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Information- 7heoretic Properties of

Languages and their Grammars

Bruce J. MacLennan

Computer Science Department

Naval Postgraduate School

Monterey, CA 93943
: F,: ,..r,

AbstracL-We-describermeans for computing a number of information-theoretic proper-
ties of languages and their grammars. For example, the entropy of a system of sym-
bols is widely recognized as a measure of that system's complexity and organization.
Me-show how the entropy of a language can be c mputed in a simple way from a gram-
mar annotated with production probabilities, U then developo,'means for statistically
estimating these production probabilities from measurable properties of strings in the
language. Wi' also consider)the computation of other information theoretic properties
of languages 'and grammars, such as the average information born by a symbol in a
language and the average information used by the productions of a grammar.

1. Introduction

The entropy of a system is widely recognized as a measure (actually. a reciprocal

measure) of that system's organization and structure [Shannon, flrillouin, Hamming.

McKay, Cherry]. This suggests that the entropy of a language might be an important

property to measure to form a basis for the quantitative comparison of languages. For

this reason we have developed means for computing the entropies of languages.

Specifically, we derive formulas for computing the entropy of a language from a gram-

mar for that language that has been annotated with the probabilities of its productions

being applied. We also show techniques whereby these production probabilities can be

inferred from statistical properties of strings in the language. Finally, we apply the

same techniques to several related issues, such as determining the average derivation

length of a grammar, and the average information consumed by a grammar during

string generation. These all seem to show promise as a means for making quantitative

language comparisons.
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2. ntropy of a language
IcI

Z I Defition of Entropy

Suppose E- is a finite system of symbols ali,2 z .. , qt. in which symbol art has a priori '::"

probability of occurrence pi. Naturally, Pi = 1. The eniropy of E is defined -

H(E) =
t="

where Ig z = logzx. Since the entropy does not depend on the symbols a,, and is corn-

pletely determined by the probabilities pt, it is simpler to define the entropy in terms

of the a priori probability distribution. The entropy or the finite discrete probability

distribution Pl.P2... i -

H P.... P) = tptlg(1/pt) = -tptlgpt.
t=1 til

The preceding ideas are easily extended to infinite discrete probability distributions.

Suppose 2p = 1. We define the entropy of this distribution:

t==I H/(pl.. . .. j lg(I/ ,) -2'P, gP,•

Note that p = 1 does not guarantee the convergence of Epi Ig pt. That is, there are
St.

probability distributions that do not have an entropy. Take, for example,

pi = Cl(i In' i). The sum Ept converges, but the entropy Fpjlg pi does not. For-

tunately, these troublesome distributions do not seem to occur in practice.

Entropy is widely recognized as a measure of disorganization, and thus lack of struc-

ture [Brillouin]. When organization increases, entropy decreases; when entropy

increases, structure decreases. Thus it is usually more convenient to work with negen-

trapy rather than entropy. The negentropy of a system is simply the negative of its

entropy. Thus, when organization increases, so does negentropy; when negentropy

-2-



decreases, so does structure. The negentropy H of a discrete distribution pi is defined

) -fH(p,) = ,pjlgp,.

2.2 Thc Entropy of a lan~gua~ge

A language E is a (usually infinite) set of strings

= la ,-2 .... 0, .. "

Now, let P(at) be the a priori probability of occurrence of the string o in E. The

negentropy of the language E is simply

R(E) = P(a) Ig P(a,).

In most interesting cases the number of strings in a language is infinite. The entropy of

an infinite language is thus defined in terms of an infinite set of probabilities. There-

fore for most languages we are able to calculate the entropy only when there is some

finite description for that infinite set of probabilities, that is, when there is some struc-

ture in that infinite set of probabilities.

Although useful languages are usually infinite (i.e., comprise an infinite number of

strings), they can be described finitely by a grammar. That is, the grammar reflects

the finite structure in the infinite set of strings. This suggests a solution to the prob-

lem of finding a finite description of the infinity of probabilities associated with the

strings in the language.

The generation of each string in a language requires a finite number or elementary

choices to be made. For example, in a grammar for arithmetic expressions there

might be two productions for a nonterminal v:

v/-' 4

In deriving a string from this grammar, the symbol 'v' can be replaced by either '+' or

-; a choice must be made. Thus, a finite sequence of choices r1, ir2 .... 7r are

-3-



necessary to determine each string in the language. Conversely, if the grammar is

unambiguous, there is a unique such sequence for each string in the language1.

Now suppose that each elementary choice Yrt has an a priori probability P(nr) of

being made. If these probabilities are independent, then the probability of the result-

ing string being generated is

Thus, associating a probability with each elementary choice permitted by the grammar

induces a probability on each string generated by the grammar. We call a grammar

with such associated probabilities an annotated grammar.

There is of course no guarantee that the probabilities induced by an annotated

grammar are in fact the a priori occurrence probabilities of the strings in the

-language. Indeed, an annotated grammar is a model of the processes that in reality

generate strings in the language. As such, it might or might not be a good model.

We say that an annotated grammar predicts a language if it generates that language

and induces on its strings their actual a priori probabilities of occurrence. We call a

language predictable if there is an annotated grammar that predicts it. Clearly then,

we can determine the probabilities of the strings in a predictable language if we can

find an annotated grammar that predicts that language. Further, if we can calculate

the entropy of the language generated by an annotated grammar, then we will be able

to calculate the entropy of the predictable language. In the following sections we

develop means for computing entropies from annotated grammars.

it
3 Computing Negentrpy from Grammars

• S Annotated Regular Grammars

We begin our analysis with a particularly simple class of languages: regular languages

[Ginsburg. Hopcroft & Ullman]. The advantage of beginning with them is that the

1. More precisely, in an unambiguous grammar there is a unique lefimost derivzfion for each string.
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grammar for a regular language can be written as a single nonrecursive production

making use of only a few simple operators. These operators are:

name notation interpretation

catenation AH an A followed by a B

alternation AI!B an A or a B

Kleene star A* zero or more As

Kleene cross A+ one or more As

Any regular language can be described by an expression formed from the empty string

(e). individual tokens and these operators, appropriately parenthesized2 . Such an

expression, which defines a regular language, is called a regular ezpression.

For example, the regular language of signed, nonnull digit strings is defined by the

regular expression:

+ - 0 ) (0 E 1 ( 2 E 3 E 4 a 5 G 6 D 7 ( B a 9 )+

This expression can be read, "a plus or a minus or nothing, followed by a string of one

or more digits."

As discussed in Section 2, to compute the entropy of a language it is necessary to

know the probabilities of the strings in that language. If we have an annotated gram-

mar that predicts the language that it generates, then the probabilities of these strings

can be computed from the production probabilities (choice probabilities) in the gram-

mar.

In deriving a string from a regular expression there is only one situation in which a

choice can be made: from A(BB we can derive either an A or a B. Thus we can anno-

tate a regular expression by associating probabilities with all the alternands of an

alternation. We write the probabilities immediately preceding the alternands that they

2. We have used ' instead of the usual '1', since the latter could be confused with conditional probabilities,
conditional entropies, etc. Readers unfamiliar with the regalar languages and other concepts from formal
lMguage theory should consult any standdrd text on the subject (e.g., Ginsburg or Hopcroft & MUlman).



are associated with:

pA e B.

This means that we can choose an A with probability p, or a B with probability 15.

(Here, and throughout this paper, we use P as an abbreviation for 1-p.)

Since one of the alternands must be chosen, their probabilities must add to unity.

This is the case above, since p +j5 = 1. It also applies if there are more that two alter-

nands. For example, if we have

p A, Ip 2A2 (D ED p pAn

then we must havepI+p 2 + ••+p .

The following sections develop entropy formulas that can be recursively applied to

any annotated regular expression to compute the entropy of the regular language

predicted by that expression. When these results have been obtained we will show that

they can be easily extended to the computation of the entropy of any context-free

language from a grammar that predicts it.

3.2 Entropy Formulas

We derive a series of formulas that can be applied recursively to an annotated regular

expression to compute the entropy of the language predicted by that expression. In all'

cases we assume that the regular expression is an unambiguous grammar (i.e., there is

only one way to generate a given string), and that the choices leading to a given string

are independent.

We begin with the simplest regular expressions, the empty string and individual

tokens, and proceed to the catenation and alternation operations.

Theorem: If e is the set containing just the empty string and T the set containing

just the individual symbol T then

T = ( iE/() = 0.

- - - - -* * * - *--*oo- -*



r -,

"qoof: By definition L(r) = l and L(r) = J . Since there is only one symbol in each

of these languages, its apriori probability is 1. Hence.

H(s) =I(r) lIgI 0.

Theorem: H(AB) = H(A) + H(B).

Proof: Suppose

L(A) IOIX1c 2. ...

L(B) = 1, 2...

Then

L(AB) - icpj I aiE:L(A), PjcL(B)I.

Let PA(at) be the probability of choosing at from L(A) and P(pj) the probability of

choosing Pj from L(B), then, since we are assuming these choices are independent, the

probability of choosing aipj from L(AFJ), PAB(aiPj), is just PA(ca)Pq(Pj). Now, let

pt = PA (a) and qt = Po(PJ). Then, by factoring and distributing:

.I(AB) = EPA&(aPj) lg PA(aPj)

= EPA(at)Pl(j)lg[PA(at)PB(jJ
ti

= ,r~YpOIg+yq ) -

= Ep,[Eqjlg(p, qj)]
t J

t I -

Now, since Eqj 1 and F7(B) Eqjlg qj,

TI(AB) = p,[lgpi + I(B)]"

= Eplp, + Ep, T(0).
t -
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Since pt = I and H(A) = p, lg p, we have

" (AH) = T(A) + R(B).

Q.E.D.

Definition: The n-fold catenation of A with itself, A". is defined:

A0 =

A' A.

A"'l = AA , forn>0.

Corollary: 1i(A") = nH(A).

Proof: We prove the result inductively.

R(AO) = R(E) = 0 = OH(A).

Similarly,

1I(A 1) = TI(A) = 11i(A).

Proceeding inductively for n >0,

R(An"*) = H(AA-)

= 17(A) + I(A n )

= H(A) + nH(A)

= (n+l)fI(A).

Q F.

Theorem: 11JpA (DBJ = I (P . ) +p-i(A) + p)(R).

Proof: Let G = pA M15B. Then, to generate a string in L(G) we must make a choice;

with probability p we pick a string from L(A), with probability 15 we pick a string from

L(B). Let a be a string in L(G). Since we are only considering unambiguous gram-

mars, a must have come from either L(A) or L(B). Suppose that acL(A). Since the

probability of a selection from L(A) is p. and the probability of getting a when a selec-

"- . .-. L .. .. .. . . . .. " '. . .. .. ... . . .. . . . .. . .. . . .. •. . . . . .. .. . _ . .-B" '



tion is made from L(A) is PA(a), the probability P,(a) of selecting a from L(G) is

pPA(o). Similarly, if aEL(B) then PC(a) = pPB (a). These observations allow us to corn-

pute the entropy of G.

R(G) = Y Pc(a)IgPG(a)
@EL(G)

= Pc(a) lg Pc(o) + , Pc(a)Ig Pc(a)
aCL(A) UEL()

= Pc (ao) 1g Pc(o) + .Pc(O) 1g PC(Pj)
t 3 ..

= OPA(a1 ) lgpPA(ai) + EPB(Pj) lgPBPa(i)
t t

= Epp Igppi + EqjIg pqj
t j

= .p lgp gp +pqj.gpqjg
t j

= pEP (lgp + ilgpJ + P[q(lgp + Ig qj)
t j

=I~ p[Plg + Fplg piI + p[EqjIg p + Eqj lg qj]
t i j-

From the definitions of 77(A) and 77(B) and the fact that the p and qj sum to 1 we get

R(G) = p[lgp + 17(A)] + p[Igp + 7(B) '

= plgp + lgg +pR(A) + P( )

= 11(pp) + R(A) + H(R).

Q.E.D.

This result is easy to generalize to the n-fold alternation:

Theorem: The negentropy of an n -fold alternation can be computed:

171p A IDP 2A 9.. (PPA. = (PI-P2. .) + E2pjfl(Aj).
j=1

Proof: Let G p A 14,A2 • ... pA 2 nA,,. For each a.CL(Aj) let q&.j = P (cttj). The

proof is a simple generalization of the previous:

-9--



= ~ PC(a) Ig P0 (a)
11I vEL(Aj)

= Ep1 [Eqtjlgpjqjj]

J=1 t

= 2pj[Eqjjg pj + Eqijlg qjj].

Since Eqij -1.P H -P1. 2. . P) - pjlg pj and HI(Aj) = qj 4 lg qjj,
I J=1

11(G) = pj[lg pj TI-(Aj)]

= >2p 3'gpj +24- n
*J=1 J=1

= HI(P1 .P2. .P') + pjT(A)

QE.D.

* The 6) operation is associative, that is,

AO)(Ba)C) =ADBOC (A@BB)@C.

We would expect the annotated version of this operation to also be associative:

pAODP (qB ICq) =pA QD q 8 G jC.

Thus, if our negentropy formula is correct, we should get the same value for the negen-

* tropy of each of these regular expressions.

ATheorem: 71LvA 4ep(qB @D qC)j RI ThpA qn mpr

* Proof: We derive the negentropy of the right-hand expression:

RhpA 6 pqB e PqCj = 1(p,Pq~Pq) + p77(A) + pqTI(B) + fpq)l(C).

-10-



* Next we derive the negentropy of the left-hand side and show it equals the expression

above:

T RpA e(qB ( QC)j

= - i~p.p) + pT(A) + 15TIqB 6 Cj

= i1(p.15) + pT(A) + p[J(q)+ql(B)+qj7(C)]

- R(p.15) + pT(A) + j5T(qq) + pqfi(B) + pqiNC)

- R(p.15) + PIi(q.q) + pTi(A) +Pq~H(B) + pqY(C).

Thus it remains to show that

R~p~q.~)= R(p.p) +Pi(q4q).

Expanding the right-hand side above, rearranging, and recalling that q +i = 1. we get

= pig p+ pig P+pqlg q+ pqlg q+Ig

= -plg p + 5 (q+q) p+ pq(g +plg q

= plg p + iqIg Pq + plg P

- (p~fpql).

QE.D.

We now consider the iterative constructs in regular grammars. The Kleene cross.

*A,. means one or more As. Thus A* can bc expanded as the infinite alternation:

A* A= A(A(

It can also be defined by the recursive formula-

A+ A (AA*.

This kind of regular grammar is converted to an annotated grammar by adding a con-

tinuation pro babilityj p:



AP = PA )pPA2 a)p2A 6D-

or in its recursive form

AP + pA ) pAA .

We will derive the negentropy formula two ways, using both the infinite alternation and

recursive definitions, and show that we get the same result.

Theorem: H AP j = [R(p.p) + Ri(A)]Vp.

Proof: First we use the recursive formulation:

AP + = pA 6)pAAP.

Taking the negentropy of both sides we have:

TIJA'1 = HpA @pAA4PI

= R(pP) + Pft(A) + pIAAPi

= R(p.p) + 7fi(A) + p[fI(A) + 11JAP j]

= 1i(p,1) + P71(A) + pf7(A) + pjA. AP

= i~ji)+ T1(A) +p/IiA'ij.

Solving now for 171AP+I:

(1-p)TIAP+l = I(p.p) + TI(A).

Hence,

jIjAP 4  = [.fpp) + fl(A)],p.

QE.D.

Next we compute the negentropy directly from the infinite expansion of the itera-

tion:

ThIAP+| = IiIpAappA2 @ppAS3( ... I

= (p.pp.pp .... ) +pRi(A) + ppll(A 2 ) +pp 2 Ti(A 3 ) +

Recalling that I1(A") =nI(A),

-12- 3
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= Ti(P.pp.pp.. .. ) + P[Ti(A) + 2pf(A) + 3p2 F7(A) + ~

= TR(p.pp.pp2.. )+ p[1+2p+3p+... IA)

* Now note that if 1I <1 the power series expansion of 1/152 is

iip/ (-p 2  1+2p+3p 2 +

* Therefore

ThAP~j = R(F.Pp.fp2 .... .) + P(l/P 2 )l'(A) I
= H1(f,p.Pp 2 ... )+ TI(A)/p.

It remains to simplify R (p pp pp2.~pp2 .. ~1+pgp1plp 2

k0

j52Pkp~lgPkt + Ig1)]

2P [ pkp + 2pklgp].]
k=0 k=0

Now note that if I~ 1<1 the power series expansion of 1/1) is

1/1 = .L.< +p+p2 +pS+' = pk.

There'fore,

=[pig p lkpk + Ig p
k=0

-P [ppgp kP 2L" lg:P .
k=1

Using again the power series expansion for 1/1)2 we have

-13-



H(P~.PP 2PD....) = plgp(l/pl) + lgp

=(pig p)/P + ig

=(pig p +pig P)/P

Therefore,

RIP = H(p,p)/p + =~l [TI(p.p) + I(A)]/p.

QE.D.

The Kicene star, A% means 2ero or more repetitions. Thus it can be defined by the

infinite expansion

A* ACEDA6eA 2 i

where A0  r and A' A. Since the expression following the first 0D is just the definition

of A*, the above equation can be written

A a) A+.

The Kleene star can also be defined recursively:

A" tQAA*.

This notation is annotated by attaching a continuation probability p to the star:

AP* =~e pAA*.

The following theorem defines its negentropy.

Theorem: HJAPj = [fl(p,p) +j()Ip

Proof.- There are several ways to prove this result, corresponding to the alternate

defntions of A*.

(1) First we derive the negentropy of AP* from the negentropy of AP*. Since

AP per(pAP'I

we can apply Ifto both sides:

-14-



TAP = Ripe e@pAP~j

= ii(p.P) + Pf(e) +pRJAP I

T .f (pP) + p[TI(p~p) + JI(A)]Ip

=[PHI(pp) + pH (p.p) + HI(A)]/p

=[TI~p.p) + pAI(A)]/p.

QE.D.

(2) We can also compute the negentropy from the recursive equation

AP P p~ AAP#.

We apply H to both sides and get

JAP- = HjPe EpAA'

= (p.P) + P11(t) +pFjAAP

= I(p.P) + P-0 + p[T(A) + HIJAP*I]

= f(p.P) + p11(A) + pHjAPOI.

Crouping the unknowns on the left produces

(1-p)1jAPj = I~p.P) +pfl(A).

Recalling that 5 I i-p we have

HIJAP1 [H~p.p) +p~H(A)]/p.

QED.

(3) Finally, we derive the negentropy formula from tho infinite expansion

AP =PrG)PpAGp"A 2 a)

* Take th i negentropy of both sides to get

HIAa'? = Ij~rpejpA ~p 2 iA 2 Dp3,PA 36 ..

= H(.ppp~f.p'P... + pp 11(A) + p~pTi (A') + p 3PH(A 3) +

= i(P.PP~.PPPP...)+ pP1+ 2p +3p 2 + *)TI(A)

= J(lp~P.p.p'Pp... + (p/p)R(A),



where we have used 1/Ip = 1 2Zp + 3p2 +• We have already shown in the deriva-

tion of TIAPl that

Therefore we have

TIJAP'I= Op.p)/P + (p/p)R(A)

= [R(p.p) + pF(A)]/p.

Q.E.D.

We can check these results by computing the negentropy of AP  based on equation:

A = AAP "

Applying H to both sides we derive

JAPi = Y1IAA'

= H(A) + TIAP-

= 17(A) + [Fi(pP) + pH(A)I/P

= [I(p,!') + pR(A) + pI(A)]/p

= [ (p.P) + R (A)]/P.

which checks with our previous result.

The formulas for computing the negentropy (and hence entropy) of a regular

language are summarized in Table 1.

TABLE 1. Formulas for Negentropy of Regular Languages

- 0l/ilt 1 0
HIJAHJ =H(A) + Hi(B)

HIpASRI = _(pP) +pIf(A) + PR(B)//tAP'I = ["(pj) + f !]p; ;FIJAP' = [t(p.p) + PH(A)I/P

.3 Examples

In this section we illustrate the application of our negentropy formulas with several

simple examples. Several of these examples are based on free languages:
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Definition: The free language on an alphabet T is the set of all finite strings (includ-

ing the empty string) of elements of T.

Thus T* is the free language on T. In most cases it does not matter what the alpha-

bet 7' is, so we speak of the free language on n symbols. Let T. represent any alphabet

of n symbols:

Tn= T16)T2 () Tn.

Then Fn, the free language on n symbols, is defined

F n T . =S( ...6 r ) *.

Of course, before we can compute the entropy of a language we must annotate its

grammar with probabilities. Therefore, the annotated grammar for the free language

on n symbols is

Fn = (q.'r. $ q2 r 2 •• n)p*.

Theorem: The negentropy of the free language on symbols,

FS (q,..1 e .

is

R(F3 ) = [l() pH(, .... n)]/P.

Proof: We simply apply the formulas from Table 1:

01() = R P(q,®R I ... .,,) ' I

= [1(p.P) + pAII(q, ..1. q,) + q11i(T,) + + q.ii(T,)l/p

= [(pp) + pI(q . q,)]/p

Q ED.

The free language on one symbol 7* is just the set of all strings of 's:

L(F,) = rT, r, "r",

-17-
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The following theorem defines the negentropy of F-

Corollary: The negentropy of the free language with continuation probability p on

one symbol is: J. .F" .

H Fj I =(p.P)lp.

Proof: We simply use the previous theorem with n = 1.

Corollary: The negentropy of the free language with continuation probability p on an

alphabet of n equally likely symbols is

[H(p.p) - pig n/p.

Proof: To derive this simply set qj = 1/n in the negentropy formuld for Fn:

R(F) = [R(pj.) +pTI(q .. g.)]/
= [Ii +Pi/..i,,1 :

-- [(p p) + pT(1n)lg(l/i)J/"

= [17(p,p) + plg(/n)]/p

= [flUpp)-plgn]l/p.-,

.QED.

Table 2 shows the entropies of free languages on equally likely symbols for several

different continuation probabilities.

TABLE 2. Entropies of Free Languages on Equally Likely Symbols
p\n 2 4 a 10 12 64 256

0.1 0.63 0.74 0.85 0.89 0.92 1.19 1.41
0.2 1.15 1.40 1.65 1.73 1.80 2.40 2.90
0.3 1.69 2.12 2.54 2.68 2.80 3.83 4.69
0.4 2.28 2.95 3.62 3.83 4.01 5.62 6.95
0.5 3.00 4.00 5.00 5.32 5.58 8.00 10.00
0.6 3.93 5.43 6.93 7.41 7.80 11.43 14.43
0.7 5.27 7.60 9.91 10.69 11.30 16.94 21.60
0.8 7.61 11.61 15.61 16.90 17.95 27.61 35.61
0.9 13.69 22.69 31.69 34.59 36.95 58.69 76.69

This table suggests that we consider the special case in which ni is a power of two and p

--. -.................
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is one half. This leads to:

Corollary: The negentropy of the free language with continuation probability one

half and 2h equally likely symbols is -Ig k - 2. Conversely, the entropy is Ig k + 2.

Proof: Let p = hand n = 2
1 in the formula from the previous corollary and we have

R = [I(pp)-plgn]/

= [I(.)X - 9lg 2]/
= 2[ilg +X+IgX-k/21

= 2g%- lgk

- - -lg k.

Q QE.D .

-.4 Cmnputing the Entropy of a Context-Free Grammars

In this section we extend the results of the previous sections to the computation of the

entropy of any context-free grammar.

As usual, we define a context-free grammar G to be a quadruple,

G = <T, N. P. Vo>.

in which T is a finite set of terminal symbols. N is a finite set of nonterminal symbols,

v0 cN is the goal symbol, and P is a finite set of productions.

P C N X (T u N) °.  7-1

That is, each production is a pair of the form <v.a>. in which v is a nonterminal and a.

is a finite string of terminals and nonterminals. Such a production is usually written

'V - a'. The Backus-Naurform (BNF) of a context free grammars combines all the pro-

ductions for a given nonterminal into a single productions. For example, if context-

free grammar contains the following productions for V:

4 .

-* a2  .-.

* . . .•..":..



then the BNF form of this grammar combines them into a single production:

v - a Da ) 6 n

In the following discussion we will usually use the BNF form of grammars.

The characteristic that distinguishes context-free grammars from regular gram-

mars is that the productions of a context-free grammar can be mutually recursive.

That is, a nonterminal v can be defined in terms of a string that is, directly or

indirectly, defined in terms of v. It is well known, however, (see Ginsburg) that each

production in a BNF grammar can be considered an equation on sets of strings. If we -

recursively define L(a), the language defined by a, as follows:

L(E) = lei

L(T) = tT"

L(ap) = L(a) M L(fi)

where SUT =lap I cacS. PcT'

L(a S P) = L(a) U L(p)

then each production v-4a of a context-free grammar G can be transformed into a

corresponding equation

L(v) L (a).

Let G = <T,NP,vo> be a context-free grammar, in which

is a set of productions in BNF form. Then corresponding to P is a collection of simul-

taneous equations on sets or strings:

L(LO) = L(o)

L(v,) =L(=,)"""

................



L(vk) = L(ak)

The solution to this set of equations defines the language generated by G, since

L(G) = L(vo).

Context-free grammars can be annotated ith production probabilities in the same

way as regular grammars. Formally, we define an annotated contezt-free grammar G

to be a quadruple < T. N, P, v0 >, in which vOEN and

P c R X N x (T u N).

Thus each production is a triple <pv,a>, p being a real number representing the pro-

bability of applying the production v-a. We impose the restriction that all the proba-

bilities associated with the productions for a given nonterminal must sum to unity:

pi = 1. for yEN.(p1 .. a6 > E P- "

This is simpler to see in the BNF form of an annotated context-free grammar. In any

production that is an alternation,

V - P 101 ep 2a2 E3 • n,

we must have that

,= 1.

ronsider an unambiguows annotated rontext -free grammar G and let 7- T(G) be the

language generated by G. Let Pc(a) be the probability that a string a is generated by

G. We say that E is predicted by G if for every string a, PE(a) = PG(U), that is, the

observed probability of occurrence of a is the same as the probability of its generation

by G. We now consider how we might compute the negentropy of Z from G.

Consider a production v-,a in the annotated grammar; this corresponds to an equa-

tion L(v) = L(a). Since v-pa, the probability of a string being generated from v is the
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same as its probability of being generated from a. Thus, P,(a)"= Pa(a), for all

a E L(v) -L(a). Thus, the negentropy of L(V). which we can write H(v). is the same as

the negentropy of L(a), which we can write H(a). That is,

11(v) = 11(a)...

It can be seen that corresponding to the BNF productions vj-*a, in P there is a set of

simultaneous equations ,

JI(vo) = M(ao)

FI(vl) = T1(a,)

H(v) = R O(a)

that can be solved to yield the negentropy of the language predicted by the grammar.

In particular,

I(E) = H(G) = T(vo).

We have already made used this technique in applying the recursive definitions of of APO

and AP* to solve for their negentropy. In summary, the methods developed previously

for computing the negentropies of regular languages can be extended in the obvious

way to context-free languages.

4. Determining the Production Probabilities

4.1 Measurable Properties

To compute any specific entropies we need to know the probabilities of applying the

productions in the appropriate grammar for the language. These can be obtained by

determining measurable parameters whose values are implied by the production pro-

babilities. That is, the measurable properties are a function of the production proba-

bilities. The production probabilities can then be determined by (analytically or

numerically) inverting this function.
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What measurable properties should we use? One of the simplest is the density of

occurrence of a token. Let Occ,(a) be the number of occurrences of the symbol r in

the string a. This is formally defined:

Oec,() = 0,

Oec,(r) = 1.

Occ,(r) = 0. for 1-T"',

Occ1 (a) = 0cc,(a) + Occ,(P), for a =a.

The A(G), then density of occurrence of T in the language generated by G is

PC(U)Oce,(a)
,(G) = veL(G) "

z PC(a)I aqeL(G), .

where PG(a) is the predicted probability of generation of a and ao[ is the length of a. If

G predicts L(G). then A1(G) will be the observed density of occurrence of T in

languages generated by G.

The formula for A,(G) suggests two useful properties of a grammar: the average

length of the strings it generates and the average number of occurrences of a token in

a string. We let A(G) be the predicted average length of the strings generated by G:

A(G) = Pc(a)Icu.
acL (C)

We let 4t'(G) be the predicted frequency of occurrence of in the strings generated by

= ~ PC(o)Occ,(o).
eaL(C)

It then follows that

A,(G) = ,(G) /A(G).

The goal then is to find ways to compute 4),(G) and A(G) from G. This will permit us to

calculate predicted values of A, which can be compared with actual measurements.

-23-
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* Therefore. the next two sections present means for calculating A(G) and 0,(G).

4.2 Avrage Sizing Lemgth

We begin again with regular grammars.

Theorem: The average lengths of the empty and single token grammars are defined:

* A(r) =0 tokens,

A(T 1 token.

Proof.- Obvious.

For the remaining derivations we need some notation. Suppose that

L(A) = al,Sx2. . . .

L(B) = PI.P2.. .

b- = P (flj).

Then it follows that

* A(A) = Ea.ai~t

*A(B) = EbIPi1.

* Theorem: The average length of the catenation of two grammars is the sum of their

average lengths:

A(AR) =A(A)+A(R).

Proof.- Note that is OEL(AB) then a =tp for some ajcL(A). PiEL(B). Assuming as *
usual that the choices from A and B are independent. -

=A(r PA(at)P&(Pj) 0- ;bj

* We now derive the average length:
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A(AB) = E PBap)Iap

= E~jb (Ia 4 I P31)
tj

= NE,bjl a + EbjI ,Pi I
t I -

= [ajI atI +A(B)]
t

.a aI at + EatA(B)

A (A) + A(B).

Q.E.D.

CorolarTr A(A") = iA(A)

Theorem: The average length of an alternation is the average of the average lengths

of the alternands:

A(pA ( B) = pA(A) + A(B).

Proof: Let C = pA SPB. Recall that if ucL(G) then either ucL(A) or ucL(B), and that

the choice from A is made with probability p. Therefore

PC(a) = pPA(a). if uEL(A),

Pc(o) = 15PB(o). if oL(B).

Then we derive:

A(G) = o Pc()IGI

. = Pc(a,) at + EPc(p,)I19I

= elI+FPJIj
t

= p at I atI + pbII
t

p=^(A) + pA(B).

Q.E.D.
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Theorem: A(AP +) = A(A)/15.

Proof: We appeal to the infinite expansion:

AP= pA S pPA2 0) P'PAe ED

Applying A to both sides:

A(AP +) = pA(A) +pPA(A2 ) +p2pA(A3) +

= [ + 2p + 3p2 + ]A(A)

= p4/e]ACA).

= A(A)/p.

Q.E.D. Alternately, we can appeal to the recursive definition:

A(AP+) = pA(A) + pA(AAP +)

= pA(A) + pA(A) +pA(AP+).

Grouping like terms gives

(1-p)A(AP+) = (P+p)A(A).

which leads directly to the result. QE.D.

Theorem: A(AP') = (p/p)A(A).

Proof: We apply A to the infinite expansion of AP*:

A(AP') = pA(e) + PA(A) + p2pA(A2) + pl^A(A3) +

= po0 +ppA(A) + p2P2A(A) + p.p3A(A)

= P (1 + 2p + 3p2 + •••)A(A)

i pp(1/p 2 )A(A)

= (p/p)A(A).

QE.D

Alternately, we can apply A to the recursive definition:

A(A') = pA(c) + pA(AAP *)

-26-
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=p0 + pA(A) + pA(AP').

Solving for A(AP*) we get

A(AP') = (p/p)A(A).

Q.E.D.

We consider some simple examples based on free languages.

Theorem: Consider the free language on n symbols generated by-

Fn = (qT 1 @q2T2e ... E qnTn)p *.

The average length of the strings of this language is

= A(Fn) = p/P tokens.

Proof: Since (Tt) = I and q I + + qn

A(F,,) = (p/p)[qA('r) + + q,,A(-r)]

= (p/)[q + + qn1

= p/p.

QED.

Notice that the average length of a free language is independent of the number of

symbols in the alphabet. This is to be expected.

Corollary- The average length of a free language with continuation probability } is I

token.

Proof: Apply the previous theorem with p = p = ) Q. E. D.

TABLE 3. Average String Length for Regular Grammars
A e) =0 tokens
^(") 1 token

A(AB) A(A) + A(B)
A(pA BPB) pA(A) + pA(B)

A(AP +) A(A)/p
A(AP) = /p)A(A)

The formulas for computing average string length are summarized in Table 3.
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4.3 Average Token Frequency

The formulas for computing average token frequency are almost identical to those for

average length. For this reason the proofs are omitted and the results are shown in

Table 4.

TABLE 4. Average Token Frequency for Regular Grammars
0*. 7 (r) = "l

0, for TriO'*,(AB) = CAA) + .,.(B) :

0,(pA( pB) - pt,(A) + lt,(B)
t,(AP+)

Theorem: Consider the free language on n symbols:

F =:- (9 17 1 (D 2 T2 @ (E g. nlrf)p.

The frequency of occurrence of token t is

(pt= =,,(Fn) qjp/p.

Proof: We derive as follows, abbreviating 4) by 4:

S(j(F,) = (p/p)l,[q ... 1,r, i9n1_.

= (p/P)[q (T,) + + qMt('r) + ''" + q, ,(r,)]

=(p/p)[qi~O +9 + v1 1 + + qn-0]I = (p/p)q .

Q.E.D.

Corollary: In the free language of the previous theorem, the density of occurrence of

symbol Irt is qt. We denote this measurable property 6j.

,.:':"'° Proof.- Since &,(F,,) = (Fn)l A(F.), we have ii l

6, -x__

P
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Q.E.D.

The following corollary shows that for the case of a free language it is easy to corn-

pute the production probabilities from measurable properties of strings in the

language.

Corollary: If we measure the properties 61. 62. .... , and X of a free language on n-

symbols, then we can compute the probabilities q1. q2.. qn and p from them by the

formulas:

qt 6t,

p = x(x+1).

Proof: The formulas for qj are obvious. For p we know that

A = p/p = p/(1-p)

Therefore X-pA p, so X p +pA. Thus A p (A+ 1), sop = X/(X+ 1).

Q.E.D.

Corollaryr The negentropy of a free language exhibiting occurrence densities 61.

6, and average string length A is:

S[ i7(x, x+ 1) 0-(6 ...

and substitute the values for q4 and p derived in the previous corollary. To do this.

note that

-- = 1- .. =1_i

A+ A+1 

Then we have
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T11

A+ 1

= (X+) 1 jj-g j+ I-g -+ xd-
IA~l A1 A+I X+l +

I- 1 r '.

= Adg X - Alg(k+ 1) - lg(X+ 1) + \77(61,...52)

1 (A X 1 +6,. -H6:...) ) --

= x gX-(\ll\I)

Q. E. D.

Thus we have the negentropy (and hence entropy) of a language expressed entirely

in measurable parameters.

A 4.4 Average Information per Symbol

* Recall that the entropy of a language measures the average information born by each

string in the language. That is,

H(E) =i-- -E(a).
OLE

However, each of the strings or the language is composed of a number of terminal sym-

bols (tokens). Therefore, it is interesting to compute the average information born by

~~.1

eahsmo tkn ntestrings in the language. Wea call thi th....maio

Hoevreah f hestins f helagug i cmpse o anube o trmna0sm



density of the language.

Information density is easy to compute: it is simply the average information born

by the strings of the language divided by the average length of those strings:

i*)= ) H(E)/A(E).

where we have used i7(.) for the average information born per symbol in the strings E.

The units of information density are bits/token.

If the grammar G predicts the language E, then

(E.)= i(G) = H(G)/A(G).

We use this result to compute the information density for several languages.

Theorem: Let F, be the free language with continuation probability p on n symbols
with probabilities qt. Then, the information density of F. is:

q(F) = H(p.p)/p + H(q, ..... q.) bits/token.

*. Proof: Take the formula for the negentropy of r. and negate it to get the entropy for-

mula:

H(Fn) = [H(p.j) + H(q 1. .... . .

Divide this by the average length A(F.) = p/1 to get the information density-

I(F,) = H(FO)/ A(F)

- H(,P-P) +PF(q 1 ..

P/P

.= (p,)/p + H(q 1. q. .

,Q E. D.

Corollary:. The information density of the free language on one symbol with continua-

tion probability p is:

.(FI)= H(p,P)/p bits/token.

-31-
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Corollary: The information density of the free language with continuation probabiliLy

p on n equally likely symbols is:

17= H(p.5)/p + Ig n bits/token.

Proof: We simply use qt = 1/n:

17 = H(p.)/p +H(q ..... n)

= H(p.p)/p + H(1/.. I/n)

= H(p.p)/p +(1/n)lgn + .+ (1/ n)lg n

= H(pp)/p + Ig n bits/token.

Q.E.D.

Corollary: The information density of the free language with continuation probability

one half and 2 h equally likely symbols is k +2 bits/token.

Proof: Let n = 2h and p = p = in the previous formula:
I!

77 H(,%)/(l + Ig 2k

= 211() + k

=2(ig 2 + lg 2) k

2(h1 + %) + k.

Q. E.D.

The difference between the entropy of a language and its average information den-

sity can be understood by looking at some simple examples. In particular we will con-

sider the languages Nt of all nonempty strings on k symbols. Thus, N is just the free

I1 language Ft without the empty string. Conversely,

,= NVk .-

Theorem: LetNk = (qrzc . qkr)" +. Then, ."

R ,= [Mhp,P) + 7 (q1 . .0. q)]/p bits

A(Nk) = 1/5 tokens
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l(Nk) = .(p,) + H1(q 1,.. qt) bits/token.

Proof: Simply apply the previous formulas. Q.E.D.

To understand the implications of this result we consider an especially simple case,

N1 . the language of all nonempty strings on one symbol i.

N = .

Hence L(N 1) = Jr, 'Tr. Trn,. ..

Corollary* If the continuation probability of N, is one half, then

R(NI) = 2 bits

A(Nj) 2 tokens

}(NI) = 1 bit/token

Proof: Substitute 5 = } in the previous formulas and recall that

5( lg2+ lg2 = g2 1 bit.

QED.

This result is easy to interpret, since each succeeding token indicates that the

choice has been made to continue the string. Since the probability of the choice is one

half, each token conveys one bit of information.

Next we consider N2. which can be considered the language of nonnull strings of

binary digits:

N2 = (B 1)*.

The following theorem addresses the information density of this language.

Theorem: If N 2 is the language of nonnull binary strings:

N 2

-'then
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R(N2)= [H(pp)+ H(qq)]/p bits

A(N 2) = 1/13 tokens

ri(Ng) = H(p.fi) + H(q,q) bits/token.

Proof: Apply the previous formulas. Q.ED.

Corollary. Suppose the binary digits 0 and 1 are equally likely. Then the information

density of the language of nonnull binary strings is

t7(N2) = 1 + H(pp) bits/token.

Proof. Apply the previous theorem with q = Q. E. D.

Note that since H(p,1)>0, we know

n(N) > 1 bit/token.

Since in this case a token is a binary digit, we have the somewhat surprising result that

the information density of the language of binary strings is greater than one bit per

binary digit. How can this be? The extra H(p,1) bits of information per binary digit

comes from the fact that the binary strings are variable length. We previously saw that

*i in N, the continuation of the string conveys H(pJ) bits of information.

The source of the extra information can be made clearer by considering a language

in which it's absent, the language of all n digit binary strings:

n= (q SIOe1)n.

Let q ==f. Then

H(W,) = H(y,) = n bits

A(Wn) = n Ajq0 q1 = n tokens

r(W,)= n/n = 1 bit/token.

Thus the information density of TV, is one bit per binary digit, as expected. Since all

the strings of Wn are the same length, no information is conveyed by the continuation

of the string.
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Consider again the language of nonempty base k strings:

Nh ; (qj~r16D ... ( qt 7, P.

We have seen that its information density is

i7(Nt) = H(pJ) + H(q, ..1. ,q) bits/token.

Now we can see that this result is intuitive, since each additional symbol in a string

conveys two pieces of information: the decision to continue, H(p.1p) bits. and the sym-

bol chosen for the continuation, Il(q .  qk) bits.

5. InfmmatiUon Theoretic Properties of Grammars

In this section we consider two information theoretic quantities that are properties

of grammars, as opposed to properties of the languages predicted by those grammars.

These properties are the average length of a derivation from a grammar and the aver-

age amount of information consumed by a production in a grammar.

I5.I Average Derivation Length

First we consider the average length of a derivation from a context-free grammar G.

that is, the average number of productions that must be applied in going from the goal

symbol 1/0 to a terminal string a. We apply similar techniques to those previously intro-

duced, transforming the set of productions into an equivalent set of simultaneous equa-

tions.

We will let D(a) represent the average length of a derivation from a string t of ter-

minals and nonterminals. Now consider an arbitrary BNF production

-, Pte 2pa
in P, the set of productions in G. We want to compute D(v). the average length of a

derivation from v. In deriving a terminal string from a string containing v. we apply

the production v-.at with probability p,. If we apply v-.a 1 , then the length of the

derivation is one plus the length of the derivation from al. The same holds for each
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V-'aj. Thus the average length of a derivation from v is

D(v) = p[1 + D(al)] +" +p.[i + D(a.)]

= (p + + p,) + pD(a,) + + pD(a.)

I +pD(al) + +p,,D(a,.

This result is intuitive: the constant 1 accounts for that fact that we must apply some

production to eliminate the v; the remainder of the terms are the weighted average of

the average derivation lengths of the alternands.

Next we derive a number of rules for simplifying the right-hand sides of these equa-

tions. If a is the empty string, then no productions can be applied to it, so

D(r) = 0.

If a begins with a terminal symbol T, a = . then, since no productions can be applied

to a terminal, we have

D(TP)= D(P).

Ir a begins with a nonterminal symbol p, a = pp, then, since both pA and fi must be

reduced to terminal strings, the average length of a derivation from a must be the sum

of the average lengths of derivations from p and :

D(pp) =D(p) +D()

We summarize the formulas for computing average derivation length in Table 5.

TABLE 5. Average Derivation Length for Grammar
Div- pla 1 ) a) e pa, = D(v) I + pD(al) + + +pD(a)"

D(r) = 0
D(r) = 0
D(ap) = D(a) + D(p)

Theorem: Let F. be the following annotated grammar for the free language on n sym-

bols:

Fn  0 pe pAF

A - q i' '" S. .T..
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Then the average derivation length of F, is

D(Fn) = (p+l)/1 productions.

Proof: We transform the productions into the equations:

D(Fn) = 1 + PD(r) + pD(AF)

D(A) = 1 + qD(,r) + ' q.D(..).

Thus, D(A) = 1. Simplifying we derive

D(Fn) = +p[D(A) + D(F.)]

= + p + pD(Fn).

Solving for D(Fn) we have

D(Fn) = (p+l)/15 productions.

Q.E.D.

As would be expected, the average derivation length is independent of the probabili-

ties q1 .

Corollary: The average derivation length of Fn with continuation probability one half

is 3 productions.

Proof: Apply theorem with p = = ) Q.E. D.

This result is also intuitive. We always must apply at least one production (for F.).

If we choose to stop. with probability one half, we have applied one production. How-

ever, if we choose to continue, with probability one half, then we must apply two more

productions (one for A. one for Fn), and repeat our choice. Thus we have:

D = '1+ '[2+ .1+ .(2+.1+ ..

Regrouping gives

D = (++ .. 1+ + -
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2 2 + 1 productions.

5L2 Average Information Used by a Production

Consider a leftmost derivation of a terminal string from a grammar. At each point

in the derivation a nonterminal must be replaced by a string according to the produc-

tions of the grammar. In many of these cases there will be a choice of which of several

alternate productions are to be applied. Such a choice will require information to be

supplied. Considering the average information that must be supplied per applied pro-

duction gives us a gauge of the efficiency with which a grammar transforms informa-

tion into terminal strings.

Since in an unambiguous context-free grammar there is a unique lertmost deriva-

tion of any string in the language generated by the grammar, we can set up a one-one

correspondence between the leftmost derivations and the strings. Thus, for any

ueL(G) there is a unique series of productions rn, n, .... iri that generates a. As we

saw before, if production frf has an a priori probability P(irj) of being chosen, then the

probability that G will generate a is

Pc(a) = P(n)e( 2 )"" P(rk).

Hence, the generation of a string by a grammar can be viewed as a series of choices irl,

irk. having probabilities P(ir,). P(rk) of being made.

Now we look at this formula a different way. Recall [Shannon, Hamming] that when a

previously undetermined situation with a priori probability p is dctcrmincd, the infor-

mation conveyed is -Ig p bits. That is, information is conveyed by making choices.

Thus, the information conveyed by making choice 7rt, with probability P(r), is

I(nrt) = -ig P(r) bits.

Therefore, the information conveyed by a is just the total information conveyed by the

choices that lead to a:

IC(o) = -P(O)A -ig P(r) + . + -1g POOk) 1(4) + + I+(r,).
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This information is used by the grammar in going from in undetermined nonterminal

symbol to a completely determined terminal string. That is, this information drives a

decrease in the entropy from H(G) to 0 (since a terminal string has no entropy).

Now recall that

=H(G) G a)Ig PG(a)

Thus, the entropy of a language is the average information conveyed by its strings.

A grammar with higher entropy is less constrained, more disordered, than one with

lower entropy, so on the average it takes more information to generate a particular

string from it. A grammar with low entropy is highly constrained, so on the average lit-

tie information is needed (or used) in generating a string; there are fewer choices to be

made.

We can now apply these results to determining the average information used per

production by a grammar. Since, the information conveyed by a string is the same as

the information used in its derivation, the entropy of a language measures the average

information used by a grammar in generating a string of that language. If we also know

the average derivation length for that grammar, that is, the average number of produc-

tions needed to generate a string, then we know the average amount Q of information

consumed per production. Summarizing,

Q(G) =H(G)D(G),

where H(G) = Ji[L(G)].

Theorem: Consider the following grammar for the free language on n symbols:

F 1 4 P pAF,

A q 1, ... 0qnTn.

This grammar uses on the average
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Q(F) = [H(pp) +pH(qI. ... gq)1/(p+i) bits/production

to generate a string.

Proof: Recall that

H(F,) = [H(pp) +pH(q .. . q,)]/P bits

D(F) = (p+l)/1 productions.

and divide.

Q.E. A

CorollarT F2 with continuation probability one half uses on the average one bit of

information per production.

Proof:Setp -5 q I qa -). Then,

Q(F2) = [H0 ,) + Y2 H(J,%)]/ (j + 1)

= ( H U)..)/(. 0)

= 1 bit.

Q.E.D.

This is intuitive, since this grammar must use one bit on each production, either to

decide whether or not to continue, or to decide which symbol to generate.

Consider Fl. the above grammar restricted to generate the free language on one

symbol, with continuation probability one half. The above formula says the information

consumed per production is

Q(F,) = [H(X,.) + X H(1)I/ (X + 1)

.°." ffi H( , )/(1J ) .:

= 2/3 bits/production.

. This might be surprising, since it seems that with each successive symbol of the string

exactly one bit of information is being used. namely, to decide whether or not to
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continue. The source of the ineffciency can be found by looking at F:

F, -5 Ilt 9 ALF,

There is a redundant production A - " that uses no information; this decreases the

average information used per production. If we eliminate this redundancy, we get the

one-production grammar

F1 -. prOp 1 .

It has the same entropy as the previous grammar, but a shorter average derivation

length:

D(F,) = 1 + pD(FI)

= 1/li

For p = ) its average derivation length is 2 productions, as opposed to 3 for the version

with the redundant rule. The information used per production is then

Q(F 1 ) H(FI)/D(F1 )

= H(p,p) bits/production. j
In the case p = this grammar uses one bit per production, as would be expected.

Thus we have a way of comparing the efficiencies with which grammars use information

and of determining whether grammars have useless productions.

I. Fample AppUulito7

In this example we illustrate the previously described techniques by their application

to a nontrivial language. Table 6 shows the context-free grammar for lambda-calculus

expressions; we have added unknown production probabilities. We now apply 11 to

these productions and solve for the negentropy. Thus,
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TAMIE 6. Annotated Grammar for Lambda Calculus
E = qI• qe'('A 1E ')'

Ss'(EE)'

= (plalp 2 b .''po 9 )P -

where q 1+q 2 +1s = 1, andpI+p+ 'P0 = 1

R(E) = H(q,,q 2,q3 ) + qI(I) + q2 i' ('A I E')' + q3 i'('E E ')'I.

Tokens can be ignored in computing negentropies, so this reduces to

1(E) = (q,q 2 q 3) + qd7(l) + q 2[1(J) + 1I(E)] + q3'2)7(E)

= H(q 1q2,q3 ) + (q 1+q 2)H(I) + (qN2 + 2q 3)H(E).

Solving for H(E) we have

11(E) = P(ql.q2 ,q3 ) + (q 1+q 2)H(l)
1 -q-2qs

It remains to solve for 1(1). We apply the formula for 1(AP*) to get

(l) = RJ(p,ae p 9Y +'"

= [I(p.p) + Jlpiad ... P~39/p""

= [ R(pP) + II(P,.2 .... , )]/P.

The resulting formula for the negentropy of the lambda-calculus is:

- Tl(q.q 2 .q 3 ) + (q 1+q 2)[l1(P-p) + TI ... P ] bits.
1 - q2 - 2q3

To actually compute the negentropy it is, of course, necessary to determine the pro-

duction probabilities p. q ,. q2, q3, P1, P2, .... p30. Since all the probabilities associated

in an alternation must add to unity, there are just 38 independent probabilities to be

determined.

To determine these probabilities we will calculate the measurable properties of the A
strings in the language: the average string length and the occurrence densities of the

tokens. The average length is:j
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X = A(E)

= qj^(1) +qz^l'(' X I E ')'j qst4'('E E ')'j

= q1A(J) + q2[e'(' + AJX) + A(I) + X + 4')'1] + q3[A1(I + .A + Aj')']

= q A(J) + qg[A(I) + X + 3] + q3[X + 2)

= (q I+q 2 )A(l) + (q2+2q3)7 + 3q2 + 2q3.

Solving for X we have

(ql+q 2)A() + 3q2  q
1 - q2 -2 s

It remains to compute A(1):

A(I) = A^(pjae. pm9)+l

= Ajpja(D ... p1p

= (P+ " +P3)/

= i/P tokens.

Substituting this result into the formula for X gives the average length of a string in the

lambda-calculus:

(q1 +q 2)/p 4 3qL + 2qg tokens.

1 -q-2qs

Recalling that the information density of a language is the ratio of its entropy and aver-

age length, we have

H(qjq 2 .q) 4- (q, q2)[H(p.j) + H(p. pse)]/p bits/token.

It remains to compute the frequencies of occurrence of the tokens in the language.

First we compute golp. the average number of left parentheses in a string.

qf 10p(l) + q@l' (' A I E ')'I + qAsPp'' E E ')'I

=q 1-D +- q204-Vp) +4-(+P+P

= q2 + q3 + (qa + 2q3)9p-

__ _ __-43-
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Solving for 91p we have

q2 + 93

S1- q2 --2q3

Clearly, p = 91p. It is also easy to compute the corresponding densities:

6ip = 6 rp = = rp/.

Next we compute rp, the frequency of the token W, by the same process:

'M~Ae)

= q2$(X,) + $A(E)] + 2q31t(E)

= q2(1 + 9eA) + 29sA."

Solving for r\ we have

q 2

S1 -q2 - 29q

and d6 A/X

Finally, we solve for rpi, the frequency of the i-th alphanumeric character:

=  (e)

r. = qA(I) + q2[,(I) + $P(E)] + 2qstj(E)

(q+q)%(1J) + (q 2+2q3)(Pt.

Solving for Vt we have

(q, + q 2)-P(J)
I-q 2 -2s"

It remains to determine 41(1):

,() = fd(plae ... @p9)P .

= $dpISE3 ... (Dp9691/j5

= [p,9t(a) + pse t(9)]/p

r.-=4.'
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Substituting this into the equation for Vt yields

=(qI+ q 2 p1

As usual, 6 = 9oj/X.

Unfortunately, the equations derived for the lambda-calculus are quite difficult to

solve. In practice they would probably have to be solved numerically.

We can gain some insight into these equations by considering their behavior in some

typical situations. Therefore, suppose that all the identifier characters are equally

like y.

P= P2 " Pse = 1/36.

Then we have

iq, + q2
go = 36p(1 - q2 - 2q3 )"

Now let p = 1-q 2 -2q3. Then we have

A = [(q,+q 2)/P + 392 + 2q3]/ a,

9oA =92/1C,

rp = 9rp= (q 2+q 3)/a.

l= (q1+q2)/(36Pa).

* Rewriting the first equation:

A , = [(q,+q)/ a] + (3q 2 + 2q3)/ a

V/36 + (3q2 + 2qs)/a

= ./36 + q21a + (2 + 2q3 )/ a

l ot/36 + VA + 2 1p."

If we rewrite this

!P A= /36 +P pi gpv+

-45-
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then it becomes intuitive: the average length of a string is the sum of the average fre-

quencies of occurrence of each terminal symbol.

Finally, we derive the information consumed per production by this grammar. To do

this we expand the Kleene cross:

I -, 5A' pAI

A -. pla ' pw9

and compute its average derivation length:

D(J) = 1+ PD(A) + pD(A) + pD(I)

D(A) = 1

Therefore, D(1) = 2 + pD(I), so D(I) = 2/p. Next we compute D(E):

D(E) = 1 + qnD(1) + q 2[D(J) + D(E)J + qs[2D(E)]

= 1 + 2(qj+q2 ) + (q2 +2q 3)D(E).

Therefore,

1 + 2(q1 +q2 )"
D(E) = productions.1- q2 - 2q3 ,

The average information used per production is the ratio II(E)/ D(E), which is

Q = H(qn,q 2,qs) + (q1 +q 2 )[II(p.p) + H(P, .. pM. P3)]/P bits/production.
1 + 2(ql+q2) b P-

7. Conclusim

,. We have described means for computing a number of information-theoretic properties 2
of languages and their grammars. These properties include, for languages, their

entropy, average string length, information density and density or occurrence for a

-4 given token. For grammars we have shown how to compute average derivation length ~
and the information used by the grammar per production.

All of these techniques are based on the application of simple recursive formulas to

% .
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annotated grammars, grammars annotated with production probabilities. It appears

that the same techniques can be applied to the computation of many other properties

of both grammars and other symbol systems.
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