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PREFACE

The theory of the propagation of a finite amplitude wave in

isotropic solids and crystals of cubic symmetry was begun a number

of years ago [M. A. Breazeale and Joseph Ford, J. Appl. Phys. 36, 3486-
-

i* 3490 (1965)], and subsequently was developed in terms of the elegant

Lagrangian formalism (Albert C. Holt and Joseph Ford, J. Appl. Phys.

" 40, 142-148 (1969)]. This theory has served as the basis of measure-

ment of the third-order elastic (TOE) constants of many isotropic

solids (e.g., John H. Cantrell, Jr., Technical Report No. 14) and

r- crystals of cubic symmetry (e.g., Jacob Philip. Technical Report No. 19).

For isotropic solids three TOE constants are necessary, and for cubic
crystals one finds six. However, many materials of technological

importance have lower symmetry than cubic. Therefore, it now is

desirable to determine which TOE constants enter into harmonic generation

in waves of finite amplitude propagating in crystals of lower symmetry.

This Technical Report is the first effort in this direction.
* L

BI \ -- - The Technical Report gives a complete analysis of the theory of

propagation of a finite amplitude ultrasonic wave in apcrystal of

hexagonal symmetry along the symmetry axis and along any direction in

the basal plane. From the theory we conclude that at least four of the

ten 1T! constants can be evaluated from harmonic generation measurements

C in the appropriate directions in hexagonal crystals. $

Completion of the Technical Report was made possible by the

efforts of Gonghuan Du whose meticulous mathematical efforts are

gratefully acknowledged. L

I_.
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CHAPTER I

INTRODUCTION

Although the nonlinear acoustical properties of fluids has been

studied for more than a century, a systematic study of the nonlinear

acoustical properties of solids actually began about three decades

- ago. Work in this area gained momentum rapidly because a large number

of the basic properties of solids can be explained only on the basis

of a nonlinear theory. Among these properties are thermal expansion,

the interaction of lattice waves, inequality of adiabatic and isothermal

elastic constants, and the dependence of the elastic constants on

pressure and temperature.

* As is well known, the description of the nonlinear properties

of solids is made in terms of the higher-order elastic constants. These

constants, coefficients of the higher-order terms in the relation between

internal energy and lattie strains on a solid, are some of the most

* important parameters in the description of the nonlinear properties of

* solids. Their measurement, therefore, has attracted considerable

* . attention. The ordinary elastic constants, of course, are determined

directly from the sound velocity. They are the second-order elastic

constants. The third-order elastic constants are measured by techniques

outlined in a previous Technical Report.1 As was Pointed out in that

Report, most of the measurements reported are on solids of cubicL

* symmnetry with six third-order elastic (TOE) constants.. As the synmmetry

is lowered, the num~ber of elastic constants increases.2 For example,
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crystals with hexagonal symmetry have 10 TOE constants and those with

trigonal symmetry have 14 (or 20) TOE constants.

Only very few measurements have been reported on the TOE constants

of hexagonal and trigonal crystals, in part because of a lack of a

general theory. The linear theory of elastic wave propagation along

different directions in these types of media has been given by Musgrave,3

-. 4Farnell, and others. A complete description of the linear theory has

been given by Musgrave.5  The purpose of the present study is to expand

on the linear theory to include nonlinear terms and to formulate the

r Ftheory in such a way that the nonlinear distortion of finite amplitude
k

ultrasonic waves in hexagonal crystals can be described.

In an anisotropic medium there are only certain directions along

m which elastic waves can propagate as the pure longitudinal modes which

are of primary interest in the application of the harmonic generation

technique. Associated with any propagation direction there are three

independent waves, the displacements of which form a mutually orthogonal

-. set. In general, none of the three displacement vectors coincides

with the vector which is normal to the wavefront; i.e., in general, the

waves are neither pure longitudinal nor pure transverse. The specific
S

directions in which pure mode longitudinal waves propagate have been

6determined by Borgnis for crystals with trigonal, hexagonal, tetragonal

and cubic symmetry and general conditions have been established under

which pure longitudinal waves exist. In order to determine the third-

V .*-~*-; ,'[C
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order elastic constants from wave speed measurements in stressed

crystals, it is necessary to know these pure mode directions.

The theory of harmonic generation of longitudinal waves, which

.3 p is discussed in detail in later chapters, also depends upon availability

of pure longitudinal mode directions. Using the method due to

. Borgnis,6 Brugger7 has determined the pure mode directions for all

-- crystal point groups belonging to orthorhombic, tetragonal, cubic,

" .trigonal (rhombohedral) and hexagonal systems. Also Brugger7 has

solved the eigenvalue problem for each of these directions and

j r polarization vectors and the wave speeds have been tabulated. A similar

description for transverse waves has been given by Chang.

The theory of finite deformations and its application to
I. crystalline solids including nonlinear terms has been given by

9Murnaghan. The theory has been applied to cubic crystals subjected

*L to finite hydrostatic compression by Birch10 and later by Seeger and
Buck.11  Einspruch and Manning extended the theory to hexagonal,

rug13,14
tetragonal and orthorhombic symmetry. Thurston and Brugger solved

. the equations of small amplitude waves in a homogeneously deformed

crystal and expressed their results in terms of the "natural velocity"

and its stress derivative. They defined the "natural velocity" as the

length of the specimen in the unstressed state divided by the wave

travel time in the stressed state. They presented results for isotropic

and cubic solids. The necessary relations between third-order elastic

coefficients and stress derivatives of sound speeds along different

L directions in crystals of orthorhombic, tetragonal, cubic, trigonal and

%t-
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hexagonal classes have been derived by Brugger15 using his thermodynamic

definition of third-order elastic constants.
16

* The TOE constants of a large number of crystals belonging to cubic

symmetry have been measured. Most of these measurements involve

measurement of the stress derivatives of ultrasonic wave velocities in

solids. The first measurement of this kind was by Lazarus17 on KC1,

- NaCl, CuZn, Cu and Al. Later Hughes and Kelly made measurements on

polystyrene, iron and pyrex glass and reported the three Murnaghan TOE

constants of these materials. The first measurement of the complete set

F of six TOE constants of a cubic solid was by Bateman et al. on ger-

manium. Later, measurements have been reported on many cubic crystals

by several workers. The values reported up to 1979 have been tabulated
2 ,%

*I by Hearmon.,

The second most widely used technique to measure the TOE constants

of solids is the ultrasonic harmonic generation technique developed by

Breazeale and Ford. 20 Measurements have been reported on a number of

solids.21  The theory of second harmonic generation in cubic crystals

and the experimental technique has been described in detail in a pre-

vious report. Also for a review of the work done on the TOE constants

of cubic crystals, refer to Hearmon2 and Green.22

Even though the TOE constants of a number of isotropic and cubic

L crystals have been determined, not many measurements have been reported

on crystals of lower symmetry. In all the work reported on such

crystals so far, the hydrostatic and uniaxial stress derivatives of

ultrasonic wave velocities have been measured and the TOE constants

have been determined from those data. Since the number of TOE constants

ILI



number of careful measurements are to be made to isolate all the TOE

* constants. In the following paragraphs we outline the measurements

to be made on hexagonal crystals with 10 TOE constants. The values

, •measured until 1979 on these solids also have been tabulated by

• . Hearmon.2

The complete set of ten TOE constants of the hexagonal crystal

* . zinc has been determined from measurements of the hydrostatic and uni-

axial stress dependence of ultrasonic wave velocity by Swartz and

Elbaum.23  They used data from twelve measurements for various propagation,

polarization and stress application directions to isolate all the 10 TOE

constants. An interference technique has been used by them to measure

i the wave velocity difference in stressed and unstressed samples. They

have reported the temperature and pressure derivatives of the SOE con-

"*. stants in their work. The Grineisen parameter y of zinc has been

evaluated by the authors and the volume thermal expansion coefficient

calculated from that is in agreement with experimental value of the

* -volume thermal expansion coefficient.

The complete set of the ten TOE constants of the hexagonal metal

* ,magnesium has been determined by Naimon,24 who measured the hydrostatic

pressure and uniaxial compression derivatives of natural sound velocities

". using ultrasonic pulse-superposition technique. With the sample

oriented with faces perpendicular to the a, b, c axes, four hydrostatic

and ten uniaxial experiments for different propagation and polarization *

directions were used to determine the ten TOE constants. Even though
L2

the hydrostatic pressure derivatives of the SOE constants of beryllium,25
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zicnim 26  ~27 reim 28  29 30
zicnu, europiu, e um, magnesium, cadmium,

31 31 3gadolenium, dysprosium, and titanium3  have been reported, that

information is not sufficient to determine the complete set of TOE

constants. The TOE constants of a number of hexagonal solids have

been determined theoretically by a number of workers using the method

of homogeneous deformations with different model potentials. For a

review of the theoretical work, refer to Rami Rao and Ramanand. 32

In the following report we develop the nonlinear theory required

to consistently describe the propagation of an initially sinusoidal

ultrasonic wave along pure mode directions in a solid of hexagonal
7

* symmetry. As pointed out by Brugger, pure mode directions in a

*hexagonal crystal are (1) the symmnetry-axis, (2) all directions in the

basal plane, and (3) directions along a cone centered on the symmetry

axis, the apex angle of the cone depending on the SOE constants of the

hexagonal crystal under consideration. In the following report we

Is specialize the equations to the pure mode directions (1) and (2) and

st'- which TOE constants can be measured by propagating finite amplitude

waves along these directions. We end the report with some comments

about the way in which the theory can be handled for directions (3)

along a cone centered on the symmetry axis.



CHAPTER II

GENERAL THEORY OF NONLINEAR WAVE PROPAGATION IN SOLIDS

Consider a point P in the medium with coordinates ai (a,b,c) in

the unstrained state. Let the point P move to P' with coordinates

xi (x,y,z) in the deformed state. The components of the displacement

can then be written as

U x" a

V=y- b (1)
I" W=z-c

In the theory of finite deformations of an elastic solid due to

the large deformations involved, the initial coordinates of a particle

in the undeformed state are not interchangeable with the final

coordinates in the deformed state. The expression for the strain

energy in terms of the strains change correspondingly. In the

Lagrangian formulation, the strain is described in the initial or

undeformed state and the initial coordinates of the material particle

ai are taken as independent variables. The Lagrangian formulation is

used in the theory described in this technical report.

The Lagrangian strain parameters which are components of the

": finite strain tensor are given by9

1 n= (2)

, where J is the Jacobian matrix given by

7
I-.-

%- -.
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ax ax ax + U au aU-
aa iEb ac aa ab ac
2 _y 2_z  2z aV 1 + V a (3)
aa ab ac aa ab ac-

az az az aw aw a ""a D6 Tc " a ab a

If we write U ,  =V etc.

1+ U a Ub U c
J= V + V V (4)a+Vb V;

Wa Wb 1 + Wc

J* is the transpose of J given by

.I + Ua  Va  W
a a a

J* ub  I + Vb wb  (5)

U V I + W

and

1 0 0

= 1 0 (6)

0 0 1

• b y 9
is the unit matrix. The stress-strain relation is given by-

= (p/po) J (OW-)J* (7)

where a is the Cauchy stress tensor and pO and p are the densities in the

undeformed and deformed state, respectively. * is the strain energy per
unit undeformed volume and
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an. i ,2.n

" :i L 2L 2L (8)
an an21  an22  an23

an31  an3 2  ari 33 ,

The properties of the crystalline medium enter into the theory through

the strain energy term o. Many deformable media with crystalline

structure are elastically insensitive to certain prerotations depending j

upon the symmetry of the medium. For those rotations to which the

medium is insensitive we have the relation

3 1 *(R*nR) = O(n) (9) -1

where R is the rotation matrix and R* is the transpose of R. 0 can be

expanded and written as a sum of terms of different degrees in the

elements of n as follows: 0--

"-0 = + 01 + 02 + 03 + ... (10)

S.i In that case the series relation l -

0 (R*nR) = $.(n) ()

.: holds good, 0 being homogeneous functions of degree j in the elements

of n, J = 0,1,2,3 ... In terms of the elastic moduli, Eq. (10) can be

written as:

..-

.. .. . .. . .*.. .....

. ..
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00 + kl Ci nij + k2 Cijkk nij nk..

+ k C 1 .. (12)
3 ijknmn ij nki nmn +.(

where the C's are the elastic constants and kn is a constant factor

depending on the definition of elastic constants. If the initial

energy and deformation of the body are neglected, the first two terms

-- in (12) are zero, and

*=k2 Cijki nij nkt + k3 Cijkxmn nij nkt nmn + (13)

As is well known, CijkZ are the second-order and Cijklnn are the third-

order elastic constants. In accordance with Brugger's thermodynamic

definition of elastic constants,16 the factor kn Is So, based on

that definition we have k2 = and k3 = Using single subscript

notation instead of double subscript notation for elastic constants and

using Brugger's definition of elastic constants, the general expression

I for 0 can be written as

: = Cp nij nkt + Cx nIi nka nn + higher order terms (14)

where X -i ij, v ki and v - mn. The second-order stiffness C form a
Ali

fourth rank tensor containing 81 components, of which 21 are independent

for the most unsymmetric triclinic and the third-order stiffness form

a sixth rank tensor with 729 components of which 56 are independent for

a triclinic crystal. The number of elastic constants decreases con-

siderably for crystals of higher symmetry.

".. .... .. ,
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Equation (14) for the strain energy takes appropriate forms for

.a- crystals of different symmetry. The number of elastic constants in " "

, different crystal classes have been worked out by various authors and

have been presented in a tabular form by Hearmon which in conjunction

with Eq. (14) conveniently can be used to obtain an expression for the

strain energy of any class of crystal.

* .o The principle of conservation of mass along with the definition

of J leads to the relation

J = /p (1 + Ua + Vb + WC) (15)

The equations of motion for an elastic medium are restatements of

": Newton's second law. For convenience one can introduce the stress

tensor T, which is not symmetric, as

T J('O)(16)an

* with nine components. This expression allows one to write the equations

of motion as

wT - PO (17)

Ba. 0-UDa

in the Lagrangian coordinate frame.* These equations of motion take

*. " *In the Eulerian coordinate system the corresponding equations of
motion are Do-: x-j = p  ":

where o is the Cauchy stress tensor which is symmetric and x. are the
coordinaies of the particle A in the deformed state.

. ..
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particular forms along the axes. Along the a, b and c axes they are

0o = aT11/aa + aT12/ab + aT13/ c

PO V = aT21/aa + 3T22 /ab + aT23/ac (18)

W = T31/aa + aT32/3b + aT33/ac

From Eqs. (4), (8) and (16), the stress matrix T can be written in

.. component form as "

T11  T12  T13  J11  112  113  an11  an2 an1 3I- =L (19) - -

T21  T22  T23  J21 '22 J23 an21  atn22  an23

T31  T32  T33  J31  132 133 an31  an32  'r33)

1 From this we can write down the components as follows:

T i + j + j "'

= 11 1......L+3 + '13arl Irman 31

! T12  11  al +J 12  4 2 + j13 atn32

T 1 _4 _+ j _L + j 1  -.
* .. T13 =11 1-J 2 L~ 13 2.'Tl 3  '12 n23  3 arn3 3

T21 i at+ ._ + i a
21 21 "Ill an21  123 an31

T22 = 21 an12  22 n 2  J23 n3 2  2 (20)

= 2 1  L ~ 22  L, 2 .T23 =J21 M + j 2M + 23r

an3 2 23  an33
T .i .+j i- + L

"~ 13 12 'r131.. l 1 32 an21  a13 n3 1 .-.

L T . +J - + j L

! L 32 031 .32 33
-.2  '= l anl 2  32 an22  ' an3 2

T-' T33+ 0312p-++ j3333 31 an3 32 an23 33 an33
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Note that the T,, tensor defined here is not symmetric.

I We will consider the case of plane finite amplitude waves

propagating along the axes of the medium under consideration. For plane

waves propagating along the a-axis the displacement components become

U = U(a,t)

V = V(a,t) (21)

-"W - W(a,t)

For this special case, the equations of motion given by Eq. (18) become

PO U = aTl/aa

PO V = aT21/aa (22)

o ( T11PO =a /3a

p0 W= a 31/a L

Similarly for plane waves propagating along the b-axis, we hdve

PO U = aT12/ab :

PO V = aT22/ab (23)

PO W = aT32/ab

and for plane waves propagating along the c-axis, we have

rOU = aTI 3/ac
" PO = PT2 3/ c (24)

P0 W = aT33/ac
I-. .'-"

. .........
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These equations are written out in more explicit terms and solved

~~ for crystals belonging to hexagonal symImetry in the following chapters.

The eAtc strain energy appropriate to the crystal symumetry is

- obtained. Only terms up to third order are retained in the strain

energy expression as we are interested only in the first order of

nonlinearity which is enough to account for most of the nonlinear

properties. Moreover, inclusion of fourth- and higher-order terms make

the algebra unwieldy.

V

p 
7-
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CHAPTER III

SECOND HARMONIC GENERATION OF ULTRASOUND IN CRYSTALS

OF HEXAGONAL SYMMETRY

There are two classes of crystals with hexagonal symmetry, one

with the Hermann-Mauguin symbol 6, [, 6/m with 5 second-order and 12

._ third-order elastic constants and the other with the symbol 622, 6mm,

*i2, 6/mmm with 5 second-order and 10 third-order elastic constants.

Since most of the crystals with hexagonal symmetry belong to the

second class, we will confine our attention to it. The figure of the

hexagonal close packed structure is shown in Fig. 1. A drawing of t

.- the coordinate frame and the basal plane are also given in the

figure. The five SOE constants are C1l, C12, C1 3 , C33 and C44 and the

ten TOE constants are C111, C112, Cll 3, C123, C133 , C144, C15 S, C222, L

C333 and C34 4 .2

As has been shown by Borgnis and by Brugger, any axis in the - -

U xy plane and the z-axis are directions in which pure mode longitudinal L

wave propagation is possible (in the linear approximation). To be

consistent with the general theory in Chapter II, the x-direction is

represented as a-axis and the 600 rotated direction from the x-direction

is designated as a'-axis. The z-direction and c-axis coincide.

Using Brugger's definition of third order elastic constants,

expression for the strain energy density for hexagonal crystals is L_.

given by:

15

K. " ""
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Fig. 1. Hexagonal close packed structure.

--L.. ..

* * . . . . . . . .. . . . . . . . . . .
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PU1 2~ 2 2 22,0 C 1 ( + 22 12 n2

+7 C 12 _ 1 21

C12('11n22  " 2 1 21

+2"3 + 1 2•.+C13(nllnr33 + n22n33 ) + 7 C33n332

+C 2 2 2 2
+C44(n13  + '31 + T23 + n32

1 3,

+ C 11(ll + r22 )

r + C11 3n3 3 (nll + n22 )2 + C1 3 3 n3 3 2(n + 2)_

+ C144(nl1  + T22)(123 + n32 + 2 2+ n31) 2 + (1 2 + 1 ) ] "

12 ~ 2 2+ U 9 7 C1 66 (nll + n22)[(n11 " n22) 2(r112 + "21

:. + 266[('nii - 22)3 -6n2 + Tn212)(111 - 22):1 32 2 2

SC333n33 + C3 44 n3 3 (n2 3  + 132 3 + '31 i

1 2 2 2
+ T C366 n33[(nll n22) + 2(n12 + n21

+ 2Cn2 2 2 2) +-4(

2C456[(n22 - "11)23 + n32 "13 "31 + 4(12nz331"i

+o. "}21n32n13)] . (25)

In this expression C166, C266, C366 and C456 are combinations of TOE

constants given by

C (-2CIl C + 3C.-

C166 - " C112 + 3C2 22 )

tL.. C2 66 = 2Clll " C112 " C222 )

(26)
C366  --(C113 - C123 )

C456  (-C14 4 + C155)
IL.

"'. . . -



18

Einspruch and Manning12 derived the above expression using Birch's

Adefinition of TOE constants. That expression can easily be converted

into Eq. (25) which was Brugger's definition. The relation between

'I Brich and Brugger TOE constants can be obtained from the relation

c(Birch) = M c(ugger)16  (27)

where M is the possible number of ways in which C... can be expressed

in tensor notation.

The strain derivatives of the elastic energy can be obtained by

ir differentiating Eq. (25) with respect to the nine components of the

strain parameter. They are given by

+ n + + C +1 Cln 1  
2  C1 + I 2i nil 1 l In11 12n22 1l3n33 I nl 2 + + 1 I T 2 •

+2 + C+ C1 '.
-, 1 33 n3 3  C11 3nl n33  I 1 3n22n33

. 144 
2 + C144n322 + + C14 4 n31

2 + * C16 6 n1 1
S+ C144n23C14 n ..-.

1 2 2 2

T 16022 16Tl 1 r22 66l22 62 1

2 C266n 1  C266nlln 22  -266 22 266n2

- C266n212 + C366nlln 33 - C366n22n33  2C4 56 n2 3
2 - 2C4 56n322

+g" 2C + 2C (28a),--
" 2C456n13  2C456n31

-C1 In21 - C12n21 + 2C166nlln 21 + 2C166n22n21 - 266nlln2

+ 2C266n22n21 + 2C366n33n21 + 8C456n32n13 " (28b)

mL

L
,. ,.-,-- .- V.- -.
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n31  2C44 31 + 2C144 +11n31  2C144 +22n31  2c344n33 31 " 4C456122131

+ 4C456rl In31 + 8C456n12n23 . (28c)

' -n12) - C1in12 -C 12n12 + 2C + 166n22n12  2C266ni n12

+ 2C266n22n12 + 2C366n33n12 + 8C456n23n31  (28d)

¢=Cl + C + C ICl 2 +

T22 11'22  Cl2nl+ C13n33 + 2 2 lln"l22

+ 24 1 C n 2 + Cn C n
S+ 111n22 + 133r33 113lln33 C13n22n33

+C 2 + c 2 + c 2+ C 2 i
. C144n23  C144n32  C144n13 + 4431

T -c 166 T1  + 2 166 r'2 2 -C 166n11In22 +4 6r1

+ C16 6n2 1
2 - -C 266nll 2 + C266nlln 22 - C266n222

C+ 2622 + C6 2n62 + c 366n22n33 - C366ni4533 + 2C. 4 6 2326n 2 2 23 . -_.-

S2C n 2  2C 2  2 2 (28e)
45632 -C456rn3 C456n31

2C n€ + 2C+ 2CI +2 +4

- 2C44n32  2C144nl1ln32  144n22n32  2C344n33n32  4C456n22n32

rn32  -

- 4C156n1ln32 + 8C456n21n13 . (28f)

C + 2C1
.n13  2C44n13  144nlln 13 + 2C144n22nl3 + 2C344n33n13  4C456n22nl3

+ 4C456nlln 13 + 8C456n21n32 . (28g)

. ...
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0 - -C44 n•3 ,
S2C44n23 2C144n11i 23 + 2C144n22n23 + 2C3443323 4C456n22n23

" 4C456nlln 23 + 8C4 56n12n31  (28h)

-.. 3 = C13  + C 1 3 +22  + 1 C3 33n3 3
2  C133nl1n33  133n22n33

+• C+ +13n11 2  L 33n3 + C + C
I 113n1 1 13lln22 2 113T22 C344n23  C344n32

C341 2 +C 2  1 2 1 247 C 3+n 1 + C - C36 n 1 2
+ 344n1 3 C344Tn31 T 366n11 + f366" 22 . 366n'lln22

2 2(8i
+ c36 6n1

2  + C366n21  (

To derive expressions for Tij, the given by Eqs. (28) and

the components of the Jacobian matrix are required. The components of

the Jacobian matrix in terms of the displacement gradients are (from
Eq. (4)): "-

= + Ua = I + 3U/Ba

J12 =Ub= aUl/ab

013 Uc au/ac
= Uc =-.

1 21 a VD

,= 1 + V= + aV/ab (29)

-23= = aV/ac

=31 Wa .W/.a

= 32 ' Wb  aW/ab

S.33 = I + Wc = + aW/ac

4* -. . .• .-
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The strain parameters can be expressed in terms of displacement

gradients if we substitute (4), (5) and (6) into (2). Substitution

and simplification give the following expressions for nij

1U2 2 2
r+l -Ua + +a +W a

" 12 1 (Ub + Va + UaUb + VaVb + WaWb)

'13 = 31 = (Uc + Wa + UaU c + VaV c + WaWc) (30

1 U2 +V2 +12)

1

n2 + Vb  + (Ub + Vb2  + Wb2 "

n23 = 32 =(Vc b b c b c b c
1 2 2

n33 =Wc + 7(Uc + Vc + W )

To evaluate all the Ti s, we need the quadratic terms also in*I-J

nij; i.e., we have to evaluate n 2 n11n2, etc. Retaining terms

only up to the quadratic, we get the following expressions for these

terms.

n 2 (31a)

nil a
• "" 2 V 2  :'

22 (31b)

: - ~ ~~2 =c2 J ''""..
W (31c).. :,:.n33 .- .,

"" ll 2 2  Ua Vb (31d)

= ac (31e)

=n2233 VbWc (31f)

2 2 1 2 2
.U n (U + V + 2 UbVa) (31g)n1 nb" T, b'
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2 312 1I 2 W2
--' 3 UcWa 31 h)

"13 "32 T4c b cab

'nT21 ",,2 (U 1 + 2 +va (31j)

"l11 =3 T "1 '31 = (UaU + Ua~a) (1i

IN , +(U +u ) (31k)

r,1T23 r, T132 f ~(aV a b)1L

* "22 r12 T122"21 IN% + V aVb) (31m)

r - T'2 2 r3 ="22"31 = f(Vbuc +V bWa) (31 n)

r22T32 1 22T'23 b ~(bc b Vb)(3)

r 33T"12 T 33T"21 - (WcUb + WcVa) (31p)

"33"1 3 r 33T"31 IN- (wuc +W aWC) (31q)

"33"2 + W313 - w (31r)
T33"3 T3r 2  (WCVC Wc b)

T'12'113 T"21 "'l3 ="21T'31 =l "2T31

IN .~ub + UbWa + vavc + VaWa (31s)

* 12 "2 3 ="12r32 =2 "2l23 T'21 "32

b ~(bc A b~ + VaV + VaWb) 3t

Tl "3"23 T "13132 r "31 r23 T'31 "32
I v+ uW +V W WW) (31u)
c c c b a c Wa~b

f
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The strain parameters are expressed in terms of the displacement

gradients by the two sets of Eqs. (30) and Eqs. (31). Now, these

expressions are to be substituted into the components of the strain

derivatives of the elastic energy given by the set of Eqs. (28). The

resulting expressions and the components of the Jacobian matrix given

by Eqs. (29) are substituted into the set of Eqs. (20) to obtain the

expressions for the components of the stress tensor. After simplifi-

cation, the components of the stress tensor are:
T .C + V wc

= Ua C11  b C12 W " C13

+U2( 3 .,1 3 1
a 1 7 C111  1 ~ 166  T ~ 266)

~21 *1 1

+ W ("f C + If C144 + C456 )

2 1 1l 1+ Ub( C1 + C16 - C :66 .;
Ub (TC11  Y7166 7 266)

2 21 1 1c l
*b (7 12 7  111  7166 7 2 6

+ W b ("f C12 +~ T -14

~ C144  456)

+ U 2 1 C + C C1 + C456)

+ 7 1l3  44  14 C 456
2 1 1-

+ V + + C 45)-T
.- 13 44 C456

+• ' .' 2 1 _ +4 6 1. ".

Wc C13 + C133)" + Uc + V

+ UaVb(Cl2 + Cll1 - C166 - C266 )

+ UaWc (C13 - C113 + C366) -

oL. -.._
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+ VbWc(Cll 3 -C3) + VcWb(C44 - 2C456)

+ Uc a(C4 4 +Cl4 4 +2C4 56) +UbVa( C11 -2 C12 +c16 6 -C2 66 )

(32a)

1- 1 U 1 c1 )+ v8  (c c12)T1 b 11 1 12 a 11 2 )

+ UaUb(Cll + C166 - C266 )

VaVb(* Cl1  1 C12  C166  C266)

WaWb( Cl - T C12 + 2C456 )

+ UaVa( I 1) C12 + C166  C266 )

+ UbVb(C11 + C166 + C266 )

+ UcVc 44 + 2C4 56 )

+ UbWc(Cl 3 + C36 6 )

a c 366 +WaVc 2C4 56

+ UcWb(C44 + 2C456 ) (32b)

13= c  C44 + Wa C4 4

+ UaUc (2C4 + C13 + C144 + 2C456)

+ V V (C +2a c 44 + 2C456 ) + WaWc(C44 + C344 )

+ UaWa(C44 + C144 + 2C456)

+ VbUc(c 13 + C144 -2C456)
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+ VbWa(C14 4 " 2C4 56) + UcWclC 33 + C344)i+ U
+ UbVc(C44 + 2C456 )

+ UbWb(C44 + 2C456) + VaWb 2C456  (32c)

T21 = Ub( - g C 2) V C11 - C12)

+ UaVa (CI + C166 - C266 )

+ 1
UaUb(7 C11  - C12 + C166 - C266 )

+- + VaVb(Cll + C166 + C266)

+ VaW (C 13+ C366)

1 1 "
+ WaWb(7 C11 - g C12 + 2C456 )

+ UbVb(7 Clil 7 C12 + C166 + C266)

+ UbWc C366 + UcWb 2C456

+ UV (C4 + 2C456)

+ VcWa(C + 2C (32d)

c a 244 456)

T22 = Ua • C12 +Vb Cl1 +Wc • C13

2 21 1~ 1

+ uba(7 C12 + 7 C C166  c 2 6

+ u 2( c13 + 1c144 - c456)
166 26

P 2'

2 1,

+ U 13+"14,46
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E + Va2(l c + 1 c + 1 ca~ C 11  2 C16 6 + 266)

-+ v 2(3 C13 + 1 c + c 1 c

c ~ ~ CT1 4 1 44  C45 6 )

(7 C12 + C144  C456)

Wb (T. C11 + C144 + C456)

+ w 2(. 1  + 1 ": I
7 C 3 T 133) C Ca(TII-f12 C166+c266)

+ Ua c(C113 - C366) VbWc(Cl3 +Cll3 +C 366 ) *1

+ UaVb(C 12 + C111 -C 166 + C266 )

+ Vc Wb(C44 + C144 + 2C456)

cWa(C 1 44 - 2C456 ) (32)

T23 = V C44 + Wb C4 4

+ UcVa (C + 2C4 56 )

+ VaWa(C 4 4 + 2C4 56 )

.-. + UbUc(C44 + 2C4 56 )

+ VbVc( 2C44 + C13 + C144 + 2C456)

+ Wb c(C44 + C34 4 )

+ UaVc (C13 +C 144 -2C 456)

a+ Uab(C14 4 - 2C456)

&l1
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+ VbWb(C44 + C144 + 2C456 ) -

+ VcW (C + C344)

+ UbWa 2C456  (32f)

31= C4 4 + C4 4

+ UaWa(Cii (C 144 + 2C456)

+ VbWa(C12 + C144 - 2C456)

+ w Wc(C13 + 2C44 + 44)"

+ U -I C + 2C456)+ Wb(" C - Y C12  456)

+ UaUc (C44 + C144 + 2C456 )

+ V 4+ 2C456) -.

a+ VbUc(C44 _ 2C4 5 6)

+ ucWc (C44 + C344 )

+ ubvc 2C 456  (32g)

T32 Vc • C44 + Wb C44

+b " 1 1 +2C 4 56 )

+VaW( C11 - C 12 +2C 456)

an .-- - A.t~- '-;
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+ VbWb(C1l + C144 + 2C456) t

+ UaWb(C12 + C144 - 2C456)

+ Wb c(C13 + 2C44 + C344)

+ UbUc(C44 + 2C456)

+ VbVc(C44 + C144 + 2C456)

+ UaVc(C144 - 2C456)

+ VcWc(C 44 + C344) L

+ VaUc 2C456  (32h)

T 33 u a C13  b C1 3 4 , c 33

+ u~( C 3  +
. u 13 f C113 f 366

+ U~2~ c3  + 1I c3 )
( 7C 13 + C366)

* b v.(7C 13 4. C113  ....662 11

S( C33 4 C344)

W a (C44 + C13 + C344)* 2 11

,~ ~ b(44 1 c3  344).
+ b ( 44 + C13 + C344)

S..

i.
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+ Wc2(4 C33 + c333) + UcWa(C44 + C344)

+ VcWb(C44 + C344 ) + UaWc(Cl3 + C133 )

+-V C + UaV (C - C j32i)
bWcl3 + 133)  a Ub113 366 ) + UbVa(C 366 ) (321)

A. Longitudinal Wave Propagation along the [100 Direction (or a-Axis)

*We intend to propagate only longitudinal waves for two compelling

reasons. First, the capacitive receiver used in the measurements responds

*+ only to longitudinal displacements; second, the transverse modes are

" .always coupled to the longitudinal modes as is evident from the

expressions for the stress tensor given by (32). If we calculate the

: :transverse displacement derivative of the Tij given by (32) along any

direction, we find that in the nonlinear terms the longitudinal compo-

nents always contribute to transverse waves; i.e., transverse waves never

propagate as pure modes. This is in agreement with the theory of

33Goldberg on isotropic solids. On the other hand, longitudinal waves

! propagate as pure modes in certain directions and are coupled only to

their second harmonics in these directions.

For plane longitudinal waves propagating in the [100] direction,

the displacement components become

U = U(a,t), V = V(a,t), W W(a,t)

or Ub, Uc, Vb, Vc, W and W vanish. So for this case the set of

equations (32) simplifies as follows.

. . *-'.*. '..

m . . . *.i**
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Tl Clu +(I~ C11 + T C111 + 'T C166  7 C26 6 )Ua2

+ C i + 1 - )v 2
T 11 17 C 16 6  T 266)'a

1 1  C1 + 2 (33a)
+ (TCi+ .4 46W

T12 = (C1" C-2)Va + 1i l " C12 + 2C166 " 2C266)UaVa (33b)

13= C44 * Wa + (C44 + C144 + 2C456 )UaWa (33c)

i: -.. T21 = (c11 - Cl2)Va + (C11 + C166 - C266)UaVa (33d)

T22  C12Ua 12 +  CllI C166 266)Ua

(7 C1  + Y C1  C66 .

+ ( C12 +1 2 (33e)
2 C144 -,

K T23 (C44 + 2C456)VaWa (33f)

T31 4 + (Cl + C14 + 
2C456)UaWa (33g)

T 1 1 + 246VW(33h)
32= (T Cll - C12  

2C4s6)Vaga 3h

T33  13Ua 13  C113 + C366)Ua

1( C13 + c366)Va2

,+ C44 + 1 C13 + Y C344 )Wa (331)

IL.,

The equations of motion for plane wave propagation in the [100]

direction are

iL

. .o. . . . .
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PO = 3T11/aa

PO V = aT21/aa (34)

P OO = 3T3 11aa

Performing the differentiation and substituting for aTll/aa, etc., we

get
L

'.-. P j =  11Uaail
II.;

p0 U 3 + = C +C )

1+ (3C 11 + Cl1 + 3C166 + C266)UaUaa

• L

* (C11 + C166 - C266 )VaVaa

+ (C11 + C14 4 + 2C45 6 )WaWaa (35a)1LC 1,26(aa V~a
0 = 2ll Ci2 )Vaa + (CI1 + C166  C26)(UaVaaV

(35b)

m pO C4 4  Waa + (C1l + C144  2C456 )(UaWaa 
+ WaUaa) (35c)

where
.
2u

U =u~- etc.
at

U , etc.
a a

a2
U aa ' etc.

For longitudinal waves along the a-axis we have

V a0 and W=aO.

ILSo. the equation of motion for this case reduces to
........................................................ *. --
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at auu 2u

+ (3CII + C 1 + 3C166 + C266) L • - (36)
aa

or
2 u u = au au (37)

at aa aa

-- where

= ClI

and

o = 3C11 + CI1i + 3C166 + C266 .

* B. Longitudinal Wave Propagation along the [010] Direction

For this case the only nonvanishing displacement components are

U= U(b,t), V = V(b,t), W = W(b,t)

So for this case the Til's given by Eqs. (32) simplify to the following.

=i C12V + + C
I -

,  12v - ) ( C 1 1 + C166  266)Ub b (--b

• .-: + ( 12+ il c11 166 + 266)v,,

i~i: ( 12 +  144 -C4S )b (38a) .:.:

CIO = 1I-C2)Ub + (Cii + C166 + C266)UbVb(8b :.'.

T 13 (C44 + 2C456)UbWb (38c)

, 2. =1 .c 1

kT21 (CII -Cl2)Ub+ (T 11 7 12 +C16 6 +C2 6 6)UbVb (38d)

-.7.- "
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C1 1

2 .. b C11 +IC 166  266)Ub

3 *1 2 l6

e: ( + I C144 + C456)Wb (38e)

II
T23 = C44  Wb + (C44 + C144 + 2C456)VbWb (38f)

-- 1 1 * )b b (38g)

! T31 = ( c C12 + 2C456)UbWb

T32 = C44Wb + (C11 + C144 + 2C456)VbWb (38h)

13b 13 1 366)Ub2T33 = Cl3Vb + 1 C13 + 1 C .

( C13 + 7 113 + 7 C366)vb

I ! + ( C13 + C44 + C (381)

The equations of motion for plane wave propagation in the [010]

I direction are

.:. pU = 3T12/ab

p6U aT22/ab, and (39)
pW = aT32/ab •

Differentiating (38b), (38e), and (38h) we get

• : T12 C
A "iC C12) Ubb

+ (C11 + C166 + C266)(UbVbb + VbUbb) (40a)

~~~~~• * * *. .m .
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a = Cvbb + (Cll + C166 + C266)UbUbb

+ (3C + C + 3C C2)VbV

+ (Cll + C144 + 2C456)WbWbb (40b)

K:!: aT 32 -

ab C44 Wbb + (C11 + C144 + 2C456)(VbWbb + WbVbb) (40c)

For longitudinal waves in this direction, we have U = 0 and W = 0.

So the equations of motion reduce to

a2V a2v
0 C11 I2

+ (3Cll + C ll + 3C 66 - C266) 2a-v V (41)
111 66 26 ~E abT

or

2s 2a v a V = v a aV
PO (42)2ab bat ab a

where

.= C1 .

and

= 3Cll + C 1  + 3C166 " C266

C. Longitudinal Wave Propagation along the [001] Direction (or the

C-Axis)

For this special case the only nonvanishing displacement

components are

U U(c,t), V = V(c,t), W W(c,t)

. .. .".
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Ua)Ub Va Vb Wa and Wb vanish. To the T. 's for this case reduce
a b' a " a b )

to

T 1 C3(7c C 13 + C 4+ Y C144 + C 456 )Uc2

(C £13 + C~ £144 - C456)Vc TC1 3 1 133) (43a)

T12 =(C 4 + 2C45 )C (43b)

T 1=(44 +2 456)UcVc(4d

122 £1 U + 1C 1 4c
(7 £13 33 144 -c 456 U

T 21 (C4 + 5)U£ (43d44)C4 6)c2

T 22 c 3 + 13 (43144)

+ 2 C + (C + C)cc +(C3f)

*~~~1 31=CUc+(44 1 C44U~ 456g

+ C44c+( 4 + C 3 4 cc (43e) -

* 1323= 443 c +1.33 +- 34 4 )Uc

31~ ~ C4u 4 34 )c~ ((4C 33

(1C+1 2 +3 +1 23 3 W (431)

The equations of motion for plane wave propagation in the [0011

direction are
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U= T13/a

VO DT /Tac (44)

PO= aT33/ac

Differentiating (43c), (43f) and (43i) with respect to c, we get

DT13/ac C + (C3  + C34 )uW +wU~ (45a)13 44cc 33 344)(ccc c c

aT23/9c= C44VCC + (C 33 + C 344)(VcWc + WcVc) (45b)

aT 33/ac C C33W cc + (C 33 + C 344)UcUcc

+ (C3  +C

+ (3C33 + C 333)WCW cc(45c)

*For longitudinal waves in the c-direction, U =0 and V =0. So the

only equation of motion that does not vanish is

po- C W ~+ (3C3  + C3 ) W 9 W ~ (46)
at ac ac

orii2 22
a-W C3  ac W (3C3  + C3 ) E (47)

which can be rewritten as

2 2 2 (8
a - a W awa wLat ac ac

where
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-- C33

and

= 3C33 + C333 . -

D. Solution to the Equations of Motion

The equations of motion for longitudinal waves propagating along

the [100], [010], and [001] directions given by Eqs. (37), (42), and

(48) have the same general form given by

PO U"Uaa = UaUaa (49)

r. -

So we see that a pure mode longitudinal wave may propagate in a non-

linear hexagonal solid along the three directions [100], [010], and

[001). As other workers have noticed for cubic crystals [20], the non-

linear term causes the wave to generate harmonics as it propagates. In

order to solve Eq. (49), a perturbation approach is necessary. Let us

try the solution
U

U = U1 + U2 . (50)

Here U1 and U2 represent, respectively, the approximate solutions of

first and second order of the equation. By substituting Eq. (50) into

Eq. (49) one gets

PO + PO 2 - Ulaa " ClU2aa 6(Ula +U 2a)(Ulaa + U2aa) (51)

Keeping only first order terms leads to the linear wave equation:

,: ,--':.'
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PO U1 - L Ulaa =0 (52)

where (a/po)l/2 = C0 is the phase velocity of the linear wave. Sub-

stituting (52) into (51), we have

PO U2 - U2aa = 6[UlaUlaa + (U2 a U1aa +U laU 2aa +U2 U2 aa (53)

Since U2 << U1, the second and third terms on the right hand side are

very small compared to the first term. Thus, to a second approximation

the solution is reduced to

Po U2 - U2aa = UlaUlaa (54) L

We impose the boundary condition that

U1 = A sinwt .
where a =0 (55)

U2 =O

* Thus, a solution for the linear equation (52) which satisfies the

boundary condition is

U1 = A sin(ka - wt) . (56)

Now, substituting (56) into (54), we may rewrite as follows:

1 3A2
PO 2 - U2aa y 6 k A sin 2(ka - wt) . (57)

Taking into account the boundary condition (55) for U2, we use a trial

solution in the following form:

° - -
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U2 = B a sin 2(ka -wt) + C a cos 2(ka -wt) (58)

• where B and C are coefficients to be determined. Putting the solution

S..into (57), we get

4(-W 2pOBa + k2 aBa + kaC)sin 2(ka - wt) +

4'2C 6k3A 24 kaB + k aCA)cos 2(ka - wt) = 3 sin (ka - wt)

Now, equating the coefficients on both sides of the equation we get

- 2 poBa + k2aBa + kaLC A- 6k3A2,

and (59)

2-W poC - kaB + k2aCa =0

But

and omo..-

so Eqs. (59) become

C02k2 poBa + k2poC 2 Ba + kpoC02C k3A2  (59a)

and

SC 2 k2poCa kpoCo 2B +k oCoCa 0 (59b)

00 0k2  C:

Dividing Eq. (59a) by we get ...C0 .

u. C- U . 2 . (60a)

* .. .O.
,

. . .. . . . . . . . . . * . . . . .. .-. . ° . ,...



40

2Also, dividing Eq. (59b) by kpC 0  we get

. B 0. (60b)

-. So, after one iteration the solution to the equation of motion

becomes

- U(a,t) - A sin(ka - wt) *1
' .~6(kA)2 .

--]- la cos 2(ka - wt) (61)
8PoC0

The equation of wave propagation In the nonlinear regime as L

given in Eq. (49) was

* d2u d2 u du d2u (62)VO oo z a (62) -
dt da da

Breazeale and Ford20  write the same equation from the fluid analogy

(for cubic crystals) as

d2u d2u du d2u) du d2 uK -+ 3 -v) + K3
dt da da da da

or

d2 u d2u du d2u"0 K 2  2 a (3K2 
+ K3 ) " d " (63)

dt da da

Equations (62) and (63) are the same if we put I
K

and (64)
6 = (3K2 + K3)

2 .
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Now, if we consider the linear wave equation (Eq. 52) we can write it

as

d u d u
dt 2 da

or

d2u d2u
- (~)(65)

Comparing this with the linear wave equation

d2u C 2 d2u, -- C02 (66)..:..

V0

in which C0 is the phase velocity (for small-amplitude waves), one

sees that

" i = K PoCo 2  (67) L

- These substitutions allow us to write the solution to the nonlinear

fl wave equation (Eq. 61) as:

u(a,t) A sin(ka - wt)

- [ ](kA)2a cos 2(ka - wt) (68)

in complete analogy to cubic crystals; however, the expressions for

a and 6, or alternatively K2 and K3 must be examined for hexagonal

symmetry.

L

JL.

. . .
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E. The Ultrasonic Nonlinearity Parameter for
Hexagonal Crystals

As in the case of cubic crystals (1), we can define the

ultrasonic nonlinearity parameter for hexagonal crystals as the nega-

tive of the ratio of the nonlinear term to the linear term in the

nonlinear wave equation [Eq. (63)]. It is given by

- -(69)

For an initially sinusoidal disturbance at a = 0, the solutions as

given by Eq. (68) can be written in terms of the nonlinearity parameter

iT as

A 2~

u = A1 sin(ka - Wt) +-T-B cos 2(ka - wt) (70)

A 2 k 2a
where A1 is the amplitude of the fundamental wave and A2 =1 B

is the amplitude of the generated second harmonic wave. In terms of A1

and A2, is given by

'A2 1 (1
211S= 8(-;--) .(71)

So by measuring A1 and A2 one can determine B which can be used to

evaluate the 's which are combinations of SOE and TOE constants, or

the K3's which are combinations of TOE constants only. The parameters
6b. 3

a (or K2 ), 6 (or (3K2 + K3 )) and K3 (or (6 - 3K2)) for the three

symmetry directions considered in Sections A, B, and C given by Eqs.

(37), (42), and (48) are written in a tabular form in Table I. Note

that C166 and C266 are combinations of TOE constants (given byK2
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Eqs. (26)). In Table I we have given the K 3 parameters in terms of

I ii these combinations as well as in terms of the independent TOE

constants.

F. The Equations of Motion when the Coordinate System
Sis Rotated by 60° about the c-axis

In the remaining calculations we will consider the nonlinear

equation of motion for various directions in the basal plane. As

was shown by Borgnis 6 and Brugger,7 any direction in the basal plane

is a pure mode direction in the linear approximation. By determining

the nonlinear equation of motion for several directions we can gain

insight about the way the nonlinearity parameter changes as the L

propagation direction changes in the basal plane.

In order to derive the equations of motion for waves generating

along the a'-axis, we have to derive the expression for strain energy

:; in the frame of reference in which the a-axis in the original frame

is rotated by 600 about the c-axis. Consider the propagation of

I plane finite amplitude waves along the a'-axis. Rotate the basal plane

in the original frame by 600 or about the c-axis. So the coordinate

frame formation can be written as

- a a

b = (R) b (72)

c c

where the rotation matrix is given by

: .~:.' ..
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cos e sine 0

(R)= -sin e cos e 0 (73)

0 0 1

where e is the angle through which the original basal plane has been

rotated about the c-axis. We rotate the a-axis by e = 600 in which

case

1/2 /3/T 0

(R)= 317 1/2 0 (74)

0 0 1

Let us define the displacement components in the new coordinate system -

as

u= ul (a',t)

v v' (a',t) (75)

w' -w' (a',t)

etc.

Using the transformation matrix as given by Eq. (74) one can

transform the strain components by [9]

(n) = (R*)(n')(R) , (76)

where

1/2 -/37 0
R*= /377 1/2 0 (77)

0 0 1

.........................
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to arrive at the following expression:

-1/2 -v13/2 0 nil 12 i 1/2 r3-1/2 0

n J'2 1/2 012l n 2 n,3 -/312 1/2 0 (78)

P ,0 0 in31 n32 n33 0 0

Multiplication and simplification lead to the following expressions

- for the strain components in the original frame of reference expressed

" in terms of the strain components in the rotated or primed coordinate

system.

. rill = ill - nI1 2 - n21 +l n~22L

vg , 1 , 3 , a g
nl12 = ?Fll + i11n2 " 2 -F n2 1  n21 ,3 1

T2l 11 T~2W2 T W 12

nil2 =r-n I +n2  nn1 27n123 l 3 3 n23

n2l T rl - Tn12 + n21 n22

1132 nf3 l + n132

n3 I n 31+T 3

n33 = n 33

I.

- n 1 .. 31".. . . . ..... ,.:"
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Substitution of Eq. (79) in Eq. (25) gives the following expression

for the strain energy in the primed coordinate system.

,, 1 + (n12)2 2 2
"-: , ,n12  21+ (n2) 1 2

+ C12 {niln22  - -(n - (ni

+1 C (n )2

+ C13{niln 3 + ni2n31 + (n3)*. :. 
-i'.

: ":° 2 )2 2)2} -+ C44 (( 3)( + ni)+ (n3) + (n2 -
21

1 3 (n22 )2njl + ( 2 L
+ C11 1{(ni) + 3(nil)2ni2 + 2 )3 N.

-Cl 13  3 3{(n +)2 -+ (3) 2 + ) 21
+ +I+ ( 2 + ( 11

j- .

+ ( ni+ 3 n + (n i) 2 '
2, 2 , 2 - ' '

+ C 144(ni + n (n3) + kid + N3) + (n;).--

+ C- 661(nll + (n22)3 + 2(n n)2 il

V.2 2nl 7 ' 2il

• .. 

, .
.

.

-+ 2(n' ) n + - (n 2 n
.. + 2 (nl n l + (n 2n 2}  (nil)

3. 3 2n1Z l !::/. n )3 (ni2)2nil (n l nil-

ki Y 'Ti:::
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+ 3(ni 2 )2 nil -(nj 1)
2n 2 - , 21

S.--2 (ni 1
2ni2 - -- (ni2)12nl

+ (nil) n2 + I(n212 ni2 + gni2niln22

+ C344n;3{(n 3) 
2  + N2) + (hi3)2 + (nil)2

2 C366n 3{(n1  + 2(ni2)2 4 2(nil)2 + (ni2)2 -2nilni2

- "s, v',

+ 4 (nj) + [ hi2 + nil - - "22]

4 45- (nil + n32
1 , 21 .2 + 1 2

la f :- (2 + ) (n 3) + r. ni3n'3 +27 (fl3

1 2
- d + r3

+ ni 3 x1 ti 7 ( (ni T 21 - 7 n22]

+ ni3"31l T (nl + I (nid) I nil + T ni2

+ n-k---C. 321 11 i2 + ni~'l + 23ni

3 nil + (8)+ n3 2 n2 3  7" T i2 + T 2l + "i2  "

Once the expression for strain energy is obtained, one can execute

the algebra exactly as in Sections A, B, and C and derive the equations

, .

. . . .
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of motion for plane pure mode longitudinal waves propagating along the

[100), [010), and [001) symmnetry axes in the rotated frame of reference.

This has been done and we found that for these directions also the

equation of motion has the same form as Eq. (49) and its solution

follows exactly as in Section D. The parameters a and 6 appearing in

the equation of motion and the corresponding K 2 and K 3 parameters are

tabulated in Table II.

From Tables I and II one can notice that the a-axis and a'-ai

or the [100) direction in the original and rotated coordinate systems

V are equivalent. Similarly, the directions perpendicular to them which

are the [010) directions in the two cases are also equivalent. Of

* course, the c-axis is the same as before; e.g., the rotation operation

* 3 is performed about the c-axis.-

G. The Equations of Motion when the Coordinate System
is Rotated by 11/4 about the c-Axis

*In order to derive the equations of motion for the propagation of

plane longitudinal waves along the [110) direction in the basal plane,

we have to derive the expression for strain energy in the frame of

reference in which the a-axis in the original coordinate system is

* rotated by 450 about the c-axis. The coordinate transformation for this

case is:

al a

b (R) b (1

c' C
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~I1 where

1/ l/./2 0

R= -I//2i l//2 0 (82)

0 0 1

is the transformation matrix from Eq. (73). The components of strain

in the initial frame can be expressed in terms of the components of

strain in the rotated frame as

n = R* (n') R (83)

12 131 1 I2 llr 0 iT'1'12 1i3

i n31 n32 T33 0 0 1 in31 n32 ni33 0

(84)

. Expansion and simplification gives the following expressions for nij's

in terms of nii's..

ill = (nil - n12 - n21 + n22)

T12 = (nil i 2 "n2l "ni2

n13 =-I -n 23)

n2l = .(n I "n12 +21 n 22

n22 21 nil + n12 + n2l + nd2

----,-
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"23 (ni 3 + 13)

- 3 2 = ( n .n 3

n33 n3 3 (85)

* Substituting Eq. (85) into Eq. (25), we get the following expression

for the elastic strain energy in the rotated or primed frame of

-,.reference.

l--=1 , .2" +~C 1 1 [ "i1  + 222 + 212 :
12 12 2 2

i + ni2 + n33] + n

l 44 32+ + n12 + 1 + n)22) + _ C3 33 n 3
3

~1 4.3~ I 1 ~ 2 l
-. + [ I --

SC13 133lni1 + n 2n~nl + 4. ni

+ C( 3 + 2n 12 + 32+ 11 + -
-+ C44 [n 3 l + n2 2 .

: 133 ni [nil + ni2]:::

1 2 2"13 "31+ Cn + 2n

: ;.:: + C~~144(nil + rlni 32 + ,.k2 + ni32 + nil]!::!

2 2 32 ,2] ""
344, ,- , + nk + ni + n31
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m I + C166 (nil + n22)[n11  + n22 + 2n 2
2 + 2n21

2 " 2nlln 2)

3 3 2 2

.. _ nj n~ - .-~n1r 2

+ , ,2~ + 2 2nk12 + o 22. - 2]+ C366n 3[n1  + 2niIT n2 I niI ni I

+ 2C456[2( i2 + n21)(n 3ni3 + n31 3
)

+ 2(n i3nl ni23n32)(nil1  n

£ + 2(nhnk2 - ni3n31)(ln -ni] (86)

The derivatives of the strain energy with respect to the strain

components are obtained by taking the approximate derivatives of

Eq. (86). Then, substituting them in Eqs. (20), one obtains the com-

ponents of stress tensor. These stress components are differentiated

with respect to the appropriate displacement to obtain the equations

of motion for longitudinal waves propagating along [100], [010], and

[001] directions in the rotated frame which are, respectively, the

[110), [TIO, and [001] directions in the original coordinate system.

The algebra is similar to that performed in Sections A, B, and C, and

is not reproduced here.

It is found that for these directions also, the equations of

motion have the same form as Eq. (49) and the solution follows as in,.. -L::
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*Section D. So it is found that a pure mode longitudinal waves propagate

along these directions with the generation of harmonics. The parameters

a and 6 appearing in the equations of motion and the corresponding 1(2

and K(3 parameters are tabulated in Table III.

An examination of Table III reveals that for the [100) and [010)

directions in the 450 rotated frame, the K2 and K( values are the same.

I - This can be expected from the symmetry of hexagonal crystals. Obviously,

the values for the c-axis do not change, because the rotation was about

the c-axis. The 12values are the same, i.e., C11  for every direction

in the basal plane. This is consistent with the fact that the velocity

of longitudinal waves is the same (V 4_/1/p.) for every direction in

I the basal plane.-

H. Summary of Results

Tables 1, 111 and III. They predict the relative magnitudes of the

Usecond harmonic generated when waves are propagated along different

directions in a hexagonal crystal. The K( parameters for a-axis and

a'-axis are the same, i.e., (2C22  C11 ) The K( values for

directions perpendicular to them (the (010] direction) are also the

same, i.e., (5/2 C 222 - C11  - 1/2 C11 ) These directions make a 300

angle with the a- and b-axes. By symmetry the 30%, 900, and 1500

directions are equivalent and they have the same K3 parameter. The K(

values for the [110) direction and [T103 directions which make a 450

angle with the a-axis (and 15* with the b-axis), as given in Table 111,
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are the same, i.e., (9 3C 2- 1) By symmnetry the
4 (9222  C112 - -_ 1).

directions which make 150, 450, 750, 1050% etc. are equivalent and

-they have the same K3 parameter. Taking into account the symmnetry

of different directions we have combined Tables 1, 11, and III to

- make Table IV, which is a sunmmary of the results.

Another important observation that can be made is that the

*difference in K3 parameters between that for the a-axis and that for

the 450 direction is the same as the difference between the K3

parameters for the 450 direction (or 150 direction) and the 300

rdirection. The value of the difference is C266 or (2C111 - C112
* -~ C22 ) Note that always the angles of the various directions are

* measured from the a-axis which is taken as the [100) direction. The

average of the K3 parameters for (100] and 300 direction is the K3
- parameter for 150 direction (or 450 direction). This suggests

5
*.a diagram similar to the slowness diagrams of Musgrave, as shown in

Figure 2. However, in Figure 2 we indicate the magnitude of the K3

parameter in the basal plane. The slowness diagram for longitudinal

*waves in the basal plane of a hexagonal crystal would be a circle

because the velocity is the same in all directions. Even though the

velocity is the same in all directions, the amplitude of the generated

second harmonic varies with direction, as indicated in Figure 2. This

__ means that by measuring the second harmonic and calculating K3 along

the [100), the [110) and the [010) directions in a hexagonal crystal

one should be able to isolate C26  and the combination (C11  + 3C16 )

or equivalently, the combinations (2C22  1 2  n 3C1  C 1 )

Measuring K3 along the c-axis should give C3 .

3i33

........
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SFinally, according to our interpretation of the figure giving

$the pure mode directions in a hexagonal crystal in the publication of
15

Brugger, there remains a set of pure mode directions for which we

- have not yet been able to derive a nonlinear theory. These are the

directions along a cone whose apex angle is centered about the c-axis.

* - Such a derivation may be contained in a later technical report; how-

ever, at present it appears that the theory may become so complicated

that one can derive the results only for specific crystals rather

than in general terms as given above for the directions we have

considered.
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