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} Summary
\ .
b The least squares estimate of the autoregressive
- .
3; parameter of a conditionally heteroscedastic
.' L]
’;? autoregression is consistent and asymptotically
R normal. Failure to recognize conditional hetero-
.
’n
'§§ scedasticity results in the underestimation of the
1
A5 variance of the least squares estimate, and in ex-
{
N treme cases, this effect can be substantial. The
f’; least squares estimate is not asymptotically
o "distribution-free", rather, the asymptotic distri-
)
.. bution depends on the form of the conditional hetero-
X
A scedasticity.
v
!
o Keywords: LEAST SQUARES; AUTOREGRESSION; CONDITIONAL
-.:‘:
- HETEROSCEDASTICITY
0o
§§ 1. Introduction
- The classical model for the p-th order autoregression
assumes that the innovations that drive the process are in-
 ‘: dependent and identically distributed (i.i.d.). If the in-
.;% novations have a finite variance, the least squares estimate
h? of the autoregressive parameter, §, is asymptotically unbiased
;Z; and has an asymptotic normal distribution with a covariance
EAY
o
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matrix that depends on ¢§ alone, and is the same for all distri-
butions of the innovations (Whittle, 1953). Although the least
squares estimate is, in this sense, asymptotically "distribution-
free", it can be inefficient when the innovations have a heavy-
tailed or outlier generating distribution, such as contaminated
normal (Martin, 1982). More serious problems arise when "Type I"
outliers (Fox, 1972), which affect a single observation, are pre-
sent. Type I or "additive" outliers can cause the least squares
estimate to be seriously biased and can cause the variance to be
inflated relative to "robust" estimates (Denby and Martin, 1979).
Qutliers are not the only type of model departure that
should be of concern. A nonconstant conditional variance can
also result in the poor performance of the ordinary least squares
estimate. In this paper, the effects of conditional hetero-
scedasticity are assessed. The properties of conditionally
heteroscedastic autoregressions are briefly reviewed in Section 2;
a more detailed discussion is given in Nemec (1984). The asymp-
totic distribution of the least squares estimate is derived for
the general conditionally heteroscedastic autoregression, in
Section 3, and for two specific examples in Section 4. The
asymptotic properties are compared to the small sample properties,

as inferred from a limited Monte Carlo simulation in Section 4.1.
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2. Conditionally Heteroscedastic Autoregressions

Consider the p-th order zero mean autoregression:

Yy = ¢1yt-1+”'+ ¢pyt-p + et' (2.1)

In the classical model.'the innovations [et} are assumed to be
i.i.d. N(O.qf) random variables where Otaf‘o. If
v, = c(yt.yt_l....) is the sigma-algebra generated by y,,y,_q+---

2y,

then, given \%_1, Yy is conditionally N(¢1yt_1+...+¢ A

pYt-p
The conditional mean is linear in the past observations while
the conditional variance is implicitly assumed to be constant.
In certain situations it may be unrealistic to assume that
the conditional variance is independent of the past. This
paper examines the behaviour of the least squares estimate
of Q=(¢1....,¢p)T when the constant conditional variance
assumption is relaxed.

The autoregression (2.1) is said to be conditionally
heteroscedastic if, given W;-l’ the conditional variance of
Y is a nonconstant function of the past observations. The
resulting conditionally heteroscedastic autoregression or CHAR

process is defined by (2.1) where

e, |V ~ N(O,By ) (2.2)
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and

h o) 14kew, (2.3)

t-1 = h(yt_ioyt_zo v 'yt_k;

The function h is some positive function of a finite number
of the past observations and @ is a vector of parameters.

The process defined by (2.1), (2.2) and (2.3) is not
necessarily stationary. To date, conditions that guarantee
stationarity have been derived only in special cases (Nemec, 1984)
and it is diffilcult to see how these proofs might be gener-
alized to include an arbitrary function h. Hence it will be
necessary to determine if the process is stationary for each
h under consideration.

Regardless of whether or not the process is stationary,
the innovations of a CHAR process are uncorrelated, although
they are obviously not independent. Consequently, the co-
variance structure of a CHAR process is the same as that of
the usual autoregression. In particular, if the process is
stationary with a finite variance, the autocorrelation func-

tion is

= - i i
fi = Corr(ye,yy_3) = AjGy+.. . +AGY (2.4)

where A1'A2""'Ap are constants and GIl.G'l.....G;1 are the

roots of the characteristic polynomial
§(B) = 1-¢1B-...-¢po. (2.5)

The stationary variance is

L OO T T s X A COUOUOLOON O A
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oo = Var(y,) = E(hy_1)/(1-¢,p1-. =6 p ) (2.6)

which is finite if E(ht-l) is finite.

In the remainder of this paper attention will be restric-
ted to two examples Qf the CHAR process. Both are stationary
processes if appropriate restrictions are placed on the para-
meters. The properties of the two processes, denoted CHARI
and CHARII, are summarized in the following two sections. A

more extensive discussion can be found in Nemec (1984).

2.1 The CHARI Process
A CHARI(p,k) process is defined by

CHARI(p.k): Yy = 0q¥goq *eoot ¢pyt_p *Ey (2.7a)

2y,

2
where €|V ; ~ N(O, 0+ €F 4.+ &) 1£¢kew. (2.7b)

In this model the conditional variance depends on a finite
number of the past innovations in a way that is intuitively
reasonable and was first proposed by Engle (1982). If u0> 0;
“1& 0, 141i4k, the Et process in (2.7b) is well-defined with-
out reference to the autoregression {yt} and has been called
an "autoregressive-conditional-heteroscedastic" (ARCH) process
(Engle, 1982). Engle (1982) employed ARCH errors in a
general regression model, which includes the CHARI process as

a special case.

The stationarity and ergodicity of a CHARI process is

given in the following theorem.
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Theorem 2.1 (Nemec, 1984) - Let {yflbo be a CHARI(p,k) process
with ao>0 and aizo. 14isk. Assume that all the roots of
both polynomials §(B) and A(B) lie outside the unit circle

and, Ygi¥qre-r¥ and &, &.,...,€ , have finite variances,

p-1
where §(B) was defined in (2.5) and A(B) = 1-«1B-...-¢kBk.

Then {yt} is asymptotically stationary and ergodic.

Under the assumptions of Theorem 2.1, the innovations

process [Et} is stationary and has a finite variance given

by
of = Var(e,) = ay/(1-a-...-a ), (2.8)
where (d1+...+uk)4 1. Substituting this expression into
(2.6) gives
2
oy = ao/{(l-al-...—atk)(1-¢1f1-...-¢ppp)}. (2.9)

where (¢1f1+...+¢pfp)4 1.

2.2 The CHARII Process

The second CHAR process is defined by

CHARII(p): Yy = $q¥p_q *e-et ¢pyt-p + €y (2.10a)

where g|V,_y ~ N{0,B+p, ($,¥, o+ .+¢pyt_p)2} . (2.10b)

The parameters B, and @1 are nonnegative with po strictly

positive to ensure that the conditional variance is positive

with probability one. In a CHARII(p) model the conditional

X A B S

A Bal 8 K.
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variance is a simple function of the conditional mean. The
same dependence of variance on mean has been used to model
heteroscedasticity in the ordinary regression model (see
Carroll and Ruppert, 1982, for example).

A CHARII(p) process is stationary and ergodic if the

hypotheses of the following theorem hold.

Theorem 2.2 (Nemec, 1984) - Let {y$]:o be a CHARII(p) process
with 307 0 and ﬂla 0. Assume that all the roots of $(B) lie

outside the unit circle and YorYqr--r¥ have finite vari-

p-1
ances. Then {yt} is asymptotically stationary and ergodic

if (;+ﬂ1)(¢1f1+...+¢pfp)4 1 where p., 141is4p, are given by (2.4).

The variance of a stationary CHARII(p) process is finite and

is given by

o’f, = [30/{1-(1+ﬂ1)(¢1f1+...+¢pfp)} (2.11)
where (1+ﬁ1)(¢1f1+...+¢pfp)4 1.

The CHARI and CHARII processes are two examples of the
general class of conditionally heteroscedastic autoregressions.
These particular examples were chosen because they are both

plausible and mathematically convenient.

3. Least Squares Estimation

Let {yt} be the autoregression in (2.1) where the order

(p) is assumed to be known. A least squares estimate‘ség)

of the autoregressive parameter, based on n obseravtions,




%

RS EX] AArR

Calaniinb b xR AL L NCTE S ER O AT A SR AR G g et Bt ko s AN UM S N ki Bl ta B i 4 0
R . b TN

S AV AT @SS e TS

3

Yqr¥preee oV is the value of § that minimizes the sum of

squares
& 2
Qn(iiylny2p-..vyn) = t;M(yt‘¢1yt_1"'-'¢pyt_p) .
Equivalently, Ség)is the solution of the linear system of
equations
T, T
3Q, /3§ = 2(X"Y-X"X§) = 0 (3.1)
T .
where 3Q /3¢ = (3Qn/3¢1.....an/a¢p) is the px1 vector of
partial derivatives, Y = (yp+1....,yn)T and
(
yp yP_l v e yl T
yp+1 yp ree Yo
X = .
Lyn-l Yn-2 - yn-EJ

If XTX is nonsingular, 3{2) = (XTX)-leY is the unique solu-
tion to (3.1).

In the case of i.i.d. innovations, fég) is consistent
and asymptotically normal where the covariance matrix depends
on only §, provided that the innovations have a finite variance
(Whittle, 1953). If the autoregression is conditionally
heteroscedastic this well-known result no longer holds.

The least squares estimate is still consistent and asympto-

tically normal but the asymptotic covariance matrix depends

S aciete b p 3 o _w,*.r"

i a

V
i
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on the form of the conditional heteroscedasticity, as well

as on §. The least squares estimate is not distribution-free.
The consistency and asymptotic normality of 3£g) can be

derived using Klimko and Nelson's (1978) results on condi-

tional least squares for general processes. For the CHAR

processes under consideration, the assumptions of Klimko and

Nelson (1978) reduce to the following:

Al: The CHAR process {yt} is a stationary and ergodic sequence

of integrable random variables.

A2: E(]e ) is finite for 14 is p.

p+1yp+1-i|

A3: The pxp covariance matrix V, defined by
vV = {E(yp+1_iyp+1_j)}. 1£i,jep, (3.2)
is positive definite.

A4: E ) is finite for 14« i,j&p.

2
<£p+]_, yp+1-iyp+1-j ,

The least squares estimate is consistent under assump-
tions A1, A2 and A3, while the proof of asymptotic normality

requires the additional assumption A4.

Theorem 3.1 (Consistency of 3£§)) - If A1, A2 and A3 hold

for a CHAR process, then 3{2)-4 QO (the true value of §) a.e.,

Proof: The theorem follows as a direct application of
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Theorem 3.1 of Klimko and Nelson (1978) and the uniqueness

~(n)

of the solution §;g° a.e. as n—rw,

Theorem 3.2 (Asymptotic normality of SLS)) - Assume that AL,
A2, A3 and A4 hold for the CHAR process under consideration.

Then, as n— e ,

1 - -
n2(§(2) - %) ww_(0,v lwv 1) (3.3)
p
where W is the pxp matrix
2 . s
W= {B2, v o) 1eien. O

" Proof: The Taylor series expansion proof given by Klimko and

Nelson (1978), for a general process, takes a particularly
simple form here because 3Qn/3§ can be written as
& 2 T 0,T
3Q /3¢ = 'Z(t.‘:-:'ftyt-l'""t,%‘tyt-p) + (3-8)V,
where Vn is the pxp matrix of second order derivatives:

n
v, = Z{E-';,f’t-iyt-j] 141i,j¢ p. (3.5)

An application of the ergodic theorem gives %n'l

Vn-’V a.e.,
as n—w, while Billingsley's (1961) central limit theorem for
martingales can be used to show that the first term in (3.5)

is asymptotically normal, which proves the theorem.

----------
»
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gl' It should be noted that, in general, the expression for
;S the asymptotic covariance matrix in (3.3) depends on the form
2; of the conditional variance. In part! ~ular, the asymptotic
;5 covariance matrix depends on the parameters o,,...,& in the
ﬁ: CHARI model or 51 in the CHARII model.

'E: The verification of assumptions A1, A2, A3 and A4 is

ﬁn straightforward for the CHARI and CHARII processes. Assump-
'ég tion Al holds under the hypotheses of Theorems 2.1 and 2.2,
:S respectively. By Chebychev's inequality, A2 holds under

g% the same conditions because they also imply that 63 is finite.
%z Assumption A3 holds whenever Al holds, provided 63 is posi-
'5: tive. Finally, the existence of finite fourth moments for
(\j et and y, is sufficient for AL. This follows from

,?g Chebychev's inequality.

o The significance of (3.3) is appreciated more readily

in a specific application where the asymptotic covariance
matrix can be evaluated explicitly. In the next section,
the lowest order CHARI and CHARII models are used for illus-
tration. The variance obtained using (3.3) is compared to
the variance for i.i.d. innovations and a Monte Carlo simu-

lation is used to investigate the small sample properties of

i Lh ", » l. v, '8, "
i SAOARIIY JanARARA/ . 5

the least squares estimate.
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L4, Examples
The simplest CHARI and CHARII processes are:

2
CHARI(1,1): y, = ¢y,_4 * €, where etlﬁg 1V N(O, &+ EL L)
and
CHARII(1): y, = @y,_, * €, where ¢ ]1& L~ N(O, po+(31¢ yt L)

If Yqr¥pree1¥p is a sample from either process then a least

squares estimate of ¢ is given by

n

2. V.Y
a(n) iz t7t-1
LS 2

tgiyt-l

The consistency and asymptotic normality of ¢£g) follow from

Theorems 3.1 and 3.2, provided that the assumptions Al1-A4 hold.
In the CHARI(1,1) process it is assumed that |¢lz 1 and,

°to> 0 and 0% dll- 1. Then, according to Theorem 2.1, the process

is asymptotically stationary and ergodic and Theorem 3.1 can be

A(n)

applied to show that ¢ is consistent. The asymptotic normality

follows if E(et) is finite, which implies that E(y:) is finite.
i
It is easy to show that E(Et) is finite if «14.32 (Engle, 1982).

The matrices V and W, in (3.3), reduce to scalars where

2 2
V=02 = w/{(1-0) (147},

from (2.9), and it is simple to show that

W= E(efy2 ) = ad/{(1-40) (1-92)] + 242 «/{(1-2)%(1-342) (1-4,$?)}

by evaluating a conditional expectation first. Substituting into
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(3.3) gives

n2(3{0)- 9)> n0,1-9% + 24 (1-02)%/{(1-2,97)(1-35)}] . (4.1)

Similar arguments can be provided for the CHARII(1) process.
Accordingly, ﬁﬁg) is consistent for a CHARII(1) process if |¢’£-1.

B.2 0 and (1+pl)¢24 1, so that by Theorem 2.2 the process is

0
stationary and ergodic. If, in addition, 1-¢u(1+6ﬁl+3@§)> 0

then y, has a finite fourth moment. Substituting

V= ol = gy/{1-(1+6,)6°},

from (2.11), and

= E(etyt 1) = /30/{1 (1+p1)¢2}

+ 3p5p8° (1402 ra,7)/ [{1-9" (1460, +365)} {1-(1+81)67}]
which is calculated by conditioning on'V;_l first, into (3.3) gives

n2(¢(n) ¢)—> N[o.1-¢2 + 2p1¢2(1-¢L’)/{1-¢“(1+6@1+3/3‘:')}]. (4.2)

The first term in the variance of the asymptotic distributions,
(4.1) and (4.2), corresponds to the variance for the usual auto-

regression with finite variance, i.i.d. innovations. The second

term measures the increase in variance due to conditional hetero-
scedasticity. This increase can be considerable. However,

since it is independent of «, or Bg the asymptotic variance is

0
unaffected by increases in the unconditional variance of Yt that

result from increasing &, or X

-
4

-----
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4.1 Monte Carlo Results
A Monte Carlo investigation of the small sample properties
of the least squares estimate, $£g). was carried out for the
CHARI(1,1) and CHARII(1) processes. Artificial sample values

were generated recursively according to the formulas
CHARI(1,1): = ¢y + {ayra( -9y )2}% z (4.3)
1R Yy t-1 0t Vo172 t '

CHARII(1): y, = @y, 4 * [po+ﬁlpzy§_1}% Zy (4.4)

where the z, are i.i.d. N(0,1) random variables, obtained by the
method of Kinderman and Ramage (1976). The stationary initial
distribution could not be found in closed form for either the .
CHARI(1,1) or CHARII(1) process. Instead of using the stationary
initial distribution to generate the starting values, the final
values in an initial block of 50, when ¢l £ .5, and 140, when

Ip1 > .5, were used for y, and y; in (4.3) and Yo in (L.4). A

total of 1000 samples were generated for each parameter and sample

size combination. The mean and variance of 3£2). based on these
replications, are given in Tables 1 and 2. The asymptotic values,

calculated using (4.1) and (4.2), and the corresponding values for
the classical autoregression are also given.

The Monte Carlo results show a bias typical (of the order
O(n'l)) of least squares estimation, In cases where the fourth
moment is large, convergence of the variance to its asymptotic
value is slow. A comparison of the asymptotic variance, given by
(4.1) or (4.2), and the corresponding value for i.i.d. innovations,

1-¢2. gives a measure of the effect of conditional heteroscédasti-

city. This can be large. For example, for the CHARI(1,1) process
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Table 1: Mean and Variance of 31(.2) for CHARI(1,1)
*
t(based on 1000 replications)

o= g ‘-.5
°0=1 a;=.5 uoa-]. 01-.,2
n mean n-variance n mean navariance
50 .4684 1.2539 50 4772 «9633
100 .4798 1.5292 100 -4858 1.0431
150 .4874 1.5748 150 -4910 1.0044
500 .4945 2.1591 500 -4977 -9853
@ .5000 3.3214 o 5000 1.0191
* .5000 «7500 bod 5000 -7500
$=.9 .9
n mean: nsxvariance n mean navariance
50 .8624 .4205 50 8660 «3005
100 .8740 .3361 100 -8814 -3019
150 .8863 « 3655 150 -.8890 «2315
500 .8943 «3324 500 -.8963 «2298
® .9000 -4327 - 9000 2096
* .9000 1900 * «9000 «1900

The last line corresponds to 01-0.

L £

The approximate standard error of the mean is lIess
than 1% of the mean, in all cases, and the approximate

standard error of nxvariance is 4.5% for all cases.

Approximate standard errors were calculated using

the normal approximation (4.1).
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Table 2: Mean and Variance of 3{:’ for CHARII(1)

** (based on 1000 replications)

* .1000 «9900 *

¢=ol ¢=.8
n mean navarliance n mean navariance
50 .0969 1.2400 50 .7535 5757
100 .0940 1.2972 100 .7724 5714
150 .0974 1,.4006 150 .7809 «5645
500 .0972 1.4810 500 .7915 -6789
o« .1000 1.4508 © -.8000 1.0294
* .1000 . 9900 bl -.8000 «3600
¢=.1 ".‘
Bo=1 Bl=40 B =1 81-1.25
n mean navariance n mean navariance
50 .0912 1.6830 ' 50 .3784 1.1606
100 .0969 1.9230 100 -3902 1.2285
150 .0989 2.0021 150 .3857 1.2878
500 .0973 2.1530 500 .3961 1.3210 .
® .1000 2.6031 ® -.4000 l1.4284
.4000 .8409

* The last line corresponds to Blto.
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The maximum standard error in the mean is approximately
6.4%, 1.3% and .5% of the mean for ¢=.1,.4 and .8, res-—
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with ¢=.5 and ¢1=.5 the variance is quadruple, and for the CHARII(1)
process with ¢=.1 and ﬁ1=40 the variance is double the value for
i.i.d. innovations.

It is evident that failure to recognize conditional hetero-
scedasticity can lead to serious underestimation of the variance
of the least squares estimate. Furthermore, the least squares
estimate is inefficient when the process is actually a CHAR pro-
cess. However, more efficient estimates, such as the maximum
likelihood estimate, require a priori knowledge of the existence
and form of the conditional heteroscedasticity. Initially, at
least, inefficiency is unavoidable and the least squares estimate
may be satisfactory. The identification and estimation of a CHAR

process will be discussed in a future paper.
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