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ABSTRACT

’\We prove that the Strongly Implicit Procedure mp),—zm-wm@fw solving self-

adjoint elliptic difference equations is convergent.
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1. Introduction
Consider the following elliptic boundary problem

{ g - S5 =se), G ED= (N 0<an <)
u(z,9) = r(z,), (s9) € 9D;

where pi(z,9) 2 po > 0, s = 1,2 and pg is a constant. Approximating (1.1) by a five-point
finite-difference scheme on the grid system Dy = {(jA,kR)] h=1/(n+1); j5,k=1,2,...,n},
we obtain a set of liear algebric equations

Au=Q, (1.2)

where u and Q are n®-column vectors whose components are grid functions u;, snd gj s, re-
spectively, ordered in a left-to-right and down-to-up fashion, and the matrix A is defined by the
following *

(Au)jn = Bjsujay + Djpujoap + Ejpujp + Fjavipnn +Giatisn, 155,kSn, (13)
whose coeficients satis{ly the conditions

(1)Bjs, Dj», Fj 4 and Gja are all less than a negative constant if
subscripts of their associated grid functions are in [1,n};

(1.4)
>0, i Dir-Fir-Cinm
(2)Ejs + Bja + Dja + Fju + G {_ 0 i IBJ-* i'z:-h Fip-Gjp=0
and
Dijysp = Fjp,  Bjasr = Gja. (1.8)

It is well known that A is a symmetric positive-definite matrix with five nongero diagonals.

In [4], H. L. Stone proposed an iterative method, Strongly Implicit Procedure (SIP), for solving
(1.2). First, he approximately factored A as s product of a lower triangular matrix L and an upper
triangular matrix U which have the same sparsity as the lower and the upper triangular parts of
A, respectively, i.e.

(L0); 5 =bja%j 41 + Cj005-1,4 + dj a0,

1€5,k€ 16
(Un); s =4 + ¢j 485410 + fja85041, HESM (1.6)

" ((LU)w) ;0 = ;48701 + bpaeja-18i41,01 + €j0%5-18

+ (dj,8 + bjafj0-1 + €5,067-1,4)87,0

+ di0¢508541 + 50 Sj-14%5-1,041 + iS5 085 011
Let the matrix B be defined as follows:

(Bu);p = bj 08501 {"m.b-n + 0%, - aujy s - “u-n} L<ikg -
sk<n -

+ ‘i.h!l-l.b{'i-l.ﬂ-l +a%j = Aoy = O Ay }

*Throughout this paper, a2 long a¢ 3 matrix ke defined in this way wo mabe & convention that if the subscripts of & grid
fenction are st is [1, n) then the torms which jnclude such grid function de 2ot exist, or coefiicients are sere.
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The nonzero elements of L and U are defined so that A + B = LU. The algorithm for computing
these elements is

bja = Bjs — abjsejn-1,
¢ih = Djp = acjpfi-rp
din+biafin1 +ejaeiorh = Ejp +abjaejpcy +aciufiag  1S5,kSna€0,1] (18) ’
diaein = Fip ~abjaejp,
dinfin = Gjp = aciafi<1p

' The SIP iterative scheme is given by
(A+ B)(s™*Y - ) a r(Q - Au))t  s=0,1,---. (1.9)

The practical numerical computations given in [4] suggested that SIP is convergent and more effi-
cient than the standard iterative methods. After Stone the theoretical analyses of the approximate
factorization iterative methods given by T. Dupout, R. Kendall, H. Rachford[2}, A. Bracha-Barak
and P. Saylor{1] etc. were important contributions to the later development of the more efficient
preconditioned conjugate gradient. However, these studies did not prove that SIP is convergent
and SIP was layed aside. The purpose of this paper is to analyze the convergence of SIP by the
, I methods of those mentioned sbove. In Section 2 we discuss & property of A + B, where A is not
! confined to be a symmetric matrix. In Section 3 the convergence of SIP is proved.

3. The property ol A+ B
As in Lemma 1 in {1] we have the following theorem.

Theorem 3.1. If the matrix A sstisfies (1.4) and 0 € a < 1 then the quantities b; 4, cj 4, djs, €j4,
and f; defined by (1.8) satisfy

(1) djaSBjs and ¢ja < Dja,

(2) dja >0,

() ~1<ejuSFja/djp and  -1<f;s SGjuldja,
' () 1+eja+fin>0,

(2.1)

and they are all continuous fanctions of a €[0,1).

Proof. The proof is by induction. Obviously, the theorem holds for 5 = k = 1. Now assume the
conclusions of the theorem hold for all points preceding (;, k). First, we have

i = Bja/(1 4+ aejpy) < Bja,

¢in= D;ja/(1 + afj-1,s) S Dja,

dja = Ejp = 4jafides = €ja8j-10 + abjaejper + aciafiarh ;
= Eip =4 afi01 = ciaei-1p + (Bja = b50) + (Dja = ¢42) (2.2) oo
= Eju 4+ Byja+ Djp = b (1 + fa-1) = cja(1 + ¢5-04) > 0.
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Since
djs+djacin = Ejp+ B+ Dja = bja(l + fi0-1)
= ciu(l +ejo18) + Fji — abjuejum
= Eju+ Bjs+ Djp+ Fjp
= b;u(l + aej -1 + fia-1)
—cia(l +¢j-14) >0
then
1+e¢,4>0,
e
=1 < ¢ju = (Fja — abjae;r-1)/djs S Fja/d;a.
Similarly,

1< fin SGjpldja.

In the above expressions, both numerators and denominators are continuous functions of a €
{0,1] and the denominators are nonzero. So ;4, ¢j s, dj4, €4 und f; 4 sre all continuous functions

of a € [0,1].
Finally, since
din(l+eju+ fia) = djn +djpeip +dinfin
= Ejs+ Bja+ Dja+ Fia + Gja
= bju(l + aejpmy + fjp-1)
=cia(l +ejptafi1a)>0
then
l4+eja+ fin>0.
The theorem is proved.

Theorem 3.3. If the matrix A satisfies (1.4) and

Eju+ Bjapr + Djgrp + Fjuy b + Gjpr 2 0,
(ie., AT is disgonally dominant;) 1€5,k<n (2.3)
Bim12Gin  Djsma 2 Fia

and the matrix B is defived by (1.7) and (1.8), thea there exists a° € (0,1) such that for a € [0, a"]
the matrix A + B is positive real and satisfios

((A+ Ble,w) > (1 - B)(Aw,) (2.4) {

for some  satislying 0 < § < 1 and amy resl vector ¢ 9 0.
Note that (2.3) is weaker assumption than (1.5) but (1.5) imples (2.3).
3




Proof. For any real vector u 3 0 we have

(Av,0) = 3" Y Bjawjs-ruja+ Y O Djasi-14%54

jm1 kw3 j=2 bmy
-1 n 8 s-1
+ Z Z Fjavi414950 + E Z Gjatjae19)
j=1 by jm1 bmi
+Y.) Ejasla
,sl b=y
= - Z E Bj.b{('i.l-l - 'i.i)z '1.1 '}J—l}
jsl =2
-z Z Z Dya{(wj-1s = wja) - o - w11}
;82 b=y
l-l )
-z z Ei}.a{('l;-m ~ua) - "31 i-H.O}
)Il &=y
» M=l
)39 NN (CIWETN EE JEE W
;-n =1

HMa

2: Ejat},.
1 k=i

Making some transformations of subscripts in the above expression we get

" N=1

(Av,0) = - = Z 2 (Biass + Gia)wjan ~wia)?

:-l [ ]

1 =1
-3 Z(Dm.n + Fialwpin = wja)
=t b

(Ei.h + Bja+ Djp + Fia +Gja)u},

4

(Bjp + Byass + Djara + Ficia + Giamg)ufy > 0.

(2.5)
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On the other hand, for any real vector u 3 0 from (1.7) we have

=1 n
(Bu,u) =) Y bjacinn {"m.b-x +au)) - atjph - 0t }“i.h
=1 =3
a=1
+ Z E ‘:.ﬁf:f-l.b {“:—l M1 b QU = OV 4 = Q) Ay }u,,
=2 k=)
l—l »
=-3 E 2 biaciam [(":J' = jg1h-1)? = a(uppyp ~ wja)?
,i=l k=2
= a(ujamr = wis) =)y —ulp 0, Fouly, + “?.b—n]
LI e

-3 Y ciafi-1a [(“:.i = tjmrh41)? = a(8jm1,4 = 4j4)?
j=2 k=t

= a(tjp41 — vj4)* - "f,ﬁ - "}—l.b-ﬂ + “;"-u + av?.m] .

Varying the subscripts and using the convention §;,; = 0 and ¢y 5 = 0 we get

n=1 n~1
(By,u) = - 2 EZ:“M'H‘M + ciprafia) (s 041 = vipea)?
,sl k=1
Pl n=1
Y 2 Z(':.“:.b-l + cirrafin) (8410 = uj4)?
s‘l by
u-l
2 Z bjnein=1(%js1,0 = 9j0)?
i-l
n-l 8=1
2 2 3 (bivrein + cjufi-1.a) (w5001 - uis)?
,sl =1
+ §E°mf--n.~(w+n - as)? (2.6)
2 E 2 ‘j.bcj,b-lﬂ"‘ + -;' 2 Z‘j.;»;.;_l"l".
j=1 b3 =y
n—l 8= -
-3 2 2: binsa ‘#"J % Z: 2 bje1,h8i=10-1 ‘},b
J-I bt 3-3 -3
A s faads 1T asfiads
Ju3 by jmi b3 |
u-l a=] Y |
-9 Z 2 °l'°"o"1-”"b = % z: : Cjh=1 fi—n.ﬁ-nl’,u- ‘:
j-l =y jms b
§
- pou e ——— i




‘I:vndmguchdthel-taghmmdth-bwemmmfmm respectively,
example

3 5> 2 biatiaavla =3 {E 2 bjneju-10}, + Z baerprn],
J=1 k=3 =2 k=2
n=1
+ Z bjmejn-16]q + 51.-61,.-1":,.}
=2
llld deﬁning Slr s‘t S' ‘”
fA=1n=1
(Sis,w)m -3 {_:(‘i.b-n‘i.h +eimafialWjae = Ui )
F=1 bmi
n-l -1
+3 +3 3 T (biatjas +cinnfia)ujsss - usa)?
j=1 km) (2-7)
-—l | o |
+3 2 X (branrein + cjafiors)usin - uja)?
:ll bl

- “(.l.!‘l.l +eahy, l).u - “('l-l.ucm-l ne-l + cn.n—lfu-l.u-l) Yy

(S2v,u) =~ E bjn8in-1 ('J-H.- - ¥j, l) +5 z:ca.bfn-l.l('u.ﬂl '-.l)z
:tl (2.8)

5(‘1.;‘1..—1 + ern-tfin-1)uf, + ‘i(cn.lfl-l,l +baorzen-1,1)03 4,
and

wl-—

(Syu,u) = [(': sejh=1 + b1 apreiorp) = a(bjogpejarier + bjanre;, k)] U

LE
33>

[(‘i.bfj—l.l + ¢jarh=1fja=1) = alejerafin + c,',b-nfi-l.h-n)] ui,

=1
+ -;-_E[(‘;'-n.zei-n,n = abjze;1) +(¢j 1 fi-14 ~ @cjpr4fia )] w,

[ R

+

n-1
2 Z [(‘I.a'in-l = abj-ratju1,0-1) + (cj41.0-104m-1 = acjntfi-1-1 )] "3..

[(b,,,,c,,...; = abysp161,8) + (€341 f1,0-1 - "‘M!M)]“n A

tal--

I

[(h-n.»:l-u = abuoy bt p-1) + (Enpfacr,h = BCq by famt b=t )]'i,.
(29)

“l"
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we have
(Buy, u) = (Syu, 8) + (Szu,u) + (Ssu,u). (2.10)

Obriously, (Szu,u) 2 0. From Theorem 2.1 we know that for the grid point (5,%),2 < 5,k < n-1,

B\ F; B;.. F;_
bisejat + bt ns16j-1,0 2 Jj. dib=t + =L j-10

>0.
5 h=1 di-14

This expression is a continuous function of a € [0, 1], so0 it has a positive minimum. On the other
hand, §;_; s¢;j-1.4-1 + bja41¢;,4 is also a continuous function of a € [0,1]. Therefore, there exists
some a; s € (0,1) such that for a € [0, a;,s] we have

(bjnei0-1 + b1, a416j-1,8) — @ (bj—gaej-10-1 + bjas1654) 2 0.

Taking a; = mingg;j aca-1 {aj,4}, if @ € [0,a1), the first summation of (S3u,u) is not less than
zero. Dealing with the other summations of (S3u, u) in the same way, we can get a3 € (0,1) such
that when 0 € a € a3, then
(Ssu,u) 2 0. (2.11)
In order to discuss (S;u, u), we cite Lemma 3 in [2] here: let ¢ and f be positive and let a, b,
¢ be complex, then

c‘+f|.--s|=5,r|.-¢|=+.=u-.;|=.

So, for each grid point (5,%), 1 € 5,k < n ~1, we have

1
—gbimsreia(visn - wjpa)?

- 1djasr +djncin  djscis-bjs |
2 {
2 dia =bjaer = djuej

10; 041 +djae;
St [oa A Bt L0 LA TS : , cres ity s — U;
2 -3 "i " S8 (b (a0l + diseia(uars wjal?] (212)

--l"'“" +diseinl o
R e [(Bian

2
Ui k41 = Yipeh)

= abjppreja)(uipm = uja)?
+(Fin - abjaeipe1)(vjsrs - u;,.)’].
But, by assumption (2.3) we have

dia+djaein + b1 =djp + djacin + Bjaer — abjaprejn
2dia +diae;a +Gip—abjapie,
= dia(l + 50+ fia) + acjafiorp — abjrpreja.
Because 1 + ¢;,5 + f;,a is & continuous fuaction of a € [0,1] and has a positive minimum, s in the
abovedi:en-iun,Mexiluc;',e(O,I)sﬁthtvhenOSQSa;'.wehm

Gin+djaeip + 040 >0

-ﬁﬂi‘L‘;&‘_‘iﬁ -pi. <l (2.13)
7
o >

e e




Set
a= ls:'ﬂisn-t{a;"'}
then, for 0 € o S a3 we get b
0sp= me {ga}<1 (2.14)
and
1 n-1 n=-1
-3 Y3 biarrcialuisra = wipn)?
J=m1 A=)
1 =181
2 380 Y (Bjass = abjanaeia)ujan = ui)’ (2.15)
st k=l
1 n=1n=1
+ 34 3 Y (Fin = abjseinr)wiprn — ujn)®.
‘ J=1 k=)
: In the same wsy we can prove that there exists a¢ € (0, 1) such that when a € [0, a;] we have ’

and

1
-3 Z Z ci+1,0fi (U510 = 85 441 2
ju1 kel
n=1n=1

2 %ﬁz 12-; .Z-,:(Di-n,b - acjppfia)(uie1e = 4ia) (2.18)
N1 A=}

+ %ﬁt Y 3 (Gra = aciafi-1a) 85041 — uia)?-
jmt by

Let # = max(f, 53). It is obvious that there exists as € (0, 1) such that for a € [0, as] we have

%ﬂ(&.x +F,3+Gy) - ;ﬂ(ﬁ.m.x +e21/11) 20, '
(217)

;ﬂ(ﬂ., +Byu+ Dan) - ;‘('D-l.u.u-l.n-l + Can-tfa~ra=1) 2 0. ; \
l
|




Finally, take a°® = min{as, as,a4,as). Then, if 0 < a < a°, we have

fa=1n-1

(Av,%) + (Bu,u) 2 ~ -(n =8 Y. Y (Biasr +Gia)ujaa — u:a)?
jml sy
fa=1n=]

- -(l - B)Y_ 3 (Disra + Fralujnra — vl

J=i hwt
--l

- Z(B."." + G p)(Unit1 ~ Uns)?

- 2(D;+|,. + F;a)(tj41,0 — 4, o)
:-l
n=1n-1

_,(1 -5 2 Z(i; Keiger + Cinrpfialtin e — via)? (2.18)
s=1 k=1
8=1n=1

-a(l B Y. Y (bjasrcin + cinfi-10) w001 = w50)°
J=i k=i
[ e % el )

—(l ﬂ)ZE(En 4 Bjs+ Djs+ Fju+Gia)ul,
J=1 k)
.—l f=1

+3 Z Y (Eja + Bjasr + Djsr s + Fjmr s + Giaaa )i,
=t b

+(Syu,¥) + (Syw,v)

2 (1 - A)(As,¥) > 0.

8. Couvergencs conditioas of SIP

Now we return to the case that the matrix A satisfies the conditions (1.4) and (1.5),s0it is a
symmetric positive definite matrix. First we quote Lemma 2.1 in {3] a8 one of our theorems.

Theorem 3.1. The iterative scheme (1.9) is convergent if and ouly if
Re {M(A~"(A+B))} > L, (3.1)

where A (W) demotes an cigeavalue of the metrix W, and Rs p denotes the real part of the complex
».

Theorem 8.3. If the motrix A sotises (1.4), (1.5) and the matrix B is defined by (1.7) and (1.8),
then there exiot a* € (0,1) and #* € [0, 1) such that, for0 S a S o™,

Re{0;(A"'(A+ B)} 2 (1-5) (32)




vl

Proof. As in the proof of Theorem 2.2, we can get a** € (0,1) and §** €[0,1) . H0 S a < a*,
((A+ B)u,u) 2 (1 - 8°)(Au, u), (3.3)

where u # 0 is any real vector. Let ); be an cigenvalue of A='(A + B) and z + sy # 0 be the
associated eigenvector, i.e.
A"Y(A + B)(z + sy) = Aj(z + sy).
So
((A+ B)(z + iy), z + sy) = X; (A(z + sy), z +1y) .

Because A is symmetric positive definite,
((A+ B)z,z) + ((A+ Bly,y) = Re); {(Az,7) + (Ay,9)} .

From (3.3), we get
Red; 2 (1~ a*°).

Based on Theorems 3.1 and 3.2 our main result is obtained.

Theorem 3.8, If the matrix A satisfles (1.4), (1.5) and the matrix B is defined by (1.7) and (1.8),
then exist a** € (0,1) and §** € (0,1). When 0 < a < a** and

r<2(1-8"), (3.4)
the iterative scheme (1.9) converges.
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