
case only for the RCA processes. More general state space models

of this type will be treated in Tjpstheim (1984b). As will be seen,

using Ln it is sometimes possible to relax moment conditions on {Xt}.

5.1 Consistency

We denote by s the number of components of the parameter vector

B appearing in Ln(B). Due to the presence of ftlt-l in L, in

general s > r with r defined as in Theorem 3.1.
Theorem 5.1: Assume that {Xt} is a d-dimensional strictly stationary

. . 2, -
and ergodic process with E(|Xt| ) < », and that xt‘t-l(e) and ftlt-l(B)

are almost surely three times continuously differentiable in an open set
B containing @0. Moreover, if ¢

t_is defined by (5.5), zssume that

% 2%
E1: E[Ig—g% c8°)|] <o andE ['5?2? (e°)|] <o
1 . :
1]

for i,j=1,...,s, and where expressions for these derivatives

are given in (5.8) and (5.9)

E2: For arbitrary real numbers a TELR such that for B=R0

1
s x| . 2
-k t|t-1 -1 PR 3 )
E(|fejel o w8, |0t ft|t-1°ft]t-1§=lai—38 (vee(fy|p.)}| 1 = 0,
i=1 ;

then we have al=a2=...=as=0,

(5.6)
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ﬁ E3: For B ¢ B, there exists a function Hljk(x ,++.,X.) such that . e
. t 1 .
; ; b
L ijk ijk i
: 38,9898, (B <H; and E(H ") <= 2
R i%%; R
for i:j,k = 1:-.-’5. .;—-——‘. ';'.
Then there exists a sequence of estimators {Bn] minimizing 5
Ln of (5.5) such that the conclusion of Theorem 2.1 holds. f
St Il
Proof: Due to stationarity and ergodicity and the first part of El, ;—44
14 {
we have n'laLn(Bo)/BBi 3,S. E{3¢t(80)/881} as n >~ «, However,
because of the martingale increment property just demonstrated for
(30, (8%)/28,} we have E{3o_(8")/38.) = E[E{3¢_(8%)/38, |F¥ 1] = 0 P
t i t i t il"t-1 L
and Al of Theorem 2.1 follows. Similarly, A3 of that theorem follows - i
from E3 and the ergodic theorem. o
Using the last part of El and the ergodic theorem we have L S
2 r 2 .
°L, "¢
-1 n 0.a,s. t 0, X
3. '
n B8, j ) E[E{Wi j (8 )IFt_l}] A Vi (5.7
| ‘ )
It remains to show that E2Z implies that the matrix V' = (vij) is !~wf
positive definite.
For this purpose we will give explicit expressions for a¢t/aei
and 82¢t/38136j’ since this will be useful also when checking the P .
conditions El1 and E3. From the definition of ¢t in (5.5) and from
(5.4) we have N
30 o aX, | . -
L P tft-1] ,“elt-1 -1 (X_-X ) T
3B, t]t-1 7 3B, J 3B, t]t-1'"t "t e-1
x.-X_y. )Ted Hee-t o1 (X, - X1 2) (5.8) o
T Ve et Tt)t-l o8 t]t-1 ‘Tt t|t-1 ' 3

and similarly
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tltl tltl
j ttl

32¢ 2
t felea1 | el €
56,38, - tlt 1 3B, aE

%! - aX_| 3x e,
t]t-1 -1 ) tit-1 -1 t|t-1 SN,
-2 B, 9B, ft|t-1 (X xtlt-l) * 2 g ft|t-1 9B, Ry
j i j
ax af

t!t -1 -1 tit-1 -1 »
+ 2 1 ftIt-l ae ftlt-l (X~ xt|t-1) .
....r o
of D

et o1 t]|t-1 S
+ 2 3, fele-1 38, t|t 1%y xt|t-1) L
¥y )51 ¥ t1 -1 . i

+ (K- xtlt 1) |t 17385 ftlt 1 738, ft|t~1 (X, tht 1 g
34 1t-1 ft t-1 -1 v QQ:;
* XX e 1) tlt 1 % tlt 1 aéj fele-1 CeXepean) v
N 3 - o
-1 t!t -1 R

- (X |t 1) ftlt 1 1985 ftlt 1 (xt'xtlt-l) (5.9) .
| B

Since, for a F)t(_l-measurable d x d matrix function C(t-1,X),

we have for B = Bo I-‘i.’.
> T, -1 > X s
E{(xt'xtlt-l) ftlt-l C(t'l’x)(xt'xtlt-l)IFt-l} .
_ ¥ X TieX o
= TrlE{(X X1 p) (KeXepea1) IFeop )}y |t 1€(t-1,%] S
= Tr{c(t-1,01, (5.10) LT
it is easily verified that —
2 R
3%, of of l
E IFea| = f;ft-l tst-l f;;t-l e o
88188 i j ‘ ,
3X
2 -EJE-—-f ]t (5.11) s

t{t-1 98, o
. SR
However, using standard rules about tensor products and trace e
0 I
operations we have for 8 =8 RN
|
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Tr(f 'ait-l-u f-l ai‘t—-l ) = {Vec(~t_lt__ £~ )}T £ aftlt-l
tlt 1798 t|t-1 " 98 t]e-17 veel t1t-1 3, )

of of
_ t]t-1,,T -1 -1 tit-1
= {vec(—%-i——)} (ftlt-l (] ft|t_1)vec(_aé?__) (5.12)

Thus if al,...,aS are arbitrary real numbers, then it follows from

(5.11) and (5.12) that

s s ¢
t X tit-1 ;2
121 §= a8, E{EC§§;SE; |Ft_1)} 2E Iftft 1, z a; J

(5.13)

Mele-1 2
+E['ftlt 1 tlt 1, Zla jvee( 38, )% >

Hence the matrix V defined in (5.7) is non-negative definite, and

due to the positive definiteness of f it now follows from (5.13)

t|t-1
and E2 that V is in fact positive definite and the theorem is proved. ||
Since some of the components of B = [Bl,...,BS]T may be missing
from either xt|t-l or ftlt-l (cf. the RCA case in Section 4.2), the
condition E2 essentially requires the linear independence of non-zero

terms of both 9X /88 and 9f tt-1 B.. The weighting with f

t]t-1 t]t-1
is necessary to ensure existence of second moments.

The verification of El and E3 must proceed from (5.8) and (5.9),
where for B = BO the formula (5.10) may be useful. We will see that
in the scalar RCA case it is possible to obtain bounds with probability

one on quantities like f, /BBi, in which case the bounds

tlt 1 ftlt-l
in E1 and E3 are not very restrictive.

5.2 Asymptotic normality.

To ease comparison with the results of Section 3 we introduce the

matrix U' defined by U'=kV', where V'=(Vij) is given by (5.7).

" o N - - N P S S S Sy

-———

. X ,--‘_,",,....
i
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T
ax dvec(f ) avec(f
t!t -1 tlt 1 t]t-1 -1 gl t]e-1)
U"E[ 3 ftlt T %{ 13 } fele® tlt 1~ 9B (5.14)

Corresponding to Theorem 3.2 we have

i‘ Using (5.11) U' is given for B = B by
]

Theorem 5.2: Assume that the conditions of Theorem 5.1 are fulfilled

Ty v
POAPAASIE . DACMEMEhEN

and that for B = éo and i,j = 1,...,s

& aft|t 1 -1 aftlt-l 1 %1 e
. =Y -
F1: Sij <€ { Tr ft|t 1 98, B fi[t-l asj Tr ft(t-l 38, tlt 1 BBj }

t] t]t-1

. - -~ of
tlt-1 TieX -1 t!t—l -1
+2Tr[E{(Xt-tht_l)——‘l“__ft|t l(xt'xt|t_1)(xt-xt|t-1) |Ft-l}f t-1 j d ]

3% .
tft-1 1 TieX 1e-1 tlt 1
+2Tr[E{(xt'xtlt 1) aB t|t 1 (%¢ tht-l)(xt'xtlt-l) |F }ftlt 1~ 98B, “ftlt 1]

of ~
yTg1 t|t-1 T|eX
+ Tr[E{(Xt-X )(xt-x tle-lel 1 (Xe- 1)(Xt-)( P Feg?

t|t-1

tlt-l frlea B, tlt- Xt |t- t|t-
gl ?it_lk_l. £l 1lc = (5.15)
t|t-1 98 t|t-1 .

Let S=(sij)’ and let {Bn} be the estimators obtained in Theorem 5.1. Then

have S % E ad: a¢"]
we have S,. = =— | - U.. and
ij [531 asj ij n
(g 4 Nvo, a0t v ot sen (5.16)

Proof: We use the same technique as in the proof of Theorem 3.2. From
the martingale central limit theorem in the strictly stationary

ergodic situation and a Cramer-Wold argument, it follows that

n'%BLn(é))/BB has a multivariate normal distribution as its limiting
distribution if the limiting covariance of this quantity exists. Using
Theorem 2.2 this implies asymptotic normality of §n and what remains
is to evaluate the covariance matrix. L

Since {8Ln (é’)/aei,Fﬁ} is a martingale, it is easy to
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verify that

oL oL n (3¢ 3¢
-1 { n ,,0.°"n .0 -1 % 0. %t 0
nE—(B)——(B)}=n ZE{ (B)—(B)}

BBi BBj t=1 BEi BBj |

8¢t 0, a¢t 0. X
= E[E{gg; (8") §§; (8 )IFt-l}] (5.17)
Using (3.3), (5.8) and (5.10) it is not difficult to show that for
g = g
9, 9 x
E{E[aéz %, IF¢1 } = 4065+ U5y (5.18)

The finiteness of E{n_%aLn(Bo)/SBj'n'kaLn(BO)/SBi} now follows from
the assumptions El1 and F1, while the form of the covariance matrix
in (5.16) follows from (2.4) and the definition of S and U'. ||

For a conditional Gaussian process we have that Xt is Gaussian

~

conditional on F: with mean X and covariance matrix f

1 tft-1 t]t-1
and for B = B0 we have
E{Xy 3 Xe lea1, 2 K5 el eo1,5) FenXefear 0t = 0 (5.19)

for arbitrary components i,j,k=1,...,d. Moreover, from well-known

properties of the multivariate normal distribution we have

E{(xti=xt|t-1,i)(xtj'xtlt-l,j)(xtk'xtlt-l,k)(xtm'xtlt-l,m)}

= file-1,ik feje-1,5m * Fefe-1,imfele1, ik * feje-1,i58e)e-1,km  (5.20)
for i,j,k,m =1,...,d. Using this in conjunction with (5.15) it

is not difficult to show that S=0 in this case, and (5.16) reduces to

~ 0 -
n*8 -8") $ Mo, un™h. (5.21)
In the case where f does not depend on the parameter 8

T
t]t-1

t]t-1

of interest, we also have S=0 and U'=E{3X (éo)/aef;1t_laxtlt_l(Bo)/BB}.

Under the additional assumption of Corollary (3.1) we have
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U = e[ai T (80)/36{E(f )}"l 3; (8°)/as] and estimation usi
t|t-1 t|t-1 t|t-1 ' using
Ln of (5.5) and Qn of (3.1) essentially gives identical results.
For a scalar process {Xt) our general formulae simplifies

considerably. We get for B = BO

-~ -~

ur =g{_2 £ axtlt-l axtlt-l . Laftlt-l aftlt-l] (5.22)
y ij g t|t-1 9B, B . 98, B. | :
g tlt-l J 1 J
:E and of of
_ 1 t]t-1 “tfe-1 4, .X 2
i Si5 = E{f4 [ 3, 98, [ECCX X o)) ey} -3F4)¢q]
t|t-1 J
X of 3; of

3, X t]t-1 “Ttft-1 t]e-1 ““tlt-1

ﬁ 2K o) IRy} fepea 3w, 98, T, )| (5.23)

where i,j=1,...,s. In the next section we will restrict ourselves

to the scalar case, since this is the only case considered by Nicholls

and Quinn (1982) for RCA processes.

6. An example: RCA processes

The method used by Nicholls and Quinn (1982, Ch.4) requires
compactness of the region over which the parameter vector is allowed
to vary. This necessitates rather restrictive conditions (cf.
conditions (c¢i) - (cii), p. 64 of their monograph). On the other

hand the boundedness conditions on the moments are weaker than in the

conditional least squares case.

Using our general theoretical framework we are able to dispense
with the compactness conditions, while retaining the same weak | B_—"
conditions on the moments. As in Section 4 we assume that conditions
are fulfilled so that an ergodic strictly and second order stationary
F:vft-measurable solution of (4.12), or equivalently (4.13), exists. !_Mf<

Moreover, we will again omit the superscript 0 for the true value of

9

4

T e T e o S
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the parameter vector. Finally, it is clear that (3.7) is satisfied
with m=p.

In the scalar RCA case we have from (4.14) that

T
F(t-1,X) = [xt_l,...,xt_p] 8Y, 4 (6.1)
"'~ . N T o _
!! and, using (4.15), xtlt-l —»Yt_la, such that th|t_llaai = xt-i'
f: Furthermore, from (4.17) it follows that
» £ =Y a4 02 (6.2
tit-1 = Tt-1 " Tt-1 ’ -2)

where 02 = E(e:). Corresponding to Theorem 4.2 we have

Theorem 6.1: Let {Xt} be a scalar RCA process such that the above
stated conditions are satisfied. Assume that {et} cannot take on

only two values almost surely and that A is positive definite. Then
there exists a sequence of estimators {(;n,Kn,Sﬁ)} minimizing (as
described in the conclusion of Theorem 2.1} the penalty function Ln of
(5.5) and such that (Qn,Kn,Si) 8.s- (a,A,oz).

Proof: We denote by Xmin> 0 the minimum eigenvalue of A. It is

seen from (6.2) that )

f > YT Y + 2 > ? (6 3)
t]t-1 2 Min Ye-1Ye1 * O 2 Ty , .
Nmin t-1t-1
whereas

of o
tft-1 T c
Lo 12X Xesl < YepYen (6.4) o
for i,j=1,...p, and 3f /802 = 1, It follows from the assumption %ﬁfﬁ

t]t-1

LI 0, and thus f;1t-1 is well defined and we have

e

on {et} that o

from (6.3) and (6.4) that
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£l af1:]1:-1 < }_2_
tlt-1 9K, - i
| 1) min (6.5)

i and
: 1 Melea1) 6.6)

t]t-1 52 - 2
i In (5.8) and (5.9) only first order derivatives are non-zero for the RCA case,

and it is seen by examining these expressions on a term by term

basis that each of the terms involved in evaluating E(|B¢t/881|)
i and E(|82¢t/38188j|) is bounded by KB(Xi) for some constant K. For

example for the 6th and 7th term of (5.9) we have with a slight

abuse of notation

| ] ax of ~ of of
- t]t-1 -2 t|t-1 2,.-3 tit-1 “"t]t-1
) E{|? BBJ. ft|t-l 9B, (xt'xtlt-l) +E (Xt'xt't-l) ftlt-l BBJ. 3B
2 2 1 T
< —% max , —| E{]a.X_ .(Xx.-a'Y, )|}
, -5 [Xmin 02] iTt-itTt T el
i
2
el A} el
+ = {max|——, —< E{iX . -a'Y . (6.7)
o2 )min 02 t t-1

The other terms can be treated similarly and it follows that El
of Theorem 5.1 is satisfied.
We can use (5.9) to find third order derivatives of ¢t. Again,

remembering that derivatives of second and higher order for xt[t-l

and f

tlt-l are zero, we obtain

ala

ad
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3
3¢ of of

t 26" t]t-1 t]|t-1 tlt 1 (1.3¢"

(XX, 1,
53;53;53; tlt 1 738 aej 38, It 1 t]t-1 |

~ ~ ~ ~

25" tht-l aftlt-1 tJt 1, xtIt-l aftlt-l axtlt-l
tIt 1{798; B; 9B 38, ;" 9By

~

+

axtlt-l aftlt-l axtlt-11 - af" x X ) aXtJt-l aftJt-l aftlt-l
3B, 9B, asj J tIt 1'%t 7t e-1 3B BBj 98,

~ -~

axt[t-l aft|t-1 af"cjt-l . axtlt-l Bftlt-l aftlt-l ]
BBj 36i BBk 8Bk 86i BBj

(6.8)

for i,j,k=1,...,s. Since a2 > 0 and xmin > 0, there exists an open
set B, that contains the true parameter vector, and is such that the

closure of B in the parameter space do not contain 0?=0 and Amin=o'

Hence, using exactly the same arguments as above, we find by examining
the terms of (6.8) separately that |83¢t(8)/88188j38k| < M|Xt|2 for a
constant M and where this holds for all B ¢ B. Thus, since we
assume that {Xt} is second order stationary, it follows that condition
E3 of Theorem 5.1 is fulfilled.

It remains to verify E2. Let bi’ i=0,1,...,p, and bij’ 1<i<j

for j=1,...,p and assume that

-1 i § 2
E{(ftlt-l. i%e-1) % E{(ftlt 16 & b1th itt-j ¥ bg) "} (6.9)
i= i=1 j=1
. . . -1 .. .
with ft|t-1 as in (6.2). Since f It-l > 0, this implies
E ok o8 a.s.
b.X, .“27°0 and i E b. +b = 0 (6.10)
j=1 1 t-1 i=1 j=1 i t'l e -3 0

and due to the linear independence properties of RCA processes (cf.
proof of Theorem 4.2) it follows that the b's are all zero, and E2 is
verified. ||

It is perhaps worth noting that the verification of El1 and E3

given in the above proof holds for any class of processes where the
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and f

second and higher order derivatives of X t|t-1

t|t-1 are zero,

i where axtlt_l/as is linear in both B and Yt—l’ and where bounds as

in (6.5) and (6.6) can be established.

To prove asymptotic normality, according to Theorem 5.2, we

I have to prove finitenes§ of Sij with Sij defined as in (5.15).
Corresponding to Theorem 4.3 we have
Theorem 6.2: The estimates (an,Xn,Sznj obtained in Theorem 6.1 are
I joint asymptotically normal, if, in addition to the conditions of -

Theorem 6.1, we assume E(e:) < o and E(b:i) <o, i=1,...,p.

Proof: We only look at the term ;.5:
t!t -1 tlt > 4y .X : —
[I tlt 1 {(Xt’xtlt-l) lFt—l}I] A E[Cij:I (6.11) ' -

of (5.15). The other terms can be treated likewise.

Wl L

Using the fact that {et} and {bt(p)} = {[btl""’btp]} are

independent with E(e ) = E{bt(p)} = 0, we have

z 4, X | _ 4, X
: E{(XgXpep) [Feqd = B0 ()Y, g + o) IR ) -
i PPPP E—¥4
_ =7 73 X, X _.X X E(b ) T
3 i=1j=1k=1m=1 t-i"t-j t-k"t-m t1 tj tk tm .
PP A L
2 .
g +60 .Z .{ X1 Xe- JB(b btj) + E(e,) (6.12) N
i=1j=1
2 4 -
: From (6.4) and E(bti) <o, i=1,...,p, it follows by successive applications S
;f of the Schwarz inequality that - f
; PP PP S
| LoIXe 3% L) M 2 MpT(YY)"  (6.13) .
? i=1j=1k=1m=1 t-i"t-} Xt -kXe-m ti'tj ®tkPtm 1 tt :
;! and .
b P P
2,T | B
izl ,Z X i Xe;) [EGbe )| < MppTYLY, (6.14) -
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) for some positive constants M1 and Mz. Using E(e:) < o and (6.3).
(6.5) and (6.6) it is seen that Cij defined in (6.11) is bounded with
probability one, and thus E(Cij) < o, The other terms of (5.15) are

shown to have a finite expectation using identical arguments, and

this completes the proof.| |

The asymptotic covariance matrix can now be computed from

;i formula (5.16) and the results of Nicholls and Quinn (1982, Appendix

il 4.2) can easily be derived. In particular, in the case where {b (p),e }
. . . X . ¥ -
is Gaussian then given Ft-l , the random variable xt-xtlt-l‘

X . X T 2
bt(p)Yt_1 +e is normal with mean zero and variance Yt_1 A Yt-l + 0%,

ﬁi It follows that S=0 in (5.16), and the asymptotic covariance matrix

is then given by n'l(U')"1 with U' as in (5.14). This agrees with

the results of Nicholls and Quinn (1982, p. 80). ‘

For the more general processes arising in Kalman type filtering
models (Ledolter 1981) the estimation problem is considerably more
difficult. These processes are in general nonstationary, and we refer

to Tjdstheim (1984b) for a special case.
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