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—> me study the computational complexity of finite ver-
sicns of the simplest and fundamantal problems of dis-
tributed decision making and we show that, apart from

a few exceptions, such problems are hard (NP-complete,
or worse). Scme of the problems studied are the wall-
xnown tean decision problem, the distributed hypothesis
testing problem, as well as the problem of designing

a comnunications protocol that guarantses the attain-
Zent of a prespecified goal with as litzle communica-
tions as possible. These results indicate the inherert
d:12%iculty of distributed decision making, even for
very simple probleas, with trivial centralized counter~
carts and suggest that optimality may be an elusive
goal of distributed systams. (Q

1. Introduction and Motivatioa

In this paper we formulate and study certain simple
decentralized problems. Our goal is to formulats pro-
slams which reflect the inherent difficulties of decan-
sralization; that is, any difficulty in this class of

S sroblems is distinct from the difficulty of correspond-

ing centralized problems. This is accomplished by
formu.ating decentralized problems whose centralized
counzerparts are aither trivial or vacious.

Cne of our goals is to determine a boundary between

“easy” ard "hard” decentralized problems. Our results
will indicate that the set of 'uny problens is
relativaly small.

All problems to be studied ars imbedded in a dis-~
crete framework; the criteria we use for deciding
whetier a problem is difficult or not come from com-
siexity thecry {Garey and Johnson, 1979; Papadimitziou
and Steiglitz, 1982): following the tradition of com-
plexity =heory, problems that ny.po‘solvcd by a poly~
~omial algoritho are considered easy; NP-complete, oI
worse, problems are considered hard.” However, an
IP-compieteness result does not close a subject, It is
« rather as a result which can guide research: furthex
/ reseazzh should focus on special cases of the problem
or on approxizate versions of the original pxobleam.

The maln issuas of interest in decentralized systems
} @ay te lo0sely phrased as “who should communicate to
) when, wnat, how oftean etc.” fFrom a purely logical
——— pC3nt 0f view, the first quastion that has %o be raised
Ldee is "are there any communication necessary?” Any

further questions deserve to be studied only if we

(1come to the conclusion that communications are indeed

“necessary.

The subject of Section 2 is to characterize the in-
G herent difficulty of the problem of deciding whether
any cosmunications are necasssary, for a given situa-
tion. Wa adopt the following approach: a decentral-
ized system exiscs in order %o accomplish & certain
goal which is externally specified and well-known. A
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sst of processors obtain (possidly conflicting) obser-

vations on the state 0f tha envirooment. Lach Processcr

has to saks a decision, based on his own observation.

Bovever, for each stats of the environsent, oaly certain

decisicns accomplish the desizred goal. The question

“are there any communications necessary?” may be then

reformulated as "can the goal be acoomplished, with -

cersainty, without any cassunications?® we show that
this problem is, in general, a hazd one.

We then impose some more structure on the problem,
by assuming that the observations of diffezent proces-
sors are related in & particular way. The main issue
that we address is "how such structure is required so
that the prodblem is an easy one?” and we try to deter-
mine the boundary betwesn sasy and hazd problems.

In Section ) we formulate a fev problems which are
related to the basic problea of Section 2 and discuss
their complexity.

In Section 4 we study a particular (more structured)
decentralized problem - the problem of decentralized
hypothesis testing -~ oa which there has been some in-
terest recently, and characterisze its difficulty.

Suppose that it has been found that communications
are necessary. The next question of interest is “what
is the least amount of communicaticns needed?” This
problem (Section 5) is esssentially the prcblea of desig-
aing an optimal communications protocol; it is sgain a
hard one and we discuss soma telated issues.

In Section 6 we preseat our conclusions and discuss
the conceptual significance of our results. These con-
c¢lusions may be summarized by saying that:

a) Bven the simplest (exact) problems of decentralized
decision making are hard.

b) Allowing soms redundancy in cosmunications, may
greatly facilitate the (off-line) problem of dniq-
ning & decentralized system.

¢) Practical communicaticns protocols should not be ex-
pected to be optimal, as far as minimization of the

- aaount of communications is conceznad.

Some of the results of this appear in
{Papadimitriou and Tsitsiklis, 1983] and (alsost) all
proofs may be found in [Tsitsiklis, 1983].

2. A _Problem of Silent Coordination

In this section we formulate and study the problem
whether a set of processors with different information
say accomplish a given goal -with certainty- without
any commmunications.

et {1,...,4) be a set of procassors. Esch processor,
say pzocessor i, ocbtains an ocbeervatica y, which comes
from a finite set !1 of possible cbservations. Then,

processor { makes a decision u, which belongs to a
tin&u set u of possible decisions, according to a

* Rasearci supported bv ONR under contract oun/uooou-m (NR=-041-519) .

* One way of viewing NP-complets problems, is to say that

they are effectivaly equivalent to the Traveling

Salesman problem, which is well-known to be ummscm' hard.

i This document hae been a pproved
for pukblic releass and ml«r mb 4

dstriba:tion is uolimited.
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u; - ai(yi) ’ (2.1)
vhezre 3y is some function from Y, into U,. The
M~tuple (¥,,....Y,) is the zotal”information avail-
able; so it“may be viewed as the "state of the eanvi-
ronment.” For each state 5f the environment, we assune
that only cerzain M-tuples (u.,...,u. ) of decision ac-
complish a given, externally s%oc:‘.:ioc, goal. More
grecisely, for each (yl,....yx)e ‘l}.x...x‘lM we are given

a set s(yl. e 'Yn) C ulx.. .xuM of satisficing decisions.

(So, S may be viewed as a function from
. O, %...x0

l -
Y,xY, x...x ¥_ into 2 N,

The problem to be studied, which we call “"distri-
buted satisficing problem” (after the term introduced
by H. Simon ([1980)) may be described formally as
follows:

Distributed Satisficing (DS): Given finite sets Yl""'

xu, 01,...,1;!" and a tunct_ion S: Yl X.oeX Yl hd
01 Xeo.X Uy, .
2 . , are there functions 3,_: Y, -y, i=l,

i 1
24...0.M, such that

(al (Yl) tesay 3H(yn) )es(yl- . OIYH) ’ V(Ylv eve .YH)C

X, Xe..x Yy (2.2)

1

Remarks:

l. We are assuming that the function S is "easily
computable;” for example, it may be given in the form
of a table.

2. The centralized countexpart of DS would be to
allow the decision u, of each agent depend on the
entire set (Yl""'yn) of observations; so, 31 would

be a function frem Yl XoooX YH into U&. (This cor-

responds to a situation in which all processors share
the same information.). Clearly, then, there exist
satisfactory (satisficing) functions aiz'llx...xru *01,

if and only if S(yl.....yn)ﬁ, q(yl,....y")e‘tlx...x'ln.

Since S is an “"easily computable” set as a function

of its arguments, we can see that the centralized
counterpart of DS is a trivial problem. So, any dif-
ficulty inherent in DS is only caused by the fact that
information is decentralized.

3. A "solution” for the problem DS cannot be a closed-
form formula which gives an answar 0(no) or l{yes).
Rather, it has to be an algorithm, a sequence of ins-
tructions, which starts with the data of the problem
(Yl,...,l’u, ul""'uu'S) and eventually provides the

correct answer. Accordingly, the difficulty of the
problem DS may be characterized by determining the
place held by DS in the complexity hierarchy. For
definitions related to computational complexity and
the methods typically used, the reader is referred to
[Garey and Johnson, 1979; Papadimitriou and Steiglitz,
1982].

4. 1f, for some i, the set !Ji is a singleton, proces-

sor i has no choice, regarding his decision and, con-
sequently, the problem is equivalent to a problem in
which processor i is absent. Hence, without loss of
generality, we only need to study instance. of DS in
which lu:[; 2, v,-

5. We believe that the problem DS captures the es-
sence of coordinated decision making with decentral-
ized information and without communications (silent
coordination).

Some initial results on DS are given by the

following:
Theorem 2.1:

a) The problem DS with two processors (M=2) and res-
tricted %0 instances for which the cardinality of the
decision sets is 2 (Iuil-z, i=1,2) may be solved in

Pelynomial time.
D) The problem DS with two processors (Ms2) is NpP-
complets, even if we restrict to instances for which
|U1I-2' qul-a'

¢) The problem DS with three (or more) processors
(M23) is NP-complets, even if we restrict to instances
for which luil-z.vi

Theorem 2.1 states that the problem DS is, in gen-
eral, a hard combinatorial problem, except for the
special case in which there are only two processors
and each one has to make a binary decision. It should
be noted that the difficulty is not caused by an at-
tempt to optimize with respect to a cost function,
because no cost function has been introduced. In gams
theoretic language, we are faced with a “game of kind,"
rather than a "game of degree.”

We will now consider scme special cases (which re-
flect the structure of typical practical problems) and
examnine their computational coaplexity, trying to deter-
mine the dividing line between easy and hard problems.
From now on we restrict our attention to the case in
which there are only two processors. Clearly, if a
problem with two processors is hard, the corresponding
problem with three or more processors cannot be easier.

We have formulated above the problem DS so that all
pairs (yl.y.‘,)c !lxvz are likely to occur. So, the

information of different processors is completely un-
related; their coupling is caused only by the structure
of the satisficing sets S(yl.yz). In most practical

situations, however, information is not completely uns-
tructured: when processor 1 cbserves Y}.' he is often

able to make certain inferences about the value of the
observation y, of the other processor and exclude cezr-

tain values. We now formalize these ideas:
Definition: An Information Structure I is a subset
of lexz. We say that an information structurse I has

degzee ‘°1'°2’ (I)l.lb2 are positive integers) if
(i) For each yley there exist at most D, distinct

1 1
elements of Y, such that (yl.yz)e I.

(ii) FPor each yzev2 there exist at most Dz distinet
elenents of Yl such that (yllyz)e I.

(141) Dl.Dz are the smallest integers satisfying (i),
(ii). An information structure I is called classical

iz D].'Dz'l' nested if Dl-l or Dz-l.

We now interpret this definition: The information
structure I is the set of pairs (yl.yz) of observations

If£ I has degree (Dl.nz)

processor 1 may use his own observation to decide which

elemants of Yz may have been chserved by processor 2,

In particular, he may exclude all elements except for
D, of them. The situation faced by processor 2 is

s§muica1 .

1t Dl-l and processor 1 observes Yy there is only

one possible value for y.. So, processor 1 knows the
observation of processor“2. (The converse is true
when D_=1). This is called a nested information struc-
ture b%cauu the information of one processor contains
ths information of the other.

when D, -Dz-l, each processor knows the observation
of the o:.%ct; 80, their information is essentially

that may occur together.
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shared.
Since pairs (yh;yz) not in I cannot occur, thers ismo

seaning in requiring”the processors %O Dake compatible
decisions if (yl.yz) were to be observed. 7This leads

to the following version of the problem DS:

98I: Given finite sets Yl.Yz,U..Uz, IC Y. xf, and a
= U xU i 12
function S: I=2 ! 2. are there functions ai:YiﬁJ‘;
i=l,2, such that

Note that any instance of DSI is equivalent to an ins-

tance of DS in which S(yl.yz)- leuz. v(yl.yz)l I.

That is, no compatidility restrictions are placed on
the decisions of the two processcrs, for those (yl,yz)
that cannot occur.

We now proceed to the main result of this Section:

Theorem 3.2.2:

a) The problem DSI restricted to instances satisfying
any of the following:

(1) One or more of ]Uli.lvz[. D,.D, is equal to 1.

(13) |011‘|°3|'1'
(1id) Dl-bztl.
(i) nl-luzl-z. {ox Dl'lull'”

2ay be solved in polynomial time.

5) The problem DSI is NP-complets even if we restrict
to instances for which

|°1|' D,=3, luzl-oz-z

1-1 or 02-1 is not
surprising. It is well-known that nested information
structures nay be exploited to solve otherwise dif-

ficult decentralized problems. But except for the case
01-02-2 (which is sort of a boundary) the absence of

nestedness makes decentralized problems computationally
hard. Our result gives a precise meaning to the state-
ment that non-nested information structures are much
more difficult o0 handle than nested ones.

Theorem 3.2.2 shows that even if l::l,l)2 are held cons-

tant, the problem DSI is, in general, NP-complets.

There is, however, a special case of DSI, with D].,l.'n2

constant, for which an efficient algorithm of the
dynamic prograrming type is possible:

The result concerning the case D

Theorem 3.2.3: Let Yl-{l.,....n}, Yz-{l,...,n} and sup-
pose that |i-j|< D, ¥(i,j)€ I. Then, if D is heid
constant, DSI may bs solved in polynomial time.

Reamark: In fact, the conclusion of Theorem 3.2.J re-

mains true if we assune m»n and we replace the condition
|1-3]< D by the weaker condition [i-j| (med n)< D.
The proof consists of a small modification of the
preceding one.

The condition [i-j|< D, ¥(i,j)€ I is fairly natural
in certain applications. For example, suppose that the
observations y1 and y2 are noisy measurements of an

are

unknown variable x (yi-xwi) where the noises wi

bounded: lwili D/2.

The condition |i-j|(mod n)< D may also arise if the
observations yl.yz are noisy measursments of some

unknown angle: YL.Q * v

A, e
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3. Rslated Problems

In this Section we define and discuss briefly a few
nore combinatorial problems relevant to decentralized
decision making. All of them will be seen to be harder
than problem DS of the last section (i.e. they contain
CS as a special case) and are, therefore NP-hard (that
is, NP-complete, or worse). ’

The best known static decentralized problem is the
team decision problem (Marschak and Badner, 1972)
which admits an elegant sclution under linear quadratic
assumptions. Its discrete version is the following:

TOP_(Team Decision Problem): Given finite sets 1Y,
“1'"2' 8 probability mass function p: le‘lz—q, and a
Y. xY xU x0_<+N, £ind decision rules

172712
31: Yi’ui' i=1l,2 which ainimize the expected cost

L

&, ¥,

cost function c:

:(al.az)- °(y1'yz’31 (yy) ,32 ‘Yz”’("x"’z’

Lat s“’l'yz"{(“x'“z""l"uz‘ c(yl,yz,ul.uz)-o}. 1£
we solve TDP, we have effectively answered the questian

whether there exist 31'32 such that 3(61.32)-0. This

is equivalent to the question whether there exist sat-
isficing decision rules (with the satisficing sets
S(yl.yz) defined as above). Therefore, TDP is harder

than DS:
Proposition 3.1: The discrete team decision prodlea

is NP-hard, even if the range of the cost function
c is {o,1}).

Instead of trying to “"satisfice" for every pair of
cbservations (yl.yz)e Y .xY¥_ , it may be more appro~-

1772
priate to impose a probability mass function on leYZ

and try to maximize the probability of satisficing.
This leads to the next problem:

MPS (Maximize Probability of Satisficing): Given

finite sets Yl"'z’ul"’z' a probability mass function
leuz -

p: levz-vq and a !unc;ion S: levz-oz , find

decision rules alz Yi‘ui' i=1,2, which maximize the

probability of satisficing J (bl.az) -

Pr((al (yy) 3, (y ))es(y,.v,)).

We now take a slightly different point of view.
Suppose that communications are allowed, so that the
processors may always make satisficing decisions by
communicating (assuming that S(yr.yz)#o.

‘d(yllyz)e le\'z). Suppose, however, that communica-

tions are very expensive, so that we are interested
in a scheme which gquarantees satisficing with a mini-
mum amount of communications. We will assume that if
one of the processors initiates a communication, all
their information will be exchange at unity cost.

(For a more refined way of counting the amount of com-~
munications, ses Section 1.5.) .

MPC (Minimize Probability of Communications): Given

finite sets Yl'Yz'U:L'UZ

a probability mass function

U xUz
p: lerz-Q and a function S: ¥1x¥2¢2 , £ind
decision rules 3,: Yi¢UiU{C}, i=l,2, which minimize
the probability Pz(bl(yl)-c or az(yz)-c) of communica-

ting subject to the constraint

HToN S TG G A I YGRS AR DAL, S LGS LN U0 |



_J

o

(SESLES

.

.
e
«
[t

'l’"’t'u‘-.
.

.
1

AN
N P AR R A

LA,
A

-‘:'h

1e (al(yl)"c and az(yz)#Cl then (al(yl),az(yz))GS(yl,yz).

The proof of the following is trivial:

Provositicn 3.2: The problems MPS and MPC are NP-hard.

In fact, we also have:

Proposition 3.3: The problems TDP (with a Zero-one

cost function) and MPS are NP-hard, even if lUl[-lb‘zf-Z .

We could also define dynamic versions of DS or of
the team problem, in a straightforward way (Tenney,
1983]. Since dynamic problems cannot be easier than
static ones, they are automatically NP-hard.

4. Decentralized Hyvothesis Testing

A basic problem in decentralized signal processing,
which has attracted a fair amcunt of attention recently,
is the problex of decentralized hypothesis testing
(Tenney and Sandell, 1981; Ekchian, 1982; Ekchian and
Tenney, 1982; Kushner and Pacut, 1982; Lauer and
Sandell, 1983). A simple version of the problem, in-
volving only two processors and two hypothases may be
descridbed as follows:

TWO PIOCessors S

¥,
sible observations of processor i.
are two hypotheses B° and H

lmdsz

s Tespectively, wheze Yi is the set of all pos-

receive observations ylelll

(Figure 1). There

Y on the state of the

environment, with prior probabilities P, and p, res-
pectively. U
the joint probability distrikutien P(yl.yzlni) of the

observations, conditioned on the event that H. is true.
Upon recaipt of Yi' processor S 3 evaluates a massage

uiG{O.l} according to the rule “1'%"&" where

ai:‘!i*(o,l}. Then, u, and u, are transmitted to a

For each hypothesis H , we are also given

HO’ HI

Yi

Up=u,Nu,

Figure 1: A Scheme for Decentralized Hypothesis
Testing.

..

e
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central processor (fusion center) which evaluates

u°-uln u2 and declares hypothesis H o to be true if
uc-o. Hl it uo-l. (So, we essentially have a voting
scheme). The problem is to select the functions 31'

Q. %0 as to minimize the
w;onq hypothesis. (More
o4y be also considezed).

Most available results assune that

- H ! -
p(yl,yzlsi) Ply, (B )Py, lH), i=1,2,

probability of accepting the
general performance criteria

(4.1)

which states that the observations of the two proces-
sors are independent, when conditioned on either hy-
pothesis.” In particular, it has been shown [Tenney
and Sandell, 1981] that the optimal decision rules ) {

are given in terms of thresholds for the likelihood

poP(Holyi)

plP(Hl yi)
the two sensors are coupled through a system of equa-
tions which gives necessary conditions of optimalicy.
(These squations are precisely the person-by-person
optimality conditions). Few analytical results are
available when the conditional independence assumption
is removed (Lauer and Sandell, 1983]. The approach of
this section is aimed at explaining this status of af-
fairs, by focusing on discrete (and finite) versions
of the problem.

We first have:
£ Yl.!z are finite sets and (4.1) holds,
then optimal choices for 31'32 may be found in poly-
noaial time.

So, under the conditional independehce assumption,
decentralized hypothesis testing is a computationally
sasy problem. Unfortunately, this is not the case wan
the independence assumption is zrelaxed. Our main re-

sult (Theorem 4.2) states that (with Y:I.' 'lz finite

sets}, decentralized hypothesis testing is a hard com-
binatorial problem (NP-hard). This is true even if we
restrict to the special case where perfect detection
(zero probability of error) is possible for the corres-
ponding centralized hypothesis testing problea.
Alzhough this i{s in some sense a negative result, it is
useful because it indicates the direction in which
future research on this subject should proceed:

Instead of trying to find efficient exact algorithms,
rzesearch should focus on approximate algorithms, or
exact algorithms for problems with more structure than
that assumed here. Moreover, our result implies that
any necessary conditions for optimality to be developed
are likely to be deficient in one of two raspects:

a) Either there will be a very large number of deci-
sion rules satisfying these conditions.

b) Or, it will be hard to find decision rules satis-
fying cthese conditions.

In particular, optimal decision rules are not given in
terms of thresholds on likelihood ratios.

Of course, there remains the guestion whether ef-
ficient approximate algorithms exist. for the general
decentralized hypothesis testing problem, or whether
we DUSt again restrict to special cases of the problem.

We now present formally the problem to be analyzed.

ratios . The optimal thresholds for

Theoren 4.1

OHT: (Decentralized Hypothesis Testing, Restricted to
Instances for which Perfect Cantralized Detection is
Possible).

We are given finite Tets ‘lll‘lz; a rational number

number k; a rational probability mass function
p: leYZ*Qﬂlo.ll: a partition

* Such an assumption is reasonadble in problems of detac-
tion of a known signal in independent noise, but is typ-
%gq&%}x violated in problems of detection of an unknown
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’ * . .
"“o"‘x} of Y,xY,.* Do there exist al.ylo{o,z.}.

32:32-{0.1) such that J(3,.3,)< k, vhere

7,90 = X
YT yrpe,

(y, ¥, €A, Plyyoy,) (123 (v))3, v )17 (4.2

Remarks: 1. If we let #=Q, then DHT is a special case
of problem DS (Section 2), with lul]-luzl-z, and is

polynomially solvable, according te Theorem 3.2.1. In
general DHT is a special case of MPS and TDP (Section
3.3) with lull-[uzl-z. Consequently, Theorem 4.2

below proves Proposition 3.J.
2) Clearly, the optimization problem (Minimize J (ﬁ,az),

with respect to al'az) cannot be easier than DHT,

Since DHT will be shown to be NP-complete, it follows
that the above optimization problem is NP-hard.

3) In DHT, as defined above, we are only considering
instances for which perfect centralized detection is
possible: Think of so as being the hypothesis that

(yl.yz)e '\o' and Hl as being the hypothesis that
(yllyz)e Al Certainly, if a processor knows both ¥y
Yy the true hypothesis may be found with certainty.

For the decentralized problem, the cost function
'”31.82) is easily seen to be the probability of error.

4) The result to be cbtained below remains valid if the
fusion center uses different rules for combining the
messages it receives (e.§. “o-(‘ﬁw %))). or if we

leave the combining rule unspecified and try to find
an optimal combining rule.

Theorem 4.2: DHT is NP~-cocmplete.

5. On Designing Communications Protocols

Suppose that we are given an instance of the dis-
tributed satisficing problem (DS) and that it was
concluded that unless the procassors communicate,
satisficing cannot be guaranteed for all possible ob-
servations. Assuming that communications are allowed
(but are costly), we have to consider the problem of
designing a communications protocol: what should each
processor communicate to the other, and at what ordex?
Moreover, since communications are costly, we are
interested in a protocol which minimizes the total
number of binary messages (bits) that have to be com-
sunicated. (The word "bits" above does not have the
information thecretic meaning.)

Before proceeding, we must make more precise the
notion of a communication protocol and of the number
of bits than guarantee satisficing.

Given an instance D=(Y ,Y.,U ,U,,I,S) of the problem

177277172
DSI we will say that:

There is a protocol which guarantees satisficing
with 0 bits of communications, if D is a YES instance
of the problem DSI. (That is, if there exist satis-
ficing decision rules, involving no communications.)

We then proceed inductively:

There is a protoaslwhich guarantees satisficing
with K bits of communications (K€ N), if for some
ie{l,2} (say, i=l) there is a function m:vl-»{o,x}.
such that_ioz each of the instances

D'O(Ylnll (o,lyzlulluzlx (alt (Yln- (0))3&!2]:5) and

* That is Acu Al-'llx'lz and AonA]."'

. -1 -1
D =Y, Na (1).!2,%,02,1 ﬂ(‘ll Na (D)x‘lzl.S) there is

a protocel which guarantees satisficing with not more
than K-l bits of communications. (Here m~l(i)e
{y e, :mty )mi}.)
The envisaged sequence of events behind this defini-
tion is the following: Zach processor observes his
2easurement yiEYi. i=]l,2. Then, one of the processors,

say processor 1, transmits a message a(y,), with a
single bit to the other processor. From that point on,
it has become common knowledge that y &Y N n'l(yl):

therefore, the remaining elements of Y, may be ignored.
We can now state formally the problam of interest:

MBS (Minimum bits to satisfice): Given an instance D

of DSI and KE N, is there a protocol which gurantees
satisficing with not more than X bits of communications?
By definition, MBS with K=0 is identical to the
problem DSI. Moreover, MBS with K arbitrary cannot be
easier than MBS with X=0 (which is a special case).
Therefore, MBS is, in general NP-~hard. Differently
said, problems involving communications are at least
as hard as problems involving no cosmmunications.
We have seen in Section 2 that when |ul|-|uzl-2.

DSI may be solved in polynomial tima. Therefore, MBS

with K=0, lull-z, IIJ2 =2 is polynomially solvable.
However, for arbitrary X, this is no longer true:

Theorem S.l: MBS is NP-complete, even if Iatl-luzl-

{0,1} and even if we restrict to instances for which,
for any (y,.y,)€I, either S(y,,y,)= {(0.0)l or

s(yl,yz)-{(1.1)).

The above theorem proves a conjecture of A. Yao
{Yao, 1979]. The proof was mainly constructed by
C. Papadimitriou and may be found in {Papadimitriou
and Tsitsiklis, 1982}).

We should point out that the special case referred
to in Theoram S.1 concerns the problem of distributed
function evaluation: we are given a Boolean function
£:Y. x¥, +{0,1} and we require that both agents (proces-
sors eVentually determine the value of the function
(given the observation ~input (yllyz)). by exchanging

a ninimum number of bits. In our formalism:
Sly,.y,)e {(0,00} if £(y,,y,)=0 and S(yl.yz)-((l.l)}

if .‘.(yllyz)-l.

In Section 2 we had investigated the complexity of
DSI by restricting to instances for which the set I
had constant degree (Dl'bz) . This may be done, in

principle, for M8S, as well, but no results are avail-

able, except for the simple case in which Dl-Dz-Z.

In fact, when Dl-D =2 each processor may transmit
his information to thé other agent by communicating a
single binary message and, for this reason, we have:

Proposition 5.1: MBS restricted to instances for which
D,=D_ =2 may be solved in polynomial time. Moreover,
n’i optimal protocol requires transmission of at most
two binary messages, one from each processor.

When “’1'”2’ is larger than (2,2), there is not

much we can say about optimal prctocols. However, it
is easgy to verify that there exist fairly simple non-
optimal protocols (which may be calculated in poly-
nomial time) which involve relatively szall amounts of
comrunication. This is because:

Proposition 5.2: Suppose that I has degree (Dl.Dz) ad
that S(ylayz)r‘o. v(yl.yz)ex. Then information may be

centralized (and therefore satisficing is guaranteed)
by means of a protocol requiring communication of at
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Moreover, such a protocol may be coastructed in time
0((|~11[-i¥2|)(|yl 0[!2[)). (Here LxJ x€ R, stands

for the smallest integer larger than x.)

Remark l: It aight be tampting to guess that proces-

sor 1L (respectively ) needs to communicate only
u.oqznzj (respectively Lloqza,J) bits, but this is rot

tIue, as can be seen from fairly simple examples.
6. Conclusiens

We summarize here the main conclusions of this pa-
per.
Even if a set of processors \ive complete knowledge
of the structure of a distributed decision making pro-
blan and the desired goal; even if the corresponding
centralized problem is trivial; evea if all relevant
sets are finite, a satisficing decision rule that in-
volves no on-line communications may be very hard to
find, the correspending problem being, in genexal,
NP-complete. There ars many objections to the idea
tha NP-completeness is an unaquivocal measure of the
difficulty of a problem, because it is based on a
wOrst case analysis, whereas the average performance
of an algorithm might be a more adequate measure;
moreover NP-hard optimization problems may have very
simple approximate algorithms. Howaver, NP-complete
problems are often characterized by the property that
any known algorithm is wery close to systematic ex-
haustive search; they 4o not possess any structure to
be exploited,

Concerning the problem DS, and its variations, we
may reach the following specific conclusions: No sim-
Ple algorithm could solve DS. Given that commnica-
tions would be certainly required for those instances
of DS that possess no satisficing decision rules, it
would not be a great loss if we allowed the proces-
sors to communicate even for some instances of DS for
which this would not be necessary. Sven if these
extra communications -being redundant- do not lead to
better decisions, they may greatly facilitate the de-
cision process and -from a practical point of view -
remove some load from the computing machines employed.

Concerning the problem of distributed hypothesis
testing, we have shown that it becomes hard, once a
simplifying assumption of conditional independence is
removed. This explains why no substantial progress
on this problem had followed the work of Tenney and
Sandell [1982].

Tom & MOore general perspective, we are in a posi-
tion to say that the basic (and the simplest) problems
of decentralized decision making are hard, in a preciss
mathematical sense. Moreover, their difficulty does
not only arise whan one is interested in optimality.
Difficulties persist even if optimality is replaced
by satisficing. As a consequence, further tresearch
should focus on special cases and easily solvable
7roblam as well as on approximate versions of the
original pzoblems. ’

in cases where communications are necessary (but
costly) there arises naturally the problem of desig-
ning a protocol of communications. Unfortunately, if
this problam is approached with the intention to mi-
nimize the amount of cocmunications that will guar-
antee the accomplishment of a given goal, we are again
led to intractable combinatorial problems. Therefore,
practical cosmunications protocols can only be desig-
ned on a "good” heuristic or ad-hoc basis, and they
should not be expected to be optimal; approximate
optimality is probably a more meaningful joal. Again,
allowing some redundancy in on-line commwunications
may lead to substantial savings in off-line computa-
tions.
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