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PREFACE
The theory of the propagation of a finite amplitude wave in ?;;ﬁ
isotropic solids and crystals of cubic symmetry was begun a number ;;;g
of years ago [M. A. Breazeale and Joseph Ford, J. Appl. Phys. 36, 3486- ézij

-
il

1

3490 (1965)], and subsequently was developed in terms of the elegant
_ Lagrangian formalism [Albert C. Holt and Joseph Ford, J. Appl. Phys.
i - 40, 142-148 (1969)]. This theory has served as the basis of measure-

-y, e
. [

ment of the third-order elastic (TOE) constants of many isotropic

solids (e.g., John H. Cantrell, Jr., Technical Report No. 14) and
i f* crystals of cubic symmetry (e.g., Jacob Philip. Technical Report No. 19).
For isotropic solids three TOE constants are necessary, and for cubic

crystals one finds six. However, many materials of technological

importance have lower symmetry than cubic. Therefore, it now is
desirable to determine which TOE constants enter into harmonic generation
in waves of finite amplitude propagating in crystals of lower symmetry.
K\ This Technical Report is the first effort in this direction.
“‘-\~§> The Technical Report gives a complete analysis of the theory of
rorear

propagation of a finite amplitude ultrasonic wave in aﬁcrystal of

hexagonal symmetry along the symmetry axis and along any direction in

the basal plane. From the theory we conclude that at least four of the
Foova order alastc
ten TOE constants can be evaluated from harmonic generation measurements

in the appropriate directions in hexagonal crystals. (1——~——-._

Completion of the Technical Report was made possible by the
efforts of Gonghuan Du whose meticulous mathematical efforts are ﬁ'ii
gratefully acknowledged. L;;;
1 o
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CHAPTER 1
INTRODUCTION

Although the nonlinear acoustical properties of fluids has been
studied for more than a century, a systematic study of the nonlinear
acoustical properties of solids actually began about three decades
ago. Work in this area gained momentum rapidly because a large number
of the basic properties of solids can be explained only on the basis
of a nonlinear theory. Among these properties are thermal expansion,
the interaction of lattice waves, inequality of adiabatic and isothermal
elastic constants, and the dependence of the elastic constants on
pressure and temperature.

As is well known, the description of the nonlinear properties
of solids is made in terms of the higher-order elastic constants. These
constants, coefficients of the higher-order terms in the relation between
internal energy and latti~e strains on a solid, are some of the most
important parameters in the description of the nonlinear properties of
solids. Their measurement, therefore, has attracted considerable
attention. The ordinary elastic constants, of course, are determined
directly from the sound velocity. They are the second-order elastic
constants. The third-ofder elastic constants are measured by techniques
outlined in a previous Technical Report.1 As was pointed out in that
Report, most of the measurements reported are on solids of cubic
symmetry with six third-order elastic (TOE) constants.. As the symmetry

2

is lowered, the number of elastic constants increases.” For example,
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crystals with hexagonal symmetry have 10 TOE constants and those with
trigonal symmetry have 14 (or 20) TOE constants.

Only very few measurements have been reported on the TOE constants
of hexagonal and trigonal crystals, in part because of a lack of a
general theory. The linear theory of elastic wave propagation along
different directions in these types of media has been given by Musgrave,3
Farnell.4 and others. A complete description of the linear theory has

been given by Musgrave.5

The purpose of the present study is to expand
on the linear theory to include nonlinear terms and to formulate the
theory in such a way that the nonlinear distortion of finite amplitude

ultrasonic waves in hexagonal crystals can be described.

In an anisotropic medium there are only certain directions along
which elastic waves can propagate as the pure longitudina! modes which
are of primary interest in the application of the harmonic generation
technique. Associated with any propagation direction there are three
independent waves, the displacements of which form a mutually orthogonal
set. In general, none of the three displacement vectors coincides
with the vector which is normal to the wavefront; i.e., in general, the
waves are neither pure longitudinal nor pure transverse. The specific
directions in which pure mode longitudinal waves propagate have been

6 for crystals with trigonal, hexagonal, tetragonal

determined by Borgnis
and cubic symmetry and general conditions have been established under

which pure longitudinal waves exist. In order to determine the third-

...................
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order elastic constants from wave Speed measurements in stressed
crystals, it is necessary to know these pure mode directions.

The theory of harmonic generation of longitudinal waves, which
is discussed in detail in later chapters, also depends upon avaijlability
of pure longitudinal mode directions. Using the method due to
Borgnis,6 Brugger7 has determined the pure mode directions for all
crystal point groups belonging to orthorhombic, tetragonal, cubic,

7

trigonal (rhombohedral) and hexagonal systems. Also Brugger’ has

solved the eigenvalue problem for each of these directions and

polarization vectors and the wave Speeds have been tabulated. A similar

description for transverse waves has been given by Chang.8

The theory of finite deformations and its application to
crystalline solids including nonlinear terms has been given by

Murnaghan.9 The theory has been applied to cubic crystals subjected

th

to finite hydrostatic compression by Birc and later by Seeger and

n 12 extended the theory to hexagonal,

13,14

Buck. Einspruch and Manning

tetragonal and orthorhombic symmetry. Thurston and Brugger solved
the equations of small ampliitude waves in a homogeneously deformed
crystal and expressed their results in terms of the "natural velocity"
and its stress derivative. They defined the "natural velocity" as the
length of the specimen in the unstressed state divided by the wave
travel time in the stressed state. They presented results for isotropic
and cubic solids. The necessary relations between third-order elastic

coefficients and stress derivatives of sound speeds along different

directions in crystals of orthorhombic, tetragonal, cubic, trigonal and
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4
hexagonal classes have been derived by Brugger15 using his thermodynamic ;;;j
definition of third-order elastic constants.'® Q}Qﬁ

The TOE constants of a large number of crystals belonging to cubic ;ﬁ;
symmetry have been measured. Most of these measurements involve __._4
measurement of the stress derivatives of ultrasonic wave velocities in ',,J
solids. The first measurement of this kind was by Lazarus'’ on KC1, ' ;
NaCl, CuZn, Cu and A1. Later Hughes and Ke'l]_y]8 made measurements on - ,;

polystyrene, iron and pyrex glass and reported the three Murnaghan TOE

constants of these materials. The first measurement of the complete set

of six TOE constants of a cubic solid was by Bateman et al.]g on ger-

manium. Later, measurements have been reported on many cubic crystals
by several workers. The values reported up to 1979 have been tabulated
by Hearmon.z
The second most widely used technique to measure the TOE constants
of solids is the ultrasonic harmonic generation technique developed by
Breazeale and Ford.20 Measuremenfs have been reported on a number of

21 The theory of second harmonic generation in cubic crystals

sotlids.
and the experimental technique has been described in detail in a pre-
vious report.] Also for a review of the work done on the TOE constants
of cubic crystals, refer to Hearmon2 and Green.22

Even though the TOE constants of a number of isotropic and cubic

crystals have been determined, not many measurements have been reported

on crystals of lower symmetry. In all the work reported on such
crystals so far, the hydrostatic and uniaxial stress derivatives of :;fg
ultrasonic wave velocities have been measured and the TOE constants .1¢f%

have been determined from those data. Since the number of TOE constants
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for crystals of lower symmetry is higher, a correspondingly higher ;;;4
L
number of careful measurements are to be made to isolate all the TOE ng
constants. In the following paragraphs we outline the measurements e
to be made on hexagonal crystals with 10 TOE constants. The values Sl
measured until 1972 on these soiids also have been tabulated by ?ﬁ_i
Hearmon. 2 ]

The complete set of ten TOE constants of the hexagonal crystal
Zinc has been determined from measurements of the hydrostatic and uni-
.axial stress dependence of ultrasonic wave velocity by Swartz and
Elbaum.23 They used data from twelve measurements for various propagation,
polarization and stress application directions to isolate all the 10 TOE
constants. An interference technique has been used by them to measure
the wave velocity difference in stressed and unstressed samples. They
have reported the temperature and pressure derivatives of the SOE con-
stants in their work. The Gruneisen parameter y of zinc has been
evaluated by the authors and the volume thermal expansion coefficient
calculated from that is in agreement with experimental value of the
volume thermal expansion coefficient.

The complete set of the ten TOE constants of the hexagonal metal

24

magnesium has been determined by Naimon, "  who measured the hydrostatic

pressure and uniaxial compression derivatives of natural sound velocities

using ultrasonic pulse-superposition technique. With the sample
oriented with faces perpendicular to the a, b, ¢ axes, four hydrostatic
and ten uniaxial experiments for different propagation and polarization
directions were used to determine the ten TOE constants. Even though

the hydrostatic pressure derivatives of the SOE constants of bery]lium,zs
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rhenium,  magnesium, ~ cadmium,”,

31

zirconium,  europium,

gadolenium,”  dysprosium,”  and titanium:n have been reported, that
information is not sufficient to determine the complete set of TOE
constants. The TOE constants of a number of hexagonal solids have
been determined theoretically by a number of workers using the method
of homogeneous deformations with different model potentials. For a

review of the theoretical work, refer to Ramji Rao and Ramanand.32

In the following report we develop the nonlinear theory required
to consistently describe the propagation of an initially sinusoidal
ultrasonic wave along pure mode directions in a solid of hexagonal
symmetry. As pointed out by Brugger.7 pure mode directions in a
hexagonal crystal are (1) the symmetry -axis, (2) all directions in the
basal plane, and (3) directions along a cone centered on the symmetry
axis, the apex angle of the cone depending on the SOE constants of the
hexagonal crystal under consideration. In the following report we
specialize the equations to the pure mode directions (1) and (2) and
sb~ - which TOE constants can be measured by propagating finite amplitude
waves along these directions. We end the report with some comments
about the way in which the theory can be handled for directions (3)

along a cone centered on the symmetry axis.
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CHAPTER I1
GENERAL THEORY OF NONLINEAR WAVE PROPAGATION IN SOLIDS

Consider a point P in the medium with coordinates a; (a,b,c) in
the unstrained state. Let the point P move to P' with coordinates
X; (x,y,2) in the deformed state. The components of the displacement

can then be written as

U=x-2a
V=y-b (1)
W=2z-¢

In the theory of finite deformations of an elastic solid due to
the large deformations involved, the initial coordinates of a particle
in the undeformed state are not interchangeable with the final
coordinates in the deformed state. The expression for the strain
energy in terms of the strains change correspondingly. In the
Lagrangian formulation, the strain is described in the initial or
undeformed state and the initial coordinates of the material particle
a; are taken as independent variables. The Lagrangian formulation is
used in the theory described in this technical report.

The Lagrangian strain parameters which are components of the

finite strain tensor are given by9

n=g (% - 6) (2)

where J is the Jacobian matrix given by
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- = |y 3y oyl . [3v a3V v N
E J %3a 3b 3c Ja ! Yd 3 (3) S
o 3z 3z azf [aW oW oW ]
i : 2a 3b 3¢/ (% ab 145 e
: If we write g - Ua’ 5 - Vb, etc- 1
§ ]
i - 14U, U, U,
J= |V, LR A (4)
Na wb 1+ wc
J* is the transpose of J given by
1+ Ua va wa
?* = U T4V W (5)
Uc vc 1+ Nc
and
1 0 0
§ =10 1 0 (6)
0 0 1

is the unit matrix. The stress-strain relation is given by9

o = (o/og) 9 (§4)0* (7)

where o is the Cauchy stress tensor and Po and p are the densities in the
undeformed and deformed state, respectively. ¢ is the strain energy per

unit undeformed volume and ERR
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(26 3¢ _d¢ ) L

an]] 3012 3n13

3 _ |_3¢ _3¢ 3¢ (8)
an 8n2] anzz 3n23

9% 3¢ 3¢
8n3)  ngp  ngy)

The properties of the crystalline medium enter into the theory through .
the strain energy term ¢. Many deformable media with crystalline 3 ;f
structure are elastically insensitive to certain prerotations depending iﬂfé
upon the symmetry of the medium. For those rotations to which the :*fﬁ

medium is insensitive we have the relation

¢(R*nR) = ¢(n) (9)

where R is the rotation matrix and R* is the transpose of R. ¢ can be

expanded and written as a sum of terms of different degrees in the

elements of n as follows: -771
b= 0pt opt oyt ogt .. | (10) 3

1

{

In that case the series relation T
*R) = 4, R

¢;(R*nR) = 4,(n) ) e

holds good, ¢ being homogeneous functions of degree j in the elements ’iz
of n, J = 0,1,2,3 ... In terms of the elastic moduli, Eq. (10) can be Etgj
written as: S
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10

¢ = ¢ + k.l cij T + k2 Cijkz "ij ke

+ k, C;

3 “ijkemn M "ke "mn t oo (12)

where the C's are the elastic constants and kn is a constant factor ﬁL:i
depending on the definition of elastic constants. If the initial

energy and deformation of the body are neglected, the first two terms

in (12) are zero, and o
b,
¢ = k2 Ciske "5 "ke * %3 Cijkemn Mij Mg Tmn *-o (13) s
As is well known, Cijkl are the second-order and cijkzmn are the third- fff?
order elastic constants. In accordance with Brugger's thermodynamic
definition of elastic constant:s,"6 the factor kn is ﬁ%—. So, based on

that definition we have k2 = % and k3 = %. Using single subscript
notation instead of double subscript notation for elastic constants and
using Brugger's definition of elastic constants, the general expression

for ¢ can be written as

] )
¢=x CAu {5 ke 3 Cxuv {5 "ks "mn + higher order terms (14)

where A > ij, v > k2 and v > mn. The second-order stiffness cAu form a -
fourth rank tensor containing 81 components, of which 21 are independent %é
for the most unsymmetric triclinic and the third-order stiffness form ?;7
a sixth rank tensor with 729 components of which 56 are independent for -

a triclinic crystal. The number of elastic constants decreases con-

siderably for crystals of higher symmetry. :?;;Z
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Equation (14) for the strain energy takes appropriate forms for
crystals of different symmetry. The number of elastic constants in

2

have been presented in a tabular form by Hearmon™ which in conjunction

3

b

f 2 different crystal classes have been worked out by various authors and
=

- with Eq. (14) conveniently can be used to obtain an expression for the
strain energy of any class of crystal.

i o The principle of conservation of mass along with the definition

of J leads to the relation

lJl = po/p > (] + Ua + Vb + NC) . (]5)

The equations of motion for an elastic medium are restatements of

Newton's second law. For convenience one can introduce the stress

tensor T, which is not symmetric, as

T = J(-g-%) (16)

-~

with nine components. This expression allows one to write the equations
of motion as

aT, . .

1. Pg u_i (17)

da.
3

in the Lagrangian coordinate frame.* These equations of motion take oy

*In the Eulerian coordinate system the corresponding equations of
motion are aoiI
X,

where %45 is the Cauchy stress tensor which is symmetric and Xy are the
coordinates of the particle A in the deformed state. T

P Ui
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particular forms along the axes. Along the a, b and c axes they are

o U= aTyy/2a + 3T,,/3b + aT;,/3¢

(]
pg V = 3Tpy/2a + 3Tpp/3b + 3T,a/ac (18)
po W = 3T3y/3a + aT4y/0b + aT34/0cC

From Eqs. (4), (8) and (16), the stress matrix T can be written in

component form as

( 1 | (24 39 3¢ )
T Tz Tl P 92 s T TR L
. 3¢ 3¢ 3

Tor Tz T3l = P2y %22 Y23 Bngy Iy Ings (19)
¢ ¢ 3¢
Ta1 Tz Tas) s 932 J33)(en,;  Bng;  Ingy)

From this we can write down the components as follows:

= _9¢_ _9¢ 9%
L1 D el 912 Ty | 13 Tng,
_9¢ 9%
8n22 + J'|3 an32
_9¢ _9¢ _9¢
37\13 + J]Z 3n23 + J]3 an33

= 99 _9¢ 8%
Ty = 921 amg I22 Tnyy J23 ang;

= 99 _9¢ 9%
T2z = 921 3n,, * 22 Ty, * Y23 T, (20)
¢ 3¢ ¢
M3 9n23 an33

- 9% _ _9¢ _9¢
Ty = Iy gy I3z angy | Ja3 3na;

= 9% _9¢ 9%
T3z = I3 ang Y Bngg | J33 g

. 9 _ ¢ 9%
733 ® 931 3ny; * 932 Bnpy * 033 Bny; |

9%
I Bmg | 32

I

T3 = 99 *+ Jyo +Jy3
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t Note that the T,. tensor defined here is not symmetric. B
I 4 o S -]
o We will consider the case of plane finite amplitude waves !.;J
) propagating along the axes of the medium under consideration. For plane ff“H
waves propacating along the a-axis the displacement components become ii;j

Vo

U= Ua,t) - E

V= V(a,t) (21) ]

W= W(a,t) >

For this special case, the equations of motion given by Eq. (18) become

00 ij = aTn/aa
o0 V= 3T, /02 (22)

Py W= 3T3]/aa
Similarly for plane waves propagating along the b-axis, we have

—
pg V = 3T,,/ab (23)

and for plane waves propagating along the c-axis, we have -.;:j

".-;"‘4

°0 U= 3113/ac L;:'

. - —1

E : pg V = 3T,a/3¢c (24) :,?;

f . _ :‘.

. pg W = aTg3/3¢ ﬂﬂ

) )
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) These equations are written out in more explicit terms and solved

- for crystals belonging to hexagonal symmetry in the following chapters. e
2 x The elastic strain energy appropriate to the crystal symmetry is _ffi}
L:‘E obtained. Only terms up to third order are retained in the strain Z:f:

: energy expression as we are interested only in the first order of

Ef nonlinearity which is enough to account for most of the nonlinear i
properties. Moreover, inclusion of fourth- and higher-order terms make 2
the algebra unwieldy. '
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' CHAPTER 111 ]
L »
ﬁ SECOND HARMONIC GENERATION OF ULTRASOUND IN CRYSTALS ;Tiﬁﬁ
: - R ..i.':
p OF HEXAGONAL SYMMETRY R
i )
Lo There are two classes of crystals with hexagonal symmetry, one L
with the Hermann-Mauguin symbol 6, 6, 6/m with 5 second-order and 12 9_;}
. ;_ third-order elastic constants and the other with the symbol 622, 6mm, -f_f
_ m2, 6/mmm with 5 second-order and 10 third-order elastic constants. b
§ .
' Since most of the crystals with hexagonal symmetry belong to the
h S second class, we will confine our attention to it. The figure of the :fii?
% ' hexagonal close packed structure is shown in Fig. 1. A drawing of F;vq
- the coordinate frame and the basal plane are also given in the ;ffﬁ
Ty

figure. The five SOE constants are Cy,, Cy5s G135 C35 and Gy, and the L

L. .

2
C333 and Caqq- 2]
As has been shown by Borgnis6 and by Brugger,7 any axis in the {{~;
- -{
xy plane and the z-axis are directions in which pure mode longitudinal F**e
wave propagation is possible (in the 1inear approximation). To be ;f;;i
consistent with the general theory in Chapter II, the x-direction is :?T?i
represented as a-axis and the 60° rotated direction from the x-direction .
is designated as a'-axis. The z-direction and c-axis coincide. ]
Using Brugger's definition of third order elastic constants, fﬁ{fﬁ
PR
expression for the strain energy density for hexagonal crystals is L;j~
given by: :i &i
15 s

. L
A -
- R
. )
: 3
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a

Hexagonal o
Structure :

b
Coordinate Frame Basal Plane

Fig. 1. Hexagonal close packed structure.
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N 2 2 2 2
¢ = 7 O (" # 0" 4 npo® 40 %)

1 2 1 2

MUTALTIVYRES SUPHER St
+ Cial(nyqnan + nyona.) + le 2
13'M1%33 7 M22"337 T 7 Y33"33

2 2 2 2
* Caglmig” + ng" #+ npg” + ngp”)
1 3
*+ 5 Sy +npp)
1 (Mey + Npp)? + % Cyaafasd(n 4 1
Z '3t T 22! T 7 3333t (N, + Tyy)
2 2 2 2
+ Craqlngy * ngp)lngs® + ngo® + nyg™ + ngy")

) 2 2 2
+ 3 Crggnmyy + npa)linyy = mpp)™ + 2(ngo" + npy )]

& Coglnyy = gp)° - 6(ng5° + np2)(nyq = mpp)]

+

] 3 2 2 2 2
* & Ca33"33 * Cagqnazlngy * ngp *+ M3 *ngy’)

1 2 2 2
*+ 7 Ca6n33l(nyq = ngp)™ + 2(ny" + %))

2 2 2 2
+ 204560(ng5 = ny1)ny3™ + ngp™ = myg" = ngy") # dlnpnagngy

+ nyyngamsll . (25)

In this expression C166’ c266’ c366 and C456 are combinations of TOE

constants given by

Cre = $1-2C177 - Cqyz * 3p50)

Cags = 72117 - Ciyz - Capp) (26)
Cag6 = 2(C1y3 = C123)

Cass = 7(-Craq * Ci5)

......
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Einspruch and Manning]2 derived the above expression using Birch's
definition of TOE constants. That expression can easily be converted
into Eq. (25) which was Brugger's definition. The relation between

Brich and Brugger TOE constants can be obtained from the relation

(Birch) _ (Brugger)
cAuv MC /6 (27)

Auv

where M is the possible number of ways in which Cxuv can be expressed
in tensor notation. |

The strain derivatives of the elastic energy can be obtained by
differentiating Eq. (25) with respect to the nine components of the

strain parameter. They are given by

2 . ] 2 1 2
T Ciimin * G222 * Cianaz +3 Cypamy * Cynpmang ¥ 2 Opmee
1 2
*+ 7 C33m33 * Cyy3minas * Cy3nanas
2 2 2 2 3 2
*+Clagm3 * Craanzz * Cragms * Gyt 2 Ciee™n
1 2 2 2
+7Cge"22 - Cre6™i1m22 * C1e6M2 * Cie6M21
1 2 1 2 12
* 7 Cagem1 - CaseMim22 * 7 Cosen2z - C266™2
-C 2 4 Careniifian = Cocelloafian = 2Cacefon - 2C 2
266"21 * C366™1"33 ~ C366"22"33 456"23 456"32
+ 2C 2 42 2 (28a)
456™M3 45631
2t . - -
gy Ciinz1 = Czm21 * ZqygeManar * Lagezz"21 ~ 266" "2
+ 20556n29M57 + 2C3ggn33np) *+ 8lagenaaM3 - (28b)

............................

.......................

'''''''''
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s _ e
gy - 2oaa™3 * Zramina * yaanaana * aaanagna - Hasena2"sn o
+ 4Ca56711"3) * 8Cq56m2m23 (28¢c) ]
30 . -
g Ciimz = Ciamz * ZgemiMmz * 2lye6722M2 ~ 2C266M11M2 1
* 2ee722M2 * 23pg"33M2 * Easen23"n - (284) g
o
2 1 2 ]
inyy - 11722 * Lz * Ciam3 * 7 Gy * Gz
1 2 2
*3 622 * 3 C33ma3 * Cozmnas * Cyanzenas -~
2 2 2 2 "]
* Cuaan2s * Craanzz * CraaMma t Craama o
1 2 .3 2 2 L
-5 C66M1 * 7 Cre6n22 - C1e6M1"22 * C166™M2 BN
- -4
2 1 2 1 2 e
* Cigenar - 7 Cas6™1 * Cae6™1"22 ~ 7 Cae6n22 ]
+C 24 24 c -C + 2C 2 s
266™M2 266"21 3662233 ~ “366™1"33 456723 VT
2 2 2 o]
* 20456n32 - 2CaseM3 - 2Case"nt (28e) g
2
36 _
gy - 24"z * Zraaminaz * Fraanzensz * Caaanagnaz * HCasenaz"s -
o - LY
‘:{;::.1
- 4Ca56m 132 * Blasgn21ms - (28f) )
36 . i -
13 204403 * 20144m1M3 * 2yaan22M3 * 2C3a4"33M3 - HCasgn22M3 \
R
R
*+ 4C456n11M3 * 8Casen21N3p - (28g) g

.....................................
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30 _
gy 2Caqna3 * 2Cqa4m 123 * 2ya4m20"23 + 20344033723 * 4Cq5gN22M03
- 4C456M1723 * 8Cagemana (28h)
2 . Cagnay + Cranpy + Coanas + ] C,nan 2, CiaaNy9Nan + CaanNngn
gy - 13M1 ¥ Ci3n2z * Ca3na3 * 7 Cazsnsz * Cazsminas * Caasnzeas

1 2 1 2 2 2
*7 0 G2z 7 Oianzz * Caaames * Caagnsa2

2 2

2 1 1 2
* Caaa™3 * C3aa"31 * 7 C366™1 * 7 Cae6t22 - CaseMiM22

2 2 .
* Cie6M2 * Cge"21 - (281)

., the =2%_ given by Eqs. (28) and
J 3ﬂij

the components of the Jacobian matrix are required. The components of

To derive expressions for Ti

the Jacobian matrix in terms of the displacement gradients are (from

Eq. (4)):

[
N

n- 1+ Ua =1 + 3U/%

au/3b

oU/ac

Co
—
w

]

(=

]

"
-
"

JZI a aV/2a
J22 =1+ vb =1 + 3V/3b (29)

aV/ac

Co
N
w

L]

-

n

J., = W = 3W/3a

aW/3b

Ce
w
(A%

=
o

N

1+ Hc = 1 + 3W/3c
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The strain parameters can be expressed in terms of displacement —
) '
gradients if we substitute (4), (5) and (6) into (2). Substitution o
and simplification give the following expressions for n§j

_ 12,02, y2 e
TR ARS (U AR A A Lo

_ _ 1
Mo = Mgy = Uy + Vy ¥ Ul + VoV W)

- =1 .
iz = Ngp = gl + W+ UU + VLV + WW.) o

: ) (30) .o

= 1, 2 2 R
gz = Vp + (g + Vp + HT)

- =)
ng3 = Mg = Ve * My + UpUo + ViV + WWC) :

_ 102,42, y2 .
ng3 = We + U F VT N o
To evaluate all the Tij's' we need the quadratic terms also in

“ij; i.e., we have to evaluate nnz, n11M2° etc. Retaining terms :--
only up to the quadratic, we get the following expressions for these jl:
terms. f::

2 _, 2 -

2_,2 -
ﬂ33 - wC (3]C) :::t;;’-;:
M2z = Ya¥b (31d) i
n]]n33 = anc (3]E) .
n22"33 = Vp¥e (31f)

2 2 _ 1, 2 2 =
Mz T g gl Vet 2UY,) (319) e
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o

o

M3

23

M1

"

22

2 _1,,2,,2
= U+ WS+ 2u M

2 _1 2

2
N3y = E(V + Nb + 2VCN

MiM3

M1M23
N22M2

"22M3

N22"32 ©

"33M2

N33M3 ©

N33M23 °

M2Mms3 *©

M2"23

"13"23

c

] .1
= nymg = 3UUp + UgV,)

a)

b)

_ 1
- ?(Uauc + Ua”a)

mnn

nnaz = 7Y * Uky)
naang) = ZVpUp + VyV)
nganay = Z{UYe + Vghy)
nganzs = 2VpVe + Vi)
nagnz) = 20Uy + WY,
N33"31 © %(chc + W)
n33"32 © %{wcvc + W)
"21M3 T "21"31 T Mi2"n
%—(Ubuc UM VLV vawa)
M2"32 T "21"23 T "21"32
%(Ubvc + Uphp *+ Vol + Vo)
M3"32 T "31"23 T "31"32
%(Ucvc * ucwb * wavc * ”awb)

RIS W W W |

AN AN i e 2ean ke

(31h)
(314)
(313)
(31k)
(312)
(3Im)
(31n)
(310)
(31p)
(31q)

(31r)

(31s)

(31t)

(3u)
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The strain parameters are expressed in terms of the displacement
gradients by the two sets of Eqs. (30) and Eqs. (31). Now, these
expressions are to be substituted into the components of the strain

derivatives of the elastic energy given by the set of Eqs. (28). The

5 resulting expressions and the components of the Jacobian matrix given
f by Eqs. (29) are substituted into the set of Egs. (20) to obtain the
i : expressions for the components of the stress tensor. After simplifi- _;;4
;i i{ cation, the components of the stress tensor are: Ny ff
3 cu . . . |
- Tip=Ua -Gyt Vp - Cip W - Cyg <
ki r ——
2,3 1 3 ] o
* 077 G * 7 Cmn * 7 Crge * 7 Case)
2,1 1 1 s
*V, (3 84y + 7866 - 7 Cogp) i
2,1 1 .
+ Wy (7 Cyq + 3 Crgq + Cysp) =
2.1 1 ) LY
* Uy (3 €y * 7 Cre6 - 7 Cop6) ;:.:-,-:}
- g
2,1 1 1 ] -
*V (3 G2 200 - 7 Cies * 7 Coe6) 3
Y
21 1 o
* Wy (7 G2 % 7 Craa - Case) T
UL Con + Cpp + % Copn + Cuee) =t
¢ 743 *Caa 7044 * Case
2,1 ] e
+ V"7 €3 % 7 Cran - Case) o
2,1 ] —
*H(z Gzt 7 Gy o
*+ UyVp(Ci2 * €411 - Cig6 - Cop6)
* UpHc(Cyg = Cyq3 * Cag6) T

.........................................................................................
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+ VpH(Cyy3 = C3g6) + VCHL(Crgq - 2C456)
)

)
+ UM, (Caq +Cyqq *2045¢) *UpVo (5 €y -7 Cr2* Crgp - Cop6)

Cde 1 Cde 1

Up " (78 -2 C2) + Y, © (3G - 3 Cyp)

+ UpUp(Cqy + Cigg = Cogp)

s V.V €y = 1 Crp # Cogp + Core)
a'b(Z €1 - 7 C12 * Cyge * Cope

S W (L, -1, +20,00)
2"z Oy - 3 g2 + 2ysg

s UV (A ey -1 Cys + Cyer = Core)
a¥a(z €11 - 7 C12 * Ci66 - Cos6

+ UpVy(Cyq * Cygp * Cog6)

+ UV (Chy * 20456)

+ UpNL(Cqg + Cg6)

+ V. W

a'c c366 + wavc "2

456

* UcHy(Caq + 2Cq56)

+ UaUg(2Cqy + Cqg + Cpgq * g56)
+ VaVc(Caq + 2456) + WyWc(Caq + Cagq)

+ UM (Caq + Craq * 2Cqs6)

+ VpUc(Cqg + Cqgq =, 2C456)

(32a)

(32b)




——

N R TTW T e

21

22

25

+ VW (€ = 2Cqge) + UM (533 + C344)

+ Up¥(Caq * 20456)

+ U (Caq + 2C4c6) + V My = 20450 (32¢)

) ) o 1
Uplz C1q =3 Cy) + YV, - (3 04y - 3 Gy2)
+ UV, (Cyp * Crge - Co66)

1 1
UUp(z €47 - 7 €12 * Cg6 - C266)

+

+

VaVo(Cor * Cre6 * Co66)

+

VW (Cyg + Cag)

! 1
Wp(z Cyy = 7 €z + 2yg)

+

+

1 1
UpVp(z €17 - 7 €12 * Crp6 * Co66)

+

UN

UpHe = Cagp + UMy, * 20456

+

Uc¥c(Caq * Zqse)

+

W,(Chy + 2C456) (32d)

Uy * Cia + Vp * Gy + W ® Cy3

)2 1 1
0,25 €5 + 3 €137 - 7 Ci6 - Cags)

2,1 1 1
+ U (7 Cyq * 3 Crgp * 7 Copp)

2.1 1
+ U (3 Cy3 * 7 Cgg - Cysp)

Pua st o ol ol o
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ko 20 ¢ 41 ] '
L *Va (761 * 7 Cie6 * 7 Cosg) L
]
s 0203 1 3 1 e
ﬁg + V3 Cyy * 26111 * 3 Crgg - 7 Cags) X
) - 2,1 1 C
" V(7 Gg ¥ Cq * 7 Chgg * Cyse) B

. 2 1
Wy (3 Cya + 7 Cygq - Cyse)

b 1

+

; + ¥y 2 (g €y * 7 Craq + Cagg)
3
| + W2(F €y % % Cyzp) +UpY, (3 Cyq =% €0+ + Coge) :
Lﬁ . 7613 % 7 0y33) *UpVa(z Oy -7 G+ Cye6 * Coes o
- - i
] -
; * Ua¥e (€113 - Cap) VoMc(Cr3*Cyq3* Cag6) -
*+ Ua¥p(C12 * Ci1y - Crg6 * Coe6) i
* VeWp(Caq * Crag + 2456) "
* UMy (Crgq - 2C456) (32e) =
To3 = Ve " Caa * Wy~ Cyq |
+ UcVa(Caq + 2456)

+ VW, (Cyy + 2C456)
+ UpUe(Cqq + 2C4g6)

+ VpVe(2Cqy + Cyg * Cogq * 20456)

+ WpHc(Caq + C3qq) o
* UpVe(Cyz + Cogq - 2g56) =
* UpNp(Craq - 2C4s6) i




AR ) IaE
B

P

317

AP S S S S Sy |

27

+ Vphp(Caq * Craq * 2Cp5p)
+ VeWe(Caz * Cagq)

* UM, 206

c " Cagt Wy c Cyy

+ UgWy(Cyq + Cygq + 2ge6)

+ Vi (€12 * Crag - 2C4s6)

+ W W (Cqq + 204, + Capy)

s UM ey - Y, + 20,00)
ip(z €3y - 7 Cy2 * g6

sV e - Yo, 2,
a(z Cyy -3 Cyp * Aygg

* Uglc(Caq + Crag * 2qsp)

+ V.V (Cqq + 20456)

+ VpUc(Cqgq - 2C456)

+ UM (Cqq + C3gq)

1 )
+ UgW, (5 Cqq = 7 Cyp * 204g6)

1 1
+ VWy(5 Cqq = 7 Cyp + 20456)

W O S Sy S e it b .

-

...........

(32f)

\.1
(32g) =
.
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2,1 1 )

+Vy (7 63+ 7613 * 7 C366)
2,1 1

* Ve (7 C33 + 7 Caae)

2 1 ]
+ W, "(Caq * 7 O3 * 7 Caaa)

2 1 1
+ W (Caq + 3 Cy3 3 C3g4)

"""" o s
E;;:
28
+ Vphp(Cyy + Craq * 2yg6) e
)

+ U Mp(Chp + Crgq = 2qg6) { E
+ MW (Cq3 + 204, + C3qy) -;:z
P
‘4 + U U_(Cqq + 2C456) | }
ﬁ; + VW (Caq *+ Craq + 2456) o]
b
3 + UpVe(Chaq - 2C456) 7 f
R
B + Vi (Cag * C3gq) 'J'i

x L.
% . + VaUe - gse (32h) ;?fé
& e
F . Ta3= U, Ci3 + Yy Cyg3 + W, Ca3 :-'-

g e
;fi + U2 €13+ 7 C13 * 7 Cage) ;fj
F ] *%q%ﬁs*%cmﬁ —
: + U203 Cyy *+ 3 Cgg) w
+ 9, 2(3 €13+ 7 Cagp) .
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; sulB e +dc ) tUN(C,, +C )
ku c \2 833+ 7 La33) * UM (Cyy + Capg -
+ VW (Caq * C3pq) * UW (Cyg + Cy35)

N - * VpWe(Cyz * Crgg) * UgVp(Chpg - Ca) * UpValCsgq) (320 il

Fz '; A. Longitudinal Wave Propagation along the [100] Direction (or a-Axis) %yli
i Ef We intend to propagate only longitudinal waves for two compelling ;
- reasons. First, the capacitive receiver used in the measurements responds v
- only to longitudinal displacements; second, the transverse modes are

E . always coupled to the longitudinal modes as is evident from the

9 expressions for the stress tensor given by (32). If we calculate the .4

transverse displacement derivative of the Tij given by (32) along any

direction, we find that in the nonlinear terms the longitudinal compo-

nents always contribute to transverse waves; i.e., transverse waves never
propagate as pure modes. This is in agreement with the theory of
Goldberg33 on isotropic solids. On the other hand, longitudinal waves
propagate as pure modes in certain directions and are coupled only to

their second harmonics in these directions.

For plane longitudinal waves propagating in the [100] direction,

the displacement components become - w,j
U= U(aot), V= V(a,t), W= N(a,t) ".-1

or Ub’ Uc’ Vb, Vc, wb and Hc vanish. So for this case the set of

equations (32) simplifies as follows.

!
i
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2
: 30 T
: i 3 1 3 1 2 ]
I Tl * GGy + 361+ 7666 * 7 Casella .
v [P
X ) ) ) 2 S
f *+ (701 * 7 %66 - 7 C266)'a
.- 1 1 2 .'f"_ ?.‘:
- + (3 Cyp *+ 7 Cqag * Case)¥, (332) 2]
; | ) l

Tz = 2(Cqy = G0V * 26y - Cp * Zyge - 20p66)a"a (33b) e

Tea=Cpp * W+ (Cop + Cygp + 2C5ee)U W (33¢) -

13 = Caq * Wy + (Cgq + Crgq + 2C456)U;W,

)
Toy = 2(Cqy = C420Vy * (Cqy * Cygg = CoggllaVa (33d)
- 1 ) 1 ) 2
Top = Craly * (3612 * 2111 - 7 Crgp ~ C266'Ys
1 1 1 2
+ (3 Cy + 7066 * 7 Co66)Va
1 1 2
- + (3612 * 7 Cqq - Case), (33e)

& . Tyy = (Cpq + 2yse)V ¥, (33f)
r_
b T31 = Caghy * (C11 * Craq * 2gseilaMy (33)
- 1 1
' - T3p = (7 Cpy - 7 Crz * ase)Va¥,y (33h)
2 _ 1 1 1 2
C o T3 = il * (213 * 7 a3 * 7 3660
i~ } ) 2
S + {7 Cy3* 7 Cap6)Va
Tv \ ! 2
;o + (Chq + 313+ 7 Cagal¥, (331)
e
5 The equations of motion for plane wave propagation in the [100]
s direction are
L
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K}
fo U= 8T11/8a
pg V = 3Ty, /02 (34)

P W= 313]/aa

- 1
‘ L
Performing the differentiation and substituting for aT]]/aa, etc., we ;ji;
get S
e ]
. L'. -
pg U= C1yUys
e * (3 * Cyqy * g6 * Cop6)Vala
Sl + (Cy1 * Ci66 - C266)Va"aa
3 5 *(Cqy * Crgq * Hgse)¥Ma (352)
- -
gV = i(cll - ch)vaa * (C]] * Cie6 - C266)(Uavaa'*vauaa)
(35b)
I m bp W= Caq * Wyg + (Cpy + Cygq + 2ggg) (UM, + WU,,)  (35c)
where
U = azu etc
ot
"~'. _ a_u
Ua *%a ° etc.
2
3 u
* u,. = , etc.
Z ™ 7
For longitudinal waves along the a-axis we have
; T V=0 and W =0.
. {‘ Su the equation of motion for this case reduces to
¢~




o
-
©
32 ]
. 2% _ ¢ 22y
052 M52 -
+ (3Cyy + Cyqq + 3Cype + Cope) U - 2y (36) o
1 1 166 266’ 3a ;;7 .
]
or .
]
2 2 2 Vo
3 u 3 U U 9 U i A
P -a = § = (37) o
L N TR S
where ;Lf;.
- tl 9
a = C<l1 .
and

[+
[

= 301y * Gy *+ 30166 *+ Cop6 -

B. Longitudinal Wave Propagation along the [010] Direction

For this case the only nonvanishing displacement components are
U = u(b,t), vV = v(b,t), W= W(b,t) .

So for this case the Tijls given by Eqs. (32) simplify to the following.

i 1 i 1 2
T11 = G2 * (3 641+ 7 Gy - 7 C266)%
1 1 1 1 2
* 36+ 30 - 766 * 7 C266)
s@de .+ e, -c w2 (38a)
7 C12 * 7 Craq - Case¥y
1
Ti2 = 70y = C1MUp + (Cqq + Cygg * CopellpVy (38b)
T3 = (Cgq + 2C456)U W, (38c) R

T21 = {0y = CylUy + (7 €y -7 Cpp*Crgp + CoglUpVy  (384) —

e
»
e
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T22 = 1V * (751 * 7 Cie6 * 7 Coe6)h o

'
3 1 3 1 2 o
P 201 * 7 Ges - 7 Cass)h L
S
1 1 2 R
* (7 0y + 3 Crag * Casp¥y (38e) s

{
3
_ R
] 1 2
Ta1 = (7 Gy = 7 Cyp *+ g5V, (389) -
Tap = CagWp + (Cqq * Cag * 20456)V M, (38h) »i_:
o
Tan ® CiaVy + (X Cou + 3 Copl ), 2 f—“J
33" C3¥p + (7 Cy3 * 7 C3g6) oo

1 1 1 2 '

+ 763+ 7013+ 7 C6Vp

) 2
* (7 Cy3* Caq * Capg¥y” - (381)

The equations of motion for plane wave propagation in the [010]

direction are

oU = ale/ab

U = aTzz/ab, and (39) “
,’ oW = aT3,/ab -—

Differentiating (38b), (38e), and (38h) we get

oT
121 - .
55~ 2(611  Gy2) * Upy

;

.

i L * (C” *Crep * c266)(ubvbb + vbubb) (40a)
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l’- 7 o
::. - s :
: A
: ‘
s . 1
) L &
. -
I. .‘-.-‘.-‘
l.‘ D T T W T T T SO : V . .“
‘-‘._ I PN S A AT L e AR e ]




(40b)

(40c)

(41)

(42)

34
Ta2
=35~ 11Vbb * (€91 * Cy66 * Co66 Vbbb
*+ (307 * Cypq *+ 3966 - Co6)VbVbb
+ (Cqq + Cygq * 2456 WMy,
b - Cag " Wpp * (Cpq ¥ Cpgq + 20456) (VpHpy + WpVpy)
For longitudinal waves in this direction, we have U = 0 and W = 0.
So the equations of motion reduce to
N L
0342 1 2 ,
3V 37V
* (33 * Cyyy * 366 - Coge) 36 7

S or
= . ﬁ;a_zg,sa_Va_zg
: 0 .t 3b 3 b
X
MR where
i a=Cy
i and
Lo 8= 3Cqq + Cyyq + Hyg6 - Cogg
X
i :i C. Longitudinal Wave Propagation along the [001] Direction (or the
! C-Axis)
5 - For this special case the only nonvanishing displacement
; . components are
p L
: U=U(c,t), V=V(,t), W=Hu(c,t)
A
;o
L




The equations of motion for plane wave propagation in the [001]

direction are

35 s

Uys Ups Voo Vo W, and Wy vanish. To the T s's for this case reduce ._L_‘

to o

e . 1 1 2 Ry

T =g ¥ * (FC3* Cag * 7 Crag * Caselle T

. ] 1 2, 1 2 C
+ (3 013+ 7040 - CasglVe” * (3 Cy3*+ 7 Cygal¥,  (43a) '

Typ = (Cuq * 2qee)UV, (43b) &

- b

b Ty = (Caq + 2aee)UV, (43d) —

S . e

- T,, = Cyg - W+ (FCa* % Crag - CpeelU 2 S

: 22 = C13 " We + (7 Cy3 % 7 Craq - Casellc

A PSS IR e

7013 * Cas * 7 Craq * Case)Ve o

1 ) 2 o

+ {7 3+ 7 G33)¥ (43e) j

.o

T23 = CagVe * (C33 * CaaalVe¥ (43f) -

- 2

T31 = Caglc * (Caq * C3aq)Uce (43) =

T3z = CaaVe * (Caq * CapgdVele (43n)

g o e+ b =

Ta3 = Caghc + (7 C33 + 7 Cagg)Uc S

1 ) 2, 3 1 2 . R

+ (3 Ca3 % 7 CaqqlVe” * (5 C33 + 7 Cagal¥; (431) :

................
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o0 V= aT23/ac (44) .
. _ ';

Differentiating (43c), (43f) and (43i) with respect to c, we get .

"T13/2¢ = Caglc * (L33 * Caaq) (U + Welcc) (452)
8T23/ac = c44vcc + (C33 + C344)(vcwcc + wcvcc) (45b)
9T33/8c = CagWo + (C33 + Ca0g)Uc U,

+ (€33 + C3qq)VVec

+ (3033 + C3q3W W (45¢)

For longitudinal waves in the c-direction, U =0 and V = 0. So the

only equation of motion that does not vanish is

2 2 2
3°W 3°W oW 3°W
o =C + (3Cyq + Cona) == (46)
0 ;Z 33 ;2 33 7 “333’ 3¢ ;:2
or
2 2 2
oW 3 W oW "W -
-C = (3Cqq + Caaa) == (47) 3
a—t’z 33 3—CZ 33 333/ 3¢ a_c.z =
5
which can be rewritten as O
-
2 2 2
AW W oW O W
P -a = § = (48)
a2 ack %€

where

R L et T
St L .
A R R
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G=C33

|

and

;-
'

(=]
{

- = 3033 * C335 -

r
. . . l'

LI !
Yo W

D. Solution to the Equations of Motion

D e pe
0N I
-y
i_L_A

The equations of motion for longitudinal waves propagating along

3 j{ the [100], [010], and [001] directions given by Eqs. (37), (42), and

. -
Al s e aa o w AL

. - (48) have the same general form given by N

pg U -al,, =6UU,, . (49)

So we see that a pure mode longitudinal wave may propagate in a non-
linear hexagonal solid along the three directions [100], [010], and
[001]. As other workers have noticed for cubic crystals [20], the non-
linear term causes the wave to generate harmonics as it propagates. In
order to solve Eq. (49), a perturbation approach is necessary. Let us

try the solution
U-= U] +u, . (50)

Here U1 and U2 represent, respectively, the approximate solutions of

first and second order of the equation. By substituting Eq. (50) into -

|
' §

Eq. (49) one gets

pg Uy + pg Up = o Upag = @ Upay = 86U + Uy ) (Ugn + Upy,) (51)

' . 2
- 2 s alaa’ans

Keeping only first order terms leads to the linear wave equation:

che TeT e e
A S
4 aad .8 & V&

. o .~ Tno )
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po U] -Q U]aa =0 s (52) .._.~.
where (c:z/p(,)]/2 = CO is the phase velocity of the linear wave. Sub- ;ﬁ;;
stituting (52) into (51), we have fi;l
e
{ Pp Uz= o Upaa * 5[U1aU1aa'+(UZaulaa"UlaU2aa)'+U2aU2aa] (53)
$
? - Since U2 << U], the second and third terms on the right hand side are e
v
S very small compared to the first term. Thus, to a second approximation .
E the solution is reduced to "f
We impose the boundary condition that ﬂiﬁf
Uy = A sin ut b
§ where a = 0 (55) L
y U2 =0
' n Thus, a solution for the linear equation (52) which satisfies the ,"“"
: boundary condition is S
U.I = A sin(ka - ot) . (56)

Now, substituting (56) into (54), we may rewrite as follows:
Uy - a U, = -3 kA2 sin 2(ka - ut) (57)
o "2 2aa 2 '

Taking into account the boundary condition (55) for Uz. we use a trial

solution in the following form:
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Up = B asin2(ka - wt) + Ca cos 2(ka - ut) (58)

where B and C are coefficients to be determined. Putting the solution

into (57), we get

h - 4(-uZppBa + KZaBa + kaC)sin 2(ka - wt) +
I 3,2
- 4(-uPoqCa - kaB + kaCh)cos 2(ka - ut) = - KA ginZ(ka - ut) .
i Now, equating the coefficients on both sides of the equation we get
| - WPogBa + KPaBa + kol = - L sk%n2
; r and (59)
~ufpgC - kaB + kZaCa = 0
But
- 2
a = OCO
and
w = Cok ,
so Eqs. (59) become
8
- CotkPogBa + kZogCoTBa + kogColC = - § K3A2 (59a)
and
2,2 2 2 2., _
Co k pOCa - kpoco B+ k DOCO Ca=0. (59b)

Dividing Eq. (59a) by kpocoz, we get

2
_ 8(KA
C=- .j_zlg . (60a)

SeoCo
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Also, dividing Eq. (59b) by kpCoz. we get

B=0. (60L)

So, after one iteration the solution to the equation of motion

becomes

; E U(a,t) = A sin(ka - wt)

2
- [gikélzla cos 2(ka - wt) . (61)
BDOCO

t v The equation of wave propagation in the nonlinear regime as

given in Eq. (49) was

2
du (62)

Breazeale and Ford20 write the same equation from the fluid analogy

(for cubic crystals) as

or
dy du | d%y

d u
- K = (3K, + K.,) . (63)
) ;;7 2 ;;2 2 "3 da ;;2

Equations (62) and (63) are the same if we put

a3

.'. =

: a =K

no and (68)
B

- 5 = (3x2 + x3)

= =

“_T_‘ﬂ
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Now, if we consider the 1inear wave equation (Eq. 52) we can write it

as

or

in which Cy is the phase velocity (for small-amplitude waves), one

sees that

. 2
KZ-G‘ poCO -

These substitutions allow us to write the solution to the nonlinear

wave equation (Eq. 61) as:

u(a,t) = A sin(ka - wt)

- [é%ﬂ(kA)za cos 2(ka - wt)

(65)

(66)

(67)

(68)

in complete analogy to cubic crystals; however, the expressions for

a« and §, or alternatively K2 and K3 must be examined for hexagonal

symmetry.

R
=
Y,
R
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: E. The Ultrasonic Nonlinearity Parameter for S
! ‘l Hexagonal Crystals L
' . '

As in the case of cubic crystals [1], we can define the S
3 ultrasonic nonlinearity parameter for hexagonal crystals as the nega- ]
- s
i tive of the ratio of the nonlinear term to the linear term in the ;;;3

nonlinear wave equation [Eq. (63)]. It is given by

b = (]

_ g 8 - a ® (69) ..:r;l
For an initially sinusoidal disturbance at a = 0, the solutions as

4 given by Eq. (68) can be written in terms of the nonlinearity parameter .o

t [ as s

X u= A, sin(ka - wt) + —pg— B cos 2(ka - wt) (70) B

2,2
A1 k"a

where A1 is the amplitude of the fundamental wave and A2 =—3 B
is the amplitude of the generated second harmonic wave. In terms of A]

and Az, is given by

B=8(£2—) . (1)
A]2 K |

PP S RS

So by measuring A] and A2 one can determine 8 which can be used to
evaluate the &'s which are combinations of SOE and TOE constants, or

the K3's which are combinations of TOE constants only. The parameters

a (or Ky}, & (or (3K, + K;)) and Ky (or (& - 3K,)) for the three

symmetry directions considered in Sections A, B, and C given by Eqs. .
(37), (42), and (48) are written in a tabular form in Table I. Note if%j
that c166 and c266 are combinations of TOE constants (given by ;47*
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Eqs. (26)). In Table I we have given the K3 parameters in terms of
these combinations as well as in terms of the independent TOE

constants.

F. The Equations of Motion when the Coordinate System
1s Rotated by 60° about the c-axis

In the remaining calculations we will consider the nonlinear
equation of motion for various directions in the basal plane. As

was shown by Borgn'is6 7

and Brugger,’ any direction in the basal plane
is a pure mode direction in the linear approximation.' By determining
the nonlinear equation of motion for several directions we can gain
insight about the way the nonlinearity parameter changes as the
propagation direction changes in the basal plane.

In order to derive the equatfons of motion for waves generating
along the a'-axis, we have to derive the expression for strain energy
in the frame of reference in which the a-axis in the original frame
is rotated by 60° about the c-axis. Consider the propagation of
plane finite amplitude waves along the a'-axis. Rotate the basal plane
in the original frame by 60° or about the c-axis. So the coordinate

frame formation can be written as

a' a
b'| = (R) |b (72)
c' ¢

where the rotation matrix is given by

.....................................................
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cos 8 sine O
(R) = |-sin e cose O (73)
0 0 1

where 6 is the angle through which the original basal plane has been
rotated about the c-axis. We rotate the a-axis by & = 60° in which

case

1/2 3J2 0
RYy=1|[-/372 1/2 0O (74)

Let us define the displacement components in the new coordinate system

as

u' (a',t)
= v' (a’,t) (75)

w' = w (a',t)

[ -
n

<
]

etc.

Using the transformation matrix as given by Eq. (74) one can

transform the strain components by [9)
(n) = (R*)(n')(R) , (76)

where

R* =| /3]2 172 0 (77)
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i’ to arrive at the following expression: ;;;j
)

172 -/3/2 0 n-h n1'2 n.i3 1/2 /3/2
- 0 0 1 0 0

o o

(78)

—

"31 "3z N33

AAAMRS i aau st b s PSP SN
" v BERCARN ‘- PRI
PR I *

Multiplication and simplification lead to the following expressions

i - for the strain components in the original frame of reference expressed ;';:
!
9 in terms of the strain components in the rotated or primed coordinate )
3 system.
QI 91
Fr z]l_él_fju+3l
¥ MITEA"MY T TM2 T T T M2
=E|+]|_3|_J§_|
M2~ T™MTEM2FT " T 7T 22
R < I
M3~ ZM3~ 7M3

=/§-_§'+1-_E'
"1 ™M1 " TM27F "1 7 7T "2

23 3 3 1

72 ST PR T P! (79)
;- - = 7,3- ' +1 '
i | 23~ ZM3 772 M3
o I R
- 31 727" T 7 M3
: A1 E
} N2 % 7M1 t7ng —
: L 2
- N33 = N33
) . .
: o X :
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'[ .

j Substitution of Eq. (79) in Eq. (25) gives the following expression

for the strain energy in the primed coordinate system.

o' = 3 Cilnin? + (n3)? + (n3)2 + ()2

] ] [} 2 l ! 2

+ Cialngyngg = 7 (ng)° - 3 (ng)%3
+ c { ) [] + ] [] }+1 c ( (] )2 :

13'M1"33 7 "22M33° T 7 “331M33 .

* Cyg Unjg) + (n3)% + (np)? + (n3p)?)

] ] 3 1 2 [} [] 2 ) [} 3
*+ 5 Cpl{ngy)7 # 3(ngy)7nzp + 3(ng5) 0y + (n3y)7)

RO ASCATARMMMEMEL LS EArarE e

] [] [ ] 2 [ [ ] ] 2
+ 7 C1y3n330(n19)7 # 2ngynzy + (n3))7)
1 RV YN
*+ 3 Cy33t(n33) ngy + (n33)"ng,!

1 ) [} [] ) [] 2
* Craglniy + ngdllng)? + (n3)? + (nfg)® + (ng)")

1 ) 3 [} 3 (] 2 1]
+ 7 Cgel{ng)” + (ngp)™ + 2(n35)"ny,

- + 2(ns1)2nds = (3,020t = (nd1)2ns
o 210 M - (nz2)"nqq - (ng4)7n3; _
* * 2njp)ngp + 2ngy)nzp) 2
i . b
- ] ' 13,373 43,33 ,,,3 —
L * g Cogel(n1)” + 7 (nfp)” + 557 (ny) =
. '3 3 2 32, N
X - (n32)" = 5 (n32)"ngy = 5 (n33)"ngy o
)
=
" >
- 1
.
....... , T4
p.-"—.;'_n"*-”'_'.:';: D e OIR ‘ N ‘.- _~.!
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+ 3(n3p) %0} = 3(nj1)2ngy = 9njynioms |
227 "M o D ROV Rl § M0 AL 3 T
W (s iy - 3 (i) i
"7 " M2 T Tz M2l L]
3 ] 2: 3 ¥ 2 ] ] ] ] "‘j
+ 7 (g1} ngp + 3{nj2) ngy + Inignangy) b
1 23 L

*+ & C333(n33) .

] [} 2 ] 2 [} 2 1 2
* Caaanaalingg)” * (n3p)" + (ng3)" + (ngy))

] ' RYA YA YA RYA -
+ 7 C366ﬂ33{(ﬂ-n) + 2(71]2) + 2(“2]) + ("\22) = 2nnn22}

] 1 [] J§- [] /3- [ ] ] ]
* 7 Casgllz () + F njp + 7 n3y - 7 mp,]

* I (njg)? - 7 (nzg)? 4 B migny + 3 (ng)°

- 3 (n3p)% + V3 (ngyny,)]

= 3, 3, 3,
+nigngy 3 () = 3 (n12) - 5 gy = 5 ng]

S Ach Rl BN (2 ARSI AC
» . T

"o V3 ' 5 ' 3 V3 '
+naangyls 7 (nqy) + 5 (ngp) = 5 nyy + 5 ng,]

"o ',3- ' 3 5 '/3— ' T :

MREPUTISE ST LIPS RV I Ak PP o

N

, /3, 3, , o

v + nggnsal= 3 iy + P nip + P ngy + 3 ng)) (80)

B

g Once the expression for strain energy is obtained, one can execute B

]

L the algebra exactly as in Sections A, B, and C and derive the equations :
R i
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of motion for plane pure mode longitudinal waves propagating along the
[100], [010], and [001] symmetry axes in the rotated frame of reference.
This has been done and we found that for these directions also the
equation of motion has the same form as Eq. (49) and its solution
follows exactly as in Section D. The parameters a and & appearing in
the equation of motion and the corresponding K2 and K3 parameters are
tabulated in Table II.

From Tables I and II one can notice that the a-axis and a'-axis
or the [100] direction in the original and rotated coordinate systems
are equivalent. Similarly, the directions perpendicular to them which
are the [010] directions in the two cases are also equivalent. Of
course, the c-axis is the same as before; e.g., the rotation operation
is performed about the c-axis.

G. The Equations of Motion when the Coordinate System
js Rotated by n/4 about the c-Axis

In order to derive the equations of motion for the propagation of
plane longitudinal waves along the [110] direction in the basal plane,
we have to derive the expression for strain energy in the frame of

reference in which the a-axis in the original coordinate system is

rotated by 45° about the c-axis. The coordinate transformation for this

case is:
a' a
b'{ = (R) {b (81)
c' c

-t

-y
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' where _._...

: We 2z o %ﬁﬁ

g’; R=|-1/Z 12 0 (82) §}§ﬁ

i _ 0 0 1 f:ii

? is the transformation matrix from Eq. (73). The components of strain

5; in the initial frame can be expressed in terms of the components of }
strain in the rotated frame as :;f:

n=R*(n')R (83)

] VR VIS 1 EY SRSV {8 V% S V%2

M1 M2 M3j
21 M2 ™23 L
N1 M3z n33 [ O 0 Ylngy n3p n33f| O o o T

(84)

o

),

. L
.

,-.1 L
oot . i |
I} a_ ¢ A s 2tz A 4

Expansion and simplification gives the following expressions for "ij's

- [}
in terms of "ij S.

] ] [ [} ]
ny =7 (g = njp = gy * ny,)

- ] ] [ L [
Mz =7 {0y + ny2 - gy - ngp)

3
—r
w

N

—

=
ol
w
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P |
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N3 = = (n * n3g) S
4 Vo
= _]_ ( ' - p! ) : :
3 /731 T 132 L
n = —]—.( ! + ' ) ";
" "1 7 "32 )
"33 7 "33 (89) f-
),
Substituting Eq. (85) into Eq. (25), we get the following expression -
for the elastic strain energy in the rotated or primed frame of
reference. o
L’A.
o' = 3 Cpng 2+ ng? 4 np 4 np P
A I . ____~
NPT 7SN SUP R VT -
4 Cpolniinds + nyontad + & Coond 2
131M1"33 ¥ 2233 * 7 “33733
L2, .2 2, 29,1 . 3 P
+ Caalnig” + n3p" + ny3” + n3p" 1+ g Cyggngy R
1 V3 a2 L2, .., 3 -
tg Gl * 3ngp7 ngp ¥ 3npp gy + ngp) .
) L
] ' [} ':“
*+ 7 Qaanas [0y * nppl
1 A -
* 7 Cq3 na3lngy” * 2nqynzy + np,"d :
: 2 2., .2, .2
* Craq(nyy ¥ npp)lnzg™ + ngp™ + ng5" + 037l
Cr 2, 2, 2, 2
+ Caaqnzalngg + n3p” * nq3" * 03] e

......................................
...................
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2 2

1 [) [] ] 2 ] (] ] 2 ] [ ]
* 7 Cygelnyy + nga)lngy™ # ngp" + 2ng," + 2npy© - 2ngyny,]

+ 1

] 3 3 3 [] 2 ] 2 R
& Cos6l2n12” * 2npq7 = BnypTnyy = Bnpy Ty,

v 2, 2

. 2. 2,
* 3nyyTngp 30,

nay * 3035 np ¥ 335 05
- Enyynqangp = Enyynzynz,d

s 2 2

l ' ) 2 ’ v 2 "
* 7 C366M33ln17" * 2ngp ¥ 2ny "+ ng,” - 2ngyng,]

+ 25gl2(n15 + np)(ny3ny3 + n3yng,)
+ 2(nygngy = mp3n3p)(ngy - ngp)
+ Z(ni3n§2 - né3n§])(né] - niz)] (86)

The derivatives of the strain energy with respect to the strain
components are obtained by taking the approximate derivatives of
Eq. (86). Then, substituting them in Eqs. (20), one obtains the com-
ponents of stress tensor. These stress components are differentiated
with respect to the appropriate displacement to obtain the equations
of motion for longitudinal waves propagating along [100], [010], and
[001] directions in the rotated frame which are, respectively, the
[110], [710], and [001] directions in the original coordinate system.
The algebra is similar to that performed in Sections A, B, and C, and
is not reproduced here.

It is found that for these directions also, the equations of

motion have the same form as Eq. (49) and the solution follows as in
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j Section D. So it is found that a pure mode longitudinal waves propagate ;‘_‘
b along these directions with the generation of harmonics. The parameters N
: a and & appearing in the equations of motion and the corresponding K2
' :; and Ky parameters are tabulated in Table III. ::i;
F An examination of Table III reveals that for the [100] and [010] lj )
Eg : directions in the 45° rotated frame, the K, and Ky values are the same. Eiiig
i = This can be expected from the symmetry of hexagonal crystals. Obviously, :;;:
the values for the c-axis do not change, because the rotation was about kiiﬁ
the c-axis. The K2 values are the same, i.e., cl]’ for every direction .,éﬁ
in the basal plane. This is consistent with the fact that the velocity o]
of longitudinal waves is the same (V = /E;;lpo) for every direction in f;i;
the basal plane. %fi?
H. Summary of Results ;ij:f
We can arrive at some very important conclusions by comparing g;;{
Tables I, 1I, and I1I1. They predict the relative magnitudes of the ;;?i?
second harmonic generated when waves are propagated along different ijij
t directions in a hexagonal crystal. The K, parameters for a-axis and if}f
i : a'-axis are the same, i.e., (2,55 - C;;,). The K; values for iéig
? - directions perpendicular to them (the (010] direction) are also the #,;:
: E same, 1.e., (5/2 Cypp = Cy3y = 1/2 Cyy,). These directions make a 30° i;ig
- angle with the a- and b-axes. By symmetry the 30°, 90°, and 150° ;;g;_.;f.;i
] fi ) directions are equivalent and they have the same K3 parameter. The K3 L;:;
= values for the [110] direction and [T10] directions which make a 45° éff;
s angle with the a-axis (and 15° with the b-axis), as given in Table III, ;é;%
! r R
& :Eiz
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are the same, i.e., % (9C222 - 3C”2 - chll). By symmetry the
directions which make 15°, 45°, 75°, 105°, etc. are equivalent and
they have the same K3 parameter. Taking into account the symmetry
of different directions we have combined Tables I, 1I, and III to
make Table IV, which is a summary of the results.

Another important observation that can be made is that the

difference in K3 parameters between that for the a-axis and that for
- - . the 45° direction is the same as the difference between the K3

: parameters for the 45° direction (or 15° direction) and the 30°

- i 1 -

k [ direction. The value of the difference is C,c. or z (2(:]n Ciy2

- C222)' Note that always the angles of the various directions are

glifi measured from the a-axis which is taken as the [100] direction. The

average of the K, parameters for [100] and 30° direction is the K3
parameter for 15° direction (or 45° direction). This suggests

a diagram similar to the slowness diagrams of Musgrave.5 as shown in
Figure 2. However, in Figure 2 we indicate the magnitude of the K3
parameter in the basal plane. The slowness diagram for longitudinal
waves in the basal plane of a hexagonal crystal would be a circle

because the velocity is the same in all directions. Even though the

velocity is the same in all directions, the amplitude of the generated

A second harmonic varies with direction, as indicated in Figure 2. This

ST T
n.
B
.

Measuring K3 along the c-axis should give C333.

TR WD PR 6 R,
Ta
< I
2

means that by measuring the second harmonic and calculating K3 along
.o the [100], the [110] and the [010] directions in a hexagonal crystal
" -4:
E - one should be able to isolate c266 and the combination (C]]] + 3C166)’
s t: or equivalently, the combinations (2(:222 - cllz) and %-(3C”2 - 4Cy )

b

a A :'f oLt ]
AR WA
. S R RN v
ST ‘ st
VO Sy

"
o
W
o
-

’
-t &
ca‘alale 2 1 0,




.
PP TU MY IR ARE RN ey, THRRA

»
--------------

......
........
...................

Magnitude of the K3 parameter plotted as a function of angle

Fig. 2.
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Finally, according to our interpretation of the figure giving

the pure mode directions in a hexagonal crystal in the publication of

15 there remains a set of pure mode directions for which we

These are the

X Brugger,

have not yet been able to derive a nonlinear theory.

Such a derivation may be contained in a later technical report; how-
ever, at present it appears that the theory may become so complicated
that one can derive the results only for specific crystals rather
than in general terms as given above for the directions we have

considered.
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directions along a cone whose apex angle is centered about the c-axis.
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