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1. latrodutlom
Consider the following elliptic boundary problem

-s 9zp9 -gy =(z,p), (z,)ED={(z,p)jo<z,p,< 1); (1.1)
1 -(,u) = iW), (-,r) G M,

where pizs, ) > po > 0, i = 1,2 and po is a constant. Approximating (1.1) by a Bve-poim
finite-difference scheme on the grid system D&. - ((jh,kh) h- 1/(n+I); j,k=I 1,2,...,n),
we obtain a at o Bear algebric equations

A Q, (1.2)

where u and Q we n2-column vectors whose components are grid functions eab and qj,, re-
spectively, ordered in a left-to-right and down-to-up fashion, and the matrix A is defined by the
following *

(Au)i,, - Bijtj,,ji. 4 Djuk,,g + Ejiktji, + Fju, 1jt + Gibfik,, 1 :5 j,k 5 n, (1.3)

whose coefciemts satisfy the conditioasI (1)Bk, D.,, FA. and Gj, afe adl Ie. than a negative coant it
subscripts of their associated grid functions ae in [1,n];

(2)E 1 , + Bi,+DA,+F,,1 + Gi, 1>0, if B •I.Djj.Fjb - oGjk- 0
0, otherwise;

and
D+, - F,,k, Bi,.,~ - Gj. (.5

It is wel known that A is a symmetric positive-defnite matrix with five sonsero diagonals.
In [41, H. L. Stone proposed an iterative method, Strongly Implicit Procedure (SIP), for solving

(1.2). First, he awpoximately factored A a a product of a lower triangular matrix L and an upper
triangular matrix U which have the same sposity as the lower and the upper triangular parts of
A, respectively, i.e.

(L )Jb -bjVj h._ + 9jhm,_,h + d .U, ., 1 i, V s (.

(Uu)m, "uj,1 + e +,hvomI + Aj,'j,h+I,

so that
((L) - lj~ta"t-, + ble1k-Iv+,,.-I + tjb tj-I,,

+ (d11 + bikAP,- + .*j-,_,.),,r.
+ d4er.uJb,,, + cjj.-..,hj,-t.h+ + djbi,.&wj+,.

Le the matrix B be ddmflo ws

(Do)1  ft mbJA4h.lka (11+~mb.5 + @UjAh - UI+IA - @ 1-11 1< j,k <. (1.7)
+ ejiAfhIah{U1..4.h4. + "'s - "1-1. - dUi'h41}

OThmeshs e pop, M hag mb Us -- b dbslm I. th WV we IM a eM,- shua t"aI fI he n l at a WN
t..- fU M us in 1'. 4- Ibm th 1m W" k.hm ad PM I do aado, W CDINW an Mo.



The nonzero elements of L and U re defined so that A + B - LU. The algorithm for computing

these elements is

e -, = Dik - a@,qh-j,,

,j,h +6j.fj,k,._ + cJ.ej-..1, = Em.1 + A6j',be,...' + acifji1_,, 1 : j,k <5, a C [0,11 (1.8)
d-ei - obj~ejb-1,

di~j+j - ,h - a6jihfj-h,

The SIP iterative scheme is given by

(A + B)(-(@+ ') - u(#)) = r(Q - Au(*))t a = 0,... (1.9)

The practical numerical computations given in (41 suggested that SIP is convergent and more effi-
cient than the standard iterative methods. After Stone the theoretical analyses of the approcimate
factorizatio iterative methods given by T. Dqxamt, R. Kendall, H. Rachford[21, A. Bradia-Barak
and P. Saylorjlj etc. were important contbutious to the later development of the more ecient
preconditicued conjugate gradient. However, these studies did not proe that SIP is convergent
and SIP was layed aside. The purpose o( this paper is to analyze the convergence of SIP by the
methods of those mentioned above. In Section 2 we discuss a property of A + B, where A is not
confined to be a symmetric matrix. In Section 3 the convergence of SIP is proved.

L The propuelr A + B

As in Lemm I in111 we hare the foblowimg theorem.

Th..rkmm Ll. f the matrix A aidls (1.4) amd O:9 - S 1 then the quantities bi., c , dj,,., e,,,
and fj,% dehd by (1.8) sed*

(1) bjA BJk and cj : Di,%,,
(2) dj > 0,
(3) - 1 < ejh : Fjbd. and - I < f,, j G,,ud ,, (2.1)
(4) 1 + e+ +/i > 0,

and tey w a condaomw fumtiond .1411.

Proof. The proo is by induction. Obvioadly, the theorem holds for j w k w 1. Now assume the
conclusions of the theorem hold for aD points preceding (j, k). Firt, we have

"j. DA1l(i + @I-j4,} <o,,
and

'A " EM, - +,bI,,,.., - ,h.,,, + e,jh,,,I.,4 + @,d,.
. E1,. - b,4,,..b- - k.,' -. + (BI, - b,) + (Djh - ejh) (2.2)

- j~b + 3 Mk + D1,, - 6jj.(1 + fjk.a) - ejk(1 + .i..1.&) ' 0.

2
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since
d,k, dj,bej,h - Ej,h + Bj,* + D,,h - fj(I + jj,&-i)

- cjkb(1 + ej-1,k) + Ft,, - *bj4Cjh..1

- 1 +Bi,,~ + oJi + f...z

-CA(1 + gi..1,b > 0

then
I+ ej.* > 0,

-I < OJA - (F,,h - CbjkhejA-,..)Idjbh : Fji4./dLj.

Similarly,
-I <( 1,4. :5 bI

In the above expressions, both umerator. and denominators awe continuous funetion. of a LE
10,11 and the denominators awe nonzero. So iji, C,,b, d,*, e, und f,,k ame all continua. fuciiom
ofa e 10,11.

Finally, since

d,,h(1 + e6 , + fib) - 4,.,, + d,,bej4. + d,,,fJ,,,

- bE,,( + ae... + Dj j ,k.'

) - CJAI( + ej.I4. + Ofj.4,h) > 0

I+ejSj + fiA >0

The theorem is proved.

Theorem 2.3. Hf the matrix A satisfie (1.4) and

E,,,, + B,,,,. + Dij4 ,,, + Fi-,,b + G,,,.., Z 0,
( i.e., Arui agaaly domnaut;) 1l:5j, ks a(2.3)

Bj,.. k G14., D1.+,,b Z F4.

and tho matrix B is debwd by (1. 7) aud (1.8), the. ther exist. a* e (0,1) audi that for. a e0, *'1
the matrix A + B ispositIv. read and amisS

((A + B)u, w) > (1 - D)(As, w) (2.4)

fw am 0 atW g O0 < I wd aqemlwateru 960.

ose tha (23).i wea"e mumpi.. than (1.3) but (1.6) Imph. (2.3).
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Proof. For any real vector a 0 we have

(Am, w) - Bhtjh4J + ~ D~U~~u~

+ Fjbtuj.,,buj, +

jut bat iiM

2jut h"t

jut Djk f(vu,.. - sjb)2 - -,

2 ,t

12E

jut "It

(As fs Gjk{(iqA~u - uj) 'M"

(AE,.). - b + G;,h)vjijlqb - tj~

jot but

+ t(j + 31Al +. D,.,A + ',-A + GjAi...)wu > 0.
2-ha

.ift ho



On the othe hood, for any read vector v 0 from (1.7) we have

(RU, 'a) 1:, bi6Jvem,-I ju,+ih.. + Domh - O -~i aujbh.. )Jtih

+ i0 f .. 1h1.. ~ + + @ UJA @ ,ib - om j bh+ l h~

rnt-Ia

-ONMIh..,-l -tli) h - "j+Zb + CM+Ikh + C14,h...I

Varying the subscripts and using the convention bi, -0 and elk~ - 0 we get

(Ru ') ~~ (jA+j.b + gj+,hfj,b,)(gj~A+1 f

iml Awl

66-1

jaia am

aa



Dividing each of the last eght smmatiw of the aboe exprmuia into four parts, respectivel,
for exaple

and defining St, S1. Ss by

j=1 hat

+ M1 U (i-1 ' a + c~a jJ (u ~ ~

ima but (2.7)

rn-I rn-I

+~~~ C + CJ. bj4.)UJ1.a-2u)

Vi-I W)22E %k-I k" Is)

hot (2.8)) ~ + e~n.a+ crafrnat, + I(Crni...a-,I + in.ae..iat 1

(SSW, a) a! E E[(biheibh + +i..I+Ie...ah) oaIj...ue...l1a

+ Oi, j-1 + Cj+I, 11- f,-A - (fi+ I.A, A + Cj, k- Ifj-a1 a -I 4,

2 1

je2

+ [&u.jr..-@h-,.Ia)+ (@iajn-a*-n- -iIs0 @C.naW~,I)u,

+ Zj(uaa- ugaa)+ +(~I~- c,*fi)j4,OI

-IA-

- @b~-I~irn-II,-a)+ (r~d7777-



we have
(DO,.) (Sig,) + (s2u, U) + (SSW, u). (2.10)

Obvious, (02 , a) > 0. From Theorem 2.1 we know that for the grid point (j, k), 2 j, k < n- 1,
&J-1,A6j-1,h 2! jjFj.,-,1  BJ.-,,,+,F.-,,>0

djj_ + di-'..

This expression is a continuous function of a E 10, 11, so it has a positive minimum. On the other
had, _..1,ej1.k. + bjl+.ij, is asbo a continuous function of a r 10, i. Therefore, there exists
some aj,k E (0, 1) such that for a E [0, ajj] we have

(OjOse + b,-1,+1j-1,) - Of (4jl,ej-_k- + bj,A+,ejh) > 0.

Taing 01 = min2sms.-,f ,,}, if a G [0,,il, the first summation of (Au,a) is not lew than
zero. Dealing with the other summations of ($su, a) in the same way, we can get &2 E (0, 1) such
that when 0 O5 a <5a, then

(SSW,a) 0 0. (2.11)
In order to discuss (Su,.a), we cite Lemma 3 in [21 here: let c and f be positive and let a, b,

e be complex, then

cf
So, for each grid point (j,k), 15 ,,, k j n - 1, we have

-. j , 1 Cj.(Vi,A+1 - gj+l,,)'

' I &j.+, + d,,c,, di,*, .1 1+, (u.bh+,-
2 . -bj+ . - dhJ+A+.r1

1-! d 1,aei , + - 06 ,h+s6,h)(f,5+, - -1,5)9

+ (Fh,, - -*,&.,)(,"j+, - ujj]

Bu, by assumption (2.3) we have

d,~a + d,.ACIjh + &J5$m 1 ,5 + dj,*eij,% + B,.

z 4,sa + djbeijt + Gfm - ebA ,,b4et~
- 4 (1 + 190 + A) + .cjhfj_., - , ., 6,.

Beeon I + sj, + fj, in a contiuous, ctimofae E[0,1 and has a positive mininum, m in the
ahove dicuuan ther eb ah*s (0,1 n) n& ta when 0:; a Sj., we hav

dh + J0,1k + W+ > 0

orbj+. + d1, .0M ,, < l. (2.13)

- 7



set4
0mi

then, for 0 :5 a S awe get

0: A mar.c{i~}< 2.4

and

-~ x i,h+liA ,(Uj+i,h - tWjki) 2

jai Awl

F, (Bj,~ - b,h+i,.)(ia,.+i jb)(.
2jmi hini

+ Ei~ (Fi.* ,,h,..)w+i -jh)

In the same way we can prove that ther exisft, a4 E (0,1) M&c that when a C- 10, 041 We have

-~~ CJ~i,hf~(Uj4.iAh _ ti,,.q )2

n-i Aw-i

2! j (Dj+i,, - Ogj+,kfibh)(Ui+i.,-Uh) (2.16)

i hot

+ 1P F(Gjk - MCjkhfj -Ik)(IJ,+l "jU,42)
2ini but

Let - az(A,).ft isobvio=i tha thee odd't as e (0, 1) sudh tha for a E 10, asi we have

+ Fi,1 + Qij) - + culi,i) 2: 0,

2 + B,. + Do^,) + 0.mi.ir-i *(.7



Finagy, ak 0'ufinfo:, CS, 04, 01). Then, it 0:5 a , we have

(Au, a) + (Bu, v) 1: - ( 5 (Bu~ba + G,,j(ujj,+, - ,ho
2 jai has

it (1 - ) (D+lg& + F,)u+,
2 jai hut

2 ~ (Di 1 1n + F14*(uj+,rn -j.)

jul

1-5-
+ j(1 5)~E(.j bj,B~ j + DCj,l+.4.(j+I - Ujk)q 2

+ ~1 P)~ (E + B 1,~ + D 1,, + Fj,s

Jul hul

+ (8i,,.) + (Sag,.V)

S(I - 0)(Afs, ) >0.

Now we twn to the can dhat the matrix A satius the conditiaua (1.4) and (1.5), so it ina
synno 1~ positive &Isi matrix. Fkas we qu oLmma 2.1 in 131 n owe of ow theorem.

LLem LI Theirative som (1.9) is convergent if and o.Iy ff

Re {A4(A'(A +B))) > TP(3.1)

where.Tij(W) moi w elovad dlmatr W, amd Rep donot. the real part ot th omplex

LLwe N.S if thomtrix A sadti. (1.4), (1.5) sood th. matrix B.i dedW by (1.7) and (1.8),
dw dwexist e~(0, 1) d #"a 0, 1) sch do*, fr0:95 a"

ft. {A(A'(A + 0))) Z (I - p.(3.2)



Proof. As in the proof of Theorem 2.2, we can get a**E (0, 1) and 0" E [0, 1). If 0 < a S a",

((A + B)u, u) 2! (1 - #*)(Au, u), (3.3)

where u 0 0 is any real vector. Let Aj be an eigenvalue of A-'(A + B) and z + i# o be the
associated eigenvector, i.e.

A-'(A + B)(z + i - A,(z + iW).

So
((A + B)(z + sy),z + iW) A, (A(z + iv), + ip).

Because A is symmetric positive definite,

((A + B)z, z) + ((A + B)V, W) ReU.j ((As, x) + (AV, 1)).

From (3.3), we get

Based on Theorems 3.1 and 3.2 our main result is obtained.

Thorm .3. If the matrix A satisf (1.4), (1.5) and the matrix B is defined by (1.7) and (1.8),
then exi *" e (0,1) and0" e [0,1). When0:5 0a,," and

r < 2 ( - 0"), (3.4)

the iterative scheme (1.9) converes.
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