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Qualitative Robustness for Genaral Stochastic Processes
by Graciela Boente, Ricardo Fraiman and Victor !om.l .
Universidad de Moc Aires and CONICET, Universidad de Buenos Aires, Universidad

de Buenos Aires and CEMA.

Abreviated Title: Qualitative Robustness

\ SUMMARY .

St 4
In this paper we gcneuuzq‘hnpel's definition of robustness and ﬂ(-
robustness of a sequence of estimators to the case of non 1.i.d4. stochastic

processes, using appropriate metrics on the space of finite and infinite di-
N\ (?resenfeb 's
mensional samples. We also presenmt a different approach to qualitative robust-

ness based on uniforminsensitivity of the sequence of estimators vhen the
sample is affected by round-off errors or by a small fraction of outliers.
éme;wo definitions based on this approach: strong and weak pointwise
robustness. 3}}:’ :ﬁ;: ;;ut for estimating a finite dimensional real parameter,
NI-robustness is equivalent to weak pointwise robustness and at least in the
i.1.d. case is also equivalent to strong pointwise robustness. Finally u't ’
shown &hat the continuity condition given by Papantoni-Kazakos and Gray is
sufficient for strong pointwise robustness. This implies the stromg point-

wise robustness of GM-estimates for sutoregressive models. (
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Qualitative robustness for general stochastic processes

by Graciela Boente, Ricardo Praimsn and Victor Yohai. b
Universidad de Buenos Aires and CONICET, Universidad de Buenos Aires,

i Universiddd de Buenos Aires and CEMA.
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1. Introduction: Hampel (1971) introduced a definition of qualitative

robustness of & sequence of estimators for the case of independent and inden-

tically distributed, i.i.d., observations. This definition states that a se- -
quence of estimators, 'rn is robust at a given distribution u on the sample g
space X if for any distribution Vv close to ¥ in the Prohorov metric, the
laws of 'ra under ¥ and V are close in the Prohorov metric uniformly for all _’__:
B. el

The use of the Prohorov distance reflects the intuitive meaning of robust-
ness as insensitivycy of the estimator to: -_%




(a) small errors in all the observations (e.g. round-off errors)

(b) a small fraction of the observations with large errors (outliers).

Hampel also defines the more restrictive concept of N-robustness which
also requires insensitivity to non i.i.d. deviations of the model.

The generalization of these definitions to the case of stochastic processes
vith d ependent observations requires defining appropiate distances
between distributions on X" in the case of 1 -—robustness and between dis
tributions on X  in the case of robustness. It turns out that there is
not a unique natural way of doing this. In fact several definitions of qua
litative robustness based on different probability measures on X  have been
given, see Papantoni-Kazakos and Gray (1979) and Cox (1978).

Cox's (1978) proposal is not completely general since it only makes sense for
estimators which depend only on a finite marginal empirical distribution.
This is not the case on the usual least squares estimate fqt the parameter of
a moving average process of order 1.

A shortcoming of the metric proposed by Papantoni-Kazakos and Gray (1979)

called here pzd) vhich is mentioned by Cox (1978) is that this metric is not
invariant with respect to equivalent metrics d on the sample space X. More~
rover the concept of robustness based on this metric only reflects its in-
tuitive meaning vhen d is bounded. In fact Cox (1978) shows that when d
is the usual metric on R, the sample mean is robust with respect to Pd*
In Section 2 we propose new metrics n&lnon X" and Pla on X" . We

compare these metrics with those used by Hampel (1971) and Papantoni-Kazakos

and Gray (1979).

In Section 3 we give general definitions of robustness and IN-robustness.

e ]




These definitions will be invariant with respect to the underlying metric
d. We show that in the i.i.d. case the general definitions of robustness

BRI L

and H-robustness using respectively the metrics o¢,, and lld , 8re equi-
in

valent to Hampel's definitions. We also show that for bounded metrics d,

the general definitions based on P4 and P24 are equivalent. However,

l we will argue that for non i.i.d. processes the meaningful concept is 1 -

L D
-.l" T

«robustness and not robustness.

In Section 4 we propose a different approach to qualitative robustness which,
in our opinion more fully capture the intuitive meaning of the concept. Instead of
considering the insensitivity of the estimates with respect to small changes
in the distribution of the process, we look at how insensitive they are when the
sample is affected by errors of types (a) and (b) mentioned above. The advan.
tage of this approach is that we may require as a condition for robustness
that the estimator itself and not only its distribution be insensitive to
thesekind of errors. We give two definitions of robustness following this
approach: weak and strong pointwise robustness. We show that weak pointwise
robustness, which may be considemd a generalization of the B condition given
by Hampel (1971), is equivalent to I -robustness based on the proposed metrics
n if the parameter space is a subset of lk. We also show that strong and

d
in
veak pointwise robustness are equivalent at an i.i.d. model. We conjecture

that this equivalence should hold even for more general stationary and ergodic

processes. Finally we show that the continuity condition given in Papantoni- " 4
i* =Kagakos and Gray (1979) is sufficient for strong pointwise robustness. This
implies that the conditions given by Lemma 5 of Cox (1978) are sufficient for

the strong pointwise robustness of the GM-estimators for autoregressive models.
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These estimators ere studied by Denby and Martin (1979) and Bustos (1981).

In section 5 we prove some auxiliarylemmas.

far 2. Distances between probabilities
- Let X be the sample space, and d be a distance on X. We shall as-

sume throughout all this paper that (X,d) is a complete and separable met-
A ric space (polish space). Let x® and x" be the cartesian product of
F n and & denumerable set of copies of X respectively. F will denote
». the Borel o-field on X, and F“. F~  the corresponding product o-fields

on X® and X . For any measurable space (f,A), let P(R) be the class

of all probabilities on A . If u and v are in P(Q), P(u,v) denotes
the class of sll the probabilities P on (AxQ , Ax A) with marginals
wandv .

If (X,d) is a metric space, then the Prchorov distance nd between

u and v, u, vE€ P(X) is defined by:

nd(u.v) = inf { e: u(A) v(V(A,e,d)) + ¢ ¥ A€F},

where V(A,e,d) = {x€X : d(x,A)< ei'.

Strassen (1968) , establishes that if (X,d) is a polish space , then

Ny is given by:
By(u,v) oinf {¢: 3 P € P(u,v) satisfying P({(x,x"'):d(x,x')>c})<e

Given xn-(xl. ...,xn) Exn.and k< n, the k-th empirical marginal dis.

AR Y
-
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tribution induced by x is denoted by uk[xn]. and is defined as the

element of P(X®) which assigns mass 1/(n-k+l) to each sample (

X541°
:j+2.....:j*) 0‘ j‘ n-k.
b : Metrics on ) . and ?. Given (X,d) we will consider the following

. metrics on Xn

- (2.1) dln(xn.yn) = inf {e: # (i: d(xi.yi)> e}/n€¢}.
3 a2
“ (2.2) 4"y = T gy /.

r

Pl i ol o % SCLERAR

Let now X be the space X® modulo the permutation of coordinates.

Hampel (1971) defines the following distance on 'i'n vhich we denote by

d3n

(2.3) da, (",y™ = Wu ("], w[y"D.

Remark . Two points of X" are close in the metric d, if all the co

in -
ordinates, except a small fraction are close. Therefore this notion of

closeness corresponds to the type of errors which are considered in the

intuitive notion of robustness. We will show the relation with d in

3n
Lemma 2.3.

Metrics on ngn). Given (X,d) and un'vn € P(x“) we consider the

Prohorov metric associated to dln . lld (v n’vn)' and the Vasershtein

in
distance (Vasershtein (1969)) defined by

(2.4) (uov) = dnf £ (4, &y,
n

p
d R
RE P( Moo vn)

2
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vhere t‘ denotes the expectation under R. We also define the pseudo-
NN "
metric ndh@n"’n) given by ndan(nn.vn) -nd3 (un.vn), vhere ¥, and

n
“"'n are the probabilities induced by u, and v, on ¥ respectively.

Metrics on P(X™). Given (X,d) and y, v €EP (X") we shall denote by

o (2.5) Pralu,v) = sup O, (u_,v)
1d n dln nn
i
- and

(2.6) Pag(Msv) = l:p °d2n(“n’“n)’

where u a and va are the n-dimensional marginal probabilities of u and
v respectively. The metric p 24 VoS introduced by Gray, Neuhoff and
Shields (1975) and used by Papantoni-Kazakos and Gray (1979) to give a -—4
general definition of robustness. A shortcoming of Ppq » is that it is
not invariant with respect to equivalent metrics, i.e., equivalent metrics
d and d* on X may not induce equivalent distances p,, and p,,, on o
P(x'). Y?r example, if X = R the two equivalent metrics d(x,y) = |x-y| s
and d%(x,y) = |x-y|/(1+|x-y]) induce non equivalent metrics p, and Poqn * L
Lemna 2. 1 shows that P1d is invariant with respect to d, Lemma
2.2 shows that i{f d is bounded, pld is equivalent to pZd , and Lemma
2.3 and its Corollary give the relationships between dl n and d3“ and

between I d and I
in

d ¢ . L |

3n

Lemma 2.). Suppose that d and d* are metrics on X, and let & >0




-8~

and §*>0 be real numbers such that d(x,y)< ¢ implies d*(x,y)< &*.

Then for any u v, in P(x®) we have

M, (.o )<s=n .. (u v )<8*.,
dln n’'n dln n''n

Then if d and d* are equivalent o, and N,., are equivalent
ln dln
Loo.

Proof. Follows immediately from the definition of Prohorov distance

\

Lemma 2.2. Given Yo and v, A in P(x®), we have

2.7 (uno\)n) €8 = ndl (l-lno\)n) ‘6% ’
n

[}
dZn

(2.8) d<M and L3 (unwn) <§ =04 (“n"’n)‘ § (1+2M).
ln 2n

Proof. It is inmediate that,
(2.9) 4, "y <E = 4 " y)<s

and

(2.10) d<M and dln(xn.yn)<6-vdzn(xn,yn)<5(l-m).

....................




.L.: now W and v in p(x“) be such that Ddzn(un,vn)< s,

Then, there exists RE P(u ,v ) such that Ek(dh(an,yu))‘ 8.

Therefore by the Markov inequality, we have

; 2
R(d, (", y")< ci-) > 1-E (4, (",y /8 > 1-8

) §
then, by (2.9) R(dln(xn,yn) <a*' » 1-64' and therefore I, (u ,v )< 5.
1o

F Suppose now that ndln(un,vn)< 8 , then there exists R in P(\l“.\*n)
such that R(dln(xn,y‘n)<6)> 1-§ and by (2.10) we have that

R(d, (x",7")<8(144))> 1-6 . Finally we have that

Ep(d, (X,Y))6(14) +  MR(d, (x",y")>6(144))<8(14+24),

then (2.8) holds.

Lemma 2.3. Let P be the set of all permutations of the first n pospi-

tive integers. Given x and yn in - v if p ds din Pn » ke denote
n
by v, = Gpepyseeee Yp(n))+ Then, we have

(2.11) F‘d(“'l [xn] .ully“]) = mfn dln(xn,y:) .

PEP
n

Proof. 1t is enough to show that for any 6 >0

(2.12) LR L Y I NN E S M % Y

-




..........
----------------------
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and

(2.13) pyluylMayly"D) <8 =apep, : 4,60y <.

Suppose that dln(xn,yn) <5,then if S = {i: d(xi,yi)< 8} we have
that # S/n >l- §. Let R be the distribution on XxX which assigns
probalility 1/n to each pair (xi.yi) 1€ i<n. Then RE P (ul[xn] ,
ul yn]). We also have that R(d(x,y)<§) = # S/n>1-§ .

Then nd(ul[xn],ul[y“])< & , and (2.12) holds.

In proving (2.13), we will find a set such that the Prohorov distance
is attained.

Assure M Gy [x"],u[3"1)< 6 - Put A ={x,.ox b Bo{ye.y)
and D = {1,2,...,n}. Given p in Pn , let h(p) = # {i: d(xi.yp(i))<6}

and t defined by

(2.14) t= mix h(p) = h(p*).
P ePn

We have to prove that t> n(1-§).

Without logs of generality, reordering the elements of B if neces-
sary, ve may assume that p* is the identity.
Define 81-{:1: d(xi,yi)< 8}, I - {i:2j (l(::i,y._i )<§} and

Jy= ¢ ai d(xi.yj)<5} + Clearly we have I, O S, and J,3§,.

Let Iz-lll-s1 and J2'12°sl « We have

(2.15) lsl-:. I,=8;,+1,, J =85 +7J,.

ot
‘,'I
e

1

|

R O
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Given I C l)ll , define the sets A(I) = {xi. i €1} and

(D) = {y;, § €1} " and the function £(I) = {§ : y,€ V(A(D),8,d))

i
Since p* wmaximizes h(p), V(A(Iz).s,d)nBCB(Sl), therefore,
f(Iz)Csl. We denote by f(") the application defined by: f(o) is the
identity and !(") - f“'-l) e £ 221, Ve will show that there exists

k o such that

(ko+l) (k)
(2.16) £ ko (1) = £ ° (1) Cs, .

Since 1NS, C£(1), in order to prove (2.16) it is enough to show
that

217 Papycs, vk

We will prove (2.17) by induction. We already know that (2.17) holds
for k = 1. Suppose that it holds for all k <m, we will show that it also
holds for k = mtl.

Clearly, f(mﬂ) (Iz)C Jl' Since by the inductive hipothesis
£®1,cs,, ve have thar (@ (1)C ™D 1), pur ne ™ -
£®(1,). Thenwehave ™V (1) 2@ ) 4.

Suppose that R € S, » we will show that there exists a permutation
p such that h(p) = t+l . Since R CJl s (2.15) implies that there

exists r € Jzn R.

We will find & finite sequence of numbers %.ql,....qn in Dn such
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that (i) 9, =T, (i1) 1if m - nin (k : qief(k)(lz)} then

n+1--°>l1 Seee >'n.° and therefore i ¢ j implies qi"qj ’

(iii) d(x. , y_ )< & O ign-l. S
q 9y ..

i+l

In order to find this sequence we proceed as follows: Since 9, = T

Ef(“l)(lz). there exists qlef(") (IZ)C$1 such that d(y%,xcl < g . ‘.f:,f‘
1

Then u1< m. If m - 0O, n=1 and we have already completed the se- 1

N quence. If m;> 0, as qlef (Iz). there exists qzef (12) ;.l.:_:
such that d(xqz,yql) <§ and m,< n1-1< . If m),=0, then n=2 -“:
and ve stop, othervise we continue in the same way. "
Let p the permutation defined by:
P(Qj) - qj-l K i< n, P(qo) - q.ne 12 »
p(i) =i if i E{qu...r q) . .
SEND
Clearly h(p) = t+! and this contradicts the definition of t. Then ;'-L;
(x.) o
there exists k, satisfying (2.16). Let C = A(f ° (I,)y Lu (@ -1))). e
Therefore as (2.16) holds and V (A(Dn-ll.) 8§,d)NB = 4 , we have M
(k) )
BNV(C.S,d) = V(A(E °(1,) UI;), 6 d)NB. Then by (2.16) we have

(k)

1BAV(C,5,d) = Kt O (1), D

Since 1 d("l.[ x'} o y'j )<§ we also have
WX < u (YY) V(C,s,d) +6

or equivalently
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- (x,)
(2.18) # C/a< #(¢ (Iz))/n +68.

(k) (k)
Since # C = #(f (12)) + 4/ I, 40 - 'Il - n-#sl-h'(f (12)),
(2.18) becomes # Sl> n(l-¢8), and then by (2.15), we have that (2.13)

holds.

Corollary 2.1. Let v, and vni.t_l P(Xn). Then,

(2.19) n

d l‘(un.vn)< 8 - (un.vn) <34

1 3n

and

*
(2.20) ndsn("n’\’n)< &=, n(un.vn)<6 .

1

*
where v =~ is the probability induced by the transformation 'r(y") = yn*
P

. . n o, _ n_n
and p* is defined by d, (x',y) =d, (x ,yp*).

3. Generalization of Hampel's definitions of robustness.Let T n:x“-’lt

for n”n, , be a sequence of estimators taking values in a polish space -
(A,)). Given p €P(X™), we denote by £ (Tph) the distribution of T,
under 3 . Cox (1978) gives the following generalization of Hampel's

definition of qualitative robustness. . -1

Definition: Let s pseudometric p on P(x"), a subset 2C P(X") and

]
ki




...........

~l4-

B EP(X") be given, then the sequence of estimators ('1'“)ll> a is
o

p-robust at ' u_for Z if given ¢ > 0, there exists & > 0, such’that

for all vEZ we have

puNvIC S '&“(Tn"')’ :('l'n.v))< € ¥a>n .

This definition specializes to that of Hampel by taking y€Z =
= {gll i.i.d. processes} and o the pseudometric on ) given

by

(3.1) pud(l\l '\’) - nd(u 1'\’ 1) »

vhere y, and v, are the first order marginals of , and V respecti
vely.
Papantoni-Kazakos and Gray (1979) definition of robustness corres

ponds to o= Pag *

The following definition given by Bustos (1980) generalizes Hampel's

concept of fi-robustness.

Definition. Let y € P(X") and let b, be a pseudometric on P(X™) for

all n >u, , then the sequence (Tn)n> n, is :2 =RK=-robust at u

if given €> 0, there exists 8> 0 such that

VaEP () An3n, A p(u v <be  TE(T,H), £(T,.V)KE . "

vhere ¥y is the n-th order marginal of u

)




Notice that t('rn.u) = :(Tn’"n)'

In the case of U an i.i.d. process and (Tn) invariant by

n’ I:I°

N permutation of the coordinates, we get Hampel's definition taking as fa

the pseudometric I R
- 3n

The following theorem show that °1 d-robustneu, and 1 4 =Jl-robustness
. 1n
[ are natural generalizations of Hampel's definitioms.

Theorem 3.1. a) Let Z ={ i.i.d. processes} and u € Z, then Ham-

E pel's definition of robustness (pad-robus:neu) is_equivalent to
P qXobustness.

(b) Let u be an i.i.d. process apd (T ) -, & sequence of estimates :
invariant by permutations of the coordinates, then Hampel's definition of B
N-robustness (Il a -Nl-robustness) is equivalent to I a ~ll-robustness. .,,:
3n 1In |
-J
-

" Proof. Let p and v be two i.i.d. processes and LA their first
order marginals. Then, in order to prove (a), it is enough to show: - 4
(3.2)  T,(u,,9) € 04y 0e9) S[A, G v )T .

‘ a1l 1a*"° a1l *

Cmaa

1
Lol ]
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Suppose that pld(u.v) -8 then T du(ul.vIKG » 80 there exists

RE P(ul.vl) such that l(du(l.”‘ §)» 1-5§ . But du(x.y) -
= mfn (1,d(x,y)); then { du(x',y)<6} e{ d(x,y)<8} and therefore

R(A(x,y)<8 )> 1-8 ; s0 T d(lll,\al)<6 .

|
In order to prove that pld( ITRT < [Hd(ul,\’l)]z it is enough to

show:

1
L
(3.3) r:dm(u',‘.v'l‘)<[nd<u1.v1)l ¥ o

Suppose that nd(ul,vl) =§< 1. Therefore there exists Reﬂul,vl)
such that R(d(x,y)< §)>1- 8 . Let R" be the product measure of n co-
pies of R. The Markov inequality yields

1

1 n
@, ®,yM<sT) . B°E I (%, 5)) <87 )
1n LIPS [6% ,4) e TR

1 1
>21- E(I[G, =) (d(x.y)))lc'r'- 1 - R(d(x,y)>$ )/ci' >1-6r .

therefore (3.3) holds and part (a) is proved.
Part (b) follows from Lemma 2.3 and Corollary 2.1. -
The following theorem, which is an immediate consequence of Lemma
2.2 establishes the relationship between 0 d-robustnen n 4 =ll-robustness)
1n
and p,,~robustness (p, -N-robustness). 7
2d dZn
B
-
. s el
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Theorem 3.2. (s) Por any eNX"), and 2 CP (X") we have

(1) o4 -robustness at u for Z implies o, -robustness st u for 2.
1 2

(11) If 4 1s bounded, o 4 -robustness at u for Z implies
—_— 2

-robustness at u for Z.

[4]
q

(b) For any €RNX") we have

F' (1) nd -N-robustness at u implies »o d

-ll-robustness at u.
In n ‘

2

(1) If d 1s bounded, then o, n-ll-robustnen at u implies

2

n 4 =Nl-robustness at u.
1n

Therefore if d is bounded bothconcepts are equivalents. If d is not

bounded, it 1s not true that ~robustness (p d «Jl-robustness)

0
24 2n

implies ° d-robustneu M 4 =ll-robustness). Cox (1978) shows that
1n
if ®=X and d(x,y) = |x-y| , then the sample mean in. I X/u is
)

P,q ~Tobust. However, in 1s not p, ,~robust. -
The following theorem, which is a generalization of theorem 3 of Hampel :

(1971) is immediate.

n

Theorem 3.3. Suppose P, is a metric on P(X") and P is the metric on
P(X") defined by p(u,v) = 3up 0 (Uy,V,), vhere U and ¥ are in P(x") and J
WpsV, Aare the corres n-th order marginals. Then given ¥ € P(x") . ___:

and 2C P(x") we have that if Ta>n i p,-N-robust at u, then
e o —— — _
it is p-~xobust at u for Z.




..............

Therefore I, -N-robustness implies o.,-robustness and p, -Nl-robustness
Therefore 1, -U-robustmess implies o) -robustness snd ¢, -f-robustness

implies Py d—rohuatncu.

However, we consider that the relevant concept for non i.i.d. pro-
cesses is I -robustness and not robustness. The reason for this, is 'that
continuous estimators which always depend on a fixed finite set of coor-
dinates may result robust, and this contradicts the intuitive notion of
robustness: a small proport‘ion of observations should not affect the esti
mator too much. Consider the following example: let 'rn : X"+ X be
defined by 'rn(xl,..., xn) - X . This estimator is 14 and pzd-robu.:

at any u € P(X ), because 1f p. . (u,v) <€, or p,,(u,v) < ¢, then
1d 24

qualities implies nd(ul’vIK € or equivalently Ild(t('rn.u).:('rn.\’)Kc.

(ul.vl)< € respectively, and either of this ine-

However it is clear that if n is large, changing a small proportion of
observations, just the first, the estimate will suffer a large variation.
In next section we will give more evidence that the meaningful con

cept is NI =robustness.

4. Pointwise robustness. Here, we propose a different approach to qualita-
tive robustness which seems to capture better its intuitive meaning. Ins-
tead of considering :he'inunsitivity of the estimates with respect to
small changes in the distribution of the process, we look at how insen-

sitive they are at a given infinite sample point xex., wvhen:

(a) all the observations have small changes and (b) a small fraction
of observations have large changes.

Consider x"€X" eond let V(xn.6,d1n) be the open sphere of cen-

AT A . - - Lo PP
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ter x° and radius ¢ corresponding to the metric dln' Define
S5 (X = sup { AT (57, T (2): Y, 2 e v (6,4 ) .

We show in Lemma 4.1 (i) that sn& is lower semicontinuous and the

refore measurable.

Definition. Let xex.’lnd xn

its projection in X"
proj » then ('l'n) o> n

is robust at x if given € >0, there exists &>0 such that

snc(x“) <c¢ ¥ aopn,.

We will now give two definitions of pointwise-robustness at a given
probability u ePxX).

Definition: Let u € P(X), then (T,) _ is strongly pointwise robust

n ’n
[+

at y if

w({ x€ x": '1'n is robust at x}) = 1.

Definition: Let pe P(X ),then (T).s o, is weakly pointwise robust

at y if given ¢ >0, there exists § >0 such that . -

M{x"e X" s 8 (x)<e}) >l ¢

) n>n° .

We consider that these definitions reflect better the intuitive




meaning of the word robustness, since they require that the estimator it-

EERRRNNN By
o
?

self be insensitive to errors of type (a) and (b) mentioned above, while
the definitions of p-robustness and pn-n-robultncu only re-

quire insensitivity of the law of the estimators. However we will show

later the equivalence of weak-pointwise robustness with I dln-‘ll-robuatneu.

We also show that at least in the i.i.d. case strong pointwise robustness
and vesk pointwise robustness are equivalent. '

. The following proposition gives a necessary and sufficient condition for

strong pointwise robustness.

Proposition lo.l.(Tn) is strongly pointwise robust at yu if given

N n>n°
- € > 0, there exists § > 0 such that

(4.1) wWn {xex": sns(:nke 1% 1- €.
u>no

Proof. Let A={x €X  such that T n is not robust at x } . Then it

is clear that

A= UN U (x: su(x“» el U N U (x5 Bl
e 6§ non, >l jol n >n,

then

P(A) =0 *= Pp( N v (x : snl,j(xn) >1/i}) = 0 vi ’

j>l n>n,
V) : n -
- ;2 P(n>n {x snl/j(x)>”i}) 0 vi
o
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o> ¥e¢>0 lim P(U S _(xM>e) =0.
&0 n3>n,

Corbllary. Let u€ P(X®), then strong pointwise robustness of (T ) >n_

at  implies weak pointwise robustness at yu .

Theorem 4.1. Let u€ P(X") correspond to an i.i.d. process,Suppose

.;: that there exists a sequence of compact gets Ku » 1€n< ®  gy¢ at
[ _J -
_ X= nyl xn . Let (Tn)n>n° be invariant by permutations of coordinates
and veakly pointwise robust at u , then (T) a>n, is also strongly ro-
h bust at .

Proof. Let €>0. We are going to show that there exists >0 such

that (4.1) holds. Since (T.) is weakly robust we can find & *
n n)no

such that
(4.2) " (snc* (xe)pl- ¢,

It is clear that

(4.3) {5 04/, € }DVUS [ (xS €} , 6%/2, 4) .

By hypothesis there exists a compact K such that

!

(4.4) ul(l() >1-468/8 .




We can find a partition ‘l""' of K such that each Ki I i< h
h
L
P has dismster € &*/2 . Put K, = ( i=1 Ki) the complement of ) Ki and

. n
- Given x" = (xl,....xn) define Sin(xn) = jz:l Ixi(xj)/n, i=o0,1,
sesy he By & well known form of the strong law of the large numbers for

Bernouilli variables, there exist a>0 and O0<b<1 sgsuch that if

h
n n
R = iQO x° s |Sin(x )-mi|< &/(8h) } , then

(4.5 w(rR) >1- ab® ¥ n.

From (4.2) and (4.5) we can find nl>uo and x*" in
nnn {,Sn &(xn)< e} Vn>nl. Let Pn be the set of all the points obtai
ned by permutation of the coordinates of x*".
Since {Snc*(xnkehre invariant by permutation of coordinstes, we

have
n
(4.6) Pnc{ Sna*(x )<¢} .
We will show now that
4.7) RnC v (Pn. s */Z.dln) .

Let y'E€R, then 8,04 = 8, (sI<  6%/(4n). Define Q = iy €K,

Se ades P e e . .eqe e . . o« . .
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0<i <h. Then there exist sets Q* , 0 <i <h, such that:
(4.8)  #Qt = n s, (x*") 0<i€ h
and
(4.9) '(Q; - Qi) < n &§*/(4h).

By (4.8) there exists a point x' = (51,...5‘)6 P, » such that
if jEQ} , then §je K, 0<i<h. Since the diameter of K., 1<i<h,
is smaller than §*/2 e have that {i : | ;i.yil >5*/2)C (ig:l:;l(Qg-Qi))qu.
Then (4.4), (4.8) and (4.9) imply that #{i :|x,-y,|>8%/2)<né*/4 +
#Q2<ns*/4 + /6 <n8*/2. Therefore dm(;“.y“x §*/2, and (4.7) is true.

Then by (4.3), (4.5) and (4.6) we have

(4.10) (S g/, (I<E)>1 - ad”  Wadn, .

Then there exists n, such that:

%.11)  w (nbnz S 5a/2x0SE) > 1< e

Pinally, we can £ind $ <6"/2 such that

(6.12) W 4z <€) > 1~ ¢/(2nymn))). | __f
Then (4.1) may be derived from (4.11) and (4.12). g
The following theorem establishes the equivalence between weak point- J

wise robustness and Il 4 =ll=robustness vhen A = R"‘ . e

1in

B )
LRI
ik b

......................




I, <-l-robust at u.

9n

equivalent wmetric , where

in the Appendix.

Then we have

(ii) For any §> 0,¢> 0

(@ v v(a,s + n,0)

Theorem 4.2. Llet M € P(x'), then

(i) E(Tn)n>no is weakly pointwise robust at u , then it is

{ii) Suppose that A = Rk and A(u,v) = mfx Iui-vil » O any other

1€ <k

-y - (ul....,\lk) Ld v e (Vl.--.,vk).

Let u € p(X") then if (T)

and

nd -ll-robust at u ,

is
>n —
R oR 1n

it is also weakly pointwise robust at u .

To prove theorem 4.2 we need Lemmas 4.1 and 4.2 which are proved

Lemma 4.1. Let (A,p) and (A,)) be two polish spaces, T :A-+A a

measurable function with respect to the Borel o -field .
For any a €A, § > 0 let ss(a) = gup { A(T(b),T(c)) : b,c EV(a,8,p)}.

(1) $6 is lower semicontinuous and therefore measurable.

n» 0, there exists measurable func-

tions U9 :a+va, j=1,2 such that

j=12,

-




,,,,,,

®  aaeP @), 10PN > s - . S

iii) Given & > 0, there exist measurable functions U(j)z Av A ,j = 1,2

such that: .

(@) uIe v (a,26.0)

S _(a)
® AP @), TP @y —H— .

Lemma 4.2.: Let F:R+ [0,1] be a distributjon function and d the
ugual metric on R d(x,y) = |x-y|. Ihen. given ¢>0 there exists §>0 .

such that if X and Y are random varisbles satisfying:

(a) Y>X

() POY>X+c)> ¢
then M (LX), £D)) >6 . -

Proof of Theorem 4.2. i) Given € > 0 we have to find § >0 such that

for any v_€ P (X") we have o

(4.13; ndln(un.vn) € 6= Kl(t('rnoun)o:(rno\’n))‘c .

By assumption we can choose 61 such that un(n)> l-¢/2 where




5 ) LSRR
.
'

— v e
. L. + a2 & B-T.C ¥ . W a'-‘. «

Take &= min {§,,c/2 J.and suppose that I, (un.\iu)< §, therefore by the
‘ in
Strassen theorem, there exists R € P(un.vn) such that R@A)> 1 - §
vhere A= {(xn.yn) : dln(xn.yn)< $ } . Therefore we have R(4NB)> l-¢ and

this implies (4.13).

(ii) Suppose now that ('rn) is not weakly pointwise robust at u,

therefore there exists €e>0 such that for all § >0 there exists

n(A) such that

(4.14) "n(&) (xn(c) : sn(&) c(xn( 6))>c )3>¢e.

By Lemma 4.1 we can find for any § >0 and n>n° a pair of measu-

rable function Un(j) (xn) S P o s j=1,2 such that

1) 4 (O M <28 1,2

and

(1),.n (2) , n n
x (e, L aMns s (M.

Therefore, we have by (4.14)

1) .n (2) .0
V(8 MTa(g) Un(9 X ))s Ta(g Tn(gn x> e /D> ¢ .

.........................
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K
Suppose that r‘- ('rn.l..... n,k)e R* . Then, since ) is the

)

!

N

\

-

i ' paxinum distsnce between coordinates, there exists io(é) such that for

s all §

% (1 ,.n (2 ,.n

- barty I Tace), 1 (6) Pa®) % n(s) 1 (6) Cn(e) ® 1P/ > e/k.
:_-i. It is clear that we may suppose that T . (U(l) ") <
08,1 (8) n(e)

Tn(ﬁ).io(c) (Uﬁ:) (X)) interchanging the functions if necessary. Therefore

by Lemma 4.2 there exists LN such that

(1) ..n (2) ,.n
nd(ﬁ (Tn(s).io(é)wn(G) (x ))-un) ':(10(6),10(6)(‘]0(5)(: M, n)) > €

This implies

(1) » 2
4.16) Ty (T, 00 (U ), (T, o 08D ™), ) > ¢,

Choose now & such that for any vy € P(X") we have

(4.17) ndln(un.vn) <8, = ME(T ,u).e(T v ))< e, /4 ¥nda, .

[€) JURPN ¢ ) I | ]
Let v :(Un(c)(x ).un). . —
Then, we have that (4.16) implies that for some j *
J

1;-';_'-} L e — PP S LS. —




' 6)
(‘Ol.) nx(‘(rn“).vn ). ‘(rn(c)oun))> ‘0/2 1)

and if we choose g= 50/2 in (4.15) we have

&) -
(6.19) ndln(un.\’n ) < 50 j 1,2,

but (4.18) and (4.19) contradicts (4.17).

The following continuity condition, which is a generalization of
Hampel's continuity condition (1971) was given by Papantoni-Kazakos and

Gray (1979).

Definition. A sequence of estimators ('ru)n” is continuous at ue ggx")
o
if given ¢ > O there exist positive integers k and n, and §> 0 such

that if n,m> o, x* ex" ’ y‘ex' and

(6.20) T, Cu(x"],u)<8 M, Cu [y Dok )< &
dy, MK k dy, Mk Joby

imply

(4.21) ML G, TN <

In particular if a single k works for all ¢ , 'rn will be said

continuous of order k at ¥ .
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C: v oL.
: The following theorem gives a sufficient condition for strong point-
- wise robustness. _ fo
- ok
. ‘
L Theorem 4.3: Let u€ NX) and suppose that (a) (‘l'“)'l is conti-
. >n° ———.
: buous at u ,(b) Each T  is continuous as a function of x" and (c) "
u is stationary and ergodic. Then ('l'u)n >n is strongly pointwise ro-
- (
?’ bust at v.
Proof. By Proposition 4.1is enough to prove that given ¢> 0, there
exists §5 O such that (4.1) holds. Take k, § and n; such that
(4.20) implies (4.21). "
Since u is ergodic the Glivenko-Cantelli theorem holds, then
w(sup |y (XA =y W]+ 0) = 1.
AcFk o
Therefore there exists n, such that if ¢, = 8/k  then
. . T
u ‘nan {x€EX A::“ | ukl* (A) - "k“)" §,/2 P>1-¢/2, £

and since for any Ve and Ve in P(x“). it is true that

n‘zk("“'v“)‘ sup | u (A) - vk(A)I » we have
A€

..........................

..............................................




p( n - n .

n
(4.22) A =(x :n“zk“\‘ KY.4)<6/2) and B=ts,  GM<c).

8/

We will show that there exists n such that

3

(4.23) A C B Vn)ns .

Take x° € An and dln(xn.yn)<61/lo » then it is easy to see, by

Lemma 2.3 that ndzk(uk[xn]. uk[yn])< (8,/4) (nk/(n=k)). Therefore there

exists ng such that nde(uk[xn],uk [yn])<61/2 for all n > n, .
Hence since x" € A lldz k(l‘k[y“],llk)<5l therefore by the continuity
condition, if n, = max (nl.nz,u3) we have x(‘l‘n(xn),‘rn(yn))< € »

therefore su (x°)< ¢ and (4.23) is true, therefore
1

w( N B> u( n
>0, n a>n, An)>l - €/2,

Finally, since ‘l‘n is continuous as a function of x" » there exis:s




«3l=

8 such that u(S_, (x)€¢€) > 1 - ¢/(2(n,~n ))¥ n€n<n, .
ncz 4 o (-) 4

Bﬁco, if &* = nmfn (61/4.62) wve have

_ n
] "(ngno Spge(X XS 1 - €
and then the theorem is proved.

Corollary 4.1.: Jet 'I‘n(xn) - T(uk[xnl) n Pk, where T : Q+A and

QC P(Xk) containing the empirical distributions. Suppose that u € p (x")

is stationary and ergodic, T is continuous at w , with respect to nd

2k
n Y . n
and T (x7) 1is continuous as a function of x" , then (T) ., is

strongly pointwise robust at u .

A sufficient condition for the continuity of a general class of mappings is

r given in Lemma 5 of Cox (1979). This lemma entails the strong pointwise
[ robustness of the GM-estimators for autoregressive models presented in _“‘
‘ Denby and Martin (1979) and Bustos (1982). T
| Sufficient conditions for the continuity of M, L and R-estimates for
X location are given by Huber (1981) in Theorems 2.6, 3.1 and 4.1 of Chapter 4

3. This implies the strong pointwise robustness of these estimators even ‘1

in the case of dependent stationary and ergodic observations.
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5. Appendix.
Proof of Lemms 4.1.: 1) Let ('i) i»1 De a sequence such that
lim "('i") = 0 we must show that ss(a) = lim inf sc(.i)'
Let b and ¢ be two points in Va(a) = { (a,6,p) and
a* min (p(a,b),p(a,c)), then o <8, Since lim p(‘i'.) = 0 there exists

io such that p(ai.a)<6 - a, i>1° . Then b € Va(ai). c € Va(ai)
i»i, and therefore 1 (T(b),T(c)) <s°(ai) which proves (i).

ii) Let Ao'('n)n> 1 be a denumerable dense set on A. Let ngj)

1€i<e, j=1,2 be in Us(‘i) and
5. ara?, 1> s e /3.

Detine 2z :asa 1<i §=1,2 by

(4
a it a €V,(a,)
4 i 61

(5.2) Zi -

a if a £ vc(ai)

Clearly, zij) are measursble functions. We will show that for any

& there exists 1 such that:

5. zPe wa, n+ 80 j=1,2
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s racP @, 1P wn > s - 2.

As ‘o is a dense set there exist (.i)i >1 such that lim p(li.l) =@
snd by the lower semicontinuity of S6 we obtain Sc(a)< lim inf sc(‘i)’
L4
then there exists i such that sa(a)< sc(.i) +¢/3 and 8, € Vn (a)
1

vhere n " win (n,8).

Then by (5.2) A(T(a)), T(a3)) = A(Zj(a), 23(a)) >S5(a;)-¢/3 35 (a)-2¢/3

and p(aij),a)<p(a(ji),ai) + p(ai,a)<6+ n , which proves (5.3) and (5.4).

(1) (2) '
Let §*% = gup A(T(Z. 7 (a), T(2;°"(2)))1 (a)
Ssmee 43 i i Vsh(ni(l)) Iva-m(a?))(') ’

where IA(a) denotes the indicator function of A at the point a , then

sk (a) is measurable and we have
Sny €

(5.5) 56_'_“(&) > sg.n,c(.)> 56(1) - 2¢/3 .

Now define i(a) as the first i such that x(r(zil)(a)).r(z§2)(a))>

S:’“.e(l) - ¢/3 and zij)e V (a,84n,p0). Define U(j)(.) - zi{i)(.)

since sz.n.e(.) is mut.;rable, U(j)(a) j = 1,2 are measurable and

satisfy (ii) (a) and (b).

iii) Let € * 0O as i+ e and choose Uij) j=1,2 1<i as in part
1) with n=8 amd ¢ = ¢, . Define i(a) as the first i such that
A @),1w0? () > sg0/2.

Define now U(j)(l) - Uig)(a) j = 1,2. Clearly since S; and




wY

.........

{t>X+e, xio< X< xi°+1} » therefore P(Y>x,

UP) sre measursble, these functions are mesasurable and satisfy the condi-

tions (iii) (a) and (b).

Proof of Lemma 4.2. Choose x°< xl< e s X, points of continuity of F

such that r(xn) - r(xd) »1-/3 and X1

ceey X aTE points of continuity of F we can choose 1 such that

- xi< €/3 . Since X, s

(5.6) P(xi -2) > l’(xi) - ¢/(3m) 0 <i< m.

We can also choose i such that F(¥Y»X+€¢ x.€ X <x, )>
[ ig 1°+1
> 2/(3m). It is clear that {(Y»x; +¢/3 1o{x> x, +1} v
. [ o

+€/3)>P(X>x, )+ 2¢/(3m).
o o

A =1) + ¢/(3m) > P(X> x; +€/3=-)4¢c/3m).
°
Then if & = mfn ( ¢/3m,A) we have Hd(t(x),t(‘l))>6.

Therefore by (5.6) P(Y> x; +¢/3) > P(X> x;
o
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