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’ ABSTRACT
3 S~

In this paper, we are ‘concerned with ehe plasma equation,
1 ’—\

v(x,t)t = Av(x,i:)q-1 where g > 2, t >0, xeQ, O being a bounded\
smooth domain in RY, with non-negative initial data a - homogeneocus /

\.

Dirichlet boundary condxtion.\’lt is known that there exists a finite
extinction time T* such that the solution decays to zero at T*. Recently,
Berryman and Holland investigated the stability of the profile of the solution

copprreehes iat of
as t ¥ T*. However, they obtained their results at the expense of some very

strong regularity assumptions.’f;n.this pape;TQ;;\provegyhe same kind of
results without those strong regularity assumptions. By invoking both the
nonlinear)‘semi-group theory and a standard regularizing scheme for the
equationj1;;‘;easureg@he rate of decay of the solution and obtainsestimates on
the time derivative as t + T¥, As motivated by the regularity assumptions,
both the interior and boundary regularities of the solution are studied.

l\: Stadsex
Finally, we perturbsthe nonlinearity of the plasma equation and study the same

M~

aspects for the perturbed equation.

AMS (MOS) Subject Classification: 35K15, 35x20, 35K55, 35K65

Key Words: nonlinear degenerate diffusion equation, plasma equation,
extinction time, stability, nonlinear semi-group, interior and
boundary regqularity

’ Work Unit Number 1 (Applied Analysis)
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SIGNIFICANCE AND EXPLANATION

It is well known that for a certain class of nonlinear degenerate
parabolic equations, of which the plasma equation is an important example,
there exists a finite extinction time T* for certain boundary conditions.

It is very natural and interesting to investigate the shape of the solutions
of such equations near extinction. However, very little work has been done on
this problem, probably due to the fact that it is difficult to obtain sharp
estimates for the decay rate as t +» T*, Recently, Berryman and Holland
have obtained results concerning the stability of the profile of the separable
solution of the equation. However, their work is based on some very strong
reqularity assumptions on the solution (see (12] for the details). It is
therefore essential to weaken these assumptions as much as possible. Indeeqd,
in this paper we prove the same results without involving these regularity
assumptions. We also investigate the interior and boundary reqularity of the
solution; we show that the solution is a positive classical solution on

 x (0,T7™) and is continuocus up to the boundary. DiBenedetto in (7]
mentioned that the continuity up to the boundary for the plasma equation can
be proved in a similar way as in his proof of the porous medium equation. The
virtue of the proof in this paper is its simplicity and its explicitness. (We
obtain an explicit estimate of the "Lipschitz rate" of decay of the solution
at the boundary). Of course, such regularity results are not only true for
the plasma equation, but they also hold for the solutions of equations having
certain types of nonlinearities.

Furthermore, since our work uses both the nonlinear "semi-group” theory
and the traditional notion of weak solution, we have to establish that the
notion of weak solution coincides with the unique semi-group solution, and we
do so by a theorem concerning the uniqueness of the weak solution.

Finally, we show that the same results hold even when we perturb the
nonlinearity of the plasma equation by a sufficiently small amount. (This
will be made precise in Section 1V.)

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.




Hotations:

Q : A bounded domain with smooth boundary in R,

9@ : The boundary of 1.

Op : The parabolic cylinder & x (0,T).

n : The outward normal at the boundary 38.

c;(ﬂ) t+ The space of all infinitely differentiable functions with compact support in f.
W:(ﬂ) for £ integral: The Banach space consisting of all elements of t?(2) whose
generalized derivatives of order up to and including £ are in tP(Q) with the norm,

)'-f x
lal - Ip ul + ful
w;(m =1 % Pq) tP(q)

D:u standa for the generalized derivatives of u of order k.

, #(2) : The closure of C.(2) 1in the norm 1 I .
P ° ':(r)

1,1 2 2
(o,) fuetr (Q'r)lv“'“c eL (Q,r)) with the norm

- / lul + fu Iz + "“.2

t .2 2
(Q'l‘) I. (Q ) L (QT) L (Q,r)

ut
u W'

‘.11'1(0.1.) t The closure of smooth functions on On vanishing on 32 x [0,T) in the nom

18 .
1,1
w (o,r)

Vyt0p) + L700,7112(8)) N 22(0,71%3(2)) with the norm

ulv ) = 'C\IP |u("!'-)l22 + IV\.xlz2 for u e 02(9-1.) .
2'%p 0<t<T L L (QT)

"t
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Lr(O,TIL'(Q)) : The Banach space consisting of all measurable functions on Qn with

r/8 1/x <

at ]

T
LU s = U lux,er%ax)
L (0,T|L7(])) 0o Q
02'1(QT) : The Banach space of all continuous functions in Qs having derivatives u,,
Uyyr Uy 1n C(Qp) with 1 2.1 defined as usual.
c’ ©Qn)
Hlolﬂ(‘ -
QT) : The Banach space of functions u(x,t) that are continuous in QT' together

with all derivatives of the form D:D;u for 2r + 8 < £ with r and s integral. Por

2r + 8 = (2], D:D;u are HSlder continuous in x with HSlder exponent £ -~ [2] and for

0 <t-2r~-8¢2, D:D:u are HOlder continuous in t with HSlder exponent E_:_%E_:_&,
The norm | § 1,8/2 = is defined as in [26].
H (QT)

L,0/2 =

H"I/Q(QT) : The set of functions belonging to H (Qé) where Qf is any proper

subset of Qpe Finally, let X be any Banach space with its norm denoted by |1 lx.

C([O,Tllx) : The Banach space of all continuous X-valued functions u(t) with domain

fo,T] and sup lu(t)l .

ful =
clio,Mx)  ocien

L¥(0,T|X) : The class of X-valued functions u(t) which are strongly meagurable and

T
t > lu(e)l e LF(0,™) with lul _ = (J raenya)'r
L (0,7|X) o

Acloc(o,r) : The set of all those functions which are locally absolutely continuous on

(o,m.

%s* and "-=>" denote respectively strong and weak convergence in Banach spaces.

Remark: The subscript 1loc on the spaces Lr(O.TlLB(ﬂ)) refers to local integrability.
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ASYMPTOTIC BEHAVIOUR OF THE PLASMA EQUATION

Y. C. Kwong

INTRODUCTION

Let § be a smooth domain in l”, bounded or unbounded. The nonlinear diffusion

equation
(1) Av(x,t)m - vt(x,t). xefl, ¢t>0, m>0
The case where m > 1

has been studied by many authors. is known as the porous media

equation. Regularity for the porous media equation has been widely studied by D. Aronson
in [1,2,3], caffarelli and Friedman in (18, 19]) (here Q1 = l“ and an explicit modulus of

continuity of the H8lder type has been found), Evans and Caffarelli in [17], DiBenedetto in

{7} and Paul Sacks in [30, 31]. The asymptotic behaviour as t + ® as has been studied by

several authors including Aronson and Peletier in [5], Bertsch and Peletier in [14]) J. L.
vazquez in [33]. (In the latter two cases, fl = l“).

In this paper however, we are interested in the case where I is a bounded smooth
(1t is

domain in ®' and 0 < m < 1, when (1) is known as the fast diffusion equation.

also called the plasma equation because it arises in the modelling of ionized gases in
plasma physics). Both the regularity and the asymptotic behaviour of the plasma equation
are less well understood than for the porous media equation. Regularity has been studied

by E. Sabanina in [29] for N = 1. 1In this paper, she proved the existence of positive

classical solutions of (1) satisfying Dirichlet conditions and assuming non-negative

initial data. For N > 1, Paul Sacks in ([30) and DiBenedetto in (7] proved the existence

of a bounded continuous weak solution. However no explicit estimate of the modulus of
continuity has heen found yet.

As far as the asymptotic behaviour is concerned, the main difference between the fast
diffusion case and the porous media equation case (which is sometimes known as the slow
diffusion equation) is that for the former case, there exists an extinction time ™, i.e.

a finite time T* such that the solution dies down to zero at T*. The existence of T*

Sponsored by the United States Army under Contract No. DAAG29-80~C=-0041.




has been studied by D. Diaz in [22], E. Sabanina in [29), Crandall and Benilan in [8],
Herrero and Vazquez in [25]. A natural problem would then be to investigate the asymptotic
profile of the solution as t + T*. (The case where { = (0,) with positive constant
Dirichlet condition, the behaviour of the solution as t + ® has been studied by Bertsch

in (13]).

For the case where & is a bounded smooth domain in IF, Berryman and Holland (12},

;4 using strong reqularity assumptions, have obtained some results concerning the stability of

i:: the profile of the separable solution of the equation. By separable solution, we are
b referring to a solution of the form S(x)T(t) where x and t are the space and time
L variables respectively. 1In order that the function S(x)T(t) is a positive separable

3 solution of (2) in f x (0,T*) satisfying the zero lateral boundary condition and
=5 1
5 vanighing at t = T*, we need T(t) = [(q - 2)(T* - t:)]q.'2 and S to be a solution of;

(3) 88 = ~(g - 08T, s[,o=0, §>0 in @.

We note that if q > 2 for N< 2 or 2 < q<« izg—i for N > 2, Then a positive

classical solution of (3) does exists and lies in c2 (i)

for some a € (0,1). (A
summary of the uniqueness and existence theorems of (3) can be found in (12}).

We now give a listing of the technical hypothese and results in [12).,

To facilitate computations, we let m = 1/(q - 1) where q > 2. We look at the

nonlinear diffusion equation,

2
Avq-1 = v

e’ Vi@ ™ ?®

vix,0) = vo(x) >0, v, $ 0 and Volan =0

alternatively,

bu = (u* ), “'39 0

(2*) 1

u(x,0) = uo(x) = v (x)

- L)
.
e et




IR

here again, 2 < q<* and £ is a swooth bounded domain in . e hypothese of [12]

Y

s,

in addition to the existence of T* are as follows:

S
g b
.

)

[H1] wu(x,t) is a classical solution of (2') on @ x (0,T*) which is positive on

vt Sy

P N R R he i o

Q2 x (0,T*) and assumes the initial and boundary values.

~s%e"
l"'

[B2) There exists a constant Y with T* > y » 0, such that for any T' > T¢, u,,

Upqs Uiy ANA Uyy.y lie in C(@ x (y,T')).

Using these assumptions, Berryman and Holland proved the following results.
1

Main Theorem: Let plx,t) = u(x,t)/({(q - 2)(T* - t))':l-2 vhere u(x,t) 4is the solution of
(2'), then,

(1) 12 2<q for N>»2 or 2<q<« ir%!- for N > 2, there exists an

2
increasing sequence of times . T* and a positive classical solution of (3) such that

Ple,t ) » 8(+) in W} as &, > T

2N
§-2

and an increasing sequence of times t, + T* such that ple,t ) + 8(¢) in ﬁ;(ﬂ).

(11) 1¢ q » N > 2, then there ia a non-negative weak solution §(+) of (3)
The aim of this paper is to prove these results without these strong regularity

assumptions. Also, motivated by these assumptions, the regularity of the solution

u{x,t) is investigated. 1Indeed, we will prove that u(x,t) is a positive classical

solution of (2') on 8 x (0,T*) if we make reasonable assumptions on the initial data

Uy and q (As mentioned earlier, this result has been proved by E. Sabanina in [29]
for n = 1), Continuity up to the boundary is also studied under further assumptions on

31, the boundary of fl. (Continuity up to the boundary has also been studied by

DiBenedetto in (7]).)

’

.
e
-

In [12]), the Main Theorem is a natural consequence of three key estimates, we will

A1

call these estimates Lemmas I, II and III in this paper.

P I

?3 To obtain these estimates, we make use of our knowledge from the semi-group theory
"~
ik concerning, regularity properties of the semi-group solution of (2), continuous dependence

theorems of the semi-group solution, etc. To investigate the interior regularity of the

.
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solution of (2), we use the notion of the bounded continuous weak solution and our
knowledge about it.

To justify using the notion of the semi-group solution and the notion of weak solution
at the same time, we use the uniqueness of weak solutions of (2) and (2') as a tool to show

that in fact, these two notions of solutions are equivalent. (These two notions of

SRS LSS T

solutions and their relationships will be made clear in the preliminaries).

Finally, we perturb the nonlinearity of the plasma equation and investigate the same
asymptotic behaviour.
l We now give an outline of the paper as follows:
Section (I): This consists of preliminaries which contain the necessary background

material for this paper.

A

Section (II): Here, using Evan's results about the semi-group solution of (2), we

™.

prove the existence of the extinction time T* and Lemma I. The existence of T* follows

as a natural consequence. (The existence of T* has been proved by several authors as
mentioned before). We remark that throughout (II), (III), we will restrict our initial
data ug to be in L-(ﬂ), nonnegative and not identically zero, we will relax this
restriction starting in Section (IV).

Section (III): 1In this section, we look at the regularized version of (2'), that is :

Ll
(w,

€ [
)t - Aun 0, w faq = €, €>0

THERY Y v b Y

(2',n,€)

u€(x,0) = ul(x) + ¢
n 0

: where us converges to ug in some suitable way (see Se:tion (I)). We will show that
) : =

- u- converges in co, M 1P(2)), 1< p<® to u=v T, v being the semi-group
Ei solution of (2). (This will be done in Section (IV)). Using this nice convergence

:: property, we will prove the other two key estimates, Lemma II and Lemma IIX, which will
% then ultimately lead to the desired stability results.

-4~

e 4 de 8 §F &4 ... T -0 8 32
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Section (IV): This section is devoted completely to the convergence of n:. By
proving a uniqueness theorem of the weak solution with uy e L-(n)- Thus, the weak
solution which is the limit of u: as n+ o, ¢ + 0, is the semi-group solution. Also,
for the stability results, we will release the restriction of L.(m initial data to

Lq-1(9) initial data under additional hypothesis on the range of q. The main machinery
will be the regularizing effect of the solution of (2).

Section (V): The interior regularity of (2') in the parabolic cylinder 8 x (0,T*)
is examined using the regularization (2',n €) of (2'). The continuity of u(x,t) up to
the boundary of @ is also examined under certain assumptions on 238, the boundary of

a. )

Section (VI): In this section, we perturb the non-linearity of the plasma equation.

We consider the more general equation:

8'(u)ut-Au-0 um-o

(4)
u(0) = v,

where B(0) = 0 and there exists M >m > 0, w32 < g'(s) < M52, we will show that

* it B'(s) » (q-1)l‘1'2 as 8 + 0 rapidly enough, we can generalize the previous results
for (4). The main machinery in this section is the modulus of continuity of the solution

of (4).

SECTION I. PRELIMINARIES AND BACKGROUND MATERIALS

(I) Weak solution:
Definition: Suppose the initial data u, is in L (R), let

E={ve “1'1(9.1.”0(:,'1‘) =0 a.e. x €0}, an element u of ‘.JZ(QT) is a weak solution

of (2') 1f ui~' e 12(g,) and it satisfies:

[f o3y axat - [] Vu-vy axdt + [ ug(0)T e(x,00ax = 0
t 0 [r]
Q‘l' 7

for every ¢ € E.

5=
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I In [31], it has been shown that if u, € L"(2), uy € Cg(R) with

n

. Iu:l - < luﬂl - , satisfies Yy > uy in P() for every 1 €p<® as n-+ =,

k) L (R) L (Q) .
: then the standard regularizations of (2'); namely
;f- ( 1 .
‘.:-. = - € = € -

- u), -u =0, “n|an € .
-y (2°,n,¢e)
<ah u(x,0) = u:(x) +e

'-'Ti' have c'(ﬁ,r) solutions u: converge uniformly on compact subsets of On -£0 a weak

\ﬂ'-

:::, solution u of (2') a8 n+* and € + 0 simultanocusly and u 1lies in C(Qm) N L.(Q,r).

(11) Semi- Solution:

3 Definition: Iet f£(x) € L'(R), we define u € D(-A) and ~Au =f if ue ﬁ}(n)
o ana é Vus¥y ax = é faxveenlm,
".éj Let ¢(v) be any maximal monotone graph in R x R which contains the origin and

fe L‘(ﬂ). Then v € D(~A¢) and =-A¢{v) D t if v e L‘(ﬂ) and there is a u € D(-A)
such that ¢(v(x))  u(x) a.e. x€Q and f = -fu.

From the paper by Brezis and Strauss [16), we know that -A¢ is an m-accretive

operator in I.‘ (). Then by the Crandall-Liggett Convergence Theorem, there exists

a semi-group solution v(*,t) = lim(I - t/n Ao)“vo of v, - 84(v) B 0,
nee ) \
vi(x,0) = vo(x) € D(-A¢) and v lies in C([O,'!)l!.‘(m)- Furthermore, we call v a

N

.

-

pi 0
-

3

L)

strong solution of Ve = ¢(v) 30 if v lies in Acloc(o.'l'|L1(Q)) and is differentiable -

A

> ace. (6] into L'(R) euch that v (t) - A(¥(t)) B O a.e. [tl.

:-:: In {23], Evans has investigated the differentiability of this semi-group solution
:::: under certain assumsptions on ¢. We summarize this result and some other atandard
\- results in the following theorem.

: Theorem I : let 0|R + R be a continuous strictly increasing function with ¢(0) = 0 and
:\:3 ¢(R) = R. let 0-1 be uniformly Lipschitz continuous. Then for every Vv, € L‘(R), the
:: corresponding semi-group solution of vt - Ad(v) = 0, wv(e,t) is a strong solution and it
e

satisfies:

(1) w(x,0) = vp(x)

.
.
.

2
(v, erd co,7|Lim)
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(111)  #v(e,e)) e wa (@) 0 B12) ase. [t

(iv) Ve = A¢(v) = 0 a.a. [t]

: Thus, v is differentiable almost everywhere into Lzm) and 80 is also

differentiable almost everywhere into L'(Q). Furthermore D(=-A¢) is dense in L‘(ﬂ)

and we have the estimate:

(v) Mv(e,eN < Ivol for every 1< p € ®» yith vo © Py,
tP@) P(a) i
More details concerning m~accretive operators in Banach spaces, nonlinear semi~groups, R

.

.

YN e
[

strong solutions and their differentiability, one can refer to reference like [6] and

AR

{10). A good simple survey can be found in [21] and (24].

SECTION II. PROOF OF LEMMA 1

lenma I: Iet 2 <q if N<2 or 2<q<N2':2 if N > 2. then, there exists

Cc = ¢(q,8) such that if v = u3"' 1 the semi~group solution of (2) and T* is its

~¢ N

extinction time, we have,

i'e
"
ALY
.

1
(r* ~ £)972 < c(q, (] vlx,vrax) V9,
a

LI 2

e
0
LY

v
o
¢
'
o
»
&

Proof:

' (1) since vy = ug-‘ is in L.(ﬂ), Evan's result in (23] can be applied. Thus v(x,t)

is a strong solution and,

2 2
v.eL lcm(o.'rh. (8))

1

e ewdann @) ade. (8]

1
Avq"'1 =V, a.e, [t].

o
» |

and,

lu(t)qql < luoq-‘l for every 1< p < o,
P(Q) tP(a)

NN
L] ! - »
Ly
W
Y

-,
v
e,
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Let us recall that if m > 1, Ww'(t) e C([O,T]|L1(ﬂ)), wm-1 and w, lie respectively

in LP(QT) and LP.(QT) where p » 1 (p* being the HOlder conjugate of p), it is not

difficult to see that | w'(x,t)dx 1lies in ACy,.(0,T) and, g;-! wix,t)dx = '
Q f

[ v x,t)w, (x,t)dx a.e. [t].
a e a

Hence, in particular, if we let f£(t) = ] v(X:t)q-1dx, f(t) is locally absolutely
9 1]

continuous and f£°'(t) = (3—5—7) f vq.1(x,t)vt(x,t)dx a.e. [t].
Q

92 a2 a2
(11) We note that (f(t)) 3 = (f vq-1(x,t)dx) 9 is also locally absolutely continuous
Q

and

1
a2 (@23 [ evxtra
&oeen - “.41- a.e. [t]
{f vq-1(x,t)dx)2/q
a

so long as f(t) > 0.
1 1

(iii) By the fact that vq-1(',t) e W:(Q) N &;(ﬂ) and Avq-1(x,t) = ve(x,t) a.e. [t], we

have, .
2 1
) vq-1(x,t)vt(x,t)dx == IVvq-1(x,t)|2dx R
f f
1, 4 1
= (Sq—) EI Vq (x,t)dx by (i)
Q

But,

2 .
- § 19 Yk, | 2ax < - o, (] vk, trax) 9
Q f

by Sobolev's Lemma and the restriction on q. Thus,

- a2 a2
a4 g1 g .4 q
= (é v H(x,t)ax) ar (£l < -Clq,R)

a.e. [t] so long as f(t) > 0. The existence of an extinction time T* is immediate.

Purthermore, let t < t' < T* and integrate from t to t' to find
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[RERIRIATREY:
o

- a2 - a2
U vTlx,tax) T - (f v lix,t)ax) T < clq )¢ - ¢)
a 2

Y

(iv) Finally by Theorem I again, since

vie,t) e c(o,7ln’ @) ama twee,enr | cavd o,
L (R) L (R)

fc";.:‘- :.;_ T

a simple interpolation shows v(*,t) 1lies in C(0,T|LP(R)) ¥ 1 < p < ». wow let
- t' + T*, to deduce,

- S =2
(f v&lx,t1ax) T > ctq,2)(T* - £)
Q

Proposition I.1: Let q be in the game ranges as in Lesma 1 and $(s) be such that

}: 8(0) = 0, B'(0) =0 and B'(s) >0 for s > 0. Furthermore, suppose there exists
- M>m >0 such that msq-z < B'(s) < qu-z. let u(x,t) he the corresponding solution
of,
: ' -
: B'(uu, - bu=0, \:'m =0
- u(x,0) = uo(x)
S Then the estimate
R q-2
(f Wlx,trax) T > ciq,)(r* - ¢)
Q
y or
» = =2
5 (J stutx,enTlax) T > cq, @1t - ¢)
N Q
remains valid.
. Remark: This proposition is interesting when one wants to generalize the results of this
X3 paper to other nonlinearities f£(s), and this will be used in Section VI later. Of
. .
:' course, we ghould always bear in mind that we assume our initial data to be non-negative,
not identically zero and is in L"(2) unless otherwise stated.
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SECTION ITI. LEMMA II and LFMMA IIX

In this Section, we will use the regularization (2',n,t) mentioned in section (I),

namely,

g-1
€ €
(un )t - Aun 0,

€ -c
Ynlan
(2*,n,€)

u:(x,O) = ug(x) + €

We will prove two other lemmas. These lemmas together with Lemma I, will ultimately lead
to the stability results we want.

Furthermore, according to Evan's result, if v(t) = u(t)q" is the semi-group
solution of (2) with u, e L7(R), then ult) e ﬁ;(ﬂ) n W:(ﬂ) a.e. [t]. Hence, to

consider L-(Q) initial data, it is sufficient to assume ug € ﬁ; R N Lr(ﬂ)- So here we

n

assume that uy € ﬁ;(ﬂ) N 17(R) and Uy

e c;(m, W+

&1 n
0 0 in wz(n) and u_ * u in

0 0
), 1<pce,
.1 L]
Lemma II: Let u(x,t) be the solution of (2') with ug € wz(ﬂ) N L (). Then,

-2 [ 1vag)?

(f Wlx,t)a) ¥ < (g -1 -t) W<
f

——e (T
(J uq)z/q
0
Q
where T* is the extinction time.
Proof:

(1) Let u be the solution of (2',n,c), u- e c’(éT,) and that

]Vuﬁ(x,t)lzdx

q
ut tx 0180

/q

J
2
{
Q

is a decreasing function of t. Indeed, using the fact that,

eI €, € €2 € d“z
é (u“ )tundx = é unAundx - - é IVunl dax + £ L~ dx < 0

where n is the outward normal at 92, we have,

-10-
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IR A
(honr’g)
r" ."f’

€2 9, /4 € o € €2, d ed,2/9
. ‘{ [9u, | (é uw) (2 {zVun-Vunt) - (‘jz Iva-1%) % ({2 u )
) ac a.2/q q 4/q9
(J v5) (Jus)
a " a "
€
q q=-1 du
<2(f u W " au) + 2(J ut W )1V uSau® - «f =2
_anntn a® ntnnnmndn
2
T3L
a "
q-t q
€ € €, € € €, €
2[({.2 u, un‘:)(‘]z unAun) - t!l u, )[{l untAun)]
< . ﬂ €0
(Ju)?
a n
by HSlder's Inequality.
(1i) Next, we note that,
\ o2 ! Jvuf)?
L (Jwf - T <a-1)
S (J S - e)3)?/a
Q
for,
- - € 9-2, € _ €
g2 ‘{ (1 ue) (u_ - €)bu,
a € q, 9 q=-2 n
o~ Y N A | )
at g 0 q-1 U (ue_e)q2/q
a »
and,
(€ - 97! (u® - )71
- _€& \q=2 € _ € _ _ n £ _ n P
é (1 uej (u = €)du_ {Iz < 8u_ ‘{V[ 3 | Vu
n Y %n
€ €
u - € g=2 u - € g=2
= () W 4+ (q-2(-B—) Eva]onat
n € e n n
Q u, u, u,
<J w2+ [ (g - 2 WE2= g [ [WE2
Q 1] 11}
-11-
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Since ui » € by the Maximum Principle. Hence,

q 2/q
. a2 [ vl u ur )
- L.y} T ¢ (q-1 .
T (é (' =€) ) {q ) <77 - 7
(Ju) (J - e)d)
Q 8 "

(iii) Let [t1,t2] C (0,T). By the results we will prove in section (IV), we have,
- ] u:(t)q + I NITS uniformly on (t,, t;l. Thus,
v Q Q

\ a2 {, w2
-4 € _e)d) 9 -
& (é (u, =€) ) <(g-1

(1 + G(c,n,t1,t2))
(f w3 )¥®
Y]

where 6(5,n,t1,t2) +0 as €+ 0, n+* o and so,

a2 a2
14 €
(é (it - a)hH T - (é (ute,) - )9) 2

(tz - t1)(q - 1)(1 + 6(eln't1lt2))

Finally, let € + 0, n=+®, t, =t and ty * T*, we are done.
Remark:
In Proposition II.1, we mentioned that the estimate given hy lemma I is also true for

the equation:

B'(u)ut -Au=20,u wn ™ 0

u(x,0) = uo(x)

where B(s) is such that B8(0) = 0, 8'(0) =0, B'(s) >0 for s > 0 and there exists
M?>m> 0 such that ne¥"2 ¢ B*'(s) < qu-z. It turns out that the previous estimate can

not be generalized easily, but this is also true provided that g'(s) tends to
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(q - 1)99-2 "sufficiently fast” as s + 0, Of course, we will need a much more

complicated analysis and this will be made clear in Section VI.

Fundamental Lemma III: Ilet us introduce the coordinate transformation

t = (1 - ¢~{3°2)T) pa define:

- o—(q=2)7 ., T
Wi = REIO e Nle

((q - 2)T) T2

then W satisfies:

aw+ (g - WY = (q - 1)\""2",’

and there exists,

q-
I 2"1-"'n)'_g_ +0
L~ Ya)

{-rn}, T, ** such that

Proof:

We consider the corresponding transformation of uw, (x,t),

u:(x,'r'(‘l - o {Tm2T)) T

ll:(x,t) - —~ ,

(tq - 2)r0) T2

which satisfies,

€ e a1 e, T2 ¢
Alln(x,'r) + (q - 1)wn(x,'r) = (q - 1)In(x,'r)wnr(x,‘r)
n
u,(x)+e T
€ 0 € . ce
wn(x,O) - - ’ lln w1
((q - 2)r+)32 (g - 27)T2

The proof of the lemma is long and so we divide it into five steps.
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(1) By direct differentiation

a1 €12, _ (9= el .
L] Il - (3 [ )
q-2 T awt
- -tg-1) [ WS ) 12ax + e 3 EEE ax < 0
a " Py aa

((q - 2)r")3"2

hence,
- q
3] 19 Pax - (3L | W ax
Q q
L Y
Jul|? uh(x)? e
1 0 -1 0 X
< F) I F) dx -(g ) ] ax ‘ot
Q —_ q Q _‘J; A3
((q - 2))peT2 (tq - 2)7)T -

-
)¢

An immediate consequence of this inequality is,

2 q

J%u, | - u

1 vwPax <1 9 ax - (&) |
20 Q 2 9 q

((q=2)T*) 32 ((g-2)1*)%"2

ax + (321) é wlax < u

N

uniformly in T where M {is independent of T. This is due to the uniform boundedness of
] wlax implied by Lemma IXI and the lower gemi-continuity property of the norm of a Banach
Q

space with respect to weak convergence.

(11) Apply HSElder's inequality to find,

q-2 i —a2

- q - a-2 -
[ W e,mwE (x,m|® Vax < (J v (x,max)2a" V(g W (maxj2ta"
h! T n Q Py
€

The uniform convergence of u in 3(Q) to u on compact subinterval of (0,T*]
implies the uniform convergence of w: in tUR) to W on a < TCDb where
0cac<bcw, But [ wl(x,T)ax is uniformly bounded in T, hence, for

Q
re (a,b] as € + 0,

NN

CA L.
PR AN ORI




2 = Tty T2 Z(q-1
(ke WS Geor) | Tl < o+ Sabn,en M W o] e T
T ] T

[T

. a °
vhere S(a,b,n,e) + 0 as €+ 0, n * o, Furthermore,

- q
-& [;é |9wg xor) | 2ax = (3= ! ve (x,r)ex]

32
> W

€ 2
(x,x)W_(x,xr)" ax > 0
2 Ty

and therefore,

J lw‘(q.1) € )IT‘;L'ax
x,xr w X,X
a ° Py

2 a -
< (u + 8a,byn,enZ TN (1] [owir) | 2ax - (3;—‘) [ W (rrax] 2OV
a a
which implies,
2 g1,

[ "':q.z(xlr)ﬂz (x,0) |9 1ax) 1}
a 4

- - q
< n+ 8(abn,eNe [-;-‘jz |vw () | ax - (S-q—l) [ W rex])
a

By the above estimate,

b 12 ¢ 12 8 g_;_Z_ € €
‘{ (mn wn.rl_q_ )} < (M + 8(a,bn€)) T [F(W _(a)) - F(W (D))
AT
a2 o

< (M + 8(a,b,n,e)) T [p( ) - rou(o0)]

1
(g = 2)m9) T2

8ince by (1), r(w:('r)) is monotonic decreasing where F ia the nonlinear functional

defined by,

TR
Dy

h Y
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Ba ng
rﬁ\i
2 Pfx:

[E—
L ALY

ow
*s

F(h) -‘]z (5 Il 2- (ig—‘)hq)dx, nedd@ 1d@ .

N - A
.
.

p Again from (1) RGN
be e
e -.”cb_ﬁ:
;.‘. ¢ ug KNS
- < oA
- F(W (T)) < P ( ) A

al\:&

((q = 2)r%)3~2

X

o

Thus, the right hand side of the inequality is uniformly bounded with respect to n and
q-2
€ €
€ which in turns implies Wn Wn is uniformly bounded with respect to n and € in
S T q-2
L2 fx €
(a,b]1T(2)) and so there exists a subsequence {¢ } such that W, wn'r --> h for

I,

)

o et
PR

ML

O]

"o

some h @ L (a bqu- (). For simplicity, we denote {:k} by {e}. (Let us recall that
-=-> stands for weak convergence in Banach spaces.)

(1ii) We claim that in fact h = vﬂ‘sz. To see this, we note that (i) together with the

a2
] uniform boundedness of | WJdx and the uniform convergence of w: to w in 297(Q), we
. Y]
° have
1 [ 19 x,m)%ax < cla,t) on scTCE
. a
. t e 2
o [ ] v tx,m)|“axar < c(s,t)(s - ¢) .
s
-..? e GeT
a Thus, W (x,T) - 7~ 1is uniformly bounded in Lz(a,blfv;(m) and it follows
(tq - 2)) 32
T
that, v° = wS(x,T) - £e —> % in L(s,t]R}@)).
n n 1

((g - 2)) T2

(iv) Hence, for p € C0 (8 x (s,t))

t q—2
ua [ [w W pdxd'r - (5= j f YweVpdxar +j [ W oaxar .
) €+*0 s 8 s Q
- 2

Oon the other hand,
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Mo+ (g = T = (g - VW%, ase. M)

2 2 9 2
w, e Llocks,tlh (8)) and w(T) e W) (D W a) .

-(

) I wa'Vpdxd'l‘ +] | w3 Ypaxar

q~1 @

= —

b -1 b ~
) [ [ aw + w3 ypaxar = [ [ owT A axer .
q - 1 T
a R a 8
- 2 <
But C (R x (a,b)) is dense in L (a,b|tY(Q)) which is the dual of Lz(a,h|l:.q'1(0)).

Therefore,

-
eIt e

— q=-2 2 q-1
W w"-r > Wi %, in L“ca,b|L®* (@) .

(v) Pinally, by the lower semi-continuous property of the norm of a Banach space with

respect to weak convergence, we have,

, = g1 a g1
! [(! W% [T ax) @ J%4r < 14m ! {(! |w f“' ) 9 )%ar
€0 a T nT
n>e
— 2 u_(x) ¢
< Tim (M + &(a,b,n,e)) ¢ [p( 2 ) = P (b)]
€40 3
noe (lq - 2)r9)92
But,
- um [ |9 %ax < - [ Jvweny ) %ax
€0 R Q
nee
hence,
lim
-2 p(w (b)) < -F(W(b))
ne+e

which implies,

-T=




et Il Tl MRS AR AL I C IGO0 M 1 St e S as S P AR Vo S T W DAMCAS, VLAY R A S

P T2 2 &c:iz- U {x)
{ (1% a Jar < M T [p( _LJ - P(W(b))]
) (tq - 27372

where M is independent of a and b. Furthermore |F(w(b))| is uniformly bounded by

(i) and the second lemma. Thus, there exists a sequence {Tn}, Tn + @« guch that

W 2w (1 )1 +0 as T + o,
T n q n

V)
Now, let us restate the main theorem of this paper and prove it. The proof is

basically the same as in the paper of Holland and Berryman [12], since it is not long, for

' the sake of completeness we reproduce it here.
Lo . i
S Main Theorem: Let p(x,t) = u(x,t)/{(g - 2)}(T* - t)]q-z, then

(1) If 2<q for N€2 or 2<q<2N/(N~-2) for N > 2, there exists an
increasing sequence of times t, * T* and p(',tn) + 8(*) in &;(n) where S 1is a
positive classical solution of (3).

(2) If g » 2N/(N - 2), N > 2, then there is a non-negative weak solution S(¢) of

(3) and an increasing sequence of times {tn}, tn + T* sguch that p('.tn) + 8(¢) in

1
wz(ﬂ).
Proof of (1):
-(q-~2)'1‘n

(1) et us first recall if we put t = (1 - e ) where {Tn} is the sequence of
the third fundamental lemma, then p(',tn) is transformed into w(-,Tn) where W(',Tn)
satisfies,

s+ (g=1w T = (g T
Clearly,

o - a_
[ lawtx,® 1T Yax < & [ [wE T x,r ) |9 Vax + B [ WS 20k, oW, 0, ) | T Vax
a n o n ) n'T n

for some positive constants A,B. The first term on the right is bounded by the second

fundamental lemma. The second term converges to zero by the third fundamental lemma.

-18-
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Bence, Ill(°,'ru)l 2 is bounded by the P theory of the second order linear
w_(Q
- &
. q—]
elliptic problem. (For the details of the 1P theory see [20], [27]). By the weak

i
s
‘:"D '.".,.P

embedding property, there exists {'rn), T, * ® such that W(+,?,) + 8(+) in ﬁ:L(ﬂ) as

rd

5%
[
4%

[}
1y
LA
g

T +e, q.‘
n

1
Al

22"
e

(11) the convergence is actually better. First we recall that in (i) of the proof of the
third fundamental lemma, we have shown the uniform boundedness of | |vwix, ) |%ax which
implies S(+) must be in #3(2) and W(*,T ) in fact converges .:any to 8(+) in
@,

{(111) MNext we show that 8(*) is a classical solution of (3) i.e., S satisfies;

AS + (g- 189" = 0 in 8 with s|an = 0., Indeed, let p € c;(n), we use,
J t=9pe%w + (q - oW jax = [ (q - Now¥ Py ax
e 2

and let Tn + ® to find,
J 1-YeV8 + (q - 1p8T hax = 0 ,
Q

since the right hand side converges to gero by the third fundamental lemma. Hence S(°¢)
is a weak solution of (3). But by a simple bootstrap argument, a weak solution of (3) is
in fact a classical solution of (3) 1f N€ 2 or 2 < q < 2N/(N - 2) for N > 2 which is
our case here.
(iv) 8(x) > 0 and is not the zero solution by lLemma I. But any non-negative solution of
(3) with 8 " 0 must be positive everywhere inside 82 by the maximum principle, thus
8(x) >0 in 8.
(v) Pinally we show that W(e,r ) + 8(+) in ¥j(a).

To see this we multiply AW + (q - N1 - (q - 1)""'2".! by W and integrate. We
have,

| t-]vwix, 1% + (g - wlix,m )lax = [ (@ - T (x,7 rax .
a n n T n

Q

Again invoking the third fundamental lemma and letting 'r" + ®», we have,
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(z25) 1m [ [9woc,T ) |%ax = 1im [ wix,r yax = [ s%Uxax
q T +e Tn“ 2 Q

.
Mkt O oA,

*la
« sy

due to the fact that ] wq(x,Tn)dx * ] s%x)ax by Kondrachov compactness theorem ([26],
Q Q

p. 42). On the other hang,

ror
.-

-
\‘
-

r-r T
)
«
"

(——) | Ivs(x)|2ax = [ s%x)ax
a-1g4 2

TN S

IW(',Tn)I 1 + is(*)I

wz(m wz(n)

-

. r."'v

together with the weak convergence which we have established,
W(e,T ) + S(e) in WNQ)
r n 2 .
Proof of (2):
It is similar to the proof of (1), except that we no longer have our estimate in the
first fundamental lemma and also because of the range of q, we can only conclude that
S(*) 1is a non-negative weak solution of (3). For the details, one can refer to the

original proof in [12].

SECTION IV

In this section, we will prove the convergence of the uﬁ of (2',n,e) to the

qg-1

solution wu(x,t) of (2') where v = u is the semi-group solution of (2). The
convergence is in the space C((0,T]|tP(R)), 1 € p < ®. we recall that in [31), it has
been proved that u: converges on compact subsets of Oq to a weak solution
ue C(QT) L.(QT) for bounded initial data u,. Obviously u: converges in
C((O,T]le(Q)), 1<p<w, to u, the only question is whether \:lq—1 is the semi-group
solution. We will show that this is true by proving a uniqueness theorem of the weak
solution. (Note that the semi-group solution is also a weak solution).

Before we go on, for the convenience of computations we introduce on other notion of

weak solution which is equivalent to the one given in [31]. It is certainly not difficult

to see this especially when u is in C(QT) n L-(QT)

«20-
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Definition: u¥ ' e cc(0,71ltY(®)) n L“(QT) is a weak solution of

(uq—1)t -Au=0, u w " 0
(2*)

u(x,0) = uy(x), u%“ el

if it satisfies;

[ N mptr = ug"o(o) + [ uq"‘pt + ulp
Q f 2

2,~
for every p € C7(Q.) and p‘aﬂx[o,'r] =0

Definition: ol | e C((O,T]|L1(R))r\ L’(QT) is a super solution of (2°) if its satisfies

. the inequality;
. - - -
- J o Y mpm > [ w00y + f T, ¢ usp
* 2 a® t
& &
for every nonnegative p e C2(§T) with Pfan = 0, Subsolution are similary defined

with ?» replaced by <.

Proposition IV-1: Iet u and U be a subsolution and a supersolution respectively. Then

ne< U a.e. in O

W [a¥ mem < [ ug°1p(o) +f 2?'1ot + wp

Proof: | 2% '(T)p(T) > | ug-1p(0) + [ Gq'1pt + uAp whenever p is a test function.
a Q

Op

Subtraction yields,

WV - S Nmem ¢ ) T - @ N 4 (u - Dae
a o £ -
T

Eq-1(xlt) - \F-’(x't)

a(x,t) = -
uix,t) - uix,t)

v rvw -

alx,t) @ L.(QT) and aix,t) » 0. Thus,

-

i J TN - 3 Ve < f (u - wtap, + 8p)

3 2 Q t

N -21-
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(ii) We choose x € C:(Q), 0<x<1 and a,e€ C.(QT) such that 1< a < lal +
non L)
T

3|

a
n-a

and + 0 in LZ(QT) and we solve the backward problems

2n

1
ap + Ap_ =Mip , M= lal + -
n v n n L"(QT) n

We observe that;

(1) 0<p < AMET)

on ér by the Maximum Principle
(2) | anpfl < ¢ uniformly in n

Qn t

(1) is trivial and to see (2), we multiply the equation by Pn and integrate;
t

T 2 T T
[ ] gl - [vemts, =[] Mo,

o
o

t

2,1
ap -5{2 Vo ()| +3£ 190 (&3]

MA 2 1 2, M A2
i ap? + 1w )2+ B o2l o2 By

ﬂx[t,'r] nt 2 Q n 2 Q n Q 2 Q
for any t > 0.

(1ii) Now that using pn as a test function, we have;

[ T - TNy <[ - Bme < (u- @+ met T
a )
T

Qr

/ 2
a - a

] a-aj@-we (1w, o+, | =2 7 ap?
on t L (9,) L Q) 9 va On t

Let n+® and A + 0,

J T - & g <o,
Q




AR
AN ‘. A

; s
mmm:om

Equipped with the above proposition, the following theorem is now immediate.

Theorem IV-1: The weak solution of (2') is unique.

Remarkss

(1) The unigueness theorem can be proved through the notion of distribution solution as in
[1s}.

(11) We note that if the initial data uy is not in L"(8) but simply in L'(B), we
don't even know we have a weak solution. However, we still have a semi-group solution and
there is a more general result concerning the continuous dependence which implies: 1If

#(s) and .e(l) are continuous and nondecreasing on R, Oe(O) = $(0) = 0 and

.e(l) +> &(s), v: * Yo in L‘(Q) as € + 0, then the corresponding semi-group solution

€
v of,

€ € €
vt - Aie(v ) 0, v 20 0

ve(x,0) = vf,(x)

converges in c([O,T)|L1(9)) to v, the semi-group solution of

v - A% (v) 0, v|agq ™ 0

v(x,0) = vo(x)

Hence, we can obtain the result of this section directly from the semigroup theory. (For

the details, one can refer to [9]1). Indeed, looking at the regularjizations of (2'),

€.q=1 _ , € _ € -
(w))e bu- =0, u lag =€
(2',n,e)

u:(x,o) - ug(x) + €

where € > 0, €+ 0, ug * u, in 1P@) w1 ¢ p<e, ng e c;(n) and
n
Tu i < fu
"y Y 1 - 1
Let & (s) = (s + €19 L ¢ ana v: - u: -eT', then u: - (v: + e"Ha!,

€ € € € € €
let Un =u -€ 8 that Un - .e(vn)’ Alternatively, v Be(Un) where

Bt(l) - 0:1(a). It is not difficult to see that U: satisfies the equivalent equation

(2',n,e)"' where,

-23=-
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€

€ 3
8e(un)t Aun o, "n an 0
(2*,n,e)!
u: (x,0) = ug(x)

On identifying naturally Vg = BE(U:) as the semi-group solution of (2,n,e) where,
¢€(s) +» O(s), vi(x,O) + vo(x) in 1P(Q) v1<p<w as €+0, vi(x,t) converges
in C([O,T]ILP(Q)) ¥v1<p<=> to vi(x,t), the semigroup solution of (2).

(iii) Furthermore, by the regularizing effect of the equation

v, - Av =0, Vieg = 0 where m > 0

(1 _
v(x,0) = vo(x)

for certain ranges of q, the solution of (2) wv(t) = wd"l(t) of (2) is in L () for
t > 0 and we still have a weak solution in Q.

Indeed, Gary Schroeder in {321, using the result by Benilan and Vernon in [11], he
obtained for the solution v of equation (1) which includes (2) as a particular case.

N

Theorem IV-2: et t3 >0, t > tg, pg > ', pp > 5-(1 - m) and if V(°,to) e po(ﬂ),

then the following estimate is valid.

1 1 2p,y
2p,p 2 pyro-t () £ poprm-i (2 p +n-1)
Iv(e,t) <[ [2 Javie e 00 vpo> i
LY@ wmEp +m-1) 0" Py
N ©0 L (Q)
2N - 2 ®
Hence, for py =1, N> 2 and 2< q< 3, vi,t)eL () for t < 0. Using

N -2’
the evolutional property of the semi-group solution, we write v(t) = S(t)vy(x) as usual
in the semi-group theory, we have

vit + 1) = 8(t + T)v,lx) = s(t)(s(r)vo(x)) vVt, tT2>0.

Thus, we have brought ourselves to the setting of L“(ﬂ) initial data and we have a

2N - 2

N -2 nothing about

bounded continuous weak solution of (2'). For the case where q ?
the existence of weak solutions (except the semi-group solution) has been known yet.
{iv} 1In fact, in [32] we have a more general result for the equation A¢(v) = v,.. We have

exactly the same results as in (ii), the only conditions we have to impose on ¢ are

-24-
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$(0) = 0 and ¢'(s) 2 Cs"-1 for some positive constant C. Alternatively, if we let 'Z’-',‘:@:',,

B(s) = ¢-'(s) and consider the equation B'(u)ut = Au, the conditions become B(0) = 0

and B'(s) < C'B(s) =, We will use this result vhen we generalize our previous results in

Section VI.

(v) The previous proof also works for the porous media equation, for the analogous version

one can refer to (4).

T T

/
{vi) PFinally, we note that because of the r'ogularizing effect, all the previous asymptotic

ve

behaviour results remain true and we summarize it in the following corollary.

Corollary IV-1: For N> 2 and 2 < q< 2—::—:—%, all the previous asymptotic behaviour

T

- results remain true provided ug € Lq.1(0) or vy = ug" e,

SECTION V.. THE INTERIOR AND BOUNDARY REGULARITY OF THE SOLUTION
In this section, we will study the regularity of u(x,t) inside the parabolic
cylinder Opa = 1 x (0,T*). We will first study the case where the initial data u, is

in 17(2) and then consider general ! (8) initial data. The continuity up to the
boundary 98 is also studied under certain assumptions on the boundary of R, Q. Ve
will divide the sections in two parts as follows.

Part I

As before, we consider the regularizations

e, q-1 _ € _ € -
(“n)t Aun 0, ulag ™€
(2',n,€) (2',“,5)

ui(x,O) - u:(x) +e,

where € > 0, €+ 0, “:'“0 in Lp(n), 1<p«ce, u:ec;(ﬂ) and

lu:l - < luol - °* The uﬁ converge uniformly on compact subsets on One The proof

L (D) L (Q)
is a direct application of the main theorem of [31] which we stated as follows. For the

details, one may refer to [31].

Theorem V-1: Consider the equation,

Blu), = Bu + pe (T(y(u))) + Fix,t,u)

- LA RA P B LTS o
B ORI
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Theorem V-2: Let u(x,t) be the solution of (2) where the initial data ug is in

Proof:

Denote by 39,1, the boundary of the parabolic cylinder, i.e GQT = {(x,t) e 51" = Oor

x € 30}. FPurthermore:

(1) Beckm, B(0) =0, 0<B* < :%..
- .\w‘;’:

0 <u(8) < B'(s) < u(d) for lsl < 8>0 PR

LR

2 1 o

(11) pec (Q ) Yecim, reciig xR, N

If a bounded classical solution u(x,t) exists, i.e. u € c (Q,!) and satisfies the
equation pointwise in Q. Let C4 be a positive constant such that, flul ’
L (Q,r)
B, IR, Byt ana Ipb _ are all less than Cj.

L (O,r) L (Q'r) L (Q'r) L (Q‘r)

Then, if Q4 1is a subdomain of Qn, the modulus of continuity of u in Qf depends only
on the data n, C,, B(*), U,(*) and the dist (Q;,30.).

We now state the theorem about the interior regularity of the solution.

:."m). Then u(x,t) is a positive classical solution of (2) in the parabolic cylinder
Qpe where T* is the extinction time. More precisely u(x,t) > 0 in Ope, ucc'(o,r,,)

and satisfies (q-1)uq-2ut - fu = 0, This theorem is an immediate consequence of the .

following lemma.

Lemma V-1 Let Q,r denotes {(x,t) e QTIt-'l'} and u(x,t) be the bounded continuous weak . .'{;’.}
N
A
solution of (2'). If wu(x,t) vanishes at (x*,T*) € O, then it vanishes everywhere on ',\:;\"'
AR
fe
QT.. We will go ahead to prove theorem V-2 and postpone the proof of the lemma until (':’:::1
later.

Using Lemma V-1, since u is positive in Ops and u: converge on compact subsets

of Qmqes u: are bounded away from zero uniformly in € and n on compact subsets of

Qpe. By some standard results in [26], we can obtain uniform bounds on u:

HZlﬂ,lM/2

in
(8) where a > 0, for any % €z" and Qf CC Qpe: Hence, the degeneracy
has been handled and we have a positive and classical solution in Oge.

We now relax the restriction from u, € L(Q) to u, € Lq-‘(ﬂ)r i.e. vy @€ r'@)

and invoke the semi-group theory. We summarise the results in the following corollary.




P LN N ST TR T ~
f.x.x-\.‘ax IR N I A e A A A A A AR I AR ERA DA RIS C

. . A . . . - . . R L . . *
I
[}

- 1
Corollary V-1 Let u, e 1 1(R). alternatively v, € L (8) with N> 2,

2 ¢ q < (2N=2)/(N-2). Then there exists a positive classical solution of (2') in Qg.

Proof :

The proof is based on Theorem IV-2. The main machinery is again the regularizing

i e —

effect of the solution and we omit the details here.
We now come back to the proof of lemma V-1,

Proof :

l This proof is a generalization of Sabanina's lemma in the R' case ([29]). For

simplicity we only provide a proof for QcC 12, the B case proceeds in exactly the same
way. We will prove it by contradiction.

Indeed, let us assume the contrary. Then there exists a point (x**, y**, T+)
where u does not vanish and consequently we can find a region G in Qo as shown in
Figure I such that u(x,t) vanishes at (x*, y*, T*) but u is greater then zero on
A3+ (Here, without loss of generality, we assume y* = y** =0 and x** > x* > 0). We

let (r,0) denote the polar co-ordinates.

bottom part 0
of G

v
5
3
4

x Figure I
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We construct the comparison function, w(x,y,t) = [m(t - t*) + c] r“cos(%) -M

where 4§ > ¥/2a and 0 < cRY < M < m(T* - t")d%. We define
2 2
Iu = (q - 1)\:‘1'2\1t - Au. Since Aw = v, 1—3—;,4- %%! we have,

’
ar? 12 20 r

r
AAw = Mw = A[m(t - t*) + <:][u2 - [-;E)z]ru-zcos(;—a 8) where A > 0 4is to be

chosen later. Thus,
LiAw) = (ta - DA AT Ay - naw
((q - 1)Aq-2wq-2)ml\r"cos(-;: )

Aace - £ + cl[u? - (1) Zoon(Zz o)

U NS
LA P

A Zcos(32){(a - AT AT Zme? - [mie - &) = c] (82 - (3)?))

W
RN IR L

we now choose A sufficiently small so that L(Aw) < 0 in G and Ajw|< 1,5 :':f “::’;é{’t)
Yo 3

As a result, L(Aw) <0 in G, Av'A = A"A = «AM < 0 and at the bottom part of G,
1 2

= cr¥eos(X8) - u
w = cr cos(ZG) M € cR

- M < 0.

Now let {“::;} be the regularizations mentioned previously, u: converges uniformly
on compact subsets of Op to u(x,y,t). Now, u: > ::fy‘::’;g;t) holds in A3 for
small ¢ and large n. Hence, by the choice of 8, (Aw - u::)‘A3 € 0. Thus, in G, we
have LAw - Lu: €0 with Aw - “; € 0 along Ay, Ay, Ay and bottom part of G. Finally
we invoke the maximum principle of the linear case (see {28] for these standard techniques)

to conclude that Aw < uz(x,y,t) in G.

A
LE LA
ey

s
[}

In particular, 0 < Aw(x*,0,T*) < uS(x*,0,T%). But ur(x*,0,T*) * u(x*,0,T*) = 0 as

€ * 0, and n + ®, Hence, we have obtained a contradiction.

N4
o e"
3

(]
P
s O 'IV'._‘,

[
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e
:
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Pinally, as in Proposition II-1, we have the following analogous proposition.
Proposition V-1: Let B8(s) be such that 8(0) =0, B'(s) >0 for s > 0. Furthermore,
suppose there exists M > m > 0 such that . B'(s) < mq-z. let u(x,t) be the

corresponding solution of,




B'(u)ut ~Au=20, u =0

u(x,0) = uo(x)

with u, e ﬁ'(ﬂ), and uy ? 0, uy $ 0., Then, u 1is a positive classical solution in

Op. (The previous proof can be modified trivially to this general case.)

2N -2
N -2’

Remark: If ugy 4is simply in Lq-1(9) for N > 2, wvhere 2 < g < then there
exists a positive classical solution in Qp due to reqularizing effect. (See Section 1V
for the details about the reqularizing effect).
Part II

In this part we will investigate the continuity up to the boundary of 8 of the

equation

B'(u)ut -Au=20,u 0

a

u(x,0) = uo(x)

where u, € L.(ﬂ) and B(s) 1is as before.

The only condition we imposed on the boundary of 1 is the "exterior sphere
condition™ which will be defined later. DiBenedetto in {7] has mentioned that the
continuity up to the boundary for the plasma equation can be proved in a similar way as in
his proof of the porous media equation. The proof we give here is however a much simpler
proof. 1Indeed, we will show that the soclution u goes to zero at the boundary at a
"Lipschitz rate”.

Definition: the boundary of £, 30 is said to satisfy the exterior sphere condition if
there exists R > 0, such that for each point xq e 30, there exists a ball Bp(x*) of
radius R, with

B(x*) N @ = {x}

the geometric picture is as below.

)
.

"

s
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Figure II

Theorem V-2: Let u bhe the weak solution of
] - = =
B (u)ut Au 0, u I 0

u(x,0) = uo(x)

where u, € L”(R) and there exists M » m > 0, such that ned2 < B'(s) < qu.1.

Furthermore, 92 satisfies the exterior sphere condition with radius R, let

(xq,Tp) € 30 x (0,%) and (x,T) € @ x (0,T), then we have the following estimate:

N+1_2N-1
Mk la b 27 c¥a

L

ulx,T) < » da=|x - x|

TR‘N

where k depends on M, Iuol o’ N¢ R and Q, and R,lxl < C for all x e Q.
L
Proof:

The proof is based on the idea of sub and supersolution and the construction of a
barrier.
Proof:

1* Again, we consider the regularizations (u:} of

Vo€ o At o €
8 (un)unt Aun 0, u fag =€

uﬁ(x,o) = ug(x) +¢

Let Uz = uz - € and Be(s) = 8(s + €), then Uz satisfies;

4 L3
.‘ '.. ". ..l . OA. c;

i
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BC(Un)Un AUn 0, Un 3a

t

0

[
Un(x,O) = us

......
« '

CR R S

-
€

' . Multiplying by p € Cz(aT), °|an = 0 and integrate on § x [0,T],

T T
J 1 Bt o - f pau =o
go * "™ o g "

implying,

€ n € € -
[ Btun(r))o(T) - [ B (up)p(0) = [ UZhp + B_(U7)e, =0 .
2 Q Q0

2° Congider now any % e 31, and without the loss of generality, assuming the center of
the exterior sphere with respect to Xy be at (0,...,0), we construct the following

comparigson function;

' o W(x)
t
f(x,t) = lu_l (1 ~e J
0 L@
where
1 1

Wix,t) = k[—= = ——

I RZN |x|2N

k is to be determined later. We have,

o Wx)
t wW(x)
£ =<lul e
t RN 2

w(x)

-B' (£ + €)Myl ,  Wix)e
L (a)

t2

Bé(f)ft =

Wix) w(x)

t

T Tt -2
BUUEIE > -m[Mu b o (1 - e ) + €T %1 Wix)e
et O L@ 0L @)

" ¥ " Tummew s s T v T

' wix) o W(x)

i >uiat . (1-e )+ e|Thua, ke t ™2

0 @ L@
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o w(x)
VE=lul | e t v_:
L (Q) "
o Wix 2 - W(x)
Af = VeVf = ~bu | e & 1wl L, s M
0 o 2 0 - t
L (R) t L (8)
where
2
2 an’x
| 9w | - Wiz
||
2
- o _[2NTk _ ZNK(N + 2)7 _ 2H(N + 2)k
suix) = =[~=rs ) ™z
| x| |x| Ix|
Hence,
- Hix
iy, e F
L (Q)
-Af >
4N+2 2
(] e
implying,
. _ W(x)
BI (£, - Af > 4N°K°Mu ) e o/ |x|422
€ t 0 =
L (Q)
_ W(x) _ Wix)
-mingt®, e f (g, (1-e f) el 2/ xe?
L (R) L (Q)
_ W(x) _ W(x)
klugh , e t 2 M[Iuol - (1-e t )+ e]q 2
L () { AN"k ) | >0
- |
tz |x'4“+2 RZN
provided we choose k to be sufficiently large. We can do so because 2 is bounded.
3* f£(x,t) is a supersolution. Indeed, let p be a test function on Qp as before, by
straight forward integration;
T T
[] sumrepe -] [ ot >0
Q0 0 Q
-32=




..Y.‘~v“ DTN A S S e W 0~ Lo A et WA RO i Bl e A g R Ay ORI NS AN RSN, g A A P S BINILRI i i G S arte v ordE AeL i mals o giu guay 2w
P IR IR L T i W T W, S A - P N - .Y e e Sa T, PRER R U - e - . . - e

-

[ B (£(T))o(T) ~ [ B_(£(0))p(0) = [ B_(£)p_ - pAf > O
Q Q QT’: t

Joto) + [ B _(f)p - fp

) QT

| B_(£(TotT) > [ B_(nalr
a € a ¢ °L(

Similarly as what we have done in Section IV,

[ Bwitm) + &) - 8(e(m) + en’ <o
a

Thus,
sy < £(1)
n

_ w(x)
u:(x,T) < £(x,T) + € = lu b _ (1 -e T ) + €
L ()
for every (x,T) € Q x (0,%®).
4* Now let (xq,Tg) € 3R x (0,®) and 4 = |x - x4,
- Wix)
uz(x,T) Slugb o (1-e T )+ e
L ()
for p small,
_ W(x)
T W(x)
bugl o (1-e Jremaugr o [1-(1-=5)] +e
L™ (@) L™ (@)
0l 1
[~ L) + ¢
T R2N 'XIZN
klu §
0 ™
- = L ;2) [IXIZN - RZN] e
TR | x|

But,
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[2¥ < B = (Ix] = R (x| 2 4 [x]P 2R 4 L e [x[82N2 4 g2Y)

1 2N~1

< (R+a- RN o one® 1

where R and |x|, x € 8 are both less than C. Hence, for instance, let d < R/2, we

)

have; ‘e
it 2™ s
u:(x,'r) < L () N + €

TR

alternatively,
N
0 < ui(x,T) - €< L (“)‘N
n TR

where k is a constant depending on M, luol - ,n, R and Q. (One can easily check

L (D)

this by going back to the process of choosing k in step 2°)
Finally recalling that u: converges uniformly on the compact subsets of Qn to u,

we are done.

Remarks:

A
. A."t

2N

1* As before, if u, e TN for N>2 and 2 < q < e g, then we still have the

0 l- . }
2ttt

same kind of results due to regqularizing effect.

" s

2* In the above proof the condition msq-z < B'(s) for s > 0 was never used and so the
constants do not depend on m.

3°* what we have obtained in the proof of the theorem is not simply a decay rate of u(x,t)
at the boundary 32 but also an uniform decay rate on the regularizations {ui} at the
boundary. ,,.;' g
4* In the proof, all the estimates really depend only on M not m where

832 <8 (8) < T2 for s> 0.
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SECTION VI. THE PERTURBATION OF THE POWER LAW (THE MAIN THEOREM)

. In the previous sections, we have been studying the asymptotic profile of the plasma
equation as we approach the extinction time T*. 1In this section, we perturb the
. nonlinearity of the equation by a small amount and study the corresponding asymptotic
behaviour of the solution. More precisely, we consider the nonlinear degenerate equation
* - - -
8 (u)ut AF 0, s 0

(4)

u(0) = uy

where u; is some non-negative bounded initial data (or simply in L‘(R) for a certain
range of gq) and B satisfies,

(81) Bec'(o,

(B2) B8(0) = B*(0) =0

(B3) There exists M > m > 0 such that

me?" < B'(s) < MsT™!

B'(s) > (g~ 1NaT2 as s+ 0

let us remark that the properties of the plasma equation used before, including the
existence of T*, regularity of solutions, uniqueness and the regularizing effect also
hold for (4) (for the regularizing effect of the equation, see remark (iii) following
Theorem 1V-2). The proofs which work for the plasma equation can be carried over without
any difficulties. The only thing which is unclear is whether there is an asymptotic
profile or not. 8ince B(s) * a3"' and B8'(s) + (g - 118972 as s + 0, the nonlinearity
behaves like that of the plasma equation as we approach the extinction time T*. If

B'(s) * (q ~ 1)69°2 (and hence B(s) * s3-1) gufficiently fast, we expect these take an

asymptotic profile. Purthermore, intuitively speaking, the faster the solution decays to
zero at T*, the more (4) behaves like the plaama equation as t + T*., Hence, the decay
rate of the solution is relevant for the analysis of the problem. Indeed, we do have an

estimate of the decay rate of lu(t)l _ as t * T* which is provided by the modulus of
L ()
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continuity of u,

so before we proceed further, let us state some results concerning the

modulus of continuity of u.

Remark: The interior reqularity of porous media equation and that of the plasma equation

have both been investigated by Paul Sacks in [31]. DiBenedetto in (7] investigated both

the interior and boundary continuities of the porous media type equation. He also
mentioned that the proofs in (7] can be modified to fit the case of the plasma equation

(see the "significance and explanation" and Section V).

Theorem VI-1: Let 0 be any subdomain of Oy, for every € > 0, there exists & > 0

-2 = -2
depending on the data: N, max{lu ] , Mlu 19 }, ms? 2, €, ms9 and
0L @) o L @)

dist(O,BQT) (here BOT being the boundary of the parabolic cylinder) such that for

every (x4,t4), (xX5,t3) € Op, we have Julxq,tq) - u(xz,t2)| < € whenever
I(X1,t1) - (Xz,tz)l < 6-
This follows immediately from Theorem 1.1 of [31].
Theorem VI-2: ILet the boundary of £ satisfy the exterior sphere condition with radius
R. Consider & x [to,'). tg > 0, there exists a continuous strictly increasing function
q-2 q-2
f'l[o,w) + [0,%) with f£*(0) = 0 and f* depends on the data: N, ms s, Ms ’

max{luol - ! Mluolq;z }, Adiameter of % ana tg nch that
L (Q) L (R)

latxq,tq) = ulxg,tx)] € £901(xq0tq) = (x3,t5) ],
for every (xq,tq),(x5,tp) € 8 x [t0,°)-
Proof:
It is sufficient to show that there exists M + 0, R, + 0 depending on the data
mentioned such that for every (x4,ty),(x;,t3) € & x [tO,’), we have,
Julxg,ty) = ulxg,tx)) < My
whenever
[(xq,tq) = (x,t3)] € Ry ©
But this is true since we can always chop up the region i x [to,') into an interior
region and a boundary region. For the interior one, we invoke Theorem VI-1 while for the

boundary one, we can handle it by Theorem V-2 of Section V.
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2ext, let us introduce the following class of nonlinearities:
B = {88 satisfies B(1), 8(2) and B(3)} .

We are going to show that for a certain subset of 9, if B8'(s) * (q - 123°2 as
8 *+ 0 rapidly enough, then the results concerning the existence of an asymptotic profile
remain true. More precisely:
Theorem VI-3: Let f* be as in Theorem VI-2 and let 2 < q if K< 2 or
2<q<28/(N -2) if N > 2. Furthermore, suppose that:

(1) uy is non-negative and belong to L.(Q),

(1i) B e B,

(111) 1lim sup '_u!’fﬁ- 1 7 i£* ' (8)I1? < 1 for some P> 2/(q=2).

s+0 (q -~ 1)s
Then there exists an increasing sequence of times t, + T and p(*,t ) * 8(*) in &;(g)

.
wvhere plx,t) = u(x,t)/[(q = 2)(T* - t)lq-z and 8 is a positive classical solution of

(3).

Remark: It is trivial to see that B(s) = s3°! 1s not the only element of B which
satisfies the hypothese of Theorem VI-3.

In this section, we will again invoke the nonlinear semi-group theory and a
regularization of (4), s0 let us recall some basic results in these aspects.

Lemma VI-1: Let {u::‘} be the solution of (4):

€, € € €
B'(\xn)\x“t - A\xn =0, ulg=c¢

€ - ul
un(O) uo + €

where ¢ > 0, u: e c;(m, ug +uy in IP(@) for every 1< p <= and
lugl - < luol w ¢+ Then we have the estimate (which is due to Bvans [23])
L () L (R)
[ 5 C n
f4u (&)1 € e (B(u )N

n L1(n) t(“'0’6)/‘ 0 L1(Q)

where C depends on 9, N ana Miu %2
L ()
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Finally by the Main theorem of [31] and Theorem V-2 of Section V, we have,

Lesma VI-2: The regularization {u:} in Lemma VI-1 converge uniformly to u(x,t) as
€+0 and n * = on & x [t,,tzl for any 0 < t4 < tae
Proof:

First we note that uﬁ converge uniformly at the interior due to the Main theorem of
{31) while from Theorem V-2 of Section V, we have an uniform decay rate of uz at the
boundary of §l. Hence, the convergence is uniform on § x [t,,tzl.

Finally, by the continuous dependence property in the semi-group theory and the
uniqueness of the weak solution, we can conclude that the limit of convergence is u(x,t)
where v(x,t) = u(x,t:)“"1 is the corresponding semi-group solution of (4).

Equipped with the above information, we are ready to prove the three key estimates as
before.

The first key estimate is simply Proposition I~-1 of Section I which we call it lemma
I' in this section.
lemma I': Let 2 <q if N< 2 or 2 <q< 2N/(N =-2) if n > 2, then there exists
C = C(q,) such that if u 1is the solution of (4) and T* is its extinction time, we

have,
1

(1 - £)%2%c(q,8) < (] we)¥)Ve
h
Idea of Proof:

Here one considers the function:

a
gla) = [ sB'(s)as ,
0

=2
and gets an estimate on [] g(u(t))dx) 2 as in the proof of Lemma I for the plasma
Q
equation.
In the case of the other two key estimates, it turns out that they cannot be

generalized from the estimates for the plasma equation as easily as above, and so we have

to assume the conditions of Theorem VI-3. Also according to Evan's result in (23], we can
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assume u, € L) n :l;(ﬂ) as in the case of the plasma equation. (We can therefore also

assme uy of the regularization converge to uy in :l;(n).)

Tewma IX': Let u Dbe the solution of (4) with the conditions of Theorem VI-3 being
satisfied and ug € L(9) N ﬁ;(ﬂ), then for every s € (0,T*), we have,

a=2
(J ute)¥ax) T < cls,q.u),8)(T* - ¢}
2

for every s < t < T*,

Proof 3

1* Iet u; be the solution of the regularization

€, € € _ €
B'(un)unt - bu_=0, un\m - g

€y = P
un(O) L +€

where up + uy in 1F(2) and in W@, 1<pce

J Ivag|?
a . a "™ 2 el 1 puEera® ) - €2 eq"'uc
2 v e 7
a " ) . ) 4
Q
= 2 - “cq ( u: “e + “eq-1ue ue ue - € ue
a2 L( sjz n HSII "cA ) (‘{ % nt)(‘{ ndv, ‘sz 9}
(fu, )9
2
2 -1 -1
- 2q ) [(‘£ “f,q)(é u:ts-(u:)) + (‘17 u:q “:t)(fji (q-ﬂuf‘q “:t) + 11 + 111)
(Ju )9
Q
< ol [T + IX + III)

(f wS(er9) 4
a "

L }- 20

4
»

i <l-‘
.
N )
. ;’l
a

.
L)
.

L YA
,

» v
»
%5
e

‘...\".‘
P
[ L)
A o)

r
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by HSlder's inequality where,

1= (o[ (qa- m:q.z - s-(u:))u:2]
Q Q ¢

q-1 q=-2
el e € € € €
84 (‘]1 u “nt)(‘{ w8 - (g - Du J“nt)

IIL = (- ¢ ‘{ Au:(t))[é u:q-1u:t]

Let us now estimate them separately.

2.
q=-2
a2 (@ - € - prs) 2
q 2/q
Izl Sy @ - | = n_ge (o€ )t (J
a al 8 (uf) ' ""e/a" )
) eq'z €
(g = 1)u - B8'(u) 2 q 2/q
<t = c 24, | B'(u:)u: / f u: (v))
B* (uS) L") a ¢ f

<SP, (f s'(u‘)u‘zj / ( u‘q(e))z/q
" L ()4 R a "

for 0 <8<t < t' T,

a2
iz1 / (J se0?) @

2
(1™ quye? / (J we)¥)?9 + e n,s,tM)(] B* (us Ju )
L (R) Y 2 t

where &(e,n,s,t') + 0 as €+ 0 and n+ @ due to Iesma 6.2. But we know that

u(x,T*) = 0 for every x € fi and in view of Lesma 1', we have,




O g ) g

e e P
L ()

where C = C(M,m,,q). Hence,

le/ (‘{ “:(t)q) T < (c +8(e,n,s,t’) {z B'(n:)u:

3°* PFor II, similarly as in 2°,

€ Q
Inl/ (s{ w()d) T <

| lu€82(uér’ | «
g o a7

-1

e ¢ -1, ¢ P
a2 [ lu w7 e (e B

t

2
<cr - )P/ (- )9 2< ¢

t

L (

/ (] ae)3)2/2 ¢ (e~ V(go(pe - £))1P/ c(1* - £)972
Q

[ 1u%8' (w2 |
) Q n n nt

a2

«S()d) 1
lnl/ (‘l‘ S (6)9)

< cmma@)iee” € () NP
» L (9) 8

< ciu,m,q)(c + 8(e,m,8,t')) [ B (u)ul
a

where C = C(M,m,q,8) as before.

2
(é u:(t)q) 1

2
€, € €. ..2 €
‘{B'(un)unt /{] u, (£)78° (u-(t))

2
€, € €,..912/q
!s'mm)u“t / (‘{ u-(£)%)

t
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4®* For III, we have,

ar2

2 € PL A €
< eff |Aun(t)‘)(f ]un u, 1) 7 un(t)qJ 9
v} 11} t 2

ad
q

|1u|/ (f of () @
Q n

2

2
€ € I €, €
c(é l8u-(31) ¢//£ lu, (£)8°(u_(£))] é s'(un)unt

2
? SE%'
(J u (t))
)

o / 2
- €, € €
€C(M,m) [ 8’ [ |aut(ey]
Q n nta n

<

<
€,,..q)1/2+42/q
. (é un(t) )
But by Lemma 6.1
— C("l'lnluo)
€ n
l1Au (t)1 € ————— 18(u )|
n L‘(ﬂ) t(I“G)/l 0 L'(ﬂ)

and so,

-~ €, ¢?
q+2 ccum,8,u0) /[ 8'(0 ta
€,..q, q Q t
Inxl/ (s!z u (t) ) < roy

sM6) /4 (qe C ey 2 L §(e,n,s,t'))

for every t € [s,t'] and 4(e,n,s,t') + 0 as € + 0, n + @, Integrating, we have for

) s < t<¢e',
ot [ Iveéor 2 [ Ivate]? . )
[ Q €. €
- < 2(c(Mm,q,2) + 8(e,n,8,¢')) [ [ B'(u)u

. (f u:(t)q)z/q (f u:(s)q]zlq s Q none
. '. a

" t 2
D cctumquy) [/ [ 8 uS)ed

. n n

= + s 8 t

‘ q2
2

sM6) /4 (pe — t1) 2 L §(c,n,8,t"))

a
N
DR
Lo
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Purthermore observing that,

t 2 t t
J [ = [ofaf =) [ (uf-e)aw-e)
s PR s a M g ® t n
t
4 €12 1 [ 2 1 € 2
-~£ ?t-‘{ qun' -7‘{ IVun(l)l -Eg IVun(t)|

1 €112 ¢ ) 2
‘ié'“#"l‘?élwm

q 2/q
| |Vu:(t)|2 7 ([u(0)) < 2(cm,m,8,q) + 8c,n,8,t')) | IVu:,‘I2
2 2 2

ec(n,m,q,8,u,) / qu'(;I2
']

.
N cr
X G
<3 el
- T
o 3 PRI s

?
I d
-

2 /
+ Ivag)? / ") WO AR =

s /4 (e L 1) 2 L g(e,n,0,t'))

for every t € [s,t'] where 0 < s < ¢t' < T*,

6° Finally, as in the proof of B(s) = 3! cage,

. a2 (f afeerl®) (] w0/
- I €ey) - ¢)9) 9 -
™ (‘{ i) -9 T <@-n

(f @ N)¥T ([ (E(e) - )9/
anr a
Integrating,

9-2 a2
(J wie) =) T - ([ tuite) = )9 9
8 a

< (@ = DL = €01 + Sle,m))[2(cMm,q,0) + Sle,n,8,t)) [ [Vul]?
- Q

ccim,q /| lv\;’;lz
a

42
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On letting € + 0 and n + »

2
a2 g-2 | 1vug]

Juw)¥) T - (fuen?) 9 < (q- ncinmg,) | |Vu°|2 +—“——2/—1 (t' ~¢t)

2 a 2 (f we)¥)*/9
2

1

< cuma [ [Yug)?(1 + e - v
n —
(v - 8)%
Now, let t' + T*, we have,
q=2
U wer?) T < comq[(f 17u,12)(1 + L)) - 0
Q ] bry
- (7o - )32
- '
b for every t 28, 0 < g < T,
b -
: lemma III': Let u be the solution of (4) with the hypothese of Theorem 3.6 being
L
L satisfied, and also let
2
Wix,T) = ulx,t)/((T* = t)ig - 232, ¢ = pe(y - o=(a-2)T)
) then,
-(g=2)T
- 14W) (T*e )
. 1y 8'(w) v
:{' i.e.
-“: »
x [—B"u—)z](q - 1m"'2u,r =AW + [—"—(L_;](q - 1!
X (q - ¥ (q - NHu?
- and
- (11) there exists (T, } such that, as T, + =,
o q=-2
; iw 'T(‘l'n)l e *0
- LT a)
” (Alternatively, B’ (u) w (T ) +0)
o o =(@=2)T, T 'n’ _g_
o (q = 2)7% 137V ()
: Proof :

1* (i) is immediately obvious by straight forward computations. To prove (ii), let {u::‘

be as before. We define,

A } ’..... .

s
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W e ul/(re - (g - 20772

W: satisfy exactly the same equation as in (1) and so,

€,.€
8'{u_IwW

n''n, .
=-(g=2)T

€€
8 (“n"'n

A!lc +
n

(T*(q - 2))e (T*(q - 2))e

Multiply by w: and integrating,
T
2
07 E €
8 (“n)"n,r

- ui/('r'(q - 2))97%,

-

-(gq=2)? °

q-2

€ € €
187 (u}) = (q = 1hug "'n“'f.,

€, €
w o o+ f

<
-(q=-2)T a o a

2 (T*(q - 2))e (T*({q - 2))e

Let us denote

q~2
€ € ¢ €
I8*(u ) - (g = Du_ ”'n'nrl

a (T*(q - 2))e (32T

by If. and estimate it.
2 i

2¢ Recalling that t = T%(1 - ¢ (°2)T), (p# < )32 o (pn)T2,°T,
u (x,t)(r*(q - 2))e- (a7

€
¢ N uE(x,t)

~(q=2)T

W - 1 +
(T‘(q - 2).-(q-2)T)q-2

wa have,
[3
In < I1 + Iz

q=-2
IB’(u:) - (q - ‘l)u: IIu:(t)Hu:t(t)'

ne) e
(1*(q - 2)e”T"2)T)3"2
q=2
18l ~ (@ = et Wn?
I =
2 3 (T*(q - 2))e” (12T

=45~

- L * o o - e
2 L% *

1

(ro(q - 2)~("2)T)T2
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Por I,,
-2
€ -1, €..p € € q=~2
I, € c(MmMu (£* (u )1 J 18 te)us (&) |/(2e - ¢)
1 n n !r(ﬂ) Q n nt
2
= c,mtut (£2™ uS))P1 j |aut ey |/xe - 072
n
L@ @
Let 0 < tq €t <ty <T*
efter e (wEerPr » tueed e aee )P
PAT)) L ()
uniformly on ([Tq,t;] due to Lemma 6.2, together with Lemma 6.1, we have,
n
.m0 - o i I
I, € ————— (lu(e)(e* (u(t)))™1 + 8(e,n,t ,t))) N6 /4
S L (Q) t
(7 - ¢)®

where 6(e,n,t1,t2) +0 as €+ 0 and n + =,

3° In the same way,

q=-2
N €€, 2
L < | EB (un) (q 1)\ln | B (un)wn(t)
2 3 8* (u) re(q - 2)a” (T2)T
< c(M,m)i(ee” (u E(e)))P ] wi(e)9
" (@) a

<coum(teee P o+ Ste,n,t ,e) [ wEee)d
L (R) Q

But f wt)d is uniformly bounded by say C' where C' = c'(n,-.q.a.uo.r') due to Lemma

]
II' and f ':(t)q > wie)d uniformly on ([t4,tp]. Hence,
'] Q

I, < cm.-)(l(f"'(u(e)))PIL_(m + (et 8,0 )(C + 8% (eun,t L))

where both 8§ and §' + 0 as €+ 0 and n + », Now that on {ty,t,]
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lS(u:)l

cin,m,M,8u,) - '@
17 < — T (et et )P ¢ Slenitt)) T
= L (@) >
(re - ¢)772

+ c(n.y)(l(f"'(u(t)n’ln,m + S(e,mt .t,))(Ch + 8t et L))

4* By BSlder's inequality

a_ 2 -9
=2 T € T T2, € . 212(q-T)
W o T (JuEmBHTI [ v (1]
J 1" Pr g " a " P
2 - S
2 8* (us)w’ 2(q-1)
< (e + &' (e,mt e 2TV ] . S
My A (e=2)T

Q T(q - 2)e

2
€,.€
2 : g-2 B'(un)lln

.
e (e < (c' + 8% et e, ¥ [
Ny . Q T*(q - 2)e

T 1
=-{gq-2)1’

13V a)

a2

< (et + 8 (em,t, it I [5 (- -'5‘!2 lwEem(2) + 15+ (32D &5 'l W (m9)

by step 1°.
S* Now let Ty and T, be such that,
=(q~2)T =(q-2)T, )

ty=T*(1 - e 1), ty =T -~ e

then,
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g-2

2 q=-2
€ € 2 Al 2
Joowe W <t v 8t em,t ) iz vl
T1 T Py Q
1T (a)
T2
1 € 2 -1 q -1
-l p)? e () [ ey - () [T e 1im)
2 a a T,

: we note that | Wo(T,)7 + [ w(T,)? which is bounded by Lemma II', s0 that we only need to T
= 8 2 R
. € 2 2 € ATIRS
estimate | |w (7. )] ana J I.(m. S
b Q T, IR
. =
: 6° To estiamte [ |Vw:('r1)|2, we note that by Lesma I°', it is sufficient to estimate L
f R

€ 2

sIz [vu_ ez )| <)

€ qy2/q
(‘{ u (r,)9)

-f:“ But this is bounded as shown in the proof of lemma II'. Hence I |Vw§(t)|2 is uniformly
- Q
_ bounded on t >ty and henceon T 2Ty as n +* and €+
'I'z .
7* Por [ I_(T)AT, we have
T n
- 1
. n
T T, C(M,m,N,2,u ) 1B(u. ) .
2 ¢ 2 R ALY -1
| rmer<| 2 (rues™wnPr |+ Steon.e t,))er
. T T =T L (?)
- 1 1 (O _ 5y @D
:'_'-; T,
R o] com(nes T MNP L+ Stem,t 0] (et ¢ 8t e ) e
% T, L (R)
‘.-:: 2 ¢ 2 -q%
Let n+®, €+0, then W W =-->h for some h in L (7,,7, 115 7(2)) ang,
. T

stete’ete’te

<
(LA
it
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e m B Val Y

!'!2 e e < (c')g‘.‘_z[l%"‘.mls(“o"" @, (1) | werp?
T t(u+6W4 { Y a 1
! AT 1
T
2 2r
+[  ctmmN,Ru,)08) Ju(gy (u))pl e“ ar
T, L (2) L (@)
T
2 -1
somm [ e P | ar) .
11 L ()

The only thing we still have to show is h = W 2\,,1,.

8* we can show h = "q-z‘,r in exactly the same way as in the case of the plasma

equation. Every step of the proof for the plasma equation can be carried over as far as

T2
;7] IwEm)?
T, Q
the boundedness of

is bounded uniformly in n and €. This in turn boils down to showing

J |Vw§('1‘)|2 for T, ¢ T € Ty, but this is true as was mentioned in
Q

6°. Thus, h = W2y,

Ju(t)l € £5((T* - t)) where T* -t =

rinally, let us recall that
L ()

(r*)e~{T°2)T, we have

lu(-r)(:-"(u(-r)))"lL. < tugl o (riq - 2R TR

! L (R)

YuemPe - = (Tq- 2))9.-(q-2)p‘l'

L (R)

1ee

Y {-
€ 0 Wy W 0 T o N —w gy g
S N 3"‘#‘:‘ = "-r'“é" ENEAGNEN SN, “w"“ AN
A e AN e N ‘\ SRS
4 - KA
. ..,-_.p.‘.p\f"‘ :-m*k-mm AX \r‘i)l*)-b NNV




T, g=2 tugl ,  1B(ug)t

1
2 | L (Q) L (R) g =1 q
/  thetn g S t NiET7a + ( < ) [ wirp)
T1 ey t1 Q
@) .
T2
+ (g - 20P [ coumN,2,0)18 " o BT
T, S ATY)
T2
+clcMm) | (THq - 2))Pe PIT2)Tyy]
T
1

Observing that the right hand side is uniformly bounded with respect to T,, we can let

Ty, + ® to obtain the desired conclusion.

Equipped with Lemmas I', II' and III', Theorem VI-3 is now immediate as in the case of
the plasma equation.
Remark:

(1) We have assumed the initial data to be bounded. However, all we need is the
initial data to be in L’(ﬂ) for 2 <g< (2N - 2)/(N - 2), N > 2 due to regularizing

effect.

(ii) The decay rate of fu(t)f as t * T* is still unknown. If we could
L (2)
obtain an explicit estimate on this rate rather than just having a rough estimate provided
by the modulus of continuity ¢  u (which the author suspects is not sharp in this

regard), then it is obvious that we can obtain a sharper and more explicit result.
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