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Qualitative Robustness for General Stochastic Processes

* by Graciela. Dent. Ricardo Praiman and Victor !ohai. 1

* Universidad do Buenos Aires and COMIT, Universidad de Buenos Aires, Universidad.

de Buenos Aires and CZlL.

Abreviated Title: Qualitative Robustness

In this paper ye generaliaeD.Haapel's definition of robustness and 4-
robustness of a sequence of estimators to the case of non i.i.d. stochastic

processes, using appropriate metrics on the space of finite and Infinite di-

mensional samples. We also proewn a different approach to qualitative robust-

nes based on uniformuinsensitivity of the sequence of estimators when the

sample is affected by round-off errors or by a small fraction of outliers.
6At a r- e__

We Siva two definitions based on this approach: strong and weak pointwise

robustness. JW show that for estimating a finite dimensional real paramter,

fl-robustness Is equivalent to weak pointwise robustness and at least in the

i.i.d. case Is also equivalent to strong pointwise robustness. Finally Ve&

showkhat the continuity condition given by Papantoni-KzksadGa is_

sufficient for strong pointwise robustness. This Implies the strong point-

wise robustness of GI-estiates for autoregressive mdels.(
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Key words and phrases: qualitative robustness, robust estimation, Gil-esti-

motors, stochastic processes and autoregressive models.
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Qualitative robustness for general Stochastic processes

* by Graciela, Boots, Ricardo Prainan and Victor Tohai.

UnIversidad do Buenos Aires and COKICET, Universidad do Buenos Aires,

Universiddd do Buenos Aires and CIK&.

1. Introduction: Bampel (1971) introduced a definition of qualitative

* robustness of a sequence of estimators for the case of independent and inden-

tically distributed, i.i.d., observations. This definition states that a so-

* quene of estimators, Tn is robust at a given distribution is on the sample

* space I if for any distribution v close to vi in the Prohorov metric, the

laws of TZa under is and v are close In the Prohorov metric uniformly for all

* n.

The use of the ?roborov distance reflects the intuitive sming of robust-

sees as insensitivity of the ostimator to:
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(a) small errors in all the observations (e.g. round-off errors)

(b) a small fraction of the observations with large errors (outliers).

Hampel also defines the more restrictive concept of K-robustness which

also requires insensitivity to non i.i.d. deviations of the model.

The generalization of these definitions to the case of stochastic processes

with dependent observations requires defining appropiate distances

between distributions on in  in the case of K -robustness and between disrI m.

tributions on X in the case of robustness. It turns out that there is

not a unique natural way of doing this. In fact several definitions of qua-

litative robustness based on different probability measures on Ir have been

given, see Papantoni-Kazakos and Gray (1979) and Cox (1978).

Cox's (1.978) proposal is not completely general since it only makes sense for

estimators which depend only on a finite marginal empirical distribution.

This is not the case on the usual least squares estimate for the parameter of

a moving average process of order 1.

A shortcoming of the metric proposed by Papantoni-Kazakos and Gray (1979)

called here P2d) which is mentioned by Cox (1978) is that this metric is not

invariant with respect to equivalent metrics d on the sample space X. More-

over the concept of robustness based on this metric only reflects its in-

tuitive meaning when d is bounded. In fact Cox (1978) shows that when d

is the usual metric on R, the sample mean is robust with respect to 0 2d.

In Section 2 we propose new metrics Kd on e and Pld On X - We

.* compare these metrics with those used by Eampel (1971) and Papantoni-Kazakos

and Gray (1979).

In Section 3 we give general definitions of robustness and R-robustness.
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These def initions willbe Invariant with respect to the underlying metric

and I-rtbustness using respectively the astrics P Id and I dare equl..

valeut to empel's definitions.* We also show that for bounded metic d

the general definitions based on 1daudn d are equivialent. However,

we will argue that for non i.i.d. processes the meaningful concept is I1 -

-robustness and not robustness.

In Section 4 we propose a different approach to qualitative robustness which,

I in our opinion more fully capture the Intuitive meaning of the concept. Instead of

considering the insensitivity of the estimates with respect to small changes

-*in the distribution of the process, we look at how insensitive they are when the

sample is affected by errors of types (a) and (b) mentioned above. The advan.

tage of this approach is that we my require as a condition for robustness

that the estimator itself and not only its distribution be Insensitive to

thesekind of errors. We give two definitions of robustness following this

approach: weak and strong pointwise robustness.* We show that weak pointvise

robustness,* which may be consided a generalization of the 3 condition given -

* by empel (1971), is equivalent to a -robustness based on the proposed metrics
k* IR if the parameter space is a subset of R . We also show that strong end .-d In

weak pointwise robustness are equivalent at an i.i.d. model. We conjecture

*that this equivalence should hold even for more general stationary and ergodic

* processes. Finally we show that the continuity condition given in Papantoni-

-Kazakos and Cray (1979) is sufficient for strong pointwise robustness. This

implies that the conditions given by Lema 5 of Cox (1978) are sufficient for

the strong pointvise robustness of the GM-estimators for autoregressive models.



These estimators are studied by Denby and Martin (1979) and Bustos (1981).

In sec tion 5 we prove nowe auzliaryleis.

2. Distances between probabilities

Let X be the ample space, and d be a distance on X. We shall as-

sum throughout all this paper that (X,d) is a complete and separable met-

xic space (Polish space). Let X and Ir be the cartesian product of

a and a denumerable set of copies of X respectively. F will denote

the florel a-field on X, and FU*F the corresponding product a-fields

on Inand i". For any measurable space MOAL, let P(Q) be the class

IL of all probabilities on A . If uj and v are in P(A), P(ii,v) denotes

the class of all the probabilities P on (ax2 Ax A) with marginals

Ui and v

If (X,d) is a metric space, then the Prohorov distance n d between

ua and v u , v1EP(X) is defined by:

fd (U.v) -inf e : U(A)(C v(V(A,c,d)) + c A F),

where V(A,c,d) ( xC: d(x,A)< C).

Strassen (1968) *establishes that if (I,d) is a polish space ,then

is given by:

li (, ) inf {g: 3 P IEP(a,v) satisfying P({(x,x'):d(x,x')tc}).je

n n
Given x a(Zxi0009*xn) ,~xandkW u, the k-th empirical marginal di.

-................. ..... . . . .. . . *
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tribution induced by is denoted by Ilk[ n], and is defined as the

element of P(Zn) which asigns mass 1/(n-k+l) to each sample

st+2.....st. )  4O j( n-k.

Metrics on le and Pn. Given (X,d) we will consider the following

metrics on ne

(2.1) dIn(z ,y ) * inf {e: # (i: d(ziyi);o )/n< C.

i d "n  n . n

(2.2) d2 n N y Z d(xyi)/n.

Let now be the space le modulo the permutation of coordinates.

Hampel (1971) defines the following distance on which we denote by
3n.-.

(2.3) d3n(xn,y
n) = fd(pJl[x n, i 1 y ]). -1A

Remark. Two points of are close in the metric d if all the co
In ihc

ordinates, except a small fraction are close. Therefore this notion of

closeness corresponds to the type of errors which are considered in the

intuitive notion of robustness. We will show the relation with dln in -

Lea 2.3.

Metrics on P(1 n). Given (X,d) and Un ,v E P( n) we consider the

n n
Prohorov metric associated to din , 1 dn(Invn), and the Vasershtein

In
distance (Vasershtein (1969)) defined by

mm
(2.4) inf E (dl (A .7)),(2. Od~(un' vn) RC 'n, 2) n'

2n Rp(U,,v)

S***-- -
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where 1.denotes the expectation under R. We also def inet the pseudo-

metric Itd (aantv) given by 1d (U 9 id a where U and
3n 3n 3n

Vn are the probabilities induced by ian and V on respectively.

Metrics on P(Xo). Given (Xd) and 1j, v 6P(e) we shall denote by

(2-5) Pld(PhV) su (U $IV "
ln in n n

and

(2.6) P2d(iasv) - u PU d (in~v dy
n 2n

where Ua and v nare the n-dimensional marginal probabilities of Ua and

v respectively. The metric 2dwas introduced by Gray, Ueuhof f and

Shields (1975) and used by Papantoni-Kazakos and Gray (1979) to give a

general definition of robustness. A shortcoming of 02d ,is that it is

not invariant with respect to equivalent mtrics, i.e., equivalent metrics

d and d* on X may not induce equivalent distances P 2d and P 2d* on

P(X). For example, if X R the two equivalent metrics d(x,y) Ix-yj

and d*(x,y) -Ix-yl/(l+lx-y.1) induce non equivalent metrics 02dan P2d*

Lea 2.1 shows that P Id is invariant with respect to d, La

2.2 shows that if d is bounded, P1 is equivalent to P2 and Leama

2.3 and Its Corollary give the relationships between dl, and d3n and

between 2! I an 1d3

Leoma 2.1. Suppose that d and d* are metrics on 1, and lot 6 >0



and s*>O0 be real ambers such that d(x~y%# a implies d*(x~y( P*.

Then for any u O in P(X") we have

in n in

Then if d and d* are equivalent 11d Md~ nd are eguivalent
din dln

too.

Proof. Follows Imediately from the definition of Prohorov distance

Leama 2.2. Given and vn in P(Xn we have

(2.7) Pd (Unqvn) a 6 dl,'6lnt

and -

(2.8) d 4M and 1!d (OnVn '~6~p ~ v )(8(1+2M4).
in d2 n n

Proof. It is iimediate that,

(2.9) d 2(z n y) 1 d In(x'Yn) -C

and

(2.10) d AM and d1 (XnY) y d N ny) 4C 6 (144).



Lot now U. and Vi ini P( 1 nl) be such that 9d (Ulm, V < 6.

Then, there exists R E P (i.,v.) such that E1(dn(aP,y))'C 6.

Therefore by the NArkov inequality, we have

R (d ( 'y') 8) ;0 1-E (d2 (x 6 ;1)/8 1-6

then, by (2.9) R(dlnx~n N5 ~ 1-6 and therefore 11d (Ui 'V )4 a
inn

Suppose now that R1d In O n$ 8 ,then there exists R in POU n v n

such that R(d 1n(X ny n)46);0 1-8 and by (2.10) we have that

R(d (X n y n X(I4));O 1-86 Finally we have that

E R(d 2n (X,yn)),,((14) + MR(d 2n(I n y n );06(14))(l(+2M),

then (2.8) holds.

Lemma 2.3. Let P be the set of all permutations of the first n
-n

tive integers. Given zn and nyn In pi P s Mifn wdenote

* byy a(y~().. ~~ Then, we have

iPEP p ~)** p

Fa

Prof It is enough to show that for any 8 >0

(2.12) d1 (n ) 8 Gl gu~lxn.llyJ)(
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and
n In

n nnn< "
(2.13) F~(n[ n] ,ly] < 6 "-i Pe Pn: dlnX ,yp)<6

Suppose that d(n (4 then if S - {i : d(x, Y)< 6) we have

that S/n >I1- a. Let R be the distribution on XxX which assigns

probalility I/n to each pair (xi,yi) 14 i< n. Then R E P (MI[x n ],

l[Yh1I). We also have that R(d(zy)<6) - 0 S/n> 1-8

Then d(Ulxn1,Ilyn) 6 , and (2.12) holds.

In proving (2.13), we will find a set such that the Prohorov distance

is attained.

Assure Itd(U[x)j,U[ynl)< 6 • Put A-{ xl,...,xn, B

and Dn  {1,2,...,n). Given p in P , let h(p) - I (i : d(xvp(i))<s)

and t defined by

(2.14) t- aix h(p) -h(p*).

n

We have to prove that t> n(1-a).

Without loss of generality, reordering the elements of B if neces-

sary, we may assume that p* is the identity.

Define Sl-(i: d(xi,yi)< 6), I1 -(i:Z j d(xiqyj)<6) and

J " z i d(xi*Yj)<al . Clearly ve have l 1 S1  and Jl S1.

Let 12 1 S1 and J2 12  S1  . We have

(2.15) 0 S t I1 SI + 12 Jl S1 + J2

pi
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Given I C D 9 define the sets A(I) * (X.ig J.6) and

C)a(yj9 .1 El and the function f(I) *j : yj V(A(I),6,d))

Since P* Maximizes h(p), V(A( 2 ),S,d)r) B CB(S1) therefore,

f (12 ) CS I* We devote by f(LM the application defined by: f (0) is the

identity end f(I) * (&-Il f 0111. We will show that there exists

k such that

(k0+1) (k0)
(2.16) (f) f (I2) Cs1

Since I lS CM(). in order to prove (2.16) it is enough to show

that

(2.17) f (2)c S I V k.

We will prove (2.17) by induction. We already know that (2.17) holds

*for k -1. Suppose that it holds for all k 4n, we will show that it also

holds for k m+.1.

Clearly, f '(I )c J1  Since by the inductive hipothesis

f (I )c SV, we have that f (I )c f ~1 (I2  Put R f~w1 (I)-

f ( 2).Then we have ' 12 f (1 2) + R.

Suppose that R CS, we will show that there exists a permutation

*p such that h(p) -t+1 *Since R C J1 , (2.15) implies that there

exists r eEi na.

We will find a finite sequence of numbers %, 1 .. q~ in D such
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that Mi qo r (ii) if rni - fn (k :i qjf (k)(1 2)) then

U~l o> , >.. % o and therefore iJ implies qi qj

(iii) d(zq~,Yqi)< a 1 n-

In order to find this sequence we proceed as follows: Since q0  r

6 f (I), there exists q1Ef 2I CS1  such that d(y Ox )< 62 2f1 q(Iq)
Then a~ !4M. If ml 0, n - 1 and we have already completed the se-

quence. If a1>0, as ql1ef (I2) there exists q26 f (2

such that d(x ,y )<a and ztmi-l< mi. If m2 0, then n 2
q2 q,

and we stop, otherwise we continue in the saw way.

Let p the permutation defined by:

p(qj) uqj. 1kj4 n, P (%) inr= 12

Clearly h(p) *t+l and this contradicts the definition of t. Then
(k)

there exists ko satisfying (2.16). Let C - A(f (12) UI 2U (Dn -11)).

Therefore as (2.16) holds and V (A(D. )adrBwehv
(k0 )ni6~l ehv

3 nlV(C,8 ,d) *V(A(f (I2 U 12), 6, d)n B. Then by (2.16) we have
(ko)

#(BnV(C,6,d)) - (f (I2)

Since d1 xPi ujV y)~ )< a we also have

j 1 x) (C)< 1 y)J (V(C,6 ,d) +8 -

or equivalently



(k)

(2.18) 0 C/u < *(f U12 MaI + a

(Iro, (k0)
Since 9 C - (f (12) + 9 1I2 + n - *1 n-9S +#(f (12))9

(2.16) becomes 9 S1> n(I-6), and then by (2.15), we have that (2.13)

holds.

.Corollary 2.1. Let ua and v.in P(Xn'). Then,

(2.19) 1[ d(tin,~ V On' V
din nR3n f

and

3n In

* n nwhere v is the probability induced by the transformation T(Y ) y
un p

and p* is definedk by d(x ny )Y n di(Z nY

3. Generalization of Hampel's definitions of robustness.Let TX 1 .

for n~no , be a sequence of estimators taking values in a polish space

*(A ,) Given P c EP (I') , we denote by 1 (Tnu ) the distribution of T n

under .Cox (1976) gives the following generalization of Hampel's

definition of qualitative robustness.

Definition: Let a pseudometric p on P(",a subset ZC P(X) and
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iE P( ) be given, then the sequence of estimators (T,),, a is
0

p-robust at u for Z if given c 3 0, there exists 6 > 0, such that

for all v E Z we have

This definition specializes to that of Hampel by taking UEZ ,

(all i.i.d. processes) and p the pseudometric on P(C?) given

by

(3.1) P Hd( VV) -. d(I1,v1)

where 1 and v1 are the first order marginals of U and V respect.

vely.

Papantoni-Kazakos and Gray (1979) definition of robustness corres

ponds to P P 2d

The following definition given by iustos (1980) generalizes Hampel's

concept of fl-robustness.

Definition. Let P 6 P(Xa) and let Pn be a pseudometric on P(Xn) for

all n )no , then the sequence (T) i is p n-I-robust at U

if given t> 0, there exists 8> 0 such that

v GP(Xn)An;o A j(UnVn)<Sao FA(C(TU), £(TnVn))CC
0 n0n ia n of

where 1'n is the n-tb order marginal of Ui



Notice that C£(Tn. V) z- T' n

In the case of vi an i.I.d. process and (T%)n;1 n invariant by

permutation of the coordinates, we get Hampel's definition taking as

the pseudometric I

The following theorem show that pld-robustnless, and AT -I-robustnessld d ln
are natural generalizations of Hampel's definitions.

Theorem 3.1. A) Let Z fii.d. processes) and yi E Z, then Ham-

Pei's definition of robustness (P Hd-robustness) Is equivalent to

0 ld robustness.

Mb Let Pi be an i.i.d. process. and () 1  a seauence of estimates

invariant by Permutations of the coordinates, then Hagapel's definition of

f-robustness (1 -fl-robustness) Is equivalent toR -fl-robustness.

Proof. Let ~aand v be two i.i.d. processes and U v their first

order marginala. Then, in order to prove (a).* it is enough to show:

(32) 11d(JIVI - Od U') C s (UII f)
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Suppose that pld(Yv) then dl (UIV) I so there exists

R CP(ei, vi )  such that R(dll(,y$< 6 )> 1-6 . But d11 (xy) "

Smmn (ld(xy)); then { dl(X,y4}8) = d(x,y)(48  and therefore

R(d(x,y)46 ),o 1-8 ; so IT d U, V)X .

In order to prove that PId( 04v), [1d( Uv1l it is enough to

show:

(3.3) rd.(Unvl)X [if rl) V n.

Suppose that 1d(1lV1) (U 6< 1. Therefore there exists REPAUlV 1 )

such that R(d(x,y), 8)>I- 8 . Let in be the product measure of n co-

pies of R. The Narkov inequality yields

n
I (d1 (.)8 In '~ (d( xis Y))( )o.

i [82,+)
6 r) =

I !

> 1 E(I , .)(d(z,y)))/16 1 R(d(x,y)>s )/8 918

therefore (3.3) holds and part (a) is proved.

Part (b) follows from Lema 2.3 and Corollary 2.1.

The following theorem, which is an imediate consequence of Lama

2.2 establishes the relationship between -ld-robustness ( d - -robustness)

and 02d-robustness (Pd 2-f-robustness).
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* Theorem 3.2. (a) Fr.! am E(f), and Z CP Of") we have

(1 P d -robustness at Pi for Z isolies iod -robustness at Ui for Z.
1 2

(11) If d Is bounded, p d-robustness at vi for Z Implies

od-robustness at Pa for Z.

(b) For any i GPX") we have

(I) it l -f-robustness at UImoii P d 2-fl-robustness at u

(ii) f d is bounded. then pd -fl-robustness at ui Imlies
2n

Rd -fl-robustness at .

* Therefore if d Is bounded both concepts are equivalents. If d is not

bounded, it 49 not true that 0d-robustness (Pd2 -fl-robustness)

implies Pld~robustness (Rd -f-robustness). Cox (1978) shows that
in

* If R-X and d(zy) - Iz-yI .then the sample man Z X /n is

nn

The following theorem, which is a generalization of theorem 3 of Hempel

* (1971) Is iumdiate.

nn

P(Z') defined by POIA,') - su Pn(IUn~vn ), where VA and v are in Pa ") and

Inv v are the corresponding n-th order marainals. Then given i 6E P(i')

and Z C P(17) we have that if (To )n;P noi .- 11-robust at va, then

*It Is P-robust at PA for Z.
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Therefore I -U-robustness implies 0 d-robustnese and d-U-robustness
in 2n

impis P2d-robustness.

However, we consider that the relevant concept for non i~i.d pro-

ceases is 1 -robustness and not robustness. The reason for this, is that

continuous estimators which always depend on a fixed finite set of coor-

dinates may result robust, and this contradicts the intuitive notion of

robustness: a small proportion of observations should not affect the esti

mator too much. Consider the following example: let Tn : -* X be

defined by T iN191.. xn) m x I • This estimator is pld and p2d-robust

at any u E P(X7), because if pld( 1,V) c, or P2d(uv) <! e' then

dl ) d €U1 I XC or P d2(cVl) 1 respectively, and either of this Ins-

qualities implies Id( l,VU1) C or equivalently 11d(X(TnU),t(Tn v))4c.

However it is clear that if n is large, changing a small proportion of

observations, just the first, the estimate will suffer a large variation.

In next section we will give more evidence that the meaningful con

cept is I -robustness.

4. Pointwise robustness. Here, we propose a different approach to qualita-

tive robustness which seems to capture better its intuitive meaning. Ins-

tead of considering the insensitivity of the estimates with respect to

small changes in the distribution of the process, we look at how insen-
a

sitive they are at a given infinite sample point xX , when:

(a) all the observations have small changes and (b) a small fraction

of observations have large changes.

Consider x n and let V(x n 8 ,dIn) be the open sphere of cn-

... . . • ."° • p ° • • •. o
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ter zn  and radius 6 corresponding to the metric din. Define

mm
S (x )-sup {(T(y ),T( O)): .yn,zU 6 V (Xn,6,d).na n n In

We show in Leuma 4.1 (i) that Sn6  is lover semicontinuous and the

refore measurable.

Definition. Let x r = and xn  its projection in Xn, then (Tn)

is robust at x if given c >0, there exists 6>0 such that 0

IS (x n).c e V umn0 .

We will now give two definitions of pointvise-robustness at a given

probability u ePX).

Definition: Let U 6 Pox), then (T n) is strongly pointise robust
n >

at if

u({ xEX": Tn  is robust at xl) - 1.

Definition: Let PE P(X),then (Tn)nou is weakly iointvise robust

at if given c >0, there exists 8 >0 such that

n n ( ) 1- £ V nn

We consider that these definitions reflect better the intuitive
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weaning of the word robustness, since they require that the estimator it-

self be insensitive to errors of type (a) and (b) mentioned above, while

the definitions of p-robustness and on-I1-robustness only re-

quire insensitivity of the law of the estimators. However we will show

later the equivalence of veak-pointvise robustness with II-1l-robustness."d1n
We also show that at least in the i.i.d. case strong pointwime robustness

and weak pointvise robustness are equivalent.

The following proposition gives a necessary and sufficient condition for

strong pointwise robustness.

Proposition 4.1.(T ) is strongly pointwise robust at if liven.
0

c > 0, there exists 6 > 0 such that

n(4.1) r) X (E I Snf(zX )>~1 C.

Proof. Let Au(x EXr such that Tn is not robust at z Then it

is clear that

n n
g6 n ;n 0  Do 1 o n *n 0

then

P (A) .0 P( A U (x : S11.(X ;01/11) -0 V i
j >1 an n0

- i. P U (z S 1 (X,) >'1Ii})) 0 V i
J-00 n ;n0
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q - Cv >0 lira PI U S 6X a)>C) -0.
6-+0 Un, n o n

Corbllary. Let uE P(X), then strong pointwise robustness of (Tn) n
0

at u implies weak pointwise robustness at .

Theorem 4.1. Let E P(X) correspond to an i.i.d. process.Suppose

that there exists a sequence of compact sets K * 1Cn< - , such that

X = K . Let (Tn)nn be invariant by permutations of coordinates
n-1 n f 0

and veakly pointwise robust at u * then (Tn)non is also strongly ro-

bust at U

Proof. Let c>0. We are going to show that there exists 6>0 such

that (4.1) holds. Since is weakly robust ve can find 6 *

such that

(4.2) p(Sna (xn)), 1- C .

It is clear that

(4.3) (Sn , 2 (x n) -C )DV({S n(x n)( } , 6*/2, din)

By hypothesis there exists a compact K such that

(4.4) Mzx) I a /$
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We can find a partition K 19..., of K such that each K. X' IC~ hI1
h

hasdiaetr-C0/ . utKo Ythe complement of UK and

i-ui(K) 0 (Ci 4h.

Given x'- (xl,...,x)n define S in(x) il I~~ / . i ,1

* .,h. By a vell known form of the strong law of the large numbers for

Bernouilli variables, there exist a> 0 and O< b< I such that if
h-

n 1n , ISin(x n) mi I<8*/ (8hi)) then
i-0

*(4.5) Ii (R > I1 abn n.

Frau (4.2) and (4.5) ye can find n I> no and x* n

* n (Sn *(xn)4C E I Vn~n,. Let P n be the set of all the points obtai-

ned by permutation of the coordinates of x*n.

Since 1S,8*(z )ceare invariant by permutation of coordinates, we

have

* ~(4.6) ~ {n*x)c

We will show now that*

(4.7) %C V C (P. a /2,d n).

n n xn in

Lo leRn then Is in) - S(yn)1 4 6*/(4h). Define -i (i:yjC Ki),
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*0-41 4hi. Then there exist sets Q* 0 41 <h, such that:

(4.8) #*ta Sm(X*U) 0 10Ch

and

(4.9) D(Q* - Q1) c n 6*/(4h).

By (4.8) there exists a point x ; (xg*9n )C-~ such that

*if JeQiA , then x. r K 1 0 <34h. Since the diameter of K, 14l%h ,

is smaller than 6*/2 ye have that (i :1 ii-yij I 16 *12 )C UhQ-i)UQ*

Then (4.4), (4.8) and (4.9) imply that #{i : I~iyi I>b0/2 14n6*/4 +

#Q* dCn6 */4 + im60/4 <n 8*I2. Therefore d1 (z 'y )'C 6*/2, and (4.7) is true.
0 I

Then by (4.3), (4.5) and (4.6) we have

(4.10) I(S 6d, 2(x n) e. );I I a b;PU

* Then there exists n2  such that:

n-2

Finally, we enn find 6 1C a /2 such that

*(4.12) 1U(S n6(xn)",C 0 ; 1 2 e/2n- 9)).

Then (4.1) may be derived from (4.11) and (4.12).

The following theorem establishes the equivalence between weak point-

wise robustness and 11d -f-robustness when A R 1
in1
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Theorem- 4.2. Let ui ePi then

(i I ( )is weakly vointwise, robust at pa then it is

11 -fl-robust at ui.
in

(ii) Suppose that A -Rk and A (u,v) miux I ui-v~i ora any other7

equivalent metric , where U * 0u9 ...u) jug a

Let P 1 P (IF) then if V ;,n0is 11d -fl-robust at
0 in

it is also weakly pointwise robust at Vi

To prove theorem 4.2 we need Lenus 4.1 and 4.2 which are proved

in the Appendix.

Leama 4.1. Let (A,p) and (A,AX) be two polish spaces, T A -o- A a

measurable function with respect to the Borel a -field

For any a EA, 86>0 let S (a) *sup { (T(b),T(c)) :b,cCIP(a,6,p)j.-

Then-we have

Wi S6 is lower semicontinuous and therefore measurable.

(ii) for any a6> 0 t c> 0 and ni > 0 *there exists measurable fumc-

tioms U~1 ) : A-@A, j -1,2 such that

(a) U eV(&,6 + 1,) j *1,2
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(b) x(T(ull)(a)), T(U(2)(a))) ; S (a) -
Q)82

iii) Given 6 : 0, there exist measurable functions A. A ,j - 1,2

such that:

(a) U(j)E V (a,26,p)

(1) S a(a)
(b) )T(U()). T(U (a));' 2

Lemma 4.2.: Let F:R- [0,1] be a distribution function and d the

usual metric on R d(x,y) m Ix-yI. Then. given c>0 there exists 8>0

such iX and Y are random variables satisfying:

(a) Y ;0 X

(b) P (Y;'X + c) t.

then 1d((X), X(Y)) ;p

Proof of Theorem 4.2. i) Given e > 0 we have to find 8 >0 such that

for any vae P(e) we have

(lyuptin ) e can choose8(suc(T thn)a, (Tn Vn)) w

• By assumption we can choose 61 such tht Un(M)01-0/2 where
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-- {z :S W'G) .

Take 6- min.(8,e/2 ).and suppose that "d (pv,)'( 8, therefore by the

Strassen theorem, there exists R e P( it.,v.) such that R(A)) 1 - 8

P- ni nfnn
where a-{(z y): 1 n(x ,y ) ) • Therefore we have l(&fB) a, 1-, and

this implies (4.13). -

(ii) Suppose now that (T n) o is not weakly pointwise robust at •,

therefoe there exists C > 0 such that for all 8 > 0 there exists

n() such that

(n(6) )€) :
(4.14) n(6)x : S n( ) C

By Lemsu 4.1 we can find for any 8>0 and n) n a pair of masu-

rable function U.(X n ) : 1. Xn , j 1,2 such that

(4.15) d (xn).Xu) C 28 - 1,2

and

~, (T (K~~( TU(Un2 (x))M> (Z1)/2.u a na

Therefore, we have by (4.14)

(1) (2
(U 12 e)PTm u O(x )));o t /21;p t -

11n(6) ('(T Un(8)(U (x)) () ) -.-'

,..-=.
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Suppos thT T~ Ti.. )e RK Then, since is lthe

iazium distance between coordinates, there exists i o(S) such that for

al1 8

~AI)(Tn~~10 (U (z( ))-T(), (8) (Un(8 ))I)c /2) > c /k.

it is clear that ye may suppose that T . (U~1  Nx~)

n(8)i 0(8)n(8)

(U(2 (e')) interchanging the functions if necessary. Therefore

dn(8),i (8) n(8) ns(n 8  i6 Ul 8  x)i "'
00

This implies

(4.16) Ti C( (U (h C (nT. n) ( ) "a UU ;0
A (8) (8) n (,6() (n))

Choose now 80 such that for any Un E P(ef) we have

(4.17) Id (iiv)(8 f 1t(,),(T v))k to A nn

Let v () e t(U (J) (X,)9un)

Then, ve have that (4.16) implies that for some j
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U ,')) ..-"T (. -( ().)"; 9/

and if we choose /" 8o12 in (4.15) we have

(4.19) 1 PV_(J)) < 60  1,2

but (4.18) and (4.19) contradicts (4.17).

The following continuity condition, which is a generalization of

Hampel's continuity condition (1971) was given by Papantoni-Kazakos and

Gray (1979).

Definition. A sequence of estimators (Tn)nno is continuous at pIE p(X")

if given c > 0 there exist positive integers k and nI  and 8 > 0 such

that if n,u;o 1  Ex 6 . yEX" and

(4.20) r dd2k(kkxn k)4(k y'Uk)' 6

imply

(4.21) A(T(), (T(() (,
n

In particular if a single k works for all c , Tn  will be said

continuous of order k at U.

S. .. . . .
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-FThe following theorem gives a sufficient condition for strong point-

wise robustness.

Theorem 4.3: Let IaE 7f) and sungose that, (a) (Tnno is)n

nuous at va (b) Each Tnis continuous as & function of x~ and (c)

Sis stationary and eraodic. Then (T) is strongly pointwise ro-

proof. By Proposition 4.lis enough to prove that given C > 0, there

exists a > 0 such that (4.1) holds. Take k, and a, such that

(4.20) Imiplies (4.21).

$Inc* ~Iis ergodic the Glivenko-Cantelli theorem holds,* then

S(sup j klx.I(A) k(A) 0) -1.
A EFk

Therefore there exists n2  such that if 61 - ./k thon

"nn {xEXm  sup Ik n(A) - lk(A)I 14 i /2 ;0 1- C/2

and since for any iik and vk i P(Xk), it is true that

Nd(IkV~( upi yj,(A) -vk(A)I wev have

Ed *-**.k 4 A. - - -.. . . .
* .~...*..,.. . * *2k
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(:x2  El d2 k aki X']k)(/ 2 )) 1 -c /2.

put

(4.22) Anmxu :ldkk PtI, k-(8l/2) and Bn (S (x)( }.C

d2k U6 A

We will show that there exists n3  such that

(4.23) An C n V nOn

Take x 6 A. and dln(Xnyn)-5I/4 , then it is easy to see, by

Lema 2.3 that id(t kxn], ?[ynA) (6/4)(nk/(n-k)). Therefore there

exists n3  such that 11d (kxnI, k [yn])C61/2 for all n 3. n 3
2k

Hence since x therefore by the continuity

condition, if n4 -2 max (n 1 nln 3) we have (Tn(xn),Tnl))( , .

therefore S (x)- c and (4.23) is true, therefore

U( n nn) V( n A );P-I /2.
nu a 4  tn n4 n

Finally, since T. is continuous as a function of x3n , there exi ts
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82 such that U( (~ )4 c) 1 I c/(2(n -n0))V n0 .4n A

Hence, if 8* * ~T (81/4,62 we have

P~ n Sna* (xn)C); 1 -

and then the theorem is proved.

corollary 4. 1.: I& T (Xn) *T (Uzka1  n ;k,iih.! TQA and.
nk

Q C P(Xk) containing the empirical distributions.,.Suppose that u 6P (

is stationary and ergodic, T is continuous at iU k vith respect to Rd

and T (zn) is continuous as a function of xn *then (T ) isnn nb k
strongly pointwise robust at Uj

A sufficient condition for the continuity of a general class of mappings is

given in Leas 5 of Cox (1979). This lema entails the strong pointwise

robustness of the GM-estimators; for autoregresiive models presented in

Denby and Martin (1979) and Bustos (1982).

Sufficient conditions for the continuity of M. L and I-estimates for

location are given by Huber (1981) In Theorems 2.6, 3.1 and 4.1 of Chapter

3. This implies the strong pointvise robustness of these estimators even

in the case of dependent stationary and ergodic observations.
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5. led.

Proof of ILesma 4. 1.: 1) Let (a)~ be a sequence such that

Its P(&,,a) -0 we must show that S6(&) -i ha uf 9 (a1 ).

Let b and c be two points in V6(a) -V (a,6,P) and

a- mini (p(a,b).p(a,c)), then a <6. Since lim p(aita) - 0 there exists

1such that p(aia)<d - a , i ;"1i0 . Then bE V8(a~) cE V8 (a1)

I.*i and therefore A (T(b),T(c)) -CSe(ai which proves (i).

ii) Let A.-(% ) be a denumerable dense set on A. Let Q

11i<m j 1,2. be in V (a1) and

() (2)(5.1) A(T(ai Tai ) S S(a) -c /3

Define Z A.t-A 1i0 1 1 ,2 by:: if a V (ai
(5.2) z

a if a JEV (a)

Clearly, Z~j are masurable functions. We wili show that for any

a there exists I such that:

(5.3) ZW1' 6 a, ni + Sop) ja1,2
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(5.4) )(T() 2)l(a))) ; S (a) " 2c/3.

As A is a dense set there exist (a1 )1  I such that lir p(e,a) = OIL

and by the lower semicontinuity of S we obtain S (a$) lin inf S (a.),

then there exists i such that S8 (a)' S (a) + c/13 and ai  ( (a)

where mi - m~n (n,6).

1 2 1 2
Then by (5.2) X(T(a.) T(a.) X (Z.(a), Z. (a)) >S (a )-c/3 >S W-2 0I3

2. 1 .,.8 1

and Ora I 'a) .(a(J),a 1) + p(ai,a)(6+ n , which proves (5.3) and (5.4).

Let S* ( (a), T(Z (a)))I (a) (2)
)+ ~ 8+ia i

where I (a) denotes the indicator function of A at the point a , then

S ,(a) is measurable and we have
8*, n~, C

(5.5) S (a) > S , >(a)) S8(a)- 20/3

Now define 1(a) as the first i such that X(T(Z .

S* (a) - e3 and MeV aSnp.Define Uj)a - Z~)(a)()

since S* (a) is measurable, U (a) j - 1,2 are measurable and

satisfy (ii) (a) and (b).

tQ)
iii) Let e 0 as i*- and choose U~f) j - 1,2 14i as in part

it) with n "8 and c . Define i(a) as the first i such that

A(T(U 1 (a)),T(U (a))) > S.(a)12.

o)() CnDefine no U(J(a) " i(a) " J = 1,2. Clearly since Sa and

;"% .)
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U(J) are measurable, these functions are measurable and satisfy the condi-

tions (i11) (a) and (b).

Proof of Lemma 4.2. Choose xo< xj< ... < , points of continuity of F
0

such that P(x ) - F(xo ) ; 1 -c/3 and xj+ 1 - x.i ' 4/3 . Since ,...

.., are points of continuity of F we can choose A such that

(5.6) F(xi - X) > F(xi) - c/(3m) 0 4% u.

We can also choose i such that F(Y> X + e x.-C X o x

~'2/(uO. Itiscler hat{(~ 0 4o3I(~
y> WOW It is cXxolar thereor P(Yk'Yo x/)PXx +1) /3 W( x.2. j+1

0 0

(Y:.X +C, x i4 X<x z ) +0 therefore P(Y> x. + e/3)> P(X> x 1 1)+ 2c/(3m).
0 0 a 0

Therefore by (5.6) P(YXio +c/3))•P(Xx o+ -A) + c/(3m) > P(X"x. X4c/3-A)4c/3m).
0 ao 20

Then if 6 " mn ( e/3m,X) ye have Id(t(X),.(Y));a.

Acknovlednement: Grateful thanks for helpful discussions are due to

D. Martin and D. Cox.
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