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Information-Theoretic Properties of

: .
Languages and their Grammars s
Bruce J. MacLennan 5

Computer Science Department
Naval Postgraduate School

Monterey, CA 93943

’
I .
/l - . 'r’fx] o T

Abstract: We-describesmeans for computing a number of information-theoretic proper- -
ties of languages and their grammars. For example, the entropy of a system of sym- o
bols is widely recognized as a measure of that system’s complexity and organization. )
We-show how the entropy of a language can be computed in a simple way from a gram- 1
mar annotated with production probabilities. then developsgymeans for statistically
estimating these production probabilities from measurable properties of strings in the
language. We also consider;the computalion of olher information theorelic properties
of languages and grammars, such as the average information born by a symbol in a
language and the average information used by the productions of a grammar.
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1. Introduction

. —_— .

The entropy of a system is widely recognized as a measure {actually, a reciprocal -4
measure) of that system’s organization and struclure [Shannon, Brillouin, Hamming,
McKay, Cherry]. This suggests that the entropy of a language might be an important
. property to measure to form a basis for the quantitative comparison of languages. For
: this reason we have developed means for computing the entropies of languages.

Specifically, we derive formulas for computing the entropy of a language from a gram- '

mar for that language that has been annotated with the probabilities of its productions
being applied. We also show techniques whereby these production probabilities can be

inferred from statistical properties of strings in the language. Finally, we apply the

,v ’n " e
I NN

same techniques to several related issues, such as determining the average derivation

Ef. length of a grammar, and the average information consumed by a grammar during
L string generation. These all seem to show promise as a means for making guantitative

- language comparisons.
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2. Entropy of a language

21 Definition of Entropy '
Suppose & is a finite system of symbols ,,0,, . . . , 0, in which symbol o; has a priori
- k CL T
probability of occurrence p;. Naturally, 2 Pi = 1. The enlropy of T is defined g
i=1 _—
HE) = Spi/p) L
where Ig z = logzz. Since the entropy docs not depend on the symbols oy, and is coin- -
T
plelely determined by the probabililies p;, il is simpler Lo define the enlropy in terms ]
of the a priori probability distribution. The entropy of the finite discrete probability 1
distribution p,,pa2, . . . .p is - ad
H@,p2 ....;) = ‘i‘mla(l/m) = -f}p.-lgpi-
= i=1
The preceding ideas are easily extended to infinite discrete probability distributions. —
=
Suppose 2 pi = 1. We define the entropy of this distribution:
i=1
H(prpz.-..) = Lplg(1/p) = -3pgpi. ;
=1 i=1 .
Note that }'p; = 1 does not guarantee the convergence of ¥p; Ig p;. That is, there are -
1 t
probability distributions that do not have an entropy. Take, for example,
Pi = C/(i In®i). The sum ))p; converges, but the entropy Y'plg p; does not. For- ~
i i N
R
tunately, these troublesome distributions do not seem to occur in practice. ":: 33
3
Entropy is widely recognized as a measure of disorganization, and thus lack of struc- N
=~
f:: ture [Brillouin]. When organization increases, entropy decreases; when entropy };:;1
)
. increases, structure decreases. Thus it is usually more convenient Lo work with negen- s
Y ‘\'. L
L tropy rather than entropy. The negentropy of a system is simply the negative of its T
.:': entropy. Thus, when organization increases, so does negentropy; when negentropy ;_.:::‘
. f_-::j
.!;- . _2_ N i ]
e g
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decreases, so does structure. The negentropy H of a discrele distribution p; is defined
H(p) = -H{@p) = Tpigpi.
L 3

2.2 The Entropy of a Language
Alanguage £ is a (usually infinite) set of strings
Y = 00,00, ....,0¢ ...

Now, let P(0;) be the a priori probability of occurrence of the string o; in . The

negentropy of the language I is simply

H(E) = ¥ P(0,) 1g P(o0;).

U‘EZ

In most inleresting cases the number of strings in a language is infinile. The entropy of
an infinite language is thus defined in terms of an infinite set of probabilities. There-
fore for most languages we are able to calculate the entropy only when there is some
finite description for that infinite set of probabilities, that is, when there is some struc-

ture in that infinite set of probabilities.

Although useful languages are usually infinite (i.e., comprise an infinite number of
strings), they can be described finitely by a grammar. That is, the grammar reflects
the finite structure in the infinite set of strings. This suggests a solution to the prob-
lem of finding a finite description of the infinity of probabilities associated with the

strings in the language.

The generation of each string in a language requires a finite number of elementary
choices to be made. For example, in a grammar for arithmelic expressions there

might be two productions for a nonterminal v:

v+

V-

In deriving a string from this grammar, the symbol '’ can be replaced by either ‘+' or

=+ a choice must be made. Thus, a finite sequence of choices my, ffa, .. . , M, are
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necessary to determine each string in the language. Conversely, if the gramrmar is _‘__‘
unambiguous, there is a unique such sequence for each string in the language’. ' .
Now suppose that each elementary choice m; has an a priori probability P(m;) of .
being made. If these probabilities are independent, then the probability of the result- ...,_,.‘
ing string being generated is -
P(m) P(mg) -+ - P(mg). fé,
Thus, associating a probability with each elementary choice permitted by the grammar ' "3
induces a probability on each string generated by the grammar. We call a grammar ‘.'j._‘;
with such associated probabilities an annotated grammar. j
There is of course no guarantee that the probabilities induced by an annotated :M:
grammar are in fact the a priori occurrence probabilities of the strings in the ;
language. Indeed, an annotated grammar is a model of the processes that in reality .
generate strings in the language. As such, it might or might not be a good model. _'b;
We say that an annotated grammar predicts a language if it generates that language ;
and induces on its strings their actual a priori probabilities of occurrence. We call a .
language predictable if there is an annotated grammar that predicts it. Clearly then, i“;
we can determine the probabilities of Lhe strings in a predictable language if we can ‘-;.—.‘:
find an annotated grammar that predicts that language. Further, if we can calculate ‘ ‘-:‘ \
the entropy of the language generated by an annotated grammar, then we will be able )
to calculate the entropy of the predictable language. In the following sections we ..‘7,-1'.’_:
develop means for computing entropies from annotated grammars. '%
j
3. Computing Negentropy from Grammars ~
3.1 Annotated Regular Grammars x‘
We begin our analysis with a particularly simple class of languages: regular languages ‘..""'1
[Ginsburg, Hopcroft & Ullman]. The advantage of beginning with them is that the --—?
mnly, in an unambiguous grammar there is a unique leftmost derivation for each string. E
- e
e
=
=L STVIT v e st % A N - N _ e ‘j




grammar for a regular language can be written as a single nonrecursive production

making use of only a few simple operators. These operators are:

name notation interpretation

catenation AB an A followed by a B
alternation A®B anAoralPB
Kleene star A’ zero or more As

Kleene cross At one or more As

Any regular language can be described by an expression formed from the emply string
(¢), individual tokens and these operators, appropriately parenthesized®. Such an

expression, which defines a regular language, is called a regular expression.

For example, the regular language of signed, nonnull digit strings is defined by the

regular expression:
(+0-90£)(0019026304065060708609)"

This expression can be read, *a plus or a minus or nothing, followed by a string of one

or more digits.”

As discussed in Section 2, to compute the entropy of a language it is necessary to

mar that predicts the language that it generates, then the probabilities of these strings

can be computed from the production probabilities (choice probabilities) in the gram-

L mar.

i-

E . In deriving a string from a regular expression there is only one situation in which a
g choice can be made: from A®B we can derive either an A or a B. Thus we can anno-

tate a regular expression by associaling probabilitics with all the alternands of an

!_' alternation. We write the probabilities immediately preceding the alternands that they
B

':- 2. We have used '®' instead of the usual *|', since the latter could be confused with conditional probabilities,
oo conditional entropies, etc. Readers unfamiliar with the regalar langueges and other concepts from formal
. language theory should consult any standard text on the subject (e.g., Ginsburg or Hopcroft & Uliman).

know the probabilities of the strings in that language. If we have an annotated gram- °
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are associated with:

pPA®pB.
This means that we can choose an A with probability p, or a B with probability p.
(Here, and throughout this paper, we use p as an abbreviation for 1-p.)

Since one of the alternands must be chosen, their probabilities must add to unity.
This is the case above, since p+p = 1. It also applies if there are more that two alter-

nands. For example, if we have
P1AIOPaA:® - ®padn
then we must have py+po+ - - - +p, = 1.

The following sections develop entropy formulas that can be recursively applied to
any annotated regular expression to compute the entropy of the regular language
predicted by that expression. When these results have been obtained we will show thal
they can be easily extended to the computation of the entropy of any context-free

language from a grammar that predicts it.
3.2 Entropy Formulas

We derive a series of formulas that can be applied recursively to an annotated regular

cases we assume that the regular expression is an unambiguous grammar (i.e., there is
only one way to generate a given string), and that the choices leading to a given string

are independent.

We begin wilth the simplest regular expressions, the empty string and individual

tokens, and proceed to the catenation and alternation operations.

Theorem: If ¢ is the set containing just the empty string and T the set containing

: just the individual symbol 7 then

v, H(e) = H(1) = 0.

expression to compute the entropy of the language predicted by that expression. Inall’
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Proof: By definition L(t) = {e} and L(7) = {r]. Since there is only one symbol in each

of these languages, its a priori probability is 1. Hence,
H(e) = H(1) = 11g1 = 0.

Theorem: H(AB) = H(A) + H(B).

Praof: Suppose

L(A) = {00, .. .3,

L(B) = {B1.82 .. . 3.
Then

L(AB) = {oufy | as€L(A), B;<L(B)}.

Let Py(a;) be the probability of choosing a; from L(A4) and Pp(B;) the probability of
choosing #; from L(B), then, since we are assuming these choices are independent, the
probability of choosing a;f; from L(AB), Pus(aiB;). is just Ps(o;)Pp(B;). Now, let

P = Pa(oy) and g; = Pp(B;). Then, by factoring and distributing:

H(AR) ;PAB(aiﬂj) Ig Pap(aiB;)
K

§PA(ai)Pﬂ(ﬁj Ne[Pa(a:) Pa(B;)]
);Z,Ip.- g;1g(p:ig;)
Z‘:Pt[;‘hlg(l’iqi)]

E‘Jn- [?q;(lg pi +1g q;)]

Z‘}n[ijlq,-lg Pt Z’)q,-lg g;].
Now, since Y9, = 1 and H(B) = Y 9,1g 9;,
J J

H(AB)

Z‘Ip;-[lg pi + H(B)]

Z‘lpdg Pt ;P:‘H(B)-




Since })p; = 1 and H(A) = 2,p,1g p;., we have
1 1

H(AB) = H(A) + H(B).
QFED.
Definition: The n-fold catenation of A with itself, A", is defined:

A% = ¢,
Al = A,

A™M = AA™, for n>O0.
Corollary: H(A™) = nH(A).
Proof: We prove the result inductively.
H(A% = H(g) = 0 = 0 -H(A).
Similarly,
H(AY) = H(A) = 1-H(A). i

Proceeding inductively for n >0,

}_I(Ani-l) = H(Mn) -.w
= H(A) + H(A™)
= Fi(A) + nFi(A)
= (n+1)H(A).
QED. ;

Theorem: HipA ® pB} = H(p.p) + pH(A) + pH(B).

Proof: Let G = pA ® pB. Then, to generate a string in L(G) we must make a choice;
with probability p we pick a string from L(A), with probability § we pick a string from
L(B). Let o be a string in L(G). Since we are only considering unambiguous gram-
mars, ¢ must have come from either L(A) or L(B). Suppose that 6cL{4). Since the =

probability of a selection from L(A) is p, and the probability of getting 0 when a selec-
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i tion is made from L{A) is P,(0), the probability P;(o) of selecting ¢ from L(G) is >
_ PPy(0). Similarly, if o€L(B) then P¢(0o) = pPg(0). These observations allow us to com- o
3 pute the entropy of G. w
:- - o
l-‘ 5 N _'_{
h H(G) = %, Pu(o)lg Po(o) —]
ﬂd(c) 4
3 = ), Pe(o)lg Peo) + Y, Pe(o)1g Pg(o) .
3 ocL(A) g€L(B)
! = LPela) 1g Poloy) + L Pc(B;) 1g Pel(B;)
% F] o]
F = Z‘:PPA(O‘&) 1g PPy (o) + Y PPa(B;) 1g PP5(8;) o
. 1 .
= Lrpilg pp: + LPg;lg Py;
3 J R )
5 = ngilg yy o +z“>2_q,-lg Pg; - o
» j
s = P?Pi(lgp +lgp) + p)q;(ig P +1g g5)
- F
3 R
= p[;‘.pilg P+ X‘Ipslg pl +p[Yg;lep + ;qjlg g5)- -
2 -,
From the definitions of 1(A) and H(B) and the fact that the p; and g, sum to 1 we get . ‘
H(G) = pligp + H(A)) + plig 5 + F(B)] ]

= plgp + Plgp + pH(A) + pH(B) -
= H(p,p) + H(A) + H(B). :

QE.D.

This result is easy to generalize to the n-fold alternation: -
-]
Theorem: The negentropy of an n-fold alternation can be computed: o

— — no_ o
Hip1A ®p2A2® - - - ®paA) = TI(p1pa. . .. .Pn) +jZIPJ'H(AJ)~ ]
g

Proof: Let G=p A, ®p24;® - - - ®paA,. For each a;;€L(A;) let g, 5 = PA,(au). The '
proof is a simple generalization of the previous: o
=
~
..‘1
.
-9- -
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H(G) “EG)P::(U) Ig Pc(o)

Y, Pclo) 1g Pg(o)
i= cel.(ﬁ,)

= f: Eleh.jlg Pidij
Js1id

n
= jzlp;' [29:418 Pigi 5]
= i

jﬁ;lpj[iilqi., (g p; +1g9:;)]
= jﬁlpj[ZQng Py + 1qi 58 9ijs).
= t ]
Since zqu =1, Hpupa. ... .pa) = jf:lp,-lg p; and H(4;) = Z‘:qulg i j»
3 =

A(©) = Lpller + A4)]

= Yrlep + 1pA4) o

§=1 j=1 AT

= Apupe - .2n) + L0iF(A) )

= o

QED. ‘*‘1
The @ operation is associative, that is,
A®(B®C) = ABBOC = (A®B)OC. h

We would expect the annotated version of this operation to also be associative: ::. B
PA®P(9B ®3C) = pA @ pgB ® p3cC. :.-irI,1

Thus, if our negentropy formula is correct, we should get the same value for the negen- R
i

tropy of each of these regular expressions. ’}'::-:
Theorem: HipA ® p(qB ® §C)} = HipA ® pqB ® p§C). B
Proof: We derive the negentropy of the right-hand expression: ‘:E:j‘
]

HipA ®pgB ®p3C} = H(p.Pq.pT) + pH(A) + pqTi(B) + pgH(C). oy
-10- =~

N
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Next we derive the negentropy of the left-hand side and show it equals the expression
above:
HipA®p(qB @ 7C))
= H(p.p) + pH(A) + PHigB ® IC}
= H(p.p) + pH(A) + p[H(q.7)+gH(B)+3H(C)]
= H(p.p) + pH(A) + PH(q.) + pgH(B) + pgH(C)
= H(p.p) + PH(3.3) + pH(A) + pgH(B) + pgH(C).
Thus it remains to show that
H(p.pq.pg) = H(p.p) + PH(3.3).
Expanding the right-hand side above, rearranging, and recalling that g+§ = 1, we get
H(p.p) + PH(q.9)

= plgp +Plgp +Pglgq + pglgq

Plgp +p(g+7)1gp + Polg g + PTlg §

Plgp +Pqlgp + pGlgp + Pylgq + pJlgq

plep +pg(lgp +1gq) + pg(lgp +1g q)

Plgp + Pqlg pq + palg Pg
H(p.pq.p3).

N
n

QE.D.

We now consider the iterative constructs in regular grammars. The Kleene cross,

A', means one or more As. Thus A* can be expanded as the infinite alternation:
F : A' = Ao A’@ A% - -
It can also be defined by the recursive formula:

At = A®AA*.

This kind of regular grammar is converted to an annotated grammar by adding a con-

tinuation probability p:

- d—hy




At = PA®ppA* D pPpA°S - - —

! or in its recursive form 4}
i %
AP* = PA ®PAAP*, L

i We will derive the negentropy formula two ways, using both the infinite alternation and !

recursive definitions, and show that we get the same result.

Theorem: H{APY] = [H(p.p) + H(A))/P.

Proof: First we use the recursive formulation:

APt = PA @pAAPt.

; Taking the negentropy of both sides we have: :“ )
AaP*} = FiPA ® pAAP*) -

: = H(p.p) + pH(A) + PH{AAPY] C
i = H(p.p) + pH(A) + p[H(A) + H{AP*{] Lo~
i = H(p.p) + FH(A) + pH(A) + pHIA™*] B
: = H(p.p) + Fi(A) + pHIAP*}. i5s
l Solving now for H{AP*}: LM
3 (1-p)1AP*) = F(p.p) + F(A). o
Hence, e

| -

H{AP*Y) = [H(p.p) + H(A))/p. L

QE.D.

. Next we compute the negentropy directly from the infinite expansion of the itera- l o
tion:

H{AP*} = HipA ® ppA° ® p%pA® - - - ) O

|

H@®.pp.pp% . .. ) + pPH(A) + ppH(A%) + pp?H(A) + -

Recalling that H(A™) = nfi(A),

. o Sclin




H(p.pp.pp% ...) + p[1+2p+3p%+ - - - JH(A).

Now note that if | p| <1 the power series expansion of 1/ is

F - 1/p2=(1_1p)2=1+2p+3p2+...

Therefore

i HiAPH

It remains to simplify H(p .pp.pp% . . . ).

H(p.pp.pp2 ...) + p(1/ P2 H(A)
H(p.pp.pp% ...) + H(A)/p.

Hp.pp.pp® ...) = Plgp + pplgPp + FpPig Pp® + -

Y pp*ig pp*
k=0

L PHiaptp

]
B

pLP'liep* +12P)

Now note that if |p| <1 the power series expansion of 1/ is

1

/p = —
P 1-p k=U

.ﬂﬁ‘."f.'.'-'l' '

Therefore,

AGppppt....) = ﬁ[:;okp'lgp +(1/P)ig ]

= [plgp Skp*l+1gp
k=0

(ppigp E‘.kpk—‘] +lgp.

Using again the power series expansion for 1/ £*° we have

H(p.pp.op% . ..) + p[H(A) + 2pH(A) + 3p*H(A) + - - -

= 1+p+p?+p3+ .. = ip"’.

y
N
3
.
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Hp.pp.pp% ...) = pplgp(1/P*) + 1g P
= (plgp)/p+1gp
= (plgp +Plg P/ P
= H(p.p)/p.
Therefore,

HiA*Y) = H(p.p)/p + H(A)/p = [H(p.p) + H(A)V/B.
QED.

The Klcene star, A°, means zero or more repetitions. Thus it can be defined by the

infinite expansion
A" = Apaese -

where A% = £ and A' = A. Since the expression following the first @ is just the definition

of A*, the above equation can be written
A° = e @A
The Kleene star can also be d'eﬁned recursively:
A* = e DAL
This notation is annotated by attaching a continuation probability p to the star:
AP® = Be ®pAA’.
The following theorem defines its negentropy.

Theorem: H{AP*} = [H(p.p) + pH(A)V/ p.

Proof: There are several ways to prove this result, corresponding to the alternate

definitions of A°.
(1) First we derive the negentropy of A?° from the negentropy of AP*. Since
AP’ = pe®pAPt,

we can apply H to both sides:

-14-
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HiA®®}

Hi{pe @ pAP*}

= H(p.p) + pH(e) + pH{AP']
H(p.p) + p[H(p.p) + H(A))/ P
[pH(p.p) + pH(p.p) + H(A))/ P
= [H(p.p) + pH(A))/P.

QED
ﬁ (2) We can also compute the negentropy from the recursive equation
AP® = Pe ® pAAP®,

We apply H to both sides and get

H{AP’} = Hipe ® pAAP®)

!

H(p.p) + pH(c) + pH{AAP®)
= H(p.p) + p-0 +p[H(A) + H{AP})

= H(p.p) + pH(A) + pH{AP"}. o
Grouping the unknowns on the left produces
(1-p)H{AP®} = H(p p) + pH(A). -".;-.;*

Recalling that § = 1—p we have
2 B = (@) + pHAVP.
QED.
(3) Finally, we derive the negentropy formula from the infinite expansion
AP’ = Pe ®ppA ®PPARD -
Take th> negentropy of both sides to get

HiAP)

Hifie ® ppA ® p°pA2® p°pA3® - - -}
= H(p.pp.p°p.p%p. .. . ) + pPH(A) + p*pH (A% + p°pH(A%) + - f
HEpPpPPp. ... ) +PP(1+2p +3p%+ - )F(4) £
T
]

Hp.ppp*p.0%....) + (p/P)H(A),




where we have used I/ﬁ2 =1+2p + 3p%+ - -. We have already shown in the deriva-

tion of H{AP*] that
Hp.pp.pp®...) = Hpp)/p.

Therefore we have "

H{A**} = H(p.p)/ P + (p/Pp)H(A)

[H(p.p) + pH(A))/P.

QED.
We can check these results by computing the negentropy of AP* based on equation:

AP" - MP. -

PP VU S P

Applying H to both sides we derive

H{APY

H{AaP"} =
= H(A) + H{AP"} —
H(A) + [H(p,p) + pH(A)V/ P

[H(p.p) + PH(A) + pH(A)Y/ P

= [H(p.p) + HA)V/P.

which checks with our previous result.

The formulas for computing the negentropy (and hence entropy) of a regular

language are summarized in Table 1. - -

TABLE 1. Formulas for Negentropy of Regular Languages
Hiel

Hit)

H{ABj
HipA ®pB|
H{AP ’{
Hi{AP}

PR

B)

pH(A) + pH(RB)
) + H(A))/p

p) + pH(A)/P

+s'

. R '
[ PGNP Ty

3.3 Examples

In this section we illustrate the application of our negentropy formulas with several

simple examples. Several of these examples are based on free languages:
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Definition: The free language on an alphabet T is the set of all finite strings (includ-

ing the empty string) of elements of T.

Thus T’ is the free language on T. In most cases it does not matter what the alpha-
i‘ bet T is, so we speak of the free language on n symbols. Let T, represent any alphabet
of n symbols:

Tn =11®12@® - @Tn.
' Then F;, the free language on n symbuols, is defined
Fpo=Th=(n® - ®7n)".

Of course, before we can compute the entropy of a language we must annotate its
grammar with probabilities. Therefore, the annotated grammar for the free language

on n symbols is
Fp = (m®geme® - ®g.7n)".
Theorem: The negentropy of the free language on symbols,

Fn = (ql‘rl$ e ®¢1nTn)"'.

ES N A A A
T

is

i

H(Fn) = [H(P-ﬁ) "'P’_{(Qh NN )14 2

Proaof: We simply apply the formulas from Table 1:

H(FR) = H(@im® -+ ®gan )P’}
= [H(p.p) +pHIg\T1 ® - &quTnll/ B
= [H.p)+ptH(qr .. .. @) + (1) + -+ + g H(Ta)]V/ P
= [H(p.p) + PH(q\. . - . .9:)V/P.
QED.

The free language on one symbol 7 is just the set of all strings of 7s:

L(F)) = te, 7,77, 777, - -+ }.




| The following theorem defines the negentropy of F,

| Corollary: The negentropy of the free language with continuation probability p on

' one symbol is:
| H{F\} = H(p,p)/p.
Proof: We simply use the previous theorem with n=1.

Corollary: The negentropy of the free language with continuation probability p on an

alphabet of n equally likely symbols is

[H(p.p) -plgn)/p.

Praaof: To derive this simply set g; = 1/n in the negentropy formula for Fy:

Al

H(FR) = [Hep) +pH(q). . ... q.))/D

[Alp.p)+pH(I/n, ... 1/2)V/p

1}

[Ale.5) + 5 (1/n g1/ )/ 5

[FH(p.p) + plg(1/n))/ P

[H(p.p) -plgnV/5p.

QED.

Table 2 shows the entropies of free languages on equally likely symbols for several

different continuation probabilities.

TABLE. 2. Entropies of Free Languages on Equally Likely Symbols

o
—

\n 2 4 8 10 12 64 256
. 0.63 0.74 0.85 0.89 0.92 1.19 1.41
0.2 1.15 1.40 1.65 1.73 1.80 2.40 2.90
. 0.3 1.69 2.12 2.54 2.68 2.80 3.83 4.69
- 0.4 2.28 2.95 3.62 3.83 4.01 5.62 6.95
. 0.5 3.00 4.00 5.00 5.32 5.58 8.00 10.00
- 0.6 3.93 5.43 6.93 7.41 7.80 11.43 14.43
) 0.7 5.27 7.60 9.91 10.69 11.30 16.91 21.60
0.8 7.61 11.61 15.61 16.90 17.95 27.61 35.61
0.9 13.69 22.69 31.69 34.59 36.95 58.69 76.69
:::j This table suggests that we consider the special case in which n is a power of two and p
- -18-
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is one half. This leads to:

Corollary: The negentropy of the free language with continuation probability one

half and 2* equally likely symbols is —lg k — 2. Conversely, the entropy islgk + 2.
Proof: Let p = %and n = 2* in the formula from the previous corollary and we have

H = [H(p.p) -plgn)/p

= [A(LK) - K1g 21/ %
= 2hgh+higlh-k/2]
= 2igh-lgk

= -2-lgk.

QFE.D.
3.4 Camputing the Entropy of a Context-Free Grammars

In this section we extend the results of the previous sections to the computation of the

entropy of any context-free grammar.
As usual, we define a context-free grammar G to be a quadruple,
G = <T,N, P, vp>,

in which T is a finite set of terminal symbols, N is a finite set of nonterminal symbols,

VoEN is the goal symboal, and P is a finite set of productions,
PcNX(TUN)"

That is, cach prodt'.lction is a pair of the form <v,a>, in which v is a nonterminal and a
is a finite string of terminals and nonterminals. Such a production is usually written
‘v » a’. The Backus-Naur form (BNF) of a context free grammars combines all the pro-
ductions for a given nonterminal into a single productions. For example, if context-

free grammar contains the following productions for v:

Vo,

V- az

-19-
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V-Q,
then the BNF form of this grammar combines them into a single production:

Voo ®a® - Da,.

EE
:
,i

In the following discussion we will usually use the BNF form of grammars.

The characteristic that distinguishes context-free grammars from regular gram-
mars is that the productions of a context-free grammar can be mutually recursive.
That is, a nonterminal v can be defined in terms of a string that is, directly or
indirectly, defined in terms of v. It is well known, however, (see Ginsburg) that each
production in a BNF grammar can be considered an equation on sets of strings. If we

recursively define L(a), the language defined by a, as follows:

L(e) = te}

L(r) = 7}

L(ap) = L(a) % L(B)

where ST = jafl | acS, BT}

L(a®p) = L(a) v L(B) _
then each production v-+a of a context-free grammar G can be transformed into a -
corresponding equation .

-
L(v) = L{a).
Let G = <T,N,P,vp> be a context-free grammar, in which
P=fyyso0vi20y,..., 0 ol _._41
is a set of productions in BNF form. Then corresponding to P is a collection of simul- s
taneous equations on sets of strings: ]

L(vo) = L{ao) i

ey

L(v)) = L(a)) S

Eﬁf-jﬁ

2
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L(v) = L(o) ]

The solution to this set of equations defines the language generated by G, since

L(G) = L(Vg).

Context-free grammars can be annotated with production probabilities in the same
way as regular grammars. Formally, we define an annotated context-free grammar G

to be a quadruple <T, N, P, 15>, in which vygeN and T
PCcRXNX(TUN)".

Thus each production is a triple <p,v,a>, p being a real number representing the pro-

-
bability of applying the production v+a. We impose the restriction that all the proba- —
bilities associated with the productions for a given nonterminal must sum to unity: o

pi = 1, for veEN. ) V:
<py.v.a> € P IR

This is simpler to see in the BNF form of an annotated context-free grammar. In any

production that is an allernation,

h Vo010 @pacxe® - @ Ppain, -

s . .
A U YRR U WSS Y B B 3

we must have that

PR U

21’;‘ = 1 R
i=1 .

Consider an unambiguous annotated context-free grammar G and let T = 7.(G) be the

language generated by G. Let P,(0) be the probability that a string o is generated by

0 .
a4 a'a's'a &

G. We say that I is predicted by G if for every string o, Pg(0) = Pg(0), that is, the -
observed probability of occurrence of 0 is the same as the probability of its generation

by G. We now consider how we might compute the negentropy of Z from G.

Consider a production v-+a in the annotated grammar; this corresponds to an equa- -

tion L(v) = L(a). Since v-a, the probability of a string being generated from v is the

-21- -
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same as its probability of being generated from a. Thus, P,{0) = P4(0), for all
o € L(v) = L{a). Thus, the negentropy of L{v), which we can write H(v), is the same as
the negentropy of L(a), which we can write H(a). That is,

H(v) = H(a).

It can be seen that corresponding to the BNF productions v;»a; in P there is a set of

simultaneous equations

H (vo)

H(ao)
H(Vl) = H(ﬂl)

H(Vn) H(an)

that can be solved to yield the negentropy of the language predicted by the grammar.

In particular,
H(E) = H(G) = H(v).

We have already made used this technique in applying the recursive definitions of of AP*
and AP* to solve for their negentropy. In summary, the methods developed previously
for computing the negentropies of regular languages can be extended in the obvious

way to context-free languages.

4. Determining the Production Probabilities
4.1 Measurable Properties

To compute any specific entropies we need to know the probabilities of applying the
productions in the appropriate grammar for the language. These can be obtained by
determining measurable parameters whose values are implied by the production pro-
babilities. That is, the measurable properties are a function of the production proba-
bilities. The production probabilities can then be determined by (analytically or

numerically) inverting this function.

-22-




i What measurable properties should we use? One of the simplest is the density of
occurrence of a token. Let Occ,(0) be the number of occurrences of the symbol 7 in

the string 0. This is formally defined:

ﬁ Occ,(t)
Occ,(7)

]

o,

1,

-

Occ,(7) = 0, for T#7,

Occy{6) = Occy{a) + Occ,{B), for o = af.

The A,(G), then density of occurrence of 7 in the language generated by G is

! % Palo)0ceo)
- OEL(C B
; MO = TV Re@e

oel(G)

where P¢(0) is the predicted probability of generation of ¢ and |g| is the length of o. If

YA

G predicts L(G), then A{G) will be the observed density of occurrence of T in

languages generated by G. -

The formula for A,{(G) suggests two useful propertics of a grammar: the average ?l.-i_::

length of the strings it generates and the average number of occurrences of a token in

a string. We let A(G) be the predicted average length of the strings generated by G: T
MG) = ¥ Pe(o)lo]. : B
o€l (C) C

We let $,(G) be the predicted frequency of occurrence of T in the strings generated by

G: K
$(C) = Y Pc(0)0ce, o).
ocL(C)
It then follows that ;
BG) = 8,(G) / NG). :
-9
The goal then is to find ways to compute $,(G) and A(G) from G. This will permit us to - 4

calculate predicted values of A, which can be compared with actual measurements.

LSt
Learard

o .
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Therefore, the next two sections present means for calculating A(G) and $,(G).
4.2 Average String Length
We begin again with regular grammars.
'l'heorem The average lengths of the empty and single token grammars are defined:

A{g) = 0tokens,
A(7)

1 token.
Proof: Obvious.

For the remaining derivations we need some notation. Suppose that

L(A)
L(B)

fay,00, ... 4,
tBuBa - .. 4.
o, = Pa(ag),
by = Pp(By)-

Then it follows that

A(4) Z;:ailatl.

A(B) ?bjlﬁi I

Theorem: The average length of the catenation of two grammars is the sum of their
average lengths:
A(AR) = AA) + A(B).

Proof: Note that is 6€L(AB) then o = oyB; for some a,€L(A), B;€L(B). Assuming as

usual that the choices from 4 and B are independent,

Pag(0) = Py(a)Pp(B;) = a,b;.

We now derive the average length:

............

e Sadn,

St 4
— el

- .- .
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AAB) = Z‘:Z,:Pw(aiﬂj)laipjl
= ;%:nibj(lad +8;1)
= Z‘:ai[;bﬂﬂi' + g!bilﬂjll

i = Tallal +MB)) |
= Pl + TaA®) .
H = AA) + A(B). - ‘.
QE.D.
Corollary: A(A™) = nA(A) - .

Theorem: The average length of an alternation is the average of the average lengths

of the alternands:
AMpA ®PB) = pAA) + ﬁA(B).

Proof: Let G = pA ®@ PB. Recall that if 0CL(G) then either 6€L(A) or 6cL(B), and that

the choice from 4 is made with probability p. Therefore

Pclo) = pPy(o), it acL(A), e
Pelo) = BPa(o). it ocL(B). |

Then we derive:

NG) “IZ;mPc(ﬂ) o]

Z‘:Pc(ai”at‘ + Z,:Pc(ﬁ;)lﬁjl
Tealayl + 5ty 16 Ny

PRl + 7818 =

= pAMA) + PA(B).

QED.
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Theorem: A(AP*) = A(A)/p.

s Proof: We appeal to the infinite expansion:

Applying A to both sides:

AAPY) = PA(A) + pPA(A?) + p2PA(AD) + - - -
pl1+2p +3p%+ - - - JA4)
Pl1/ p%IA(A)

= MAY/P.

A4PY) = PAA) + pA(4aP?)

PA(A) + pA(4) + pA(AP?).

Grouping like terms gives

(1-p)A(4P*) = (B+p)A(4).
which leads directly to the result. @ E.D.
Theorem: A(AP°) = (p/p)NA).
Proof: We apply A to the infinite expansion of AP*;
AMAP*) = PA(e) + pPM(A) + pPPA(A%) + pPA(A®) + -
= £:0 + ppA(A) + p’p-2M4) + p°p-3A(4)
= pp(1+2p +3p%+ - - - )A(A)

_ = pp(1/P°)A(4)
3 = (p/p)A(A).

QED

Alternately, we can apply A to the recursive definition:

MAP?) = PA(e) + pANAAP°)

SRR

AP* = pADpPA®® p%pASe - - .

@ E.D. Alternately, we can appeal to the recursive definition:

PR SSRGS

e e e B b e e e
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= P:0 + pA(A) + pA(AP°).
Solving for A(AP°) we get
AAP) = (p/PIMA). S
QE.D
We consider some simple examples based on free languages.
Theorem: Consider the free language on n symbols generated by:
Fon = (T ©gem® - ©qata)".
The average length of the strings of this language is

A = MFR)

p/ P tokens.

Proof:Since A({) =land g, + - +g, =1,

AFy) = (p/PliMT) + -+ + gul(Ta)] .—
= (@/PMgr+ - +aal -
= p/p.
QED. .

Notice that the average length of a free language is independent of the number of

symbols in the alphabet. This is to be expected.

Corollary: The average length of a free language with continuation probability } is 1

token.
Proof: Apply the previous theorem withp =5 =¥ QFE.D.

TABLE 3. Average String Length for Regular Grammars

Ae) = 0 tokens
Aé-r) = 1 token
A(AB) = A(A) + A(B)
ApA Ic& ﬁq; = ﬁ{ﬁi‘) +PA(B)
A : 2/ BIAA) -

The formulas for computing average string length are summarized in Table 3.

27- .
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4.3 Average Token Frequency .
)
The formulas for computing average token frequency are almost identical to those for
average length. For this reason the proofs are omitted and the results are shown in
Table 4. -
TABLE 4. Average Token Frequency for Regular Grammars g
&,(c) = 0
&.(1) = 1
o.(1) = 0, for T#T S
Q‘r(éB) = q"V(A) + q"r_(B) i
¢{pA ® pB) = pe.(A) + p(B) S
8,(47*) = ¢.(4)/ P .
2,(47") = (p/P)é.(A) o
_ Theorem: Consider the free language on n symbols: ‘
.h Fn = (ql'rl @ Q272 ® - - - Qn‘rn)p.- - 4
The frequency of occurrence of token 7; is
h $ = ‘P,‘(Fn) = qp/P. ....-.
s - "“1
- Proof: We derive as follows, abbreviating ¢, by &;: e
2
h & (Fa) = (p/P)0i[9\ 1 ® * -+ D qnTh] - f.j
-
¢ = (p/P)gsdi(r) + - +qd(r) + - -+ gndi(Th)] - -
s = (p/P)q10+ -+ +qi'l+ - +q,0] -
. ‘1\
= (p/P)g: ]
F QE.D. =
'Ef: Corollary: In the free language of the previous theorem, the density of occurrence of 24’;
i symbol 7; is g;. We denote this measurable property §;. ‘-,. ‘
Proof: Since 8;(F) = &(Fn)/ M(Fy), we have o
: 6 = pi/A :..:;:':
P R
D, - JP/P
. p/P "
- s
{"._- - :""‘
L ® & S
., K . ‘1
3 -28- .
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QE.D.

The following corollary shows that for the case of a free language it is easy to com-
pute the production probabilities from measurable properties of strings in the

language.

Corollary: If we measure the properties §,, 6z, ..., 6, and A of a free language on n

§ symbols, then we can compute the probabilities gy, g2, .... §» and p from them by the

# formulas:

. g = 0y,
I:.' p = M(A+1).
ﬁ Praof: The formulas for g; are obvious. For p we know that
A=p/p = p/(1-p)
LE Therefore A—pA = p, so A = p+pA. Thus A =p(A+1), sop = A/ (A+1).
QE.D.

Corollary: The negentropy of a free language exhibiting occurrence densities 6, ...,

6, and average string length A is:
H, = H(\ A+1) + NH(6,, . . . .6,).

Proof: To derive this result we take the formula for the negentropy of a free language,

Hp = ﬁ(Fn) = [ﬁ(P-ﬁ) "'Pﬁ(‘h- . qa))V/ B,

and substitute the values for ¢; and p derived in the previous corollary. To do this,

note that
_ _ A _ 1
" P=1lp=1-g0=5T
e
E" Then we have
e
.
N
W,
}..-l
e
~
R. -29-
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A1)
= ’4“1'“1] A+1 H(b:. . ...6a)

"o A

A+l

- 1 1
- (Ml)[Ml lg)\+1 1 X+l A+1 H(by. ... 6a)

= AlgD—— i
= )\lg)w1 lg(A+1) + AH(6,, . .. .6,)
= Alg A= Alg(A+1) = 1g(A+1) + AH(6,, . .. . 6;)
7- E
= NgA = (A+1)ig(A+1) + AH(Sy, . .. . 6,) T
- 4
= A\ A+1) + AH (S, . . .. 6,). I
s
QE.D. A }
Thus we have the negentropy (and hence entropy) of a language expressed entirely K
in measurable parameters. )
4.4 Average Information per Symbol B
-7
Recall that the entropy of a language measures the average information born by each _ -.f:
- . ‘
string in the language. That is, =
H(Z) = Y Po)Ig(o). ~
ock R
However, each of the strings of the language is composed of a number of terminal sym- ——
o
bols (tokens). Therefore, it is interesting to compute the average information born by -‘_‘_:.}
each symbol (token) in the strings in the language. We call this the information
-30- =T ]
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density of the language.

Information density is easy to compute: it is simply the average information born

by the strings of the language divided by the average length of those strings:
() = H(Z)/ MZ).

where we have used 7(Z) for the average information born per symbol in the strings Z.

The units of information density are bits/token.
If the grammar G predicts the language X, then
n(Z) = n(G) = H(G)/ NG).
We use this result to compute the information density for several languages.

Theorem: Let F;, be the free language with continuation probability p on n symbols

with probabilities g;. Then, the information density of F;, is:
2WFr) = Hp.p)/p + H(gy. ... .9n) bits/token.

Proof: Take the formula for the negentropy of F; and negate it to get the entropy for-

mula:

H(F,) = (H(p.p) + pH(q\. .. . .92)V/P.

Divide this by the average length A(F,,) = p/ P to get the information density:

N(F) = H(F)/ MF,)
_ [Hp.p) +pH(q\ . .. .9n)VP
p/p
= Hp.p)/p + H(g\. - .. .qn).
QED.

Corollary: The information density of the free language on one symbol with continua-

tion probability p is:

n(F,) = H(p.p)/p bits/token.

-31-

......




1w - .00

N X

LR AR Sl thati A e - § Mt i S A A At ) v A

Corollary: The information density of the free language with continuation probabilily

P on n equally likely symbols is:
n = H(p,p)/p +lgn bits/token.

Proaf: We simply use g; = 1/n:

n = H@p.p)/p + H(q1 - . . .9s)
= H{p.p)/p + Hi/n,..., 1/n)
= H(p.p)/p +(1/n)ign + -+ +(1/n)ign
= H(p.p)/p +1gn bits/token.
QED.

Corollary: The information density of the free language with continuation probability

one half and 2* equally likely symbols is k +2 bits/token.
Proof: Letn = 2* and p = = % in the previous formula:

n = HM%K/ () +1g2*

= 2HGLY) + &
2(k1g2+ Kl1g2) + k
2B+ 1)) +k.

QE.D.

The difference between the entropy of a language and its average information den-
sity can be understood by looking at some simple examples. In particular we will con-
sider the languages N, of all nonempty strings on & symbols. Thus, N; is just the free

language F; without the empty string. Conversely,

Fp = Ny ®e.

Theorem: let N, = (g7, ® - ® g7 )’*. Then,
H(N,, = [H(p.p) + H(gy. . .. .qx))/P bits

A(N:) = /P tokens
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n(Ne) = H(p.p) + H(q:. . .. .qx) bits/token.
Proof: Simply apply the previous formulas. @ E.D.

To understand the implications of this result we consider an especially simple case,

N,, the language of all nonempty strings on one symbol 7
Ny = %%,
Hence L(N,) = {1, 17, 7717, . .. |.
Corollary: If the continuation probability of N, is one half, then

H(N,) = 2bits
A(N,) = 2 tokens

n(Ny)

1 bit/token

i

Proof: Substitute § = % in the previous formulas and recall that
HGY) = %hlige+K1g? = 1g2 = 1bit.
QED.

This result is easy to interpret, since each succeeding token indicates that the
choice has been made to continue the string. Since the probability of the choice is one

half, each token conveys one bit of information.

Next we consider Na, which can be considered the language of nonnull strings of

binary digits:
Nz = (0@ 1),
The following theorem addresses the information density of this language.
Theorem: If N is the language of nonnull binary strings:
N; = (go@®g1)y’,

then

I
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H(Ng) = [H(p.p) + H(q.3)I/P bits
AN3) = 1/Pp tokens
n(Nz) = H(p.p) + H(g.g) bits/token.

Proof: Apply the previous formulas. @ F. D

Corollary: Suppose the binary digits 0 and 1 are equally likely. Then the information

density of the language of nonnul! binary strings is
n(Nz) = 1+ H(p,p) bits/token.
Proof: Apply the previous theorem withqg = § =% QE.D.
Note that since H(p.p)>0, we know
n(Nz) > 1 bit/token.

Since in this case a token is a binary digit, we have the som;ewhat surprising result that
the information density of the language of binary strings is greater than one bit per
binary digit. How can this be? The extra H(p,p) bits of information per binary digit
comes from the fact Lhat the binary strings are variable length. We previously saw that

in N, the continuation of the string conveys F/{(p,f) bits of information.

The source of the extra information can be made clearer by considering a language

in which it's absent, the language of all n digit binary strings:
Wo = (gO®F1)".
Letq =g =% Then

H(W,) = nH(%Y%) = n bits
A(W,)
7(Wa)

n Algo® F1] = n tokens

n/n = 1 bit/token.

Thus the information density of W, is one bit per binary digit, as expected. Since all
the strings of W, are the same length, no information is conveyed by the continuation

of the string.

-34-
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Consider again the language of nonempty base k strings: ol

b

M =(qm® - ©q@n)*.

We have seen that its information density is

n(N:) = H(p.p) + H(gy. . . . .q:) bits/token.

Now we can see that this result is intuitive, since each additional symbol in a string
conveys two pieces of information: the decision to continue, H{(p.p) bits, and the sym- .

bol chosen for the continuation, FI{q,, . . . . gx) bits. T

S. Information Thegretic Properties of Grammars

In this section we consider two informalion theoretic quantities that are properties o]
of grammars, as opposed to properties of the languages predicted by those grammars. ‘ -
These properties are the average length of a derivation from a grammar and the aver- L
age amount of information consumed by a production in a grammar, ——

T A

6.1 Average Derivation Length .
First we consider the average length of a derivation from a context-free grammar G, L h_
L

that is, the average number of productions that must be applied in going from the goal -
1

=

symbol 1 to a terminal string 0. We apply similar techniques to those previously intro-

duced, transforming the set of productions into an equivalent set of simultaneous equa-

h|

tions.

Ve will let D(a) represent the average length of a derivation from a string a of ter-

minals and nonterminals. Now consider an arbitrary BNF production
Ve pa® - ®paa,

in P, the set of productions in G. We want to compute D(v), the average length of a

derivation from v. In deriving a terminal string from a string containing v, we apply
the production v-+a; with probability p,. If we apply v-+a,, then the length of the

derivation is one plus the length of the derivation from a,. The same holds for each

-35 -
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v-+0;. Thus the average length of a derivation from v is

D) = py[1 + D(y))] + -+ +pa[1 + D(a,)]
=@+ +pa)+piD(ay) + - +paD{ay)

1+pD(y) + -+ +paD(ay).

This result is intuitive: the constant 1 accounts for that fact that we must apply some
production to eliminate the v; the remainder of the terms are the weighted average of

the average derivation lengths of the alternands.

Next we derive a number of rules for simplifying the right-hand sides of these equa-

tions. If a is the empty string, then no productions can be applied to it, so
D(e) = 0.

If & begins with a terminal symbol T, a = 78, then, since no productions can be applied

to a terminal, we have
D(78) = D(B).

It a begins with a nonlerminal symbol u, a = uf8, then, since both u and # must be
reduced to terminal strings, the average length of a derivation from a must be the sum

of the average lengths of derivations from u and

D(up) = D(u) + D(B).
We summarize the formulas for computing average derivation length in Table 5.
TABLE 5. Average Derivation Length for Grammar
Div-+pyo;® -+ - ®@paan) = D(V)=1+pD(e)) + -+ +paD(ay)
D(e)

0
D(tr) =0
D(ap) = D(a) + D(B)

Theorem: Let F,, be the following annotated grammar for the free language on n sym-

bols:

Fn » pe®pAF,
A->qn® - ©q,7,.
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Then the average derivation length of F}, is

D(F,) = (p+1)/p productions.

Praoaof: We transform the productions into the equations:

D(Fn) = 1+ pD(e) + pD(AF,)
D(A) = 1+q\D() + - - + gnD(7s).

Thus, D(A) = 1. Simplifying we derive

D(Fn) = 1+ p[D(4) + D(F)]

1+p +pD(F,).

Solving for D(F,) we have

D(F,) = (p+1)/p productions.

QED.

As would be expected, the average derivation length is independent of the probabili-

ties g;.

Corollary: The average derivation lenglh of F,, with continuation probability one half

is 3 productions.

Proof: Apply theorem withp =5 =¥ QE.D.

This result is also intuitive. We always must apply at least one production (for F}).
If we choose to stop, with probability one half, we have applied one production. How-

ever, if we choose to continue, with probability one half, then we must apply two morc

— PN T LW W Y W TN T X T T T -y D e T Cw T T W e s

productions (one for 4, one for F,), and repeat our choice. Thus we have:

D=Y1+¥%[2+%1+%02+%1+ )]
= he1+ P+ %+ -

Regrouping gives

D=(+h+ - )+(h+B+W+..)

-37-
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= 2 + 1 productions.
82 Average Information Used by a Production

Consider a leftmost derivation of a terminal string from a grammar. At each point
in the derivation a nonterminal must be replaced by a string according to the produc-
tions of the grammar. In many of these cases there will be a choice of which of several
alternate productions are to be applied. Such a choice will require information to be
supplied. Considering the average information that must be supplied per applied pro-
duction gives us a gauge of the efliciency with which a grammar transforms informa-

tion into terminal strings.

Since in an unambiguous context-free grammar there is a unique leftmost deriva-
tion of any string in the language generated by the grammar, we can set up a one-one
correspondence between the leftmost derivations and the strings. Thus, for any
0€L(G) there is a unique series of productions #,, m, ..., ¢ that generates 0. As we
saw before, if production m; has an a priori probability P(m;) of being chosen, then the

probability that G will generate 0 is
Pc(o) = P(m)P(mz) - - - P(m:).

Hence, the generation of a string by a grammar can be viewed as a series of choices m,

..., Mg, having probabilities P(m;), ..., P(m;) of being made.

Now we look at this formula a different way. Recall [Shannon, Hamming] that when a
previously undetermined situation with a priori probability p is determined, the infor-
mation conveyed is ~lg p bits. That is, information is conveyed by making choices.

Thus, the information conveyed by making choice m;, with probability P(m;), is
I(m) = -lg P(m;) bits.

Therefore, the information conveyed by ¢ is just the total information conveyed by the

choices that lead to o:
Ie(0) = ~gPa(0) = ~g P(m) + -+ + —g P(m) = I(m) + -+ + I(m).

-38-
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This information is used by the grammar in going from i:n undetermined nonterminal

symbol to a completely determined terminal string. That is, this information drives a

decrease in the entropy from H(G) to O (since a terminal string has no entropy).

e e Mt

Now recall that S

MRGIRARNG  Jaoe

H(G) = -“ngc(a) Ig Pg(o)

ZE Pg(0)Ic(o).
oeL(C)

Thus, the entropy of a language is the average information conveyed by its strings.

A grammar with higher entropy is less constrained, more disordered, than one with

lower entropy, so on the average it takes more information to generale a parlicular -
string from it. A grammar with low entropy is highly constrained, so on the average lit-
tle information is needed (or used) in generating a string; there are fewer choices to be

made. ——

We can now apply these results to determining the average information used per
production by a grammar. Since, the informalion conveyed by a string is the same as
the information used in its derivation, the entropy of a language measures Lhe average -
information used by a grammar in generating a string of that language. If we also know
the average derivation length for that grammar, that is, the average number of produc- -
tions needed to generate a string, then we know the average amount @ of information

consumned per production. Summarizing,
«G) = H(G) D(G), i

. where H(G) = H[L(G)).
Theorem: Consider the following grammar for the free language on n symbols:

Fn -+ Pe@pAF,
A-»>qm® - - ©q,Ty.

This grammar uses on the average

.............




Q(F,) = [H(p.p) +pH(q:. . .. .qn))/ (p+1) bits/production
to generate a string.
Proof: Recall that

H(Fy)
D(Fa)

[H(p.P) +PH(q1.....qn))/P bits
(p+1)/p productions,

c NN TN

i i

and divide.
QE.D.

Corollary: F, with continuation probability one half uses on the average one bit of

'i information per production.

Proof:Setp =p =gqy=q2=% Then, ,

Q(F2) = [H(LH + hHERY (e + 1)
(A DH%R/ (1%
HLR)

1 bit.

B )

ft

] QED.

This is intuitive, since this grammar must use one bit on each production, either to
- decide whether or not to continue, or to decide which symbol to generate.

5

Consider /), the above grammar restricted to generate the free language on one

symbol, with continuation probability one half. The above formula says the information

e e v
ST T

consumed per production is

R

- QF) = [HOW) + B H())/ (6 + 1)

i = HHH/ (1))

., = 2/3 bits/production.

P

- This might be surprising, since it seems that with each successive symbol of the string
f-:j exactly one bit of information is being used, namely, to decide whether or not to
R 40-
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L continue. The source of the inefliciency can be found by looking at F:

Fl +> Pe® AF,
A>T
3 .
l . There is a redundant production A -+ 7T that uses no information; this decreases the -

average information used per production. If we eliminate this redundancy, we get the

one-production grammar
l F, » pe Gp‘rF..

3 It has the same entropy as the previous grammar, but a shorter average derivation

. N . e . i
. : . . s
. PRI E I
LI DRCIEL SN BV SN DA W SN Al bt S i man

length: J
E D(F\) = 1+ pD(Fy) "1
3 = 1/p j,

For p =} its average derivation length is 2 productions, as opposed to 3 for the version

mY

with the redundant rule. The information used per production is then

A
.

H(F,)/ D(F,)

- Hpp)/p
vp

Q(Fy)

H(p.p) bits/production.

foTo T T T
n

N4 2 Al

In the case p = % this grammar uses one bit per production, as would be expected.
- Thus we have a way of comparing the efliciencies with which grammars use information Hq
E' and of determining whether grammars have uscless productions. ]
3 S
P (1 inmple Applications ”"‘
; In this example we illustrate the previously described techniques by their application i
:‘ to a nontrivial language. Table 8 shows the conlext-free grammar for lambda-calculus j‘
!: expressions; we have added unknown production probabilities. We now apply H to N
:; these productions and solve for the negentropy. Thus, !
- el
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TABIE 8. Annotated Grammar for Lambda Calculus

E = qu

® g2'('A\ITE')y

e qac(nEE -)v
I = (P1a®p:b® - - - ®paedP’
where ¢,+g2+g3 =1, and p,+pat - - - P =1

B(E) = H(g:9293) + 1. H() + qHU (AT E'Y} + g:HU ( E E ).

Tokens can be ignored in computing negentropies, so this reduces to

Y(E) = H(91.92.93) + 9.H(I) + q2[H(I) + H(E)] + 95-2H(E)
= H(g1.9293) + (9:+92)H(I) + (92 + 295)H(E).
Solving for H{E) we have

H(E) = H(qx.qzl.q_a)q: _(_qé;:e)ﬁ(l).

It remains to solve for H(/). We apply the formula for H(4AP*) to get

H(I) = Hi(p,a® - - - ps9)*}
[H(p.p) + Hip,a® - - - ® P39/ D

= [H(p.p) + H(p1P2. - - . .P2a))/ P.

The resulting formula for the negentropy of the lambda-calculus is:

7 - H(31.92.93) + (@1+q)[H(p.P) + APy . .. . Pu)V/P

H = bits.
1-92-2qs

To actually compute the negentropy it is, of course, necessary to determine the pro-

duction probabilities p, gy, 92. 93, P, P2 .... pae. Since all the probabilities associated

in an alternation must add to unity, there are just 38 independent probabilities to be

determined.

To determine these probabilities we will calculate the measurable properties of the
strings in the language: the average string length and the occurrence densities of the

tokens. The average length is:

“42-
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AE)

QM) + @AV (AT E Y} +qsN' (E E )}

QAT) + q2[AL ('] + AR + A(Z) + A + AF Y1) + qalAF (3 + 2\ + AP)Y]
qiA(7) + g2[A(T) + X + 3] + g3[A + 2]

(91+92)A(7) + (g2+2g3)A + 3q2 + 2q3.

Solving for A we have

- (g1+92)A(J) + 3g, + 294

A
1-92-235

It remains to compute A{J):

NI) = M(p,a® - - ®p3e9)*}
Alp,a® --- ®ps9/p
21+ - +p3g)/ P

1/ tokens.

Substituting this result into the formula for A gives the average length of a string in the

lambda-calculus:

= (91+92)/P + 392 + 24

19z - 243 tokens.

A

Recalling that the information density of a language is the ratio of its entropy and aver- -
[ ]

age length, we have

y = H(g1.92.93) + (9. g2)[H(p.p) + H(p\. . . . .Pse)V/ P
(91492)/P + 392 + 295

bits/t oken.

It remains to compute the frequencies of occurrence of the tokens in the language.

First we compute gy, the average number of left parentheses in a string.

Plp = "lp(e)
= @ &ip(7) + 2Bl (AT E' Y + gadp ' (( EE' )Y
= g0 + g2(1+pp) + gs(1+pp+esp)
= ge + g3 + (g2 + 293)¢y,.
-43-
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Solving for gy, we have

g2+ 93

o = T-gz-2g5°

Clearly, ¢, = ¢jp. It is also easy to compute the corresponding densities:

6)p = 6rp = P/ A = @/
Next we compute ¢,, the frequency of the token ‘A’, by the same process:
ba(e)
0D + RS (ATE )Y +qd\ ' (EE ')}
go[ 2A(A) + $A(E)] + 2958x(E)

g2(1 + @) + 2930,

Px

Solving for p) we have i

g2

A P

and 6, = g/ A

Finally, we solve for ¢, the frequency of the i-th alphanumeric character:

$:(e)
q19(7) + g2[8:(1) + $:(E)] + 29358,(E)
(9:+92)%:(1) + (g2+293)¢;.

i

Solving for ¢¢ we have

= (@1 +g2)8:(])

b 1-g2~2q3 °

It remains to determine ;(/):

$() = &,{(p1a® - - - ©ps9)P*}
= &ip,a® - - ®pe9/P
[p1®(a) + - - +p3sd(9))/P

/P
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Substituting this into the equation for ¢; yields

0 = (9., + 92
(1 - g2 —293)p

As usual, §; = p;/ A

Unfortunately, the equations derived for the lambda-calculus are quite difficult to

solve. In practice they would probably have to be solved numerically.

: We can gain some insight into these equations by considering their behavior in some - 1
typical situations. Therefore, suppose that all the identifier characters are equally
likely: - 4

2 Py =Pz = -+ = pgg = 1/36. ’ -
Then we have

g1+ qp o
36p(1 ~ g2 ~ 293) -

$i =

R\
v

PRPSPEPTY

Now let 4 = 1~g2—293. Then we have

A = [(q1+g2)/P + 3g2 + 293}/ a,
A = g2/q,

A
T U vy

¢ip = ¢p = (g2+93)/ a,
@i = (g1+g2)/(36pa).

S | DR

Rewriting the first equation: .
: A = [(g1+g2)/Pa) + (392 + 2g3)/ a =
: = 9/ 36 + (3g2 + 295)/ a
. ) = /36 + g2/ a + (292 + 293)/ a ]
¥ = ¢i/36 + a + 20, e
P H we rewrite this

.

A= ¢‘/36+¢A+¢Ip+¢rp-

ST e " .
. .
S .
Lo el R
AR A
kA AP % A .4 a
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then it becomes intuitive: the average length of a string is the sum of the average fre-

quencies of occurrence of each terminal symbol.

Finally, we derive the information consumed per production by this grammar. To do

this we expand the Kleene cross:

I -+ PA®pAl

A > pad - Ppxd

and compute its average derivation length:

D(r1)
D(A)

1 +pD(A) + pD(A) + pD(I)

1

Therefore, D(I) = 2 + pD(I), so D(I) = 2/p. Next we compute D(E):

1+ @uD(1) + gL D(I) + D(E)] + qo2D(E)]

1 +2(q,+92) + (g2+293)D(E).

D(E)

Therefore,

1+ 2(g,+9,)

b(E) = 1-92-2q3

productions.

The average information used per production is the ratio H(E)/ D(E), which is

Q= H{q1.92.93) + (q:+q)[H(p.p) + H(py. .. . .p3s)// P )

1+2(q1+92) bits/production.

?. Conclusions

We have described means for computing a number of information-theoretic properties
of'languages and their grammars. These properties include, for languages, their
entropy, average string length, information density and densily of occurrence for a
given token. For grammars we have shown how to compute average derivation length

and the information used by the grammar per production.

All of these techniques are based on the application of simple recursive formulas to

-46-
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annotated grammars, grammars annotated with production probabilities. It appears .- }
that the same techniques can be applied to the computation of many other properties

of both grammars and other symbol systems.
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