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Evaluating AT-D-A for Sparse llatrices: Apalysiz

Amnon Gonen
Naval Postgraduate Schocl

bave the same sparsity. The complexity of the evalucticn is

estimated, and applicaticn to certain problems of optimizaticn are

[

Key "7ords: Sparce Liatrix, Hessian svaluaticn, Cptimization ' .

1. DITRCDUCTIC:

Many {undamenlal algorithms in numerical analysis include Lhe
evaluation of AT-4 or AT-D-A, where A is a real mxn malrix and D is a
diagonal mxm matrix. Examrles are given in papers cn factcrization cf
matrices or problems of minimization in which the Hessian has this form
( Gay [1] Gonen & Avrie! {3] ). The extended use of this preduct motivates

the question of reducing its complexity.

This research was pertially supported by the NPS Foundation Research rogram.

given. By

CET

ABSTRACT
/"/ B
The evaluation of the matrix product AT-4 or AT-D'A ,where A .%
is an mxn real matrix and D an mxXm diagonal matrix, is a funda- \\. s
mental operation for many algorithms. We analyze the evaluation ‘7: A T
of AT A for several configurations of sparse matrices 4 zil of which f P“ T .




The purposes of this paper are:

1. Torelate the computational complexity of AT-D-4 to the sparsily rale

of the matrix 4 .

2. For a given sparsity rate, to distinguish between the worst and the

best case.
3. To provide an application of these results.

The problem of multiplying a transpose of a sparse matrix by itself
was discussed in several beoks and parers e.g. George & Liu [2] in which
they include the number of operations required for this muitiplication.

Gustavson [4] propesed an optimal algerithm for muitiplsin

g Lo sparsz
matrices A-B where AR and F<F™**, proving that the number of
multiplication ¥ satisfies 0= N=nm% . However, the ccnnection beaivreen

the number of operation and the sparsity rate of the matrices was not

discussed.

Apparently, it seems that this question has only theoretical meaning
since the matrix 4 is provided and therefore the number of operations is
known. However, in this paper we will see there exist some cases in which
the configuration of this matrix 4 can be designed by the user. In these
cagses it make sense to analyze this product in order to reduce the

number of operations.

In section 2 of this paper, we present the computational complexity
of AT-D-A for several sparsity patterns of 4. In this section, we establish

our results on the assumption that the number of nonzero elements of
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the matrix 4 is provided. We demonstrate the best and the worsl casc.
showing that in the best case, the nonzero elements are divided hornc-
geneously among the rows of A, while in the worst case, these nonzero
elements are confined in a limited number of rows.

In section 3 we provide an example from optimization theorv, in
which the matrix 4 is dense and by applying the results of section 2 2
minimize the number of multiplication in the evaluation of L7z Hessizn.

In tlﬁs nsaper, all vector spaces are finite dirmznsicnal and veslors arz
column vectors. The space of all nxm matricass is densted by Z2%7 ; the

nonnezative crthant of the Euclidean space F® is dznoted by 7% ins

a

subszt of all integer vectors in 7® is denoctad by /™, and iis nonnezolive

orthant by /T. For a matrix 4 w2 denote by a;. and oy the i-th rov7 and

the norm |!z|| we mean the Euclidean ncrm. For a real number 7 its

integer part is denoted by Ir]. Finally, the number of elemerils in the sel
B is denoted by /B! , and the number of zero elements in a matrix .1 is

denoted by Z(4).

2. THE COMPUTATICHAL COIPLIZITY CF A™ - D-A.

Let A4 be in R™** with N nonzero elements. The ratic -"[:,Tis called

the sparsity rate of the matrix A and denoted by o(4). In this section -ve

assume that the sparsity rate of the matrix 4€R™™ is provided and that
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each row of 4 includes, at least, one nonzero elemenl. We concerlraie on
the sparsity pattern of 4, looking for the best and the worst cases, by
means of the number of operations required to compute 47-D-4 where D
is a diagonal matrix DeR™**. We begin our exploration in the worst case,
in which the configuration of 4 implies the maximum number of multipli-

cation. Let us denote by m; the number of nonzero elements in ¢;« , thus

™3
il
<4

(2.1,

-,
1]
—

Our first Lemma provides us the number of operatiens {(muitiplicz-

tions) required to accermplish the product A7-A.

Lemma 2.1: Lel A€R™*® bhe a given sparse matrix, then the preducet A7 4
> I

can be computed using

I~

~~
o3
™

S

my-{ms + 1)

N4
s2
i

il

1

multiplications.

Proof: The product A7 -4 can be rewritten as a sum of m rank | matrices

The rank 1 malrices g.qf are symmelric. Each noncero clement g ol
the vector a;+ is multiplied by all cther nonzero eiements a;, for k=>j .

Therefore, the number of multiplication is

S =tme e 1) (2.4)




combining (2.3) with (2.4) yields Lthe proof of Lhe lemma.

Frcm the proof above, it can easily be seen that the number of addi-
tions are approximately the same as the number of multiplications since

each term a; ;2. ; is accumulated into the result matrix C; C=AT 4.

Corcilary 2.1: Let AeR™*® be a sparse matrix and De?™™ a diagonal

matrix tien the preduct A7-D-4 can be computed by

’ N4 N\ 7
}rgi my T ".'l, + Y
i=1

N
)
(o]

-~

multiplications.
Prcci: We Arsi compute A = D-A wwhich requires ¥ multiplicaticns and

then substituting g% by al in (

[N

.2, yislds the proof cf the corollary.

In order ‘o find the sparsity pa.iern which yields the wvorst casz, we
have tec maximize (2.2) provided (2.1) and all m; are positive integers.
Since the difference between (2.2} and (2.3) is V, it is enough to explore
the worst case for the product AT-A that will vield the same resuil for

AT -D-A. Consequently, a new problem can be formulated as follow.

(A1) max$ l’i.ﬁ"_;_"i (2.6)
i=1

subject to the constraint

ﬂm., =N

i=1




t 1smy<n ;ml! (R.7;

This problem can be reduced to maximizing f:mf under the same con-
i=1

straints. Defining z; =m; ~1 yields the fcllowing problem

(A2) max| |z ||? (2.8)

subject to the constraint

§Z¢=1V—m (29)
i=1

aad

Osz,<n -1, z¢c/? (2.10)
Ve will prove that since the objective function is ccnvex its maximum is
attained at a boundary point. An integer vector z</™ is called a Soundary

roint of problem (A2) if there exists a set J={j,,...54cL=11...m} ard a

unique joeZ —J such that

n-1 i€
z={(N-m)-39(n-1) i=j, (2.1
0 otherwise
where
_|N-m \
o= |L=E (2.12)

In this case lhe vector £=z +e where e =(1,...,1) is a boundary point of

problem (A1l).




Fortunately, from the symrnetric property of the cbjective {unciivz,
the optimal value does not depend on the selected boundary ncint.

Hence
S z2=0(n — 12 +[(N -m) =5 (n~D] (2.13)
i=1

To prove that (2.11) is the sclution of problem (A2) we need i

(4N
<
-y
m
¥
(@]
"

]

lowing lemma

Lemma 2.2 : Coasider the integer protlem

(A3) max |iz]|}|? (2.1
x3l?
subject to the constraints
n , -
Yr=K 12.13)
i=1
Oz =¥ (213

where X and X are positive integers, #f< k. Probiem (AS) has a sclution

z° salisfying

Pz 12282+ (X -0 1)? (2.17)
. : . . K x| . .
where 9 is the integar nart of Fdenoted by |+, if and onlv if
4y, ool

Moreover, if (2.18) holds then every solution of problem (A3) satisfles

(2.17).

o b
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Prooi: It is immediate that if n-5f <A then there is no feasibie zcluiion
to problem (A3). Therefore, let us assume that (2.18) holds and prove
this lemma t_ induction on the dimension of z. If n =1, then from (2.13)
wehave x = K<M .If K<i thend=0and if K=# thend=1.1In both
cases (2.17) is satisfied. Assuming the assertion is true for alln, n<sm-1.

Let us denote

m
Fim . X)=mextlz!'3Y 5, =K 0=z 122 (2.1,
i=i
hence
F{m,},K)= max y SF(m -1, K~z )+z2 z Il ). (2.2C}
s: (
Since by the inducticn assumptisn, (2.17) holds for m -1
12 1.3 *r\’-":.’"- ’ e N
F{m,H, K)-lgxa/ M2+ (K-, =B +22 « mell = —r (.21

v

Lpl’ n—f{_qQ‘] ‘har\p ni—‘_[_l ?Han ﬂ(n( °F { qﬂq f]ﬁo “omﬂnnr—’ar nf ~i'\r~v~~

K by ¥ ) Consider the maximization problem (2.21) in two cases
1. 0=z, =p.
In this case ¥=9 and the probiem is

max (VAP +(K -0 =2(K =02 2 +225%: 2 1) 1 (2220
0sz, %0 : ‘ :

Substituting K =94 by p , yields the maximization of

VM2 +p? -2p2, +2232 (2.22)

subject to the constraint 0<z,,<p and z,€/! . The maximum of (2.23) is




attained al z,, =p or z,,, =0, and
2§ (2042 +p2= 052+ (K —8A)2 (2.24)

2. p<Lzxp<M.

In this case $=v ~1 and the problem is

maxli(:i—l)MZ-;-(p+j.,~z_2(;,+_5,v);m +222 0 zaTii i (2.25)
[:c S

using the seame arzuments as in the first casz, the maximum is atlzinad

at z,, =], thus

N
)
B

[z 2= (B =142+ (04 )2 =200 =8I + 022w 2w (X =012

In both cases (2.17) holds, which ccmplete cur proci.

10

Applying Lemma 2.2 Lo problems (Al and (AR) vields the following

Py

conclusion.

Corollary 2.3: Every z</7 satisfying (2.11} is a solution to problem {A2).

Prool: Suppose zel? satisfies (2.11), which mean that (2.13) holds. Sub-
stituting ¥ =n-1 and K=V¥-m in Lemma 2.2 implies that (2.17) and
(2.13) are the same, and Tomma 2.2 implics thal 2z is a solution of prob-

lem (AR).

A solution to problem (A1) can be established by setting

e ey =
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n i€/
m{N-m-3(n—-1)+1 i=j, (2.27)
1 : otherwise '

where 9 satisfies (2.12) and J/ is a set of indices |/| =% and j¢ is an index
not in /. The computational complexity of the product A7 fcr the worst

case is established by substituting (2.27) into (2.6)
Hue SH[SRZH(V —m -d¥(n-1)+1)?+m -3 -1+ V] (2.28)
It can be seen that in the sworst casz scme of the m:~ia achizve a2
uprer bound n , the others are zero and cnly one oi {he m.-th is scme-
where between 0 and ~. This m=zn that the matrix . has cs meny ull
rows 2s pessible, the rest ¢f the rews have one element, and cne row ccn-
tains the remaining nonzerc elemants of V.
In the next Lemumra a new zound {zr thz computaticnal complexity is
presented which enable us to relzte the sparsity rate and the mathemati-

cal effert.

Lemmma 2.4 The computational complexity of the product AT 4 can be

bounded by
e SN (N =m) +2N). " (2.28)
Proof: Let us denote by
pl)=(kn2+[(N-m)-k-(n=-1)+1P+m -k -1+ N). (2.30)

The first assertion is that
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.f"/'—ml . ."'/'—m-‘ 5
n_ll)s?(n_l/- (.31,

#(

N—-ml
n-1 ]

If we denote by ¢= IX:T'

, then 0s¢<1 . A straightforward

calculation yields that

AT = (VN =m)(n+1)+m + V. (2.52;
Hence
,,( _’V—m)_,,(.'v_m ‘<-)=(1V—m)'(n+l)+m+'\r— (2:3\,
-1’ T'n-1 : ;
N-m 2 2 a7 N-m . N-m Vs <
- —nf N~ - A=)+ 1P - =147 =
(= —¢ntly e m OIS VLSO VARY w1 ¢t

= - -1+ ¢+ 1=¢(1-O(n - 1)°

since 0< ¢ <1 th2 last expression is nonnegative ~which prove cur frzt

assertion. The rest of the proof is estabiished by Lhe {ollowing:

.

n-1

M = Y2 )<y5r(—‘ ) HnlV~m)+2N]. (2.34

As we can sce, (2.29) provides us an elegant bound for the computa-

tional complexity of the worst case. This bound is a good approximaticn

to the computational complexity when 1;/1 :T

is close to its integer part.

The difference between the mathematical effort of computing .i7 4 in the

worst case and this bound is actually provided in the right hand side of



(2.33) and it is

ke(1=¢)(n-1)? (2.35)
where ¢ is the fraction part of :’L :T'

The bound in (2.28) can te expressed as a function of the sparsity

rate by using the definiticn

f‘vf o~y
c(d)= prepe (2.33)

which leads to the following equality

e SRV -m)+ 2N ]=Ynm(c(A){n +2) - 1). {2.37)

o)

It is interesting to observe the connection betiween the beund in (2.25)

and the mathematical effort to accomplish 47 A witheout using sparsity

method which is
yn-(n+1)m. (2.38)

The difference between (2.28) and (2.28) can be established by =xpanding

these two formulas achieving
Yn{n+1)m =L[(N =m)n +2V]=l(n +2)(m n ~ V). (2.29)

Dividing and multiplying Lhe right hand side of (2.39) by mn yield the fol-

lowing expression for the difference

Yn +2)m-n-(1~0(4)) (2.40)

where a(4) is the sparsity rate of 4.




2.2 The best case

In our discussion, we call the case in which we need the minimum
number of multiplication to produce A7T-A provided that there are ¥
nonzero elements in 4 the test cacz . The number of operations in the

best case can be derived by minimizir:

3y (my + 1) (
2

iy

Y
'

o g

subject to (2.8) and (2.7). “Wilthout the integer restriction il is imvmadizie
that since the objective functicn is convay, the sclution will ca the zritn-
metic mean, that is, for 2lli , m; = ;_—- The reztricticn that all the my heve

to be integral yi=lds the solution

where L={1,..m} , J<L and TL-J'zN—l;nlj'm. Consequently, the

number of multiplicatiocn in the besl case is
= g EM— Yef v e 1‘ ..'2.\-' — m_‘ N (~.‘J S
Moc & 2 kY peng By JRLS [m ). RSN

In order to present the magnitude of the difference between the worst

and the best case, let us assume that —ﬁ—and Z:T are integers. In this

case (2.29) holds with equality and




- l_l, -
N .
Hoc =% ;T(‘V +m). (2.44]
Subtracting uy from u,. yield
N2
Lne = Hoe = B(nN —nm +N—;—)= (2.45)
=kn(N -m)(1~-a(4)).

Ii we take, for example, ¥ =¥m(n+1) the difference 3dill be

)
. min+ M(n+3 . . .
vhile e = { ‘). That means thel p.e, for large n, is epnrosi-

4

mately S0% more than u.

min —1)?

i T s




3. APPLICATIGN

In Lhis section we present an example in which the product A7-D-.i i

required where D is a diagonal matrix and the pattern of A can be
designed in order to reduce the computational efiort. Since we are dis-
cussing the number of zeroes in matrices, let us denote by 7{.i) k.

numter of zero elements in the matrix A. Consider the nroblam intre-

duczd by Gay [1] g

. oo, ' . {

(P1) min p(z) = ), p:{ru(=)) (.., b
i=1

where 7 :R™-R,p;:R-R and m=n. Very citen r(z) = (7 {=)....7={z)) is = J

linear function of =z , (sece for example Gonen & Avriel [3], or thz lezst i
square prcblem in Gay [1]) which mean

r{z)=Az =5 (3.2

v]

)

-
DN

In this case, the gradient and Hessian of ¢ have particularly simple fcrms

Vi(z) = AT-p'(r (=) (3.3)

Wi(z) = AT-D-A (3.4
where

p(r(z)) = [1(r () P'm (T (2))] (2.5
and

D = diag [p"y(7 (). sp ' m (T (2))] (3.6

is the diagonal matrix with diagonal elements p"i(r;(z)) . Since we have a

simple analytic presentation of the gradient and Hessian , il is reasonable
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to consider using Newton method lo construct a sequence of iterales
which, under reasonable conditions, converge to a local minimizer. This
mean that the product AT-D-4 will be used each iteration and very often
this computation is the most expensive part of the algorithm. T-z main

idea is to accomplish an initial preparation step by factoring

A=8@ | (37\
where QeR™"™ is nomsingular and 3<2™* has (n?-n) zzrces in it
(Z{2) =n). The next step is to substitute gr bty y in {3.7) leading to the

problerm
m
(P2) min ¢(z) = ;lpi (ri{z)) (3.8)

where

r(y)= By - o. (3.2}
To establish the ccnnection between tha twwo problems, let us intreduce

the following Lemma:

Lemma 3.1: A point z° satisfies sufficient conditions for minimum cf
problem Pl with r(z) defined by (3.2} if and onlv if ¥* = @ satisfies
suflicient condilions for minirmurn of problem P2.

Proof: The sufficient conditions for minimum of problem P1, where r(z)

satisfles (3.2), are:

AT-Vg(az®) =0 (3.10)
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27 AT V(Ar*)dz > 0 (211,

for all z#0. Since A = B-@ where @ is a nonsingular matrix (3.10) is

equivalent to

BTVy(By*) =0 (3.12)
and (3.11) can bte rewritten as

2T- @7 BTV (Ey")B @2 >0 (312

for all z#0. Since €z = 01if and only if 2 = 0 our preef is complzied.

It is important to mention that irom Lemma 3.1 ve zan dacduce that
if .} is a nonsingular square matrix then it is enough to minimize ~{y) and
the minimizer z” will satisfy z° = A~y "

In our next lemma 3ve introduce a set of malrices AeE™* such that
for every factorization of a matrix in thiz set: A = P9 wherz 0 is a non-
singular matriz, the matrix B will have at most n%-n zerces
(7(B)<n®-n). Next we show a practical method _of factorizing a full.
ranked matrix vhich achieve at least n® —n zeroes: in general we cannct

expect more .

Lzmma 3.2: Let 4€R™*" where m>n be a full rank matrix. Let X =[4,-7)
be an m by n+m matrix. [f any set of m colunns of & are linearlv
independent then for every factorization 4 = 59 where QeR**"® is a non-

singular matrix and BeR™ ", the matrix A will include , at least,




(@)}
'

-1
n(m+1)-n? nonzero elemenls. (thatis, Z(B) < n?*-n).
Prcoi: Consider the factorization 4@~! = B which ¢an be writtzn as n

identical linear systems
A(@Ye -I'B4=0 j=l..n (3.14)

The cceflicients matrix F=[4,-/] has rank m and eny mxm sulicalrix cf

o5t —im
7 has full rank. Let us denote by = the vector [51 in Fm First we
J
claim that z has at least m+1 nonzero elements. Suprpcse z has l23s5 then

Ty =2,= 0 =z, =0 and define C<R™*™ to be a submeirix of & il
columns Ay where j#i. for all i<t<n. According to ih2 lemma’s asswms-
tion, C is nensingular and therefore the only solulicn to Cy =0 iz y=0C
which mean Q—j‘ is zero. This contradicts our assumpticn thal @ is ncn-
singular. Therefore the matrices @ and B tcgether have at least nm+n

nonzero clements. If we assume thal all the zoreaos arc in 2, we sl

remain with n(m +1)-n?® nonzero elements in 7.

Comment: Any Vandermonde matrix satisfies the conditions of
Lemma 3.2 Ltherefore Lhere are infinitely many cxamples of matrices for

which cne cannot expect to get more than n? -~ n zeroes in B.

Next we introduce a practical methed to factorize a iull rankzd

matrix A with, at least, n?—n zero elements in 5.




The facicrizatioa

Let A€R™*» be a full rank matrix whera m>n . Then we can write

A= [ﬁ;}. (3.15)

Suppcse 4, is nonsingular nxn matrix. In this case we can take

~

B=l."_ll Q=[4] (3.15)
!12':‘11
and there are n*—m zerces in 2. Howrever, this fectorizaticn is th2 wers.

Tt

casa cf secticn 1. In order to accomplish z better facicrizaticn, izt zs

assume that m >2n in this case we can write the matrix as [zilow

(4]
< 4
[

where 4,SR™" is a nensinzular melrix, (GER™? and A,z R Assum:
that Az 47! can be facterized into L 1" where L znd " are l¢-ver and upper

triangular matrices respectively.

)
B = rg,Al—Z,L:—ll € =UA, (3.18)

will give us a factorization with n?-n zerces in P and its form will be
closer to uniform distribution of the zero elerients among the rows of the
matrix.

It is interesting to obsarve cases in which the mairix 4 is not of full
rank. We will show that in some cases it is possible to achieve mere zerces

than the full rank case and in other cases, the opposite is true.
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Lemama 3.3: Let AcR™*" where rank(d) < n. A sufficient condilion fcr .. io

hava a factorization 4 = BQ , where @<R™*™ is a nonsingular matrix and

BeR™* such that Z(B) > n® - n is that
rank(4) +n <m + 1 (3.19)

Przcol: Suppose that renk{4) =%, 1 sk <n . Without loss ¢l zenarclity ve

may assume that ine first & cclumns of 4 are linearly independent and

I

the last (n-%) cclumns are linear combinaticns of the first
us vrite 4 = [4;.4z] where 4,€F™* and A,eF™**~%) There exisis a mairix
Ecg¥*n-2) such that A4z =4, Z . The matrix 4, can ke Iacicrized iz
A, = B, @, according to /3.18) vwhere F,e5™% has k- zero slements, znd

@1€R*** a ncnsingular matrix. Let 3=R™*™ be the matrix with 2, in its

first X cclumns znd zerces in its last {(n -%) columns and let

0 {o, 0 r}

v 5
o 77
Since @, is nonsingular, @ is nensingular and 4 = 292. In this case B has
al least k2 — k + m(n — k) zeroes. Recall that the number of zeroes in 2 in
the full rank case is n? = n , it follows that ¥* -k + m(n —=k)>n? -n iff
kK=k(m +1)+n(m +1)-n°>0if &°=n?>(m + 1)(k —n) . Since k <n
the last inequality will hold iff # + n <m + 1. This inequality is the

sufficient condition in (3.19).

Conclusions

.
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We have seen in this paper a class of oplimization problems [or .ni:h
the Hessian matrix can be written as A7-D-4 where A€R™*™ and DcR™"* ™ a
diagonal matrix. We showed that in several cases, the matrix 4 can be
partially designed by the user in order to reduce the number of nicazero
elements to a minimum. [n previous sections we explored the pattsrn cf a
sparse matrix with a given number of nonzero elements. Ve siicwed that
in order to minimize the computaticral complexity of 4704 72 3
divide the nonzerc elements unifermly amcng the rows ¢i 4 and 7 (h>
nonzero elements are confined in certain rews then the comrnutalionel
complexity is maximized.

The difference between the evaluztion cf the product 47-4 by methzz
of dense matrices and the uppar round fcr the "orst case using snars?
method is presanted in {2.40). [t can be seen that this differancz depands

linearly on the prorvortion of zero elements in the matrix which is

. Furthermore, the saving in using sparse method is, al least, ;H{n+2)mn
times Lhis proportion. Since ¥(n+2)mn and (2.38) are both close {or large
m and n, the saving is at least the number of operations for the dense

case times the propertion of the zerces elements.

Finally we demonstrated a practical method for facterizing a ful
ranked matrix 4e®™*" intc B @ where B has at least n° -n zero ele-
ments. Furthermore, we presented a class of matrices 4 for which you

cannot expect to get more than n® - n zero elements.




[§8]

&Q

Unfortunately , this faclorizalion is not optirnal since Lhe ncnzaro
elements are not distributed uniformiy among the rows and thkis questicn
is still without an answer. Secondly, we proved that we can achieve at
least n? —=n zero elements in B if A is full ranked or rank (4, +n <m + 1.
We did not prove anything for mairices which are not full rz=k and do not
satisfy (3.19) . The authcr conjecture is that the theorem may; apply also

for this cese.
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