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Ev7aua~zIng AT.D.A for Eparse Ulatrices: Analys;-,

AmnLon Goriert

Naval Postgraduate School

ABSTRACT

The evaluation of the matrix product Ar.A or A'D-A -where A

is an mvn real matrix and D an rnXm diagonal matrix, is a funda-

mental operation for many algorith-ms. WJe analyze the e ..u.....

of AT-A for several configurations of sparse matrices A all of which

have the same sparsity. The comp-lexity of the evailuation is- /

estimated, and application to certain problems of optimization are
given.

Key 7,Tords: Sparce M.atrix, Hessian evaluaticn, Optimization

Many fundarnenlal algoriLhms ti nurnerical analysis iniclude Lhe

evaluation of A T-A or A T.-DA, where A is a real mxm matrix and D is a

diagonal mxm matrix. Examples are given in papers on fiactocrizat ion cf

rnatriccs or problcm,; of minimization in wAhich thc T-csian bas tbis form

( Gay [1] Gonen & Avrie! [3] ). The extended use of this product motivates

the question of reducing its complexity.

This research wras partially su1pported by the NPS Foundation Researchi ?rogramn.



The purposes of ttis paper are:

1. To relate the computational complexity of ArDA to the sparsit; rate

of the matrix A.

2. For a given sparsity rate, to distinguish between the worst and the

best case.

3. To provide an application of these results.

The problem of multiplying a transpose of a sparse matrix by itself

was discussed in several books and papers e.g. George & Liu [2" ;n h 'which

they include the number of operations required for this multiplication.

Gustavson [4] proposed an optimLnal algorithmr, for multiplyin two srars

matrices AB where AERnXm and BcRnxNo, proving that the nunber of

multiplication N satisfies O_!N___rn-2 . However, the ccnnection bet-een

the number of operation and the sparsity rate of the matrices was not

discussed.

Apparently, it seems that this question has only theoretical meaning

since the matrix A is provided and therefore the number of operations is

known. However, in this paper we will see there exist some cases in which

the configuration of this matrix A can be designed by the user. In these

cases it make sense to analyze this product in order to reduce the

number of operations.

In section 2 of this paper, we present the computational complexity

of AT.D.A for several sparsity patterns of A. In this section, we establish

our results on the assumption that the number of nonzero elements of

I
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the matrix A is provided. W;e demonstrate the best and the worst ua-,

showin 2 that in the best case, the nonzero elements are divided homo-

geneously among the rows of A, while in the worst case, these nonzero

elements are confined in a limited number of rows.

In section 3 we provide an example from optimization theory, in

which the matrix A is dense and by applying the results of section 2 e

minirrize the number of multiplication in the evaluation c Le Hessia n.

In this paper, all vector spaces are finite dh r3nsional and vae!ors ;r3

column vectors. The space of all xm matrices is denoted by *.* '-"

nonre.ative crthant of the Euclidean space -F is denoted '

subset of all integer vectors in 2 is denot-d by 11, and ;.Ls.

orthant by 7+. For a matrix A e-e denote by m.% and a. the i.-th -e;7 and

the j-th column respectively. The transpose of A is denoted by .4. 7-

the norm J!,, we mean the Euclidean ncrm. For a real number r i-s

integer part is denoted by trj. Finally, the number of elements in the ste

B is denoted by !B! , and the number of zero elements in a matrix .1 is

denoted by Z(A).

2. T-IE COLIPUTATICiNAL COG." UrY C- A , D A.

Let A be in Rr xn vrth N nonzero elements. The ratio N is called

mn

the sparsity rate of the matrix .4 and denoted by a(A). In this section -;e

assume that the sparsity rate of the matrix AERm " is provided and that
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each row of A includes, at least, one nonzero element. We concen',raLe on

the sparsity pattern of A, looking for the best and the worst cases, by

means of the number of operations required to compute A T D.A where D

is a diagonal matrix DE:Rmlm. We begin our exploration in the worst case,

in which the configuration of A implies the maximum number of multipli-

cation. Let us denote by rn the number of nonzero elements in '.., thus

(2. ,

i~,i

Our first Lemma provides us the number of operations (multipica-

tions) required to accomplish the product AT.A.

Lemma 2.1: Let AE:.rn"I be a given sparse matrix, then the product AT .A

can be computed using

In
+ 1) "; +(2.2)

multiplications.

Proof: The product AT-A can be rewriLten as a sum of -r- rank 1 matrices

Theo rank I maLrices a. a . arc syrnrnctric. Each norizcro cicrncriL a,, of

the vector a, is multiplied by all other nonzero elements ak for !-j

Therefore, the number of multiplication is

2ui =Xl, + (24)



w- .5-

combining (2.3) irith (2.4) yields Lhe proof of Lhe lemma.

Frcm the proof above, it can easily be seen that the number of addi-

tions are approximately the same as the number of multiplications since

each tarm a,.k !.j is accumulated into the result matrix C; C =ATA.

Czrc'_.'r. 2.1: Let AEI " m r be a sparse matrix and n/E:?" a diagonal

matrix then the product A'.DA can be computed by

ir - I'm(2.5,

multiplications.

Prccf: We ?rst compute A = D.A .-hich requires N multiplicaucns and

then substituting , by ai in (2,) yields the proof of the corollary.

In order to find the sparsity patern which yields the worst case, we

have to ma~dmize (2.2) provided (2. 1) and all m. are positive integers.

Since the difference between (2.2) and (2.5) is N, it is enough to explore

the worst case for the product AT A that will yield the same resuit for

AT D-A. Consequently, a new problem can be formulated as follow,

(Al) max2 rn( +1 (2.6)
tul 2

subject to the constraint

2 =N
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and

1:rr7-=n ; m.II (2.7)

This problem can be reduced to maximizing E m under the same con-
t=1

straints. Defining zi =ml -1 yields the following problem

(A2) maxi I l1 2  (2.8)

subject to the constraint

t=I N-rn (2. 9)
i=1

and

Oz-n-1, Exl E11 (2.10)

WVe will prove that since the objective function is convex its maximurn is

attained at a boundary point. An integer vector x EP is called a bounday

point of problem (A2) if there exists a set J ...... jcL .... r ard a

unique j0EL-J such that

-(N -m) -13(n -1) iO (2. 11)
a the ru-ise

where

-(2.12)

In this case Lhe vector 2 z + e where e (1.1) is a boundary point of

problem (A 1).



Fortunately, from the symmetric property of the objective LIuiALk11,

the optimal value does not depend on the selected boundary point.

Hence

£2X =i(n - 1)2 + [(N -IV ) - %(m-i)]. (2.13)

To prove that (2.11) is the solution of problem (A2) wue need te lol-

lowing lemma

L-n-a 2.2: Consider the integer problem

(A3) max!ix i .

subject to the constraints

x, =t K,
T,=

where K and M are positive integers, ' gK. Probiem (A3) has a solution

x* satisfying

where is the inteaer part of denoted by IA if and on- ) if

n, - K (2.13)

Moreover, if (2. 18) holds then every solution of problem (A3) satisfies

(2.17).



Proof: It is immediate that if n..1 <K then there is no feasib:e 'c!LLiLn

to problem (A3). Therefore, let us assume that (2.18) holds and prove

this lemma b induction on the dimension of x. If n = 1, then from (2.15)

we have z =K- M . If K<M theni3=0 and if K=M theni3= 1 . In both

cases (2.17) is satisfied. Assuming the assertion is true for all n, m m,-1.

Let us denote

rrL

Flm,,:,l,') = max :z, =K; 0- z i "  -- "5.V

hence

F(,,K)= max 2(,1) C

Since by the induction assumption, (2.I 7) holds for r -1

F(m,M,K) = max M(M-zC-M)
2  4 .....: 77, 2.21,

K by ."W ) Consider Lhe maximization problem (2.21) in two cases:

1. OX-m !P.

In this case = 3 and the problem is

max {i9M 2"+ (K-1.;Y 2(K- 9M),, 4- : 2.7. ,

Substituting K- 6M by p , yields the maximization of

"OM2 + p? -2px.n + 2- 2 (2.

subject to the constraint OZm p and z, . The maximum of (2.23) is
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attained aLt m =p or m =0, and

I:12 = t;;M + p2 =t15.f 2 + (K - 15M) 2. (2.24)

2. p<Zm M.

In this case T= i - 1 and the problem is

usLng the same aruments as in the first case, the m.-axirmum7n .s

at x. = nI, thus

IX :2 =(13-1)' 2 +'+ -2,o .7
2 p2 Y 2  

1,s

In both cases (2. 17) holds, which .. lete cur proof.

Applying Lemma 2.2 to problems (Al) and (A2) yields the folow-ir.

conclusion.

Corollary 2.3: Every zc1 satisfying (2. 1 I) is a solution to proibicm (A2).

Proof: Suppose zcEP satisfies (2.11), which mean that (2. holds. Sub-

stituting 4V=n-I and K=N-r in Lemma 2.2 implies that (2.17) and

(2.13) are the nrme, and T.emma 2.2 implies thaL x is a collftion of prob-

lem (A2).

A solution to problem (Al) can be established by setting
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7Y. = N-m-'6(n - ) +I i =jo (2.27)

1 otherwise

where d satisfies (2.12) and J is a set of indices I J I and jc is an index
.

not in J. The computational complexity of the product AT. fcr the worst

case is established by substituting (2.27) into (2.6)

=tJ-3 + (.V-rn -t(n-i) + 1)2+m - -1 . ,. (2.28)

It can be seen that in the worst case some of the . - n" a 'c:e-v te

upper bound n , the others are zero and only one oj 'h, - is some-

where between 0 and n. .This mean that the matrix h-s as many

rows as possible, the rest of -e rows have one element, and. ne ow. -

tains the remaining nonzero elzrnents of ,.

In the next Leam-.a a new bound fcr the computational coraplp dr1 is

presented which enable us to rclate the sparsity rate and the manthernati-

cal effcrt.

Lemma 2.4 The computational complexity of the product AT A can be

bounded by

p, :g nQ -m) + 2N). (2.291

Proof: Let us denote by

p(-k) = (k n'+ [(N -m) -k '(n-1) + 1]2 + M-k - 1 N). (2.0)

The first assertion is that



If we denote by = N-m - then 0D_<I . A straightforward

calculation yields that

Nm = (N -M).(n ) + M+ N. 2. - 2/n-rn

Hence

,N-re. -nV - )(N-1)+I nN-

-,I -7-.) (n-r +- K:

=-l- -r VL -- N -i ,

= - - -+I)i=+ m(- ;- ,.+ -I)

since 0 <I the last e.xpression is rn-negtive -hich prove o,.o-

assertion. The rest of the proof is estabiished by Lhe Lollowing:

V

I ,z = : l ) <-Y&, ( -'--) = Yin r (,V' - m) + 2i N ]  (29.3,
.n - I. n..V .

As wI van sco, (2.09) provides iu an e1cgant bound for thc computa-

tional complexity of the worst ease. This bound is a good approximaticn

to the computational complexity when N-m is close to its integer part.n-i

The difference between the mathematical effort of computing A.A in the

worst case and this bound is actually provided in the right hand side of
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(2.33) and it is

where ¢ is the fraction part of N -M
n- -1

The bound in (2.29) can be expressed as a function of the sparsity

rate by using the deflhiticn

c(A)=

which leads to the foilov,-ing equality

p-, -[9(N- m.) + 2.>i] = nm(a(A)(n + 2) - 1).

It is interesting to observe the connection betw.een the bound in (2.Z29";

and the mathematical effort to accomplish AT.A vithcut using sparsJiy

method which is

+ 2).. (3)

The difference between (2.33) and (2.29) can be established by expanding

thcse two formulas achieving

Y n (,n + rr, -L4(.,V - m) n + ~v] 14,-t -L2) (m.n -N). (.9,

Dividing and multiplying the right hand side of (2.39) by -.n yield the fol-

lowing cxpression for the difference

X(n + 2).mn..( -a(A)) (2.40)

where a(A) is the sparsity rate of A.
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2.2 The best case

In our discussion, we call the case in which we need the minimum

number of multiplication to produce AT.A provided that there are N

nonzero elements in A Lhe best ca_.2e T-e number of operations in the

best case can be derived by minimizi>

subject to (2.3) and (2.7). the integer .restriccn i. is.

that since the objective function is ccnvex, the solution '-,ali te

metic mean, thaL is, for all ' , M, = The restriction that al thl ..-7-'a

to be integra! yields the solution

number of multiplication in he best case is

174'

+.(n~ 1) %' V~
I )).2N - M IMtmi 2 m

In order to present the magnitude of the difference between the worst

and the best case, let us assume that E--and 'V-. are integers. In this
sh n u

case (2.29) holds with equality and
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Subtracting jib.. from p, yield

N2

= ,'in (N - a) (1 - a(A)).

-"~ ~ ~ ~~~~7 1)ted~rnev-l ez,,'1)2

If ;ve take, for example, N m(n+ dierence -ill be

+').. hat means t' for large r, 4s a-.cx::_-

mately 50/-% more than ,=.

.... .. _ .. ... . . .... ..... ..^



3.a PPLICATIOZI

In this section we present an example in which the product A Di is

required where D is a diagonal matrix and the pattern of A can be

designed in order to reduce the computational effort. Since we are dis-

cussing the number of zeroes in matrices, let us denote by Z(i) -12j

number of zero elements in the matrix A. Consider the p:obLe _ Intrc-

duced by Gay [i]

(P1) min (z)

where r;:R'-R,pj:R-4R and rLna. Very olten r(x) = (r1 (=).... -()) is a

linear function of , (see for example Gonen C: Avriel [ o], sr the leaK

square problem in Gay [ 1) -,, hich mean

r(-) = A, -z

In this case, the gradient and Hessian of o have particularly sirrple forns

V -(x) =A .p'(r(=)) (3.I)

V 2,(z) A.DA (3.

where

p'(r(z)) = p', (r(z)).p'(r,. (x)) ] (C. -

and

D = da[p",(T-(z)).P'm( ))] (.)

is the diagonal matrix with diagonal elements p"j(r(z)) . Since we have a

simple analytic presentation of the gradient and Hessian, it is reasonable
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to consider using Newton method to construct a sequence of iteraLes

which, under reasonable conditions, converge to a local minimize,. This

mean that the product Ar.D.A will be used each iteration and very often

this computation is the most expensive part of the algorithm. T-. main

idea is to accomplish an initial preparation step by factoring

A = B.Q (.7

where QERr. ' is no.singular and Bh has (n2 -n) z~rcas in it

(Z(2) n). T1he next step is to substituta by y in (3.7) leading to thz

problem

(P2) min (x)= Ept(ri(x)) (3.)
t=1

where

r(y)=By -. 3."

To establish the connection between th two problems, let ::s intrcduce

the following Lemma:

Lemma 3.1: A point x" satisfies sufficient conditions for minimum cf

problem P1 with r(z) defined by (3.2) if and only if y = Q- satisfies

sufTicienL conditions for minimum of problem P2.

Proof: The sufficient conditions for minimum of problem PI, vwhere r(z)

satisfies (3.2), are:

A.Vr(Az ") = 0 (3.10)
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z; A "V?;;(A U ')Az > 0 (.1i,

for all z O. Since A = B.Q where Q is a nonsingular matrix (3.10) iS

equivalent to

BTVA,(By ") = o (3. 12)

and (3. 11) can be rewiritten as

zr. Q7BT.Vz(Ey*)B, Q.z > 0 (3.1--"

for all zA 0. Since Cz = 0 if and only if z = 0 our prccf is comp!.ed.

It is important to mention that -Crom Lenma 3.1 -e can dezuCe .hJi

if A is a nonsingular sqiuare matrix then it is enough to minhriize ;(y) and

the minimizer z uill satisfy:' = A--y.

In our next lemrna ve introduce a set of matrices ,.. such that.

for every factorization of a m_,r-i in this set: A = PQ where ( is a non-

singular matrix, the matrix B wihave at most n, n zerces

(Z(B) n2 - n). Next we show a practical method of factori7i-n5 a full

ranked matrix -,-',ich achieve at least n2 - n zeroes: in general '-e cannot

expect more.

Lemma 3.2: Let AcR' " where m>n be a full rank matrix. Let Z = [A,-1]

be an m by n+m matrix. If any set of m columns of T are linearly

independent then for every factorization A = BQ where QERIXn is a non-

singular matrix and BFRmnxn, the matrix B will include , at least,



-16-

n(mr+l)-n 2 nonzero elements. (that is, Z(B) .- n2-l )

Prcoi: Consider the factorization AQ- ' B which can be wTitten as n

identical linear systems

A'(Q-1 , -/'/j = 0 j= 1,...,n (3.14)

The coefficients matrix A=[A,-I] has rank r and any .x,m su'rnalnr c1f

, has full rank. Let us denote by z the vector [2.i}in R -. First -

claim that x has at least rm+i nonzero el.ernents. S " has lees _ ..

rn-+! nonzero elements then it has at least n zero elements. quppos2

=x4 =O and define C'R ' to be a subma-r :. f ,

colu-ns n-*j -,vhere j;i., for all 1-.' n. According to Lhe le .. a's ass ur--

tion, C is nonsingular and therefore the only solutlion to C yi = 0 is I,=0

which r-ean Q'-' is zero. This contradicts our assum-pticn a c ncn-

sirular. Therefore the matrices Q and B together have at least nm+n

nonzero clements. If we assume that all th-e zcrccs arc it; .5, -wc stt11

remain vrith n(m+1)--r. 2 nonzero elements in B.

Comment: Any Vandermonde matrix satisfies the conditions of

Lemma 3.? therefore therc are inflnitely many c arnplc- (1i ,iLricc' r-r

which one cannot expect to get more than n 2 - n zeroes in B.

Next we introduce a practical method to factorize a full rankzd

matrix A with, at least, n.2-n zero elements 4n B.
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The fac LcrizaUioa

Let AERlnn be a full rank matrix where m>n . Then we can write

~A A. (3.15)

Suppcse .41 is nonsingular nxn matrix. in this case we can take

f [ (3.Q A)

and there are , eroes in . How7ever, this fact rizatica !s UJ-cr:

case cf secticn 1. In order to accomplish a better lac=rizc-nticr, IL as

assume that m >2n in this ease we can write the matrl, as zllz,-

where -~,~ARn- is -a ncnsin-ular ratrix, . and : -  suv-S .

that A3'A I can be -actcrr d into L -,eL .d U...... urc,

triangular matrices respective!y.

AB = 1 U -  UA, (3.10)

will give us a factorization with n 2--n zeroes in B and its form. will be

closer to utiform distribution of the zero e!ei.ients arriong the rows cf the

matrix.

It is interesting to observe cases in which the matrix A is not of full

rank. We will show that in some cases it is possible to achieve mcre zeroes

than the full rank case and in other cases, the opposite is true.
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Lecmma 3.3: Let AER"x r- where rank (A) < n. A sufficient condition for LO t

have a factorization A = BQ , where QERn,'n is a nonsingular matrix and

BERnxn such that Z(B) > n2 - n is that

rank(A) + n < m + 1 (3.19)

Prco: Suppose that rc., (A)= I 1 k < n . With.out loss cf en:ality ;e

may assume that Lhe first T celumns of A are linearly independent anrd

the last (n-k) cclumns are linear combinaticns of the first': .o lun-r LTi

us .-Tite A = [A 1 ,A21] vhere A, 1 E -n and A 2 ,.x
: -). There exists a =--ri:

EcR-x' - ) such that A2 = A.E . The matrix A, can be factcrized -s

A, = B!1 Q, accordinh. to '3.16) 1.:here Bz -'- h .-h  -zero :  e 7n nt ---'

QER "-* a ncnsingular matrix. Let 3-R 4Xm n be 'he atri:, -ith -, in its

first K columns and zeroes in its last .2 -k.) colu .ns and lot

10 "1

Since Q, is nonsingular. Q is nonsingular and 4 = S Q. In th:s case B has

at least k 2 - k + m(n - k) zeroes. Recall that the r.umber of zeroes in 3 inr

the full rank case is n2 - n , it follows that k 2 - k + m(n - k) > n 2 -n iff

k2 - k(m +1) +n(m +l)n2 >0 iffk-'- n2 >(m + 1)(k - n) ,Since k < n

the last inequality will hold iff k + n <m + 1. This inequality is the

sufficient condition in (3.19).

Conclusions



We have seen in this paper a class of optimization problems for -.,ii_-h

the Hessian matrix can be written as A,.D.A where AER " n and DER'r "  a

diagonal matrix. We showed that in several cases, the matrix A can be

partially designed by the user in order to reduce the number of nonzero

elements to a minimum. In previous sections we explored the paLter. of a

sparse matrix .w'ith a given number of nonzero elements. '7e ho;,-z LlaL

in order to minimize the computational conple.,dty of _4 -.TD 1 4

divide the nonzero elements uniFormly a-ncng the row-s ci AI

nonzero elements are confned in certain rcss then the ccriw t~tcz~&

complexity is maximized.

The difference betw-.Veen the evaluation cf the product ,A , by mzct>--I

of dense matrices and the upper bound fcr the ;,-orst case usinz s--r,;r

method is presented in (2.40). It can be seen that this dfference depend

linearly on the proportion of zero elements in the matrix w'hich is mn -
Mn.

* Furthermore, the savii_ in us:na sparse method is, at least, -+2)mn

times this proportion. Since ,(n+2)mn and (2.38) are both c'se mr large

m and n, the savinr is at least the number of operations for the dense

case times the proportion of the zeroes elements.

Finally we demonstrated a practical method for factcrizinc- a fuLi

ranked matrix Aeg"X  into B. Q where B has at least n' - n zero ele-

ments. Furthermore, we presented a class of matrices A for which you

cannot expect to get more than n2 - n zero elements.



Unfortunately , this factorizaLon is not op Lnal since Lhe nonzero

elements are not distributed uniformiy among the rows and this question

is still without an answer. Secondly, we proved that we car, achieve at

least n2 - n zero elements in B if A is full ranked or ramn (A' + n < n + 1 .

We did not prove anything for matrices which are not full r-k and do not

satisfy (3.19) . The author conjecture is that the theorem, ma-y apply also

for this case.



GAY, D.M. On Sclving Robust and Caneralized Linear Ra-:r5ZZzn

Prcbleras. in Optimizzazione Non-linear e Applicazioru, S. Inicerti and

G. Treccarii, eds., Pitagora Editrice.

2. U2 A. and LIU, J.W.; Com7pft3: SclI.C:1 :'73z S Szl:

7.., Z:ffiLc Syzteras, Prentice-Hlk. z~:c C',-,

3. CO-r-A &d I - M.~ A

t~c~ r 1"" n A Plicat-=nS, pe:}

4.CSTSN .. 77

rner ci Ozer'aLions 1 esearch. Stanford Univet-Sity, TIechnial Pep(ort

SOL. -- J 3. Sptember 1982



DISTRIBUTION LIST

DEFENSE TECHNICAL INFORMATION CENTER (2)

CAMERON STATION
ALEXANDRIA, VIRGINIA 22214

CHIEF OF NAVAL RESEARCH (2)
ARLINGTON, VA 22217

LIBRARY, Code 0142 (2)
NAVAL POSTGRADUATE SCHOOL
MONTEREY, CA 93943

RESEARCH ADMINISTRATION (1)
Code 012
NAVAL POSTGRADUATE SCHOOL
MONTEREY, CALIFORNIA 93943

PROFESSOR AMNON GONEN (18)
Code 53Gm
DEPARTMENT OF MATHEMATICS
NAVAL POSTGRADUATE SCHOOL
MONTEREY, CALIFORNIA 93943



_ L I


