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"e study the cmputtional complexity of finite vez- met of processors obtain (possibly co ucting) ober-

sions of the simplest and fundammatal probleis of dis- vations an the state of the enviromeent. Each ptoces---
tributed decision -M, and we show that, aPart from has to make a decision, based on his own observation.
a few exceptions, such problems ae hard (NP-complete, NOWeGve, for each State Of the nvirOVmACt, oAly certain
or worse). Some of the problum studied are the w ll- decisions accomish the desired goal. The question
kn~ownl team. decision problem, the distributed hypothesis -age there any comictons necessary?' my be then
testi ; problem, as well a the problies of designing reformulated as "Can the goal be acomlshed, with -
a :o=u.-icat.iors protocol that guarantees the attain- certainty, without any cmnsunicatioos? We show that
oant of a prespecified goal with as itle comunica- this problem is, in geneal, a hard one.
tions as possible. The" results indicate the inheret We then impose ame more structure on the problem,
±.'.fi:ulty of distributed decision aaking, even for by assuming that the observations oA different proces-
ve y Simple problems, with trivial centralized counter- Mars are related in a a.rticular way. The main issue
:A=r.s and suggest that opti lty may be an elusive that we address is *how mAch structure is required so
goal of distributed sysaim. that the problem Is en easy me?" and we try to deter-

mine the boundary between easy and hard problemm.
1. Introduction and MWtivation Zn Section 3 we fomlate & few prablsm which are

related to the basic problem of Section 2 ead disco
i- n this paper we formulate ad study certain simple their complexity.

decentralized problems. Our goal is to formulate pro- In Section 4 we study a particular (sore structured)
bans whic.xc reflect the inherent difficulties ot de-- dedentr./Ase problem - the problem of deetralLzed

.. tralizations that is, any difficulty in this class of hypothesis testing - an which there has been am a-
;roblems is istnct ro the difficulty Of co=espoM- terest recently, and caracterize its difficulty.

,_ng centralIzed problems. this is accomplished by Suppose that it has been foud that coammnications
-or=u.atinq decentralized problem whose centralized are necessary. The next question of interest is %het
counterparts are either trivial or vacious. is the least amount of commnications needed?" This

one of o-zr goals is to determine a boundary between problem (Section 5) is essentially the pcblem of desig-
'eas" and "hard' decentralized problems. Our results ALin an optimalL commications protocols it is again a
wil L-dicate that the set of "easy" problems is had one mad we discuss am related issues.
relatively smal. In Section 6 we pres nt out conclusions ad discus

All problems to be studied are imbedded in a die- the conceptual significance of out results. These con-
crete *-amework; the criteria we use for deciding clusions may be smmrized by Saying thats
,her-tar a problem is difficult or not cam from cm- a) Zven the simplest (exact) problom. at decentralized
.lexiv theory Garey and Johnson, 1979y Papadimitxiu decision making are hard.
Lnd St .eql]z. 19821: following the tradition of coo- b) Allowing som redundancy in cainu cations, may
pIexity theory, problems that mna be *solved by a poly- greatly facilitate the (off-Line) problem of desig-
no-.a alger-.hn are considered eaiy NP-complete, or ning a decentralized system.
worse, problems are considered hard.* however, an e) Practical commuications protocols should not be ex-
-- :cop-pieteness result does not close a subject, bu it. pected to be optimal, as far as amnization of the

C- :ather as a result which can guide research: further -4Mout of coeMuications is concerned.

C' research should focus on special cases of the problem
or on approximate versions of the original problem.

Ths mai; issue of interest in decentralized systems tPaaditriou and Tsitsiklis, 19831 end (almst) all

L may te loosely phrased as "who should camunicate to proof$ may be found in [sitsiklis, 19831.
'6 whon, 4nat, how often etc." From a purely logical

" .point of view, the first question that has to be raised 2. A Problem of Sile-t Coordination

is "are tnere any comnicatian necessary?" Any Is thi - section we foinslate and stdy the problm
futher questions deserve to be studied only if we
co.. ,; €me to the conclusion that.conications are Wether a set a proes..SOrS with diftfernt information
.ncettesli ttouc oy accomplish a given goal -with certainty- withoutTe subject of Section 2 is to characterize te any comunications.

J-hezent difficulty of the problem of deciding whether e { .} be a set of processors. Each processor,
any comunications are necessary, for a given situa- say processor L. obtains an obeervati y which coma

t-on. we adopt the following approach: a decentral- frm a finite go YA of pssible obserma.os. Then,

ized system exists in order to accomplish a certain processor i makes a decision u which belongs to a
.. goal which ts externally specified and well-known. A fimit set Vi of possible decisions, according to arulAe.

Paseazen su~oort 4 by OWR under contract om/N=1~4-77-C-0532 (MR-041-SII).
o ne way of viewing NP-complete problems, is to say that OW are effectively equivalent to the Ttaveing
Salesman problem, which is well-known to be &lqortthO&AA0r hard.

This do(-ume_-t hai been'oaptoved
for pubhc rele:,so ond salti it* A itd
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u (y) (2.1) following:
* 2.) Theorem 2.1:

where is some function from Y into U. The a) The problem DS with two processors (M-2) and res-
-- tuple (yr ....y ) is the toalinforma ~ion avail tricted to instances for which the cardinality of the
able; so it may be'viewed as the "state of the envi- d s 2 (l ul,2) may be solved in
ronment.* For each state of the environment, we assume

. that only certain .4-tuples (u ..... u) of decision ac- polynomial tine.
Complish a given, externally slcifiea, goal. more b) The problem DS with two processors (M-2) is NP-
precisely, for each (y 1 .... ,Ye YIx. .. xY we are given complete, even if we restrict to instances for which

a set S(y1 ,...,y ) C iX ...xUH of satisficing decisions. IU1 12, U2 J3"

( yd nc) The problem DS wi.th three (or more) processors• . : (So, S may be viewed as Sa.function from >3 s -ope.,.n e slc nsns

y~xrx... y ito U...z,~,(M>3) is NP-complete, even if we restrict to instances-.. x .. .xU-

% x M forwhich JU 112,Vil
Theorem 2.1 states that the problem DS is, in gen-

The problem to be studied, which we call "distri* eral, a hard combinatorial problem, except for the
buted satisficinq problem" (after the t er introduced special case in which there are only two processors
by H. Simon (1980]) may be described formally as and each one has to make a binary decision. It should
follows. be noted that the difficulty is not caused by an at-

Distributed Satisficing (DS): Given finite sets Y ... tempt to optimize vith respect to a cost function,
- because no cost function has been introduced. Zn gam
|M.Ul....U£4andflmc nS:Yl ...x K ,theoretic language, we are faced with a "game of kid,"

Ox xu rather t a "game of degree."
2 M.. are there functions 3: YI- ie i-1, We will nov consider some special cases (which re-c i flect the structure of typical practical problem) and

S ...., such t-t examine their computational complexity, trying to detar-
,i .. mine the dividing line between easy and hard problems.
..(

3
(y 1 )..... 3

£''y' ""S~y1 . V~y 1 From now on we restrict our attention to the case in
Y... x. ..x (2.2) which there are only two processors. Clearly, if a
1-problem with two processors is hard, the corresponding

problem with three or more processors cannot be easier.
Rlemarks: We have formulated above the problem DS so that all

1. We are assuming that e function S is "easily pairs (y 1 ,Y 2 )6 Y1 xY2  ae likely to occur. So, the
computable;* for example, it may be given in the form information of different processors is Completely un-

of a table. related; their coupling is caused only by the structure

2. The centralized counterpart of DS would be to of the satisficing sets S(yl'y2 ). In most practical

a.Llov the decision ui of each agent depend on the situations, however, information is not completely uns-
entire set (y" .... y) of observations; so,. would tructured: when processor 1 observes y,# he is often

be a function from 1 x... x Y into U. (This cor- able to make certain inferences about the value of the

responds to a situation in which all processors share observation y 2 of the other processor and exclude car-

the same information.). Clearly, then, there exist tain values. We now formalize these ideas:

satsfator (atif iing fnctons~i K ~i Definition: An Information Structure I is a subset
if and only if S(y , 1 .... Y£) P' " y(y 1, ... ,y,)eY x.. 'xym. of Y xY2

. We say that an information structure I has

Since S is an "easily computable" set as a function degree (D1.D2) (D1,D2 are positive integers) if
of its arguments, we can see that the centralized

c counterpart of DS is a trivial problem. So, any dif- (i) For each y 1 eY1 there exist at most D1 distinct

ficulty inherent in DS is only caused by the fact that elements of Y2 such that (yly 2 )e .
information is decentralized.
3. A "solution" for the problem DS cannot be a closed- (ii) For each y2eY2 there exist at most D2 distinct
form formula which gives an answer 0(no) or 1(yes). elements of Y1 such that (yly2)e I.
Rather, it has to be an algorithm, a sequence of ins-
tructions, which starts with the data of the problem (iii) OlD2 are the smallest integers satisfying (i),

- (Y1, ... ,5, UI, .. . ,US) and event.ually provides the (ii). An information structure I is called classical
correct answer. Accordingly, the difficulty of the if Dl*0211 nested if Dia or 0 1.

problem DS may be characterized by determining the We now interpret this definition: The information
place held by DS in the complexity hierarchy. For structure I is the set of pairs Cyl,y 2 ) of observationsI definitions related to computational complexity and
the methods typically used, the reader is referred to that may occur together. If I has degree (D1,D2)

% (Garey and Johnson, 19791 Papadimitriou and Steiglitz, processor 1 may use his own observation to decide whic
19821. elements of Y2 may have been observed by processor 2.

._,, 4. If, for sm i, the set 0. is a singleton, proces-2
4sIn particular, he may exclude all elements except for

sor i has no choice, regarding his decision and, con- D of them. The situation faced by processor 2 is
sequently, the problem is equivalent to a problem in smtrical.
which processor i is absent. Hence, without loss of if Dil1 and processor 1 observes y 1 . there is only

generality we nl need to study instance- of DS in1
1 iTj, we ony nuo o n one possible value for y 2 . So, processor I knows the

whic 2, V . observation of processor 2. (The converse is true
5. We believe that the problem DS captures the es- when D_-1). This is called a nested information struc-
sence of coordinated decision making with decentral- ture bicause the information of one processor contains

=', ..... zed informat~ion ad without commnications (silent th- information of the other.

c."oordination). When D-2-1, each processor knows the observation
,o Some initial results on DS are given by the of the o a; so, their information is essentially

i °q P
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shared. h ,. Z caoto , e 3. Related Problems

meaning In reqrx K 2 t.he processors to make compatible In this Section we define and discuss briefly a few
decisions if (y 1 .y 2 ) were to be observed. .his leads more combinatorial problems relevant to decentral.zed

-o ..he followingvrsi - of th problem OS: decision making. All of ttmm will be seen to be harder
than problem DS of the last section (i.e. they contain

2SI: Given finit sets YY 2 ,Uo 2 , IC Yx 2 and a ZS as a special case) and are, therefore NP-hard (that

a U 2init is, NP-complete, or worse).function I: Z-2 2fnctions The best known static decentralized problem is the- t eam decision problem [Mazschak and Badner, 19721
i-1,2, such that which admits an elegant solution under linear quadratic
S)(assumptions. Zts discrete version is the following:

1(y1 ),a2 (y2 )).S(y1 ,y2 , Y(y1 ,y2)6Z? .3 T (Team Decision Problem): Given finite sets Y ,Y

Note that any iLstance of DSI is equivalent to an ins- U1,U2 , a probability mass function p: Y xY2 -Q, and a
* tance of 2S in whcoch Sy 1 ,Y 2 )-s function : -c xU 1xU N, find decision rules

That is, no comatibility restrictions are placed on 12 1 t
the decisions of the two processors, for those (y1 ,y2) Y - i-l,2 which mimize t expected cost

that cannot occur.
We now proceed to the main result of this Section: , c(Y1 ,Y2 , 1 (Y1 ), 2 (Y2))P(Y1 ,Y2 )

Theorom 3.2.2: Ylyl '2GY2

a) The problem 6I1 restricted to instances satisfying Let S(y ,y2 )-{(u,u 2 )GUIx 2: c(ylY 2 1U1 ,u2 )-0). If

any of the following& we solve TDP, we have effectively answered the question

Ui) one or more of IV11 21 lO2i whether there exist c~~,such that J(a1 1 a 2 )-0. This
(ii) lul ICu1-2. is equivalent to the question whether there exist sat-

isficing decision rules (with the satisficing sets
(111) 01"D2"2, S(yl , ) defined as above). Therefore, TDP is harder

(iv) D 1 1U2[12. (or Dl-in1l2) thtan ~s:
may be solved in polynomial tim. Proposition 3.1: The discrete team decision problem

- b) The problem SI is NP-cpleta even if we restrict is NP-hard, even if the range of the cost function
to instances for which c is (0,1).

IVI01.Instead of trying to satisfico" for every pair of
.1 3'21"22 observations (y 1 ,y 2 )6 Y1 ,xT2 , it may be more appro-

.The r t concerning t.he cals 0,01 or 02- is not priate to impose a probability mass function on Y XY2
surprisinq. It is well-known that nested information and try to m-ximize the probability of satisficing.
structures may be exploited to solve otherwise dif- This leads to te next problem:
ficult decentralized problems. but except for the cam
0102-D2 (which is sort of a boundary) the absence of MPS (Maximize Probability of Satisficing) aGiven

nestedness makes decentralized problems computationally finite sets Y1 ,y2 ,U1,u2 , a probablity mass functon
hard. Our result gives a precise meaning to the state- UxU2
ment that non-nested information structures are much p:...x¥2 g and a findn Sa YlY2 2
more difficult to handle than nested ones. 1 f 1 2

Theorem 3.2.2 shows that even if 01D2 are held cons- decision rules a,: Y.-U, i1-,2, which maximize the

tant, the problem DS1 is. in general, NP-complete. probability of satisficinq J(a 2 ) -
There is, however, a special case of DSZ, with D1 ,D2  Pr((a (y,),)2(y2 ))eS(yly 2 )).

constant, for which an efficient algorithm of the We now take a slightly different point of view.
dynamic programming type is possible: Suppose that communications are allowed. so that the

processors may always make satisficinq decisions by
Theorem 3.2.3: Let Y1-{l. ....m}, Y ... ,n} and sup- communicating (assuming that Styl.,y2)00,
pose that li-i<.l, Y(i,j) 1. Then, if D is held f(yl,y2)e YxY2). Suppose, however, that ocominica-
constant, 0S6 may be solved in polynomial time.

tions are very expensive, so that we are interested
Remark: In fact, the conclusion of Theorem 3.2.3 re- in a scheme which guarantees satisficing with a mini-

mum amount of communications. We will assme that if
mains true if we assume -n and we replace the condition one of the processors initiates a communication, all
*i-il D by the weaker condition Ii-iJ (mod n)< 0. their information will be exchange at unity cost.
The proof consists of a small modification of the (For a more refined way of counting the amount of cam-
preceding one. munications, see Section 3.5.)

TI"Te condition i-il , y(i,j)e I is fairly natural(
in certain applications. For example, suppose t.9- h atPC (Minimize Probaility of Communications): Given
observations y1 and y2 are noisy measurements of an finite sets Y ,Y2 Ui, a probability mass function

f, unknown variable x (y x+wi ) where the noises wi are UxU2
pbo YxY2 -Q and a function 0: Y XY -2 , find

The condition li-jil (mcd n)< D may also arise if the decision rules Ji: Y UiU {C ), i-1,2, which minimize
observations y 11 y 2 are noisy measurements of some the probability Pr(a(y)-C or 2 (y 2 )-C) of comunica-

* unknown angle: y ,,O * wi ting subject to the constraint

..



n ,(y )s (Yy 2  central proceIsor (fusion ceanter) which evaluates

C(,,lad 2y].tha 1)(y2)) 1 2 And declares hypothess N ° to be re f

The proof of the following is trivial: uo-O, H. if Uo=£. (So, we entally have a voting

Prooosition 3.2: The problems .MPS and .PC are NP-hard. scheme). The problem is to select the functions

In fact, we also have: so a to minimize the probabliy of accepting the

Prooosition 3.3: The problems ToP (with a zero-one wiong hypothesis. (.%or* generl. performance criteria
co. may be also considered).

cos fncion ad PS reHPhar, ve ifI 1 2 M ost available results assume that
We could also define dynamic versions of DS or of P(ys 2 H).P(y .i)P(y IH). .-1.2, (4.1)

the team problem, in a stra.ightforward way (Temmy,
19831. Since dynamic problems cannot be easier than which states that the observations of the two proces-
static ones, they are automatically UP-hard. sors are independent, when conditioned on either hy-

pothesis.* Zn Particular, it has been shown (Teomy
4. Decentralized Hypothesis Testing and Sandell, 19813 that the optimal decision rules a,

A basic problem in decentralized signal processing, are given in terms of thresholds for the likelihood

which has attracted a fair amount of attention recently, POP(Hoyi)
is the problem of decentralized hypothesis testing rtios . te optimlP trHesholds fr
"Tenney and Sandll, 1981; Ekchian, 19821 Ekehian and
Tenney, 19621 Kushner and Pacut., 1982; Lauer and the two sensors are coupled through a system of equa-

. Sandell. 1903). A simple version of the problem, in- tione which gives necessary conditions of optimality.

- volving only two processors and two hypotheses y (These equations are precisely the person-by-person

described as follows: optimality conditions). Few analytical results are

Two processors S1 ad S receive obsevatians y CY available when the conditional independence assumption
S a o l1 is removed ELauer and Sandell, 19833. The approach of

.- Ys2r, respectively, where Y . is the set of all pos- this section is aimed at aexplininq this status of af-

*.: sible observations of processor i. (Figure 1). There fairs, by focusing on discrete (and finite) versions
aretwo hypotheses H and Kl on th e sttet of the of the problem.areo 1 We first have:
environment, with prior probabilities p0 and p1 rem-

pectively. For each hypothesis Hi we are also given ten optimal choices fo, 2 ma e fon in po ,• then pr. a choices for )l, 2 may be found in poly-
the joint probability distribution P~y, 11 fte nma ie a

-. observations, conditoned on he event that is true. So, under the conditional independsce assumption.o vUpon recet of y , pit oessor S evaluates a message decentralized hypothesis testing is a computationally
Iee i easy problem. Unfortunately, this is not the case %&an

C.(0,1 according to the rule u. (y£), where the independence assumption is relaxed. Or main re-

:: ):Y 0,11. Then, u I and u2 are transmitted to a sult (Theorem 4.2) states that (with Y., Y 2 fildte

sets), decentralized hypothesis testing is a hard com-

binatorial problem (UP-hard). This is true even if we
restrict to the special case where perfect detection

H -(zero probability of error) is possible for the corres-Hot H pending centralized hypothesis testing problem.
Although this is in some sense a negative result, it is
useful because it indicates the direction in which
future research on this subject should proceed:
Znstead of trying to find efficient exact algorithms,
research should focus on approximate algorithms, or

Y1 Y2 exa: algorithms for problems with more structure than
that assumed here. Horeover, our result implies that
any necessary conditions for optimality to be developed
are likely to be deficient in one of two respects:
a) Either there will be a very large number of deci-

*--- sion rules satisfying these conditions.
SS2 b) Or, it will be hard to find decision rules satis-

fying these conditions.
In particular.* optimal decision rules are not- given in
terms of thresholds on likelihood ratios.

Of course, there remains the question whether ef-

u t=Y1 (y) u~m  ' ficient approximate algorithms exist for the general
2". UY2 y2 decentralized hypothesis testing problem, or whether

l "we must again restrict to special cases of the problem.

We now present formally the problem to be analyzed.

DHT: (Decentralized Hypothesis Testing, Restricted to

.. Uo--U r unstances for which Perfect Centralized Detection isPossible).
we are given finite ;ets Y1 ,Y 2 ; a rational number

"-A h f e t d y enumber k; a rational probability mass functioni . F iur e 1: A Scheme for Decentrali ed HypothesisP: Y x r 0 1 ; a p rt io
Testing. p ylxY2 .Qr [0,l]; a partition

. ... * Such an assumption is reasonable in problems of detec-

ton of a known signal in independent noise, but is typ-
ically violated in problems of detection of an unkmown

%



" (%.A,) of YlXY2 .* Do there exist l:Y1-0.0,1}, P-Ylm 1 (1) 'Y2',0,'U2" I (YI m1 (2)xY2 ],S) there is

'2-12-[,0,1 such that J( a2)< k, where a protocol which guarantees satisficing with not more
""y""y (than K-1 bits of comunications. (Mere m-l(i).

(y Ley :m(y ) - i}.)
(yly 2 )tA0  The envisaged sequence of events behind this defini-

tion is the following: Each processor observes his
,(y,,y2)GR P(yly 2 ) £l-a(yl)a 2 (y2 )]? (4.2) measurement yiEYi , i-1.2. Then, one of the processors,

2say processor 1, transmits a message m(y,), with a
.Lrks: i. Uf we let k-0, then DUT is a special case single bit to the other processor. From'that point on,

it has become common knowledge that yefy z ml(y);".._-'. of problem OS (Setion 2) w ith lull-JU.1-2, and is therefore, the remaining elements of Y may be ignored.

polynomially solvable, according to Theorem 3:2.1. in We can now state formally the problim of interest:
general DHT is a special case of MPS and TDP (Section
3.3) with IU l1flU2l12. Consequently, Theorem 4.2 MBS (Minims bits to setisfice): Given an instance

below proves Proposition 3.3. of DSI and Ke N, is there a protocol which gurantees
2) Clearly, the optimization problem (Minimize J( satisficin; with not more than K bits of comunications?

By definition, MBS with KX-0 is identical to the
with respect to ai2 ) cannot be easier than OUT. problem DS1. oreover, MRS with K arbitrary cannot be

Since O T will be shown to be NP-complete, it follows easier than MRS with K-0 (which is a special case).
that the above optimization problem is NP-hard. Therefore, MS is, in general NP-hard. Differently
3) In OUT, as defined above, we are only considering said, problems involving cmmnications are at least
instances for which perfect centralized detection is as hard as problems involving no coemunications.
possible: Think of 8 as being the hypothesis th.t We have seen in Section 2 that when IUll-lU2 1-2.

e A , and H as being the hypothesis that DSZ may be solved in lynomial time. Therefore, MBS
..- 0 1with K-0, f r02 r2 is polynomially solvable.
".- (y1,y2 )G A. Certainly, if a processor knows both y However, for arbitrary K, this is no longer trues

y2 , the true hypothesis may be found with certainty.

For the decentralized problem, the cost function Theorem 5.1: MBS is NP-complete, even if loll -1I021w
0 al, 2) is easily seen to be the probability of error. (0,1) and even if we restrict to instances for which,

4) The result to be obtained below remains valid if h for any (y11 y2)6Z either S(yly 2 )= 1(0,0)1 or
fusion center uses different rules for combining the S(yly 2 )-{(l,l)}.
messages it receives (e.g. u=(%IV( ))), or if we

leave the combining rule unspecified and try to find The above theorem proves a conjecture of A. Ya
an optimal combining rule. [Ya, 1979|. The proof was mainly constructed by

C. Papadimitriou and may be found in (Papadimitriou
Theorem 4.2: DHT is NP-complet. and TsitsikLis, 19821.

We should point out that the special case referred
S. On Desiq ning Comunications Protocols to in Theorem 5.1 concerns the problem of distributed

function evaluation: we are given a Boolean function
Suppose that we are given an instance of the die- f:Y xY -{0 and we require that both agents (proces-

tributed satisficing problem (DS) and that it was sork entually determine the value of the function
concluded that unless the processors communicate, (given the observation -input (y1 ,Y2 )), by exchanging
satisficing cannot be guaranteed for all possible ob- a minimum number of bits. In our formalismi
servations. Assuming that communications are allowed
(but are costly), we have to consider the problem of S(YIY2)- N0,00 if f(ylIy2)aO and S(YlY2)-((ll)}

designing a comaunications protocol: what should each if f(yly 2)-.
processor couuunicate to the other, and at what order? Zn Section 2 we had investigated the complexity of
Moreover, since communications are costly, we are DSI by restricting to instances for which the set I

.-. interested in a protocol which minimizes the total had constant degree (D1,D2). This may be done, in
" * number of binary messages (bits) that have to be com-

municated. (The word "bits" above does not have the principle, for MBS, as well, but no results are avail-
information theoretic meaning.) able, except for the simple case in which 0,-D =2.

Before proceeding, we must make more precise the In fact, when D00-2 each processor may transmit

notion of a comunication protocol and of the number his information tol thie other agent by comunicating a
:e. of bits than guarantee satisficing. single binary message and, for this reason, we have:

Given an instance O(Y,Y 2,UU 21,S) of the problem Proposition 5.1: MBS restricted to instances for which

.S1 we will say that: D -0 -2 may be solved in polynomial time. Moreover.
There is a protocol which guarantees satisficing aA oltimal protocol requires transmission of at most

* with 0 bits of communications, if 0 is a YES instance two binary messages, one from each processor.
of the problem 3SZ. (That is, if there exist satis- When (D,D 2 ) is larger than (2,2), there is not
ficing decision rules, involving no comunications.)

we then proceed inductively: much we can say about optimal prctocols. However. it
There is a protoomlwhich guarantees satisficing is easy to verify that there exist fairly simple non-

with K bits of comunications (Ke N), if for some optimal protocols (which may be calculated in poly-
,(siI te isanY ,l}, nomial time) which involve relatively small amounts of, -ie(1,2} (say, i-1) there is a function : -OO

such that-for each of the instances 1 communication. This is because:
O, ... ..... - 00(y1m (O),Y 2 ,U 1 ,0 2 , 1 ((Yin m-(0))xY2 ],S) and Proposition 5.2: Suppose that I has degree (D1.02) wid

. h iA....-A that S(ylY 2 )#, Y(Y1,Y2)el. Then information may be
That is 1UlXY2 and Ao A 1 centralized (and therefore satisficing is guaranteed)

.,~ by means of a protocol requiring comunication of at
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which this would not be necessary. Even if these
- extra comunications -being redundant- do not lead to

better decisions, they may greatly facilitate the de-
cision process and -from a practical point of view -
remove some load from the computing machines employed. -.

Concerning the problem of distributed hypothesis
testing, we have shown that it becomes hard, once a
simplifying assumption of conditional independence is "A
removed. This explains why no substantial progress
on this problem had followed the work of Tenney and
Sandell [1982].

FXom a more qeneral perspective, we are in a posi-
tion to say that the basic (and the simplest) problems
of decentralized decision making are hard, in a precise
mathematical sense. Moreover, their difficulty does . " .
not only arise when one is interested in optL&lity.
Difficulties persist even if optimality is replaced . 4. -

by satisficinq. As a consequence, further research
should focus on special cases and easily solvable
problem as well as on approximate versions of the
original problems.

In cases where communications are necessary (but
costly) there arises naturally the problem of desig-
ning a protocol of coamiunications. Unfortunately, if
t.his problem is approachedl with the intention to mi- ....
nimize the amount of cc mnications that will quar-
a.tee the accomplishment of a given goal, we are again
led to intractable combinatorial problems. Therefore.
practical communications protocols can only be desig-
ned on a "good" heuristic or ad-hoc basis, and they
should not be expected to be optimal, approximate
optimality is probably a more meaningful goal. Again,
allowing some redundancy in on-line communications
may lead to substantial savings in off-line computa-
tLons.M
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