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ABSTRACT

Inthis paper, we are concerned with *he plasma equation. .

1

v(x,t) = hv(x,t) 17 where q > 2, t o 0, x e 9, 1 being a bounded',

smooth domain in 10, with non7!etivetL! initial haaom",kqfoge neous ,

Dirichlet boundary condition. It is known that there exists a finite

extinction time T* such that the solution decays to zero at T*. Recently,

Berryman and Holland investigated the stability of the profile of the solution

as t T*. However, they obtained their results at the expense of some very

strong regularity assumptions. In this paper, we provethe same kind of

results without those strong regularity assumptions. By invoking both the

nonlinearrusemi-group- theory and a standard regularizing scheme for the -.. "-.

equation, wv measuresthe rate of decay of the solution and obtain~estimates on

the time derivative as t + T*. As motivated by the regularity assumptions,

both the interior and boundary regularities of the solution are studied.
/I - ,,.S 1- L

Finally, we perturb-the nonlinearity of the plasma equation and esudy the same

aspects for the perturbed equation.
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Key Words: nonlinear degenerate diffusion equation, plasma equation,
extinction time, stability, nonlinear semi-group, interior and
boundary regularity
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SIGNIFICANCE AND EXPLANATION

it is veil known that for a certain class of nonlinear degenerate

parabolic equations, of which the plasma equation is an important example,L

there exists a finite extinction time T* for certain boundary conditions.

* it is very natural and interesting to investigate the shape of the solutions

of such equations near extinction. However, very little work has been done on ~, ~
this problem, probably due to the fact that it is difficult to obtain sharp

estimates for the decay rate as t + T*. Recently, Berrymlan and Holland -

have obtained results concerning the stability of the profile of the separable

solution of the equation. However, their work is based on some very strongj J
regularity assumptions on the solution (see (12] for the details). it is

therefore essential to weaken these assumptions as much as possible. indeed,

in this paper we prove the same results without involving these regularity

assumptions. We also investigate the interior and boundary regularity of the

solutioni we show that the solution is a positive classical solution on

fl x (O,T*) and is continuous up to the boundary. Diflenedetto in (7]

mentioned that the continuity up to the boundary for the plasma equation can

be proved in a similar way as in his proof of the porous medium equation. The

virtue of the proof in this paper is its simplicity and Its explicitness. (We .

obtain an explicit estimate of the "Lipschitz rate" of decay of the solution

at the boundary). of course, such regularity results are not only true for

the plasma equation, but they also hold for the solutions of equations having

certain types of nonlinearities.

Furthermore, since our work uses both the nonlinear "semi-group" theory

and the traditional notion of weak solution, we have to establish that the

notion of weak solution coincides with the unique semi-group solution, and we

do so by a theorem concerning the uniqueness of the weak solution.0

Finally, we show that the same results hold even when we perturb the ~
nonlinearity of the plasma equation by a sufficiently small amount. (This *.*

will be made precise in Section IV.)

The responsibility for the wording and views expressed in this descriptive
summary lies with NRC, and not with the author of this report.*
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Notational

s A bounded domain vith mooth boundary in i .

39 The boundary of 0.

: The parabolic cylinder 9 x (0,T).

V1 a The outward normal at the boundary 39.

-(,) 1 The space of all infinitely differentiable functions with compact support in .

V (9) for I integral: The Danach space consisting of all elements of LP(SI) whose

generalized derivatives of order up to and including A are in LP() with the norm, %

S,......

E tIul + lu'
w (a) ki LPl() Lp() L
p

Dku stands for the generalized derivatives of u of order k. ,.x

!hLQ) aThe closure of C (11) in the norm I1 I

p0 W (r)

w'( )  (u e L2 (gT)IVu,ut e L2(Q )) with the norm

T (QT)) uu

-/ u 2  + IuV 2 + vu 
2

l, (Q) L2 (Q) tL 2 (Q) L2(QT)T T T-.

4a1(T The closure of smooth functions on Q.T vanishing on 30 x 10,T] in the norm

rWeii (O) -

a2(T) L(O,TL 2 (9)) n L2(0,Tj&'(9)) with the norm -- .

I.

nun - /*up mu(.,t)E22  + Ivum 2  for u e 021 ,
0(QT Ot-T L (A) L ( 9T~

.... ...... .. .... .... .. .
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L (O,TILa(U)) The Banach space consisting of all measurable functions on QT~ with

Lr ~[ TOL(U =[ (I .(.t dx) rfs IJ/r

C2,1QT) The Sanach space of all continuous functions in QT having derivatives ux,

u,, ut in C(QT) with I I2, defined as usual.

- 1,1LI/2 (aT The Danach space of functions u(x,t) that are continuous in T' together
T Qa

with all derivatives of the form DrDsu for 2r +s ( < with r and s integral. For

2r +4 a D DL] Dau are Holder continuous in x with H5lder exponent I - (A] and for
t X

0(£-2r s-<(2, DrDsu are HiSlder continuous in t with H81der exponent -

The norm I I is defined as in (26].
H 112(QT

H (Q) The set of functions belonging to H where Q~is any proper

subset of QT- Finally, let X be any Banach space with its norm denoted by I I

CU[O,TI IX) :The Banach space of all continuous K-valued functions u~t) with domain

(0,T) and NuO
C((O,II) su u X)

Lr(o,TIX) iThe class of X-valued functions u~t) which are strongly measurable and
T

t + Iu(t)i e L r (0,T) with lul =(f Iu(t)jr dt)l/r.
Lr(O,TIX) 0

AC (0,~T) The set of all those functions which are locally absolutely continuous on

'"and -- "denote respectively strong and weak convergence in Banach spaces.

Remark: The subscript 1cc on the spaces L CO,TILB(Q)) refers to local integrability.

% %11
% %..%
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ASYMPTOTIC BEHAVIOUR OF THE PLASMA EQUATION

Y. C. Swong

INTRODUCTION

Let be a smooth domain in JP, bounded or unbounded. The nonlinear diffusion

equation

(1) Av(x,t) -vt(x,t), x e 0, t > O, m > 0

has been studied by many authors. The case where m > I in known as the porous media

equation. Regularity for the porous media equation has been widely studied by D. Aronson

N
in [1,2,3], Caffarelli and Friedman in 118, 191 (here 1 a 3 and an explicit modulus of

continuity of the H8lder type has been found), Evans and Caffarelli in (17], DiBenedetto in

[7] and Paul Sacks in [30, 31]. The asymptotic behaviour as t + - as has been studied by

several authors including Aronson and Peletier in (5], Bertsch and Peletier in [14] J. L. V,.

Vazquez in (33]. (In the latter two cases, RN)

in this paper however, we are interested in the case where 0 is a bounded smocoth

domain in and 0 < m < 1, when (1) is known as the fast diffusion equation. (It is

also called the plasma equation because it arises in the modelling of ionized games in

plasma physics). Both the regularity and the asymptotic behaviour of the plasma equation

are less well understood than for the porous media equation. Regularity has been studied

by E. Sabanina in (29] for N - 1. In this paper, she proved the existence of positive

classical solutions of (1) satisfying Dirichlet conditions and assuming non-negative

initial data. For N > 1, Paul Sacks in (30] and Disenedetto in [7] proved the existence

of a bounded continuous weak solution. However no explicit estimate of the modulus of

continuity has been found yet.

As far as the asymptotic behaviour is concerned, the main difference between the fast S

diffusion case and the porous media equation case (which is sometimes known as the slow

diffusion equation) is that for the former case, there exists an extinction time T*, i.e.

a finite time T* such that the solution dies down to zero at T*. The existence of T •

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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has been studied by D. Diaz in [22], E. Sabanina in [29], Crandall and Benilan in [8],

Herrero and Vazquez in (25]. A natural problem would then be to Investigate the asymptotic

profile of the solution as t * T* (The case where 0) = (0, ) with positive constant
...? :

Dirichlet condition, the behaviour of the solution ar t + - has been studied by Bertsch .

in [13]).

For the case where 0 is a bounded smooth domain in iN, Berryman and Holland [12], .

using strong regularity assumptions, have obtained some results concerning the stability of

the profile of the separable solution of the equation. By separable solution, we are

referring to a solution of the form S(x)T(t) where x and t are the space and time

variables respectively. In order that the function S(x)T(t) is a positive separable

solution of (2) in 9 x (0,T*) satisfying the zero lateral boundary condition and

q-2

vanishing at t - T*, we need T(t) = [(q - 2)(T* - 01 and S to be a solution of-

(3) AS = -(q - 1 )S
'  

S - 0, S > 0 in 0

2N
We note that if q > 2 for N 4 2 or 2 < q <-- for N > 2. Then a positive

classical solution of (3) does exists and lies in C2+0~ for some a e (0,1). (A

summary of the uniqueness and existence theorems of (3) can be found in (121).

we now give a listing of the technical hypothese and results in [12].

To facilitate computations, we let m - 1/(q - 1) where q > 2. We look at the

nonlinear diffusion equation,

Av" - 1 = vt , v 0=0

(2)
v(x,O) - V(x) ; 0, v0  0 and vof3  = 0

alternatively,

Au -(uq-to - - 0

(2') 1

u(x,O) = U0 (x) = v0 (x)q-1

-2-
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here again, 2 < q < and 0 is a smooth bounded domain in K1 . The hypothese of (121

in addition to the existence of T* are as follows:

(HI] u(xt) in a classical solution of (2') on 0 x (O,T*) which is positive on

2 x (O,T*) and assumes the initial and boundary values.

[H21 There exists a constant y with T' > y 0 0, such that for any T' > T', ut,

Uxi, uxit and uxixi lie in C(O x (y,T)).

Using these assumptions, Berryman and Holland proved the following results.

Main Theorem: Let p(x,t) - u(x,t)/((q - 2)(T* - t))
'2  

where u(x,t) is the solution of

(2'), then, L
2N4Ui) If 2 <q for N )o2 or 2<q<for N > 2, there exists an

increasing sequence of times tn * T* and a positive classical solution of (3) such that

p(.,tn) SO) in 41(2) as t, + T*.

(ii) If q -2N N > 2, then there is a non-negative weak solution S1.) of (3)

and an increasing sequence of times tn T* such that p(,tn]  S(.) in 2(a).

The &in of this paper is to prove these results without these strong regularity

assumptions. Also, motivated by these assumptions, the regularity of the solution

u(x,t) is investigated. Indeed, we will prove that ulx,t) is a positive classical

solution of (2') on 0 x (O,T*) if we make reasonable assumptions on the initial data

u0 and q (As mentioned earlier, this result has been proved by R. Sabanina in [29]

for n - 1). Continuity up to the boundary is also studied under further assumptions on

30, the boundary of U. (Continuity up to the boundary has also been studied by

% Diaenedotto in [71.)

In (12], the Main Theorem is a natural consequence of three key estimates, we will

call these estimates amas I, I and III in this paper.

To obtain these estimates, we make use of our knowledge from the semi-group theory

concerning, regularity properties of the semi-group solution of (2), continuous dependence

theorems of the semi-group solution, etc. To investigate the interior regularity of the

4 -3-

ZL
74.

%9%

.;,

%%-' .

. . .P *.a
S."c.... '. ..:****%. . 9. ". 4I *: ". ".'.". "'. ".'. ".".'.% "..." 4s. ".. v. ... "''.."' :."..,.,- ' ."



-. 7-

I%

solution of (2), we use the notion of the bounded continuous weak solution and our

knowledge about It.

To justify using the notion of the semi-group solution and the notion of weak solution .

at the same time, we use the uniqueness of weak solutions of (2) and (2') am a tool to show

that in fact, these two notions of solutions are equivalent. (These two notions of

solutions and their relationships will be made clear in the preliminaries).

Finally, we perturb the nonlinearity of the plasma equation and investigate the same

asymptotic behaviour.

We now give an outline of the paper as follows:

Section (1): This consists of preliminaries which contain the necessary background

material for this paper.

Section (1I): Here, using Evan's results about the semi-group solution of (2), we

prove the existence of the extinction time T* and Lemma 1. The existence of T* follows

as a natural consequence. (The existence of T* has been proved by several authors as

mentioned before). We remark that throughout (II), (III), we will restrict our initial

data u0  to be in L7(), nonnegative and not identically zero, we will relax this

restriction starting in Section (IV).

Section (I1)2 In this section, we look at the regularized version of (2'), that is : .. "

(2' ,n,£)

Su:(x,O) u'- x n .':.

where u converges to u0  in some suitable way (see Section (I)). We will show that ":"-

q-

u converges in C((O,T] LP(2)), 1 4 p < - to u - v , v being the semi-group
n

solution of (2). (This will be done in Section (IV)). Using this nice convergence

property, we will prove the other two key estimates, Lemma 11 and Lemma III, which will

then ultimately lead to the desired stability results.

-4-
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section (IV) 3 This section is devoted completely to the convergence of B Y8.--

proving a uniqueness theorm of the weak solution with u0 e L(). Thus, the weak

solution which is the limit of U as n + "# C + 0, is the semi-group solution. Also,
n %

for the stability results, we will release the restriction of L"(D) initial data to

L -(0) initial data under additional hypothesis on the rangs of q. The main machinery

wili be the regularizing effect of the solution of (2).

Section MV: The interior regularity of (2') in the parabolic cylinder Q x (0,T*)

is examined using the regularization (21,n e) of (2'). The continuity of u(x,t) up to

the boundary of 0is also examined under certain assumptions on M5, the boundary of

Section (VI)s in this section. we perturb the non-linearity of the plasma equation.

We consider the more general equations

0Au) - 0 Ulan 0 -

where 0(0) -0 and there exists 14 > a >0, ma- C 0.(B) < N45,2. We will show that

if 01(s) + (q-1)s 2  as a + 0 rapidly enough, we can generalize the previous results

for (4). The main machinery in this section is the modulus of continuity of the solution

of (4).

SUCTION 1.* PRNLININARIUS AND BAKROUND MATERIALS *I

(1) weak solution:

Definition;sSuppose the initial data u. is in L (a), let

- { e *bl(QT)I#(x,T) - 0 a.*. st e W, an element u of 0 (QT) is a weak solution

of (2) if u 6' L2(QT) and it satisfies:

fj uq,. 14,-#xfO~dxdt -ff Vu-V* dxdt + f u0 x 1 *,)d %'0

for every 63Z. **.*

4r P % %

% %, .- 5-%p
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In ~ L [311, it= ha onsonta if 6O eL(U, un e 6",(a) with%

-un , u satisfies u' n u in LPCa for every I t p < as n*-
0L"(0) L (2)

then the standard regularizations of (2')1 namely

(2 ,n C n, )~ t -o As. u en ao

UNA,) - u IsxW +

- 0

have c (j,) solutions u, converge uniformly on compact subsets of Q.. -to a weak

solution u of (2') as n **and e + 0 simultanously and u lies in C(QT) n (Q)

(11) Sini-qroup Solutions

Definitions Let f(x) e L (0), we define u e D(-a) and -Au =f if u e W*(Q) 1

and fVu-V# dx-Jf#dxV #e "(2).

Let #(v) be any maximal monotone graph in R x a which contains the origin snd

f eL (). Then v eD(-&#) and -4#(v) af if v e L () and there is a u 4D(-&)

such that *(v~x)) a u(x) &.a. x e a and f -- Au. .7'

From the paper by Brezis and Strauss [161, we know that -$is an m-accretive

operator in L1 (0)). Then by the Crandall-Liggett Convergence Theorem, there exists

a semi-group solution v(*,t) - limCI - t/n A#)- IV0  of v t - A#(v) 8 05

V(x,O) - v (x) e Dt-&#) and v lies in CUIO,TJIL (2)). Furthermore, we call v a

strong solution of vt # (V) S, 0 if V lies in A1C (O,TIL1 (0)) and is differentiable
t I

a.e. It) into L 1(0) such that vt Ct) - A#(v(t)) a 0 a.e. It].

In (231, Rvans has investigated the differentiability of this semi-group solution

under certain assumaptione on *. We sumarize this result and some other standard

results In the following theorem.

Theorem I % Let #JR + be a continuous strictly increasing function with # (0) - 0 and

*(3) - 3.. Let * be uniformly Lipschitz continuous. Thai for every v. e L (9), the

corresponding sami-group solution of vt A#(v) =0, v(*,t) is a strong solution and it

9 satisfies:

(i) v(x,0) - VOWx

(ii) ve CL (0,TLMt ic ,1 2 ()

%.

-6- .%

.5%
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(iii) #(.(.,t)) e W2(0O) §1~(2) * t
2 2

(iv) vt- 60(v) -0 a.*. (t]

Thus, v is differentiable almost everywhere into L 2(0) and so is also

differentiable almost everywhere into L 1(Ci). Furthermore D(-A#) is dense in L (a)

and we have the estimate.

(v) *v(*,t)I L ( . V 0 1P, for every 1 < p 4 * with vo e L()

More details concerning m-accretive operators in Sanach spaces, nonlinear semi-groups,

strong solutions and their differentiability, one can refer to reference like (61 and

(10]. A good simple survey can be found in 121] and (24].

SUCTION 11. PROOF OF LEKNA I ~..
2N

Lea 1: EAt 2 <q if N 42 or 2 <qj-< if N >2. then, there exists

C - C(q,Q) such that if v u is the semi-group solution of C2) and T' is its -~

extinction time, we have,

CT' * ~ C(q,fl)( (X)X)/

Proof:

Mi since v0  u q 1  is in L 0(0), Evan's result in (23] can be applied. Th~us v~x,t)

is a strong solution and,

Vt e L 2 lC 0,TIL 2C(9))

=&q vt a.e. (t].

and,

-- 7

%

W% %,%

-7-. .5
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Let us recall that if m ;P 1, w' (t) e C((O,T)II
1 (Q)f M-1  an tle escivl

in LP(QT) and LP* (QT) where p 1 (p* being the H5lder conjugate of p), it is not

difficult to see that f Vm(x,t)dx lies in ACloc(O,T) and, A-. f w"'cx,t)dxdt

m f w'-1 (x,t)wt(x,t)dx a.e. It].

Hence, in particular, if we let f(t) = f , f(t) is locally absolutely

continuous and f'(t) =(i- f vq- Cx,t)vt(x,t)dx a.e. It).
q-

(ii) we note that (f(t)) q f vqj x~~d q is also locally absolutely continuous

and

2 1

(f~tq q) f at t
dt q

so long as f(t) > 0.

12g r 1q1
(iii) By the fact that v C *(,t) e ~C)f Wi(ni) and Av (x,t) =vt(xft) a.e. It], we

have,

f 1 Ixt1

fv-l(x,t)v t(x,t)dx =-I Vvlxt
2 dx

(q f v'i ~ ~ (x,t)dx by Wi

But,

- J)VVl(X~)~dx - C(q,Ci)(J vq~(x,t)dx)/

by Sobolev's Lema and the restriction on q.Thus,

dt *t

a.e. It) so long as f(t) > 0. The existence of an extinction time T* is immediate.

Flurthermore, let t < t' < T* and integrate from t to t' to find

%

. . .. . . . .N 2a. . . . . %



a Vi2 r a2

v-(x,t )dxj q - f v'- 1 (x,t)dxj q Cqa(, t

(iv) Finally by Theorem I again, since

v(*,t) e C(o,TIL (Q) ) and Iv(*,t)I 4 lVi

a simple interpolation shows v(.,t) lies in CCO,TILP(a)) 9 1 -C p < . Now let

t' Ta. to deduce,

(Ivq-(x,t)dx) q C(q,Q)(T - t)

Proposition 1.1: Let q be in the same ranges as in Lona 1 and O(s) be such that

0(0) -0, 0'(O) - 0 and 0'(s) > 0 for a > 0. Furthermore, suppose there exists

N ) > 0such that (Bs)CM 2, let u(x,t) he the corresponding solution

of, I Cu)ut A fu =0 u Ia 0

u(x.O) - W0 x

Then the estimate

(fu'(x,t)dx) q C(qU)(T* t)

or

(J xt)q dx) q C(q,Q)(T'- t)

remains valid.

Remark: This proposition is interesting when one wants to generalize the results of this

paper to other nonlinearities $(a), and this will be used in Section V1 later. of

course, we should always bear in mind that we assume our initial data to be non-negative,

* not identically zero and is in LC(D) unless otherwise stated.

* 9a

% %* *.



SECTION III. LEMM4A II and LE.MMA III

In this Section, we will use the regularization C2',n,e) mentioned in section (1),

namely,

(u ) A~U -o0 u 
n t n '

C x,O) u nCx) + C

we will prove two other lemmas. These lemmas together with Lemma 1, will ultimately lead

to the stability results we want.

Furthermore, according to Evan's result, if v(t) =u(t)q-1 is the semi-group *

solution of (2) with u~ e LCD) then u~t) e 41n) n w 2C(D) a.e. It]. Hence, to

consider LC01) initial data, it is sufficient to assume uo e (A) n LC(g). so here we

assume that uo e W2D (ALC) and un e c D), un U in (0 and u in

Lemma II: Let u~x,t) be the solution of (2') with uo e wi(A) nl LC(n). Then,

UI u q (x,t)dx) q 4(q- ( T' -t) Vt 4 T'
D C(f uq)2"'

where T* is the extinction time.

Proof:

£ £ --
Ci) Let un be the solution of (2',n,e), u e cCQ' and that

f IV cx~t)1
2dx

q/(un Cx,t)dx)2/
n

is a decreasing function of t. Indeed, using the fact that, 4

q- dx

n t n n n D n dn
%..

where nl is the outward normal at 3D1, we have,

W1

.1%

% %

-10-
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":'. -.

2/q,. q v v !t, 2 I 2/q ..,,I I 2 , J -( C) Vu' 12) cn

d a n nO t n ata
tq 2/q zq 4/q

dtu'" .. } (! u }:. '

q q-1 - due
u~ )JuAu') +2 (fJ u ~ u~( uCu n ~

q

21( "-" ""'.

(f u c ) q

a n a n "" "'"n

n

by rloder's Inequality.

(ii) Next, we note that,

2=2 j IV"U"12
d (f (u, - q ( (q - 1)

for,

c E q-1L_)q-2.u f )U (u n (U )- n  c)-jq " '%

-)Au ..u " .

- + (q - 2 )(C),..,c
S un  u n  unu

SI IVU112 + f (q - 2)I~uCI 2 (q 1) J IVuCt 2

un - A q- €  -

%- - % % %- . - "

,..

Sv. '.I q- ,v,.* - ,. ~u.> -"-._ ..

-, I- '... vA-.
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M-2 V. .

n'2 n

d q) q

- t n q)~ 2/q - i2/q

U u q

(iii) 'et It11t2] C (O,T*]. By the results we will prove in section (IV), we have,

n *juq(t) uniformly on Iti, t21. Thus,

WC C))q q/ I + 6Cc,n,t11 t2)

where 6(e,n,t 1t 2) + 0 as Fe + 0, n +' and so,

(J uC t ) )q) q - f (UC(t2  - C)q) q

f IVU0I2

qU t I)(q 1( + 5(c,n,t ,t 2)
nq 2/q ( 2 - 1  )11

Finally, let £ 0, n * t, t and t2  * , we are done.

Remark:

In Proposition 11.1, we mentioned that the estimate given by Lemma I is also true for

the equation:

0*(u)ut AU 0, uU -0Iu(x,O) u W0 x

where 0(s) is such that 0(0) -0, $'(0) =0, O'(s) > 0 for a > 0 and there exists

M)m > 0 such that Me 0(s) 4 mse'2  It turns out that the previous estimate can

not be generalized easily, but this is also true provided that 01(s) tends to

-12-
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(q -)*2 sufficiently fast* as a 0. Of course* we will need a mach more

* complicated analysis and this will be made clear in Section VI.

Fundamental Laom li Let us introduce the coordinate transformation

*t * (1 - -(q-2)T) and defines

I~x,T) -u(x,?(1 (- 2T )

((q - 2), 2

then V satisfiess

AVW+ (q - )Wq1 - q- )W 2

and there exists,

V . such that nq2 (T )1

Proofsa

ws consider the corresponding transformation of u (xt),.

C Uh

(xT)t - Iq-1V(,)

((q(/N - 2) UT)-

1~- q-2 '1*

( n n n nT,

(( ))2((q 2 .,2A

The proof of the Issea is long and so ws divide it into five steps..S

-13- . *\
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(1) By direct differentiation

4T2 q )fnd

-(-1 q-2 eT dwe

C 1Vn 1V 2 dx+ 1 ~idx CO
P T 30 ((q - 2 )T-)q-

2

hence,

f IV I Idx f We2- Jdx

_q

2 uI 2 q

((q - 2 ))
2  

((-)*

An imediate consequence of this inequality is,

1 IVu 0I2  1 0 (S-1 f W__
2~~xjJ2d q 0 q~ q

q-2-2-2

uniformly In T where N is independent of T. This in due to the uniform boundedness of

f WJC implied by Leama 11 and the lower semi-continuity property of the norm of a Banach .

space with respect to weak convergence.

(ii) Apply R8lder's inequality to find,

1 W~ Cx1,T)WC (x,T)lq-l dx < (fnW (x,T)d (T2~l~j ~)VC (T)dxJCl

T nn

implies the uniform convergence of o'in Lq1)to V on a 4( T 4( b vhere
n

0 < a < b < -. But J x,~d is uniformly bounded in T, hence, for 7

r e (a,bJ as e 0,

-14- -..
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q-2 ..L q-2 2q1

f IV' (x,r)ON (x,r)jq-dx ( + 6(a~bn,c) q1( E()W rj)2q1
n nT 0 T

where 6(asbrn,t) + 0 as C Ot0 n * . urthermore.

d [. -w (x r1) xr~x--UT 2 nxr, q n

6q-2 g 2
)WC (ic~r)V (x,r) dx )P0

and therefore,

~q-l q

IWn(x,r)wV (x,r)~~d

dT 20 q n

which implies,

L( q-2 , 2 2

INC Og'r~w C(x,r)Jl-dx)qn nT

q

By the above estimate,

b ~q-2~ 2W2+5a~~,) (a)-l

(1W W,1 ) r (N + 6(a,b,n,C)) C (a) ______ (b__ ]

q( 0

since by (1), li CT)) is monotonic decreasing where F is the nonlinear functional
n

defined by,

-15?
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n:. '

* '1 2 (q irF(h) V ~lhi - L-- )'x, h e 41(gl) Lq(Q)2 q 2

Again from Ci)

nn

((q - )*):

p Thus, the right hand side of the inequality is uniformly bounded with respect to n and
q-2*. -

* which in turns implies n n is uniformly bounded with respect to n and C in
n n

T z q-2C
* 2 a~I~-'())and so there exists a subsequence {c ) such that W k k __ h fork n n.,

some h e L2 (a,b[Lq-l(n)). For simplicity, we denote (e I by (e). (Let us recall that
k

- >stands for weak convergence in Banach spaces.*)

Ciii) we claim that in fact h _ Wq$2 VT. Tb see this, we note that Ui) together with the
qa

uniform boundedneas of f wqd and the uniform convergence of Wec to W in L q- '0,w
n

have

IVc"(x,T)12 x(Cst on a 4 T I(tn

f f IVWC(xT)I ~ ~ )a-t

T
Thus, W(.,Tj) - eis uniformly bounded in L Ca,bjfVCQ)) and it follows

((q 2)-- -

T
that, V W ce -> W in LCstn().

n n 12

((q -2)T")~
2

*

(iv) Hence, for P e CO0 1 ZX (s,t))

li f f = pdd 1 f VW-YpdxdT + f f pdxdT
C+Osaa n T q an

on the other hand,

-16- e.
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AW + (q - =q- (q - )Wq-2WT .. T

2 2 2
WT e Ll. Cs tiL (11)) and W(T) e () W (a)icc2 2

Thus,

.(....)f bf VW*VPdxdT + fJ f Wq-1 pdxdT 0

b- b
= ~- j j (AW+ l)pdxdT f f PWq-2W dxdT

a aa

But C(O ( a,b)) is dense in L (a,bIL~() which is the dual of L (a,bjL-1(2)).

Therefore,

W W inL ab M
n nT T L(~~~~)

(v) Finally, by the lower semi-continuous property of the norm of a Banach space with

respect to weak convergence, we have,

bC -2

a~. n1e+
n~ft

-17-
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2 r_ u (x)
SIv~W WI q dT < [F( 0 1 F(W(b))]

aL~( ~ ((q - )*

where Mt is independent of a and b. Furthermore IF(W(b))I is uniformly bounded by

Mi and the secone lemma. Thus, there exists a sequence {TnI Tn + such that

*Wq- 2VT(T) 0O as T +.
Tn qn

Now, let us restate the main theorem of this paper and prove it. The proof is

basically the same as in the paper of Holland and Berryman [12], since it is not long, for

the sake of completeness we reproduce it here.

q2

Main Theorem: Let p(x,t) =u(x,t)/I(q - 2)(T* - t)~, then

(1) If 2 < q for N 4 2 or 2 < q < 2N/(N - 2) for N > 2, there exists an

increasing sequence of times t~ T* and P(.tA + SC') in I(Q) where S is a

positive classical solution of (3).

(2) If q ;0 2N/(N -2), N > 2, then there is a non-negative weak solution S(*) of

(3) and an increasing sequence of times It ,t + T* such that p(*,t + S(-) in
n n n

Proof of (1):

(1) Let us first recall if we put t n -T*(1 - n where (Tn) is the sequence of

the third fundamental lemmna, then p(.,t n) is transformed into W(*,T n) where W(-, Tn

satisfies,

AW + (q-1)Wl= (q-1)~w~ ..

Clearly,

IW ey )jqd AJIW ( T) 1 -dx + B JIi T(XIn)Id

for some positive constants A,B. The first term on the right is bounded by the second

fundamental lema. The second term converges to zero by the third fundamental lemma.

-18-
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Hence, *V(.FT )I 2  is bouned by tbe LP theory of the second order linear

q-1
elliptic problem. (For the details of the LP theory sae (201, 1 271). sy the weak

embedding property, there exists (T ) T 3  such that W(*,T + a* (*) in ~ A as% 0
n n

* - q-1

(ii) the convergence is actually better. First we recall that in (1) of the proof Of the

third fundamental lem, we have shown the uniform bountdedneu Of 1 Y~,),2d,, which

implies S(e) must be in 61(g) and W(*,T )in fact converges weakly to S(-) in
2n

(Ili) Next we show that SC') is a classical solution of (3) i.e., 8 sstiefiest

AS +. (q - 1)6q-1 0 in 0 with 8 0. Indeed, let p6 (Ca), we use,

J -Vp*VW +Cq - 1)PVq-l]dx mf (- ) WW d

and let T to find,

J -Vp6VS + (q - 1)p8q- )d - 0

since the right hand side converges to zero by the third fundamental lemma. Hance SC')

insa weak solution of (3). But by a simple bootstrap argument, a weak solution of (3) is

in fact a classical solution of (3) if N 4 2 or 2 < q < 2N/CN - 2) for N > 2 which is

our case here..

(iv) SWx),~ 0 and is not the zero solution by Lmma 1. But any non-negative solution of

(3) with si -0 must be positive everywhere inside A by the maximum principle, thus ,..
SID ,.-

8(x), 0 in A. .s

(v) Finally we show that W(*,T n) Sco) in ti(Q).

To see this we multiply AW + (q - 1)Wq- - (q - )W-2WT by V and integrate. WeLi

have, %9

J (IYIICxI~)1 (q - I)q(, )]dx -J(- ) 1W(x,T )dx *
nn A nt

again invoking the third fundamental lemma and letting T n +, we have,

% % % %
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Ij~) i. JIVWxT1 2dx 1, ii. JV(,)dx - q8(x)dx

n n

due to the fact that J xTndX f* sxdx by Kondrachov compactness theorem ([261,

p. 42). On the other hand,

I I IVS(x) 2dx f Sq(x)dx-Sq
Thus,

1 ,S(.),1[?-
w21Q )  W2la )  -.

together with the weak convergence which we have established,

W(.,T n ) S() in W(Q).

Proof of (2):

It is similar to the proof of (1), except that we no longer have our estimate in the

first fundamental leisa and also because of the range of q, we can only conclude that

S() is a non-negative weak solution of (3). For the details, one can refer to the

original proof in [12].

SECTION IV

In this section, we will prove the convergence of the uc of (2',n,c) to the
n

q-1solution u(x,t) of (2') where v - u is the semi-group solution of (2). The

convergence is in the space C((0,T]ILP(0)), 1 4 p < . We recall that in [31], it has

been proved that u: converges on compact subsets of QT to a weak solution
n£

u e c(QT )  L (QT) for bounded initial data u0 . Obviously u converges in

C((0,T]ILP(M)), 1 4 p < -, to u, the only question is whether uq - 1 is the semi-group

solution. We will show that this is true by proving a uniqueness theorem of the weak

solution. (Note that the semi-group solution is also a weak solution).

Before we go on, for the convenience of computations we introduce on other notion of a'

weak solution which is equivalent to the one given in [31]. It is certainly not difficult

whenu i inC(QT) L(T)."""
to see this especially when u is in T L(Q

-20- ;'

% %,

•... .. . . .. .. . .. ...........

% %

.. 
. . .. . ... . . . . . . . . . . .6:_:



q-S

Definition: u~ e C( (0,T)I'L MSi) n1 x(, is a weak solution of

S(u1 Au =0, 0

(2')
Iq-1 I

Su~x,0) =OW u0 x) e L (ai)..0

if it satisfies;

J u1(Tp(T =f q-10C0) + f u2q-iP + UAP
SqI (T T Si 0 t

2-
for every P e C(Q) and p i 0T 0

Definition: u e C((0,TIL (O) L7(Q T is a super solution of (2') if its satisfies

the inequality;

f -q- q-1

(T)T > f u0  P(0) + f U t + uAP

for every nonnegative P e6 C2(&T) with plagi - 0. Subsolution are similary defined9

with > replaced by (

Proposition IV-1: ret u and be a subsolution and a supersolution respectively. Then

u (U a.e. in T

Proof: f q 1(T)P('11 f ul-'p(0) + f i'-1p + ;AP whenever P isatetfncin
0 t

Subtraction yields,

j (cL~(T)- ~CJflpT) J ~-1 - qI')p + (
Si -IT (u-u)Ap() uq a

T~Qt

a(x,t) -5

a(x,t) e L(Q and a(x,t) ;P 0. Thus,
T

f (Ul(T) ( ~T) )p(T) (U U -uap + AP)p Si i 9.-

f t-21-



(ii) we choose x e c 0 C(a), 0 X 4 1 and an e cCQ T) such that a I lal 4,

and n ~ 0 in L2(QT) an~d we solve the backward problems (QT

ap ~ =MAP, M N al + *-

nnt n - n
T

PnCT) X

We observe that;5

(1) 0 4 P n 4 eA(t-T) on QT by the Maximum Principle
2

(2) f ap P C uniformly in n

(1) is trivial and to see (2), we multiply the equation by p n and inteqratel

PLT 2 T T -
f f ap J f fVpn.Vp =1 MAP dp

n n n~ t ) n n

2~ 1. IVn 12 + fj IVo (t)1 2 2II f - t)2 2

f ap +2P () -f JV (T)i (T j- (t)2 i 1 2 MA *

fortT an tt 2 0. 2 n

2- -q 1 1 ! P ()1a Cu CT n u 2T) f IV (t- )M ~ T j CI VX) + f X2tT

fet any t > an0. 0

f (U~ 1
p (T)())

QTQ

-22-j
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Equipped with the above proposition, the following theorem is now imediate.-

Theorem WV-13 The weak solution of (21) is unique. t
Remarks:

Ci The uniqueness theorem can be proved through the notion of distribution solution as in

(ii) we note that if the initial data uO is not in 17(2D) but simply in L 1
() we

don't even know we have a weak solution. However, we still have a semi-group solution and

there is a more general result concerning the continuous dependence which implies: If

Cas) and Cs () are continuous and nondecreasing on it, *(0) - 0(O) - 0 and

Cs() + Ca), v C * v 0  in L 1C() as e + 0, then the corresponding semi-group solution
0

v of,

C v 0, 0*. -.

covre nCCO,T]IL (0)) tov, the smi-group solution of .

fv -.-. W 0, - 0

lV(x.0) - VOWx

Nence, we can obtain the result of this section directly from the semigroup theory. CFor .,

the details, one can refer to [91). indeed, looking at the regularizations of (2'),

n t n

u (x,0) -uCx n 
.

wher (), £0 9+0  i ~ DV1p, ueC ) and
e > 0ut 0,u i Le C
00 000

q-11 + ....-1

Let (aC) (aC + eq1')q1l - e and ve ue - then ue Cve +q1)q1
£n n n n

let U U C~- so that U - (v v). Alternatively, v - B(U) where
n n n C n n C nI

-1
Cs() (a C). it is not difficult to see that U satisfies the equivalent equation

(2,.,C., where,
%

-23- -
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(2,ne' :U')t AUE 0 , tc 0

U (x,0) =u (x)

On identifying naturally V =8(U ) as the semi-group solution of (2,n,e) where,
n C n

0(s) +~ 0(s), ve (x,0) + V Wx in LP (f) V 1(p < -; as £+ 0, v c (x,t) converges
£n 0n

in C([0,T]IL(l)) V 1 <(p 4 to v(x,t), the semigroup solution of (2).

(iii) Furthermore, by the regularizing effect of the equation

v in A 0, V 0 where m> 0
St lag.

(1) v(x,0) =VOWx

for certain ranges of q, the solution of (2) v(t) = q-'(t) of (2) is in tla) for

t > 0 and we still have a weak solution in QT-

Indeed, Gary Schroeder in [32], using the result by Benilan and Vernon in [11], heL

obtained for the solution v of equation (1) which includes (2) as a particular case.

Theorem IV-2: Let to > 0, t > to, P0 > 1,p0 > -1 (1 m i) and if v(*,t0  e pm2

then the following estimate is valid. 
2

N 0

Ev(,t) [ ~ p0+M-1 Po - _ N(2 p1p- +m I
L() Nm( p + m - [2 P

0fl L (al)

Hence, for Po 1, N > 2 and 2 <q <2N -2,v1t ( I ) for t < 0. Using
N -2'vt

the evolutional property of the semi-group solution, we write VWt SMtv 0 (x as usual

in the semi-group theory, we have

v(t + T) = S(t + T)v 0 (X) =S(t)(S(r)v,(x)) V t, T > 0.

Thus, we have brought ourselves to the setting of 17(g) initial data and we have a

2N -2
bounded continuous weak solution of (2'). For the case where q > N 2 2' nothing about

the existence of weak solutions (except the semi-group solution) has been known yet.

(±-r) In fact, in [32] we have a more general result for the equation AO(v) -Vt. We have

exactly the same results as in (ii), the only conditions we have to impose on *are

-24-



*(0) - 0 and #'(s) ; Ces for some positive constant C. Alternatively, if we lot P' w

) alls) and consider the equation B'(u)ut - Au, the conditions become 8(0) - 0

and B'() 4 C'Bl's) We will use this result when we generalize our previous results in

Section VI.

(v) The previous proof also works for the porous media equation, for the analogous version

one can refer to (4].

(vi) Finally, we note that because of the regularizing effect, all the previous asymptotic

behaviour results remain true and we summarize it in the following corollary.

2N-2
Corollary IV-1: For N > 2 and 2 < q < -N- 2 , all the previous asymptotic behaviour

results remain true provided u0 e Lq-
1 (2) or v 0 - u

q '1 e L1(21.

SZCTION V.. THE INTERIOR AND BOUNDARY REGULARITY OF TlE SOLUTION

In this section, we will study the regularity of u(x,t) inside the parabolic

*" cylinder QTC - G x (0,T*). we will first study the case where the initial data u0  is
QT*'

in L ( ) and then consider general L1 
(0) initial data. The continuity up. to the

boundary ai is also studied under certain assumptions on the boundary of Q, 3A. wre

will divide the sections in two parts as follows.

Part I • ";

As before, we consider the regularizations
(u .q- Au" . o, .u
n t n u an

(2' ,n,c) (2',n,C) "- '. nx.
u IxO) =u 0xW + e

n0

where +>0, E+0, Uo in LP(a), 1 4 p < -, un eCOS) and

I ( luI The ue converge uniformly on compact subsets on OT. The proof

0LO(A) 0L(al)n
is a direct application of the main theorem of [31] which we stated as follows. For the

details, one may refer to 1311. 'e-7

heorem V-:1 Consider the equation,

O(u) t  Au + ;*((ylu))) + P(x,t,u)

-25-
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Denote by BQ the boundary of the parabolic cylinder, i.e 9Q - ((X ,t) e lt oar
x8I S). Furthermore,

0 e C2 (R). 0(0) =0. 0 <' , <

0 < 0h(8 (8(s) 4 Pia) for 181 -C 8 0

2 1

If a bounded classical solution u(x,t) exists, i.e. u e c 2,1 (Q,,) and satisfies the

equation pointwise in Q.T. Let C1  be a positive constant such that, lull()*$.%

IR~)I *IW(*,*,u)I - Y'(u)I and pig are all less than C1 .
L (QT) L (QT L (Q) L (0)

Then, if Q+ is a subdomain of Qp, the modulus of continuity of u in Q+ depends only

on the data n(Ci() 1 ) and the diet

We now state the theorem about the interior regularity of the solution.*.*

Theorem V-2: Let u(x,t) be the solution of (2) where the initial data uo is in

L"(0). Then u(x,t) is a positive classical solution of (2) in the parabolic cylinder

T*where '2' is the extinction time. More precisely u(x,t) > 0 in or*, U e I Q*

and stisfes (~1)- 2

and atifie (q,)u ut- Au =0. This theorem is an immediate consequence of the

following lea.

IaV-1 T '2 OTdeoes x,t, e Q'2It-T} and u(x,t) be the bounded continuous weak

solution of (2'). If u(x,t) vanishes at (x*,T*) e a., then it vanishes everywhere on

a * . We will go ahead to prove theorem V-2 and postpone the proof of the lemma until

later.

Proof:

Using lea V-1, since u is positive in QT* and us converge on compact subsetsn

Of Q.T., un are bounded away from zero uniformly in e and n on compact subsets of

QT'* By acme standard results in (26], we can obtain uniform bounds on u in

3 2to~tu/(Q) where a > 0, for any x e6Z and Q+ CC Qr'.Hectedgnry

phas been handled and we have a positive and classical solution in Q2,. ~

we now relax the restriction from u. e em~ to uo e ~Lq-( 0 )t i.e. vo e L'(9)

and invoke the semi-group theory. We sumumaris the results in the following corollary.

-26-L
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* ~Corollary V-1 Let u0 e 03-162), alternatively v0 e L1 () with N > 2,

2 <q <(2N-2)/(kI-2). Then there exists a positive classical solution of (2') in, T

Proofs .

The proof is based on Theorem IV-2. The main machinery is again the regularizing

effect of the solution and we omit the details here.

We now come back to the proof of lemma V-1.

Proof:

This proof is a generalization of Sabanina's lemma in the R came ((29]). For

simplicity we only provide a proof for Qi C R2, the RNcase proceeds in exactly the same

way. We will prove it by contradiction.

Indeed, let us assume the contrary. Then there exists a point Cx**, y**, T*)

where u does not vanish and consequently we can find a region G in QT as shown in

Figure I such that u(x,t) vanishes at (x*, y, T*) but u is greater then zero on

AV. (aere, without loss of generality, we assume y* -y** =0 and x** > x* > 0). We

let (r,O) denote the polar co-ordinates. .-

1

Cx***,OT) A3.-

bottom part 0 y
of G

x Figure I

-27-
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we construct the comparison function, w(x,y,t) W t~ t*) + c~rucoB(L)-NI

where Ua > w/2u and 0 < CRu < N < uCT* - t*)du. We define

a2w 2IL
Wu (q- -2 -A.since Aw - W-+--, we have, Kvt ar 2r 2ae2rW7
AAw = Mw = A[m(t - t*) + c][U2  ]r (j)I cos(!- e) where A > 0 is to be

chosen later. Thus,

L(Aw) - ((q - 1)A
2 ~ A t AMw

((q _ I)q- -2

)mrrocso!( e

A[M ~ ~ -- t- +a~ -][ 2' _ (!_)2 - (.)2)j

2a 2a

wr p- crl(cos)j.) - IM q cR-2 -r NM~ ( 0.

£ww 
ininfuxxvt)

no cp ct suse tA s uof i en l smal to u xy t hat oL(, 4 0 n n A x,y,t)eA hod3n A o

As a alongt L(w 0i , A 2, A3Am< and a bottom part of G , ial

n n 4

o n copatiular, o 0T to Aw(x,0,t) ( NOWx,e0/ ) Bux od nA o
UC0,* 2 uxxOTe) 3 a

small0, and nag n-. Hence we he obtie af contraiction.Tus iGw

% ~ ~ inly asv inw Propos0itionw -1 we h0aoe the followin analbogos propto.Fial

werivok the V-i u Let incs) le suc thlat case (se 0, 28. forhs stan0.aFutehrmore,)

tuos therlue ests Aw IC a C 0xyt suc thtG.()(~2le ~)b h
n.:4.

corspingy asluin PofiinI-,w av h olwn naoospooiin
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8'(u)ut -u -0, U -0

u(x,O) -uox)-

with u0 e L(U), and u0 > 0, u0  0. Then, u is a positive classical solution in

QT. (The previous proof can be modified trivially to this general case.)
q12N -2 .- "

Remark: If u0  is simply in L-(0) for N > 2, where 2 < q < - 2 then thereN 2

exists a positive classical solution in QT due to regularizing effect. (See Section IV

for the details about the regularizing effect).

Part II

In this part we will investigate the continuity up to the boundary of U of the °--

equation

B'(u)ut -Au -0, u 0

u(x,O) - uox)"

0
where uo e L (U) and B(s) is as before. .:'

The only condition we imposed on the boundary of U is the "exterior sphere

condition" which will be defined later. DiBenedetto in [7] has mentioned that the

continuity up to the boundary for the plasma equation can be proved in a similar way as in

his proof of the porous media equation. The proof we give here is however a much simpler .c .;,

proof. Indeed, we will show that the solution u goes to zero at the boundary at a

*Lipschitz rate".

Definition: the boundary of U, an is said to satisfy the exterior sphere condition if

there exists R > 0, such that for each point x0 e an, there exists a ball BR(x*) of

radius R, with

S(x*) (I N. {x I
R 0 ,.

the geometric picture to as below.

-29-
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I . p
R

xI

Figure 11

Theorem V-2: Let u he the weak solution of

B'(u)u t - AU -, ujail 0Iu(x,O) U u(x)

where u
0 
e L(00) and there exists M4 > m > 0, such that ms- O'(s) " -1

Furthermore, 3a2 satisfies the exterior sphere condition with radius R, let

(X0 ,T 0 ) e 9fl x (0,-) and (x,T) e al x (0,T), then we have the following estimate:

M4k Iu 1I0-
u(x,T)( L TR4 d Ix-xl0

where k depends on 14, Eu 0 1 N, R and ~,and R,jx < C for all x e 0.
Llx

Proof:

The proof is based on the idea of sub and supersolution and the construction of a

barrier.

Proof:

I* Again, we consider the regularizations {uCl of
n

Cn

u (xO) u W~x + C

Let U C u - C and 0 (a) O (s + c), then UCsatisfies;
n n n

-30-
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08.(U )U AU 0' Ui-
£n n t n ' n3

n

2-Multiplying by p e C QT) P a 0 and integrate on $1 x [0,T],

T T
f IB"(cu)uc P - f fPAU£=-0

implying,

f S0 (0£ (T))P (T) -IB(un)P(O) f £CP+0( O

20 Consider now any x0 e an, and without the loss of generality, assuming the center of

the exterior sphere with respect to xO be at (0,.. .,0), we construct the following

comparison function;

W( x)

f(x't) = u 1 (1 - t
0-
em(D

where

W(x,t) =k[.~j

R 2M xi2

kc is to be determined later. We have,

W(x)

ft u A * I t W(X)
0LC(D) t2

W(x)
t

-01(f + C)NU0 I Wxe

£ t

W(x) W(x)
t + nj-21I (e t

0,(~t; -Mi Eu1 (I-e aJ u0I ~~

W(x) W(x)

lu 01 (1 e t ej,-2,u0 t R 2t2

-31-
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7. -7 - - -- -

Vf-1u0 1W(X)

hf-.V Iti I* t VWx
2 t

L -n NIX 2 L(O

2 4N 
2k

2

lVW(x)l - 4+

-AW~x) 2N 2 - 2NkCN + 2)1 23(3 + 2)k > 0

iiN2 x2N+ 2 xi2+

Hence*

22 t

implying,

w(k)

-; (f Af 42k2 0,,,e t lxi 41+2t2

- [m t( + /~- knt 2

3(x) -~x

t (1u 1 0 t + ' q-

kl e 42k 0LI *~m ... -* .

2 4N+2 RN

provided we choose kc to be sufficiently large. We can do so because Q is bounded.

30 f(x,t) is a supersolution. Indeed, let p be a text function on QTas before, by

straight forward integration, 
.

T T
06 '(~ - f I PAf 0

-32-
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a B (ffT))P(T) a J fCO))PCO) - C J (f)% paf ;0 0

J 8 f(T))P Cr) J MI~ p0 p~ fAp

Similarly as what we have done in Section IV,

f CBCU£ CT) + C) - MfT) + C)) + 0
n

Thus,

U (T) 4 f(r)
n

WC x)

U CX,T) 4 f(X,T) + C l u I (I e + C
n 0

L (Qi)

for every (x,T) e flx (0,a).

40 Now let CX0 ,T0 ) e an~ x (0,-) and d IX -X011

- W(x)

u C x,T) l u0 I 1 e T j+ C

for p small,

W( x)

1u 1 (1 a T + C * u0 I - [I - W

klu 0

R 1xI

kLu (D) [12N R2?"+

TR2N 2N xi -RI £

But,

-33-
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1.12" 1, lx R)(I1N- I x12N-2R I + IXIR 2N-2 + R Nli)

4(CR + d R)(2N)C~ 2N-1 2C
2
N1d

where R and Woi x e6 are both less than C. Hence, for instance, let d < R/2, we

have;

Iu 1 2 QC Emd0 L
un (XT 4

alternatively,

Ukiul 2
2N+1 2N-1

Ou (x,T) c~ 4 (
n TR4N

where kc is a constant depending on No, lu I r no R and Cl.Coecnaslchk

*this by going back to the process of choosing kc in step 20)

Finally recalling that u C converges uniformly on the compact subsets of to '

we are done.

Remarks:

1* An before, if u~ e6 - 0 for N > 2 and 2 < q < 2N--~ thnw2tllhvh

same kind of results due to regularizing effect.

20 q-22*In the above proof the condition ins O '(s) for s > 0 was never used and so the

constants do not depend on in.

30 What we have obtained in the proof of the theorem is not simply a decay rate of u(x,t)

at the boundary 30l but also an uniform decay rate on the regularizations {uc) at the
n

boundary.

40 In the proof, all the estimates really depend only on M not m where

-5 2 q-2 fra)0

-34- -
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0p.;X .-_SUCTION VI. * T PZ1YUIRB&TION OP TU ER IAN (THE M4LIU ThOREM) , .

Inthe previous sections, we have been studying the asymptotic profile of the plasma _

(4) *-

uCO) -u

where u is same non-negative bounded initial data (or simply in L() for a certain

range of q) and B satisfies,

(61) o e cC O,-) I'

(62) 0(0) 016(0) -0

(03) There exists K atm > 0 such that

and

P(a) + (q - 1)sq-2 as s 0

Tet us remark that the properties of the plasma equation used before, including the

existence of T, regularity of solutions, uniqueness and the regularizing effect also

hold for (4) (for the regularizing effect of the equation, see remark (iii) following

Theorem IV-2) * The proofs which work for the plasma equation can be carried over without

any difficulties.* The only thing which is unclear is whether there is an asymptotIc

profile or not. Since 0(s) + eq- and 0,(s) * (q _ 1 )gq-2 a a + 0, the nonlinearity

behaves like that of the plasma equation as we approach the extinction time T*. If

1(s) + (q - I)sq2 (and hence O(s) * 65 -) sufficiently fast, we expect these take an

asymptotic profile. Furthermore, intuitively speaking, the faster the solution decays to

zero at ', the sore (4) behaves like the plasma equation as t T. Hence, the decay. .

rate of the solution is relevant for the analysis of the problem. indeed, we do have an

estimate of the decay rate of Eu(t) u as t + Ta which is provided by the modulus of

-35-
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* continuity of u, so before we proceed further, let us state some results concerning the

modulus of continuity of u.

Remark: The interior regularity of porous media equation and that of the plasma equation

*have both been investigated by Paul Sacks in 131]. DiBenedetto in (7] investigated both .

the interior and boundary continuities of the porous media type equation. He also

mentioned that the proofs in (7] can be modified to fit the case of the plasma equation

(see the "significance and explanation" and Section V).

Theorem VI-1: Let Q be any subdomain of QT, for every c > 0, there exists 5> 0

-2 q-2 q-2£ S n
depending on the data: N, maxji 0 1:,) Mtu0 a 2 me E -H 2 an

dist(O,aQ T) (here aQ Tbeing the boundary of the parabolic cylinder) such that for

every (XIAt1 , (x2,t2 ) e QT, we have Iu(xlltl) -u(x 2,t2)I 4 6 whenever .

I~lt)- (x21t2)1 4

This follows immediately from Theorem 1.1 of [31].

Theorem VI-2: Let the boundary of Q satisfy the exterior sphere condition with radius

R. Consider 11 x [t 0 ,w), to > 0, there exists a continuous strictly increasing function

q-2 q-2f*I(,~) [0(,-) with f*(O) = 0 and f* depends on the data: N, mse Ms

maxtu 0 1 , Mu 0 jq-2 diameter of 1 and tc iiz that

lu(xlltl) -u(x 21t2)1 4 f*(I(xl1t1) -(x2,t2)I)

for every (x1 ,t1 ),(x2 1t2 ) e x [t 0 1 )

Proof:

It is sufficient to show that there exists Mk + 0, Rk + 0 depending on the data

mentioned such that for every (x1 ,t1 1( x 2 1 t 2 ) e~ x (t 0 ,M), we have,

lu(xi'ti) -u(x 21 t2 )1 4 (

whenever

I(xi,ti) -(x2,t2)I 4 Rk

But this is true since we can always chop up the region x [t 0 1  into an interior

region and a boundary region. For the interior one, we invoke Theorem VI-1 while for the

boundary one, we can handle it by Theorem V-2 of Section V.

4 -36-
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* .. ....

4ext, let us introduce the following class of nonlinearities:

B - (BIB satisfies O(1), 0(2) and 0(3)).

We are going to show that for a certain subset of B, if B'!.) * (q - 1 )&q-2 am

a * 0 rapidly enough, then the results concerning the existence of an asyptotic profile . % -

remain true. More precisely: e

Theorem V!-3: Let f* be as in Theorem VI-2 and let 2 < q if N C 2 or o
2 < q < 2N/(N - 2) if N > 2. Furthermore, suppose that.

Mi uO in non-negative and belong to L(a),

(ii) o eD,

(iii) s'(s -su / pfl(e)]Z ( for some p > 2/(q-2).
s5O (q - I)@

Then there exists an increasing sequence of times t n * 1 • and p(8,t) () in .( )

where p(x,t) = u(x,t)/((q - 2)(T* - t)] q 2  and s is a positive classical solution of

(3).

Remark: It is trivial to see that O(s) -1 is not the only element of 3 which

satisfies the hypothese of Theorem VI-3.

In this section, we will again invoke the nonlinear semi-group theory and a

regularization of (4), so let us recall some basic results in these aspects.

LeMa VI-1: Let {un' be the solution of (4)

0'(Un)U, A- u zn  0, UC~-

n n -
u(0) = u0f

where e>O, u nC 0(el), un - uo in LP(Q) for every t • p < and

luIl(Ir ( lu I ( Then we have the estimate (which is due to Rvans 1231)

n (N+G)/4 0.. 1.
L (0) tL

where C depends on D, N and Mlu 0q-2
em

.**.-...::

- . -. %**. **.****.*.• *..- *.--
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Finally by the Main theorem of (31] and Theorem V-2 of Section V, we have,

Lassa VI-2: The regularization {UFn} in Lemma VI-1 converge uniformly to u(x,t) as

e + 0 and n + on X (tit 2] for any 0 < t1 < t2 . ..

Proof:

First we note that u converge uniformly at the interior due to the Main theorem ofF31 rsthi e fro e thre un ~
[31] while from Theorem V-2 of Section V, we have an uniform decay rate of u at the

n

boundary of Q. Hence, the convergence is uniform on a x [t1,t 2 ].

Finally, by the continuous dependence property in the semi-group theory and the

uniqueness of the weak solution, we can conclude that the limit of convergence is u(x,t)

where v(x,t) - u(x,t)q - 1  is the corresponding semi-group solution of (4).

Equipped with the above information, we are ready to prove the three key estimates as

before.

The first key estimate is simply Proposition I-I of Section I which we call it EIIIs

11 in this section.

Lemma 1': Let 2 < q if N 4 2 or 2 < q < 2N/(N - 2) if n > 2, then there exists

C = C(q,D) such that if u is the solution of (4) and T* is its extinction time, we

have,

I0(T* -t -2(q,Q) -CIut~]
]

Idea of Proof:

Here one considers the function:

g(a) nf sB'(s)d ,

0

and gets an estimate on (I g(u(t])dx q as in the proof of Lemma I for the plasma

equation.

In the case of the other two key estimates, it turns out that they cannot be

generalized from the estimates for the plasma equation as easily as above, and so we have

to assume the conditions of Theorem VI-3. Also according to Evan's result in (23], we can

-38-
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aso0me eL() n 4'(a) as in the came of the plasma equation. (We can therefore also
01

I

a..-.e , of the regularization converge to uo in

Lmma I1's Let u be the solution of (4) with the conditions of Theorem VX-3 being

atisfied and .0 e v(2) "(2), then for every a e (OT.), we have, "\

(i u(t)qdx) q 4 C(s,q,u0 ,n)(T* - t)

for every a 4 t < Te .

Proof :

1* Let Un be the solution of the regularization

n' n:"t n ":'"0.'aa

-A 0*
UnC(0) u0*~

whr 0 *u 0  in LP(Q) and in 19(0), l <p <

nhr u0
qd nyol - 2:'.')( Vu'.u':

( Uq eq q-1 t

'* )Ju, A) Int + un n u A n n n
( q) q t Q t a

U un

' .. -...

- 2 q)( UEB2(UC C q-1 q-1
R-f ~ n n u 01u + u )(I (q-1)U' u') +'13i + III]

2 t

2 ri + 11 +~ III] ..

2 .: .-* .,-39-
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by H51der's Inequality where,

q-2 2
I (f uct~)[J ((q - )uc 01B(u ))uc

q-1 q-2
U, c )(f i!u'(1( (q -~u 

1ue
n n nn unna ta t -- h

II= c f hucmt)(f U6 ui C
n ~ n n

Let us now estimate them separately. -

I'IU U(~~)01(-t q 2/q
1111(f' UIu~ 2~~q / 1uc) u (~t )

n c n

(q -I)uC 0'(U,-) 2P uu / q 2/q
c -U)C ( (t))

t c

(*0 I(u~ (t)) I 0 ( (uE)uC / (q ))
n~~ nt n a

for 0 < a Ct Ct' < T*.

(f u n(t)q) q

where 5(c,n,s,t') + 0 as c 0 and n *-due to ZAmma 6.2. But we know that

u(x,T*) -0 for every x e ~1and in view of 1isa 11, we have,

'7I

-40-
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,C~~~~~* C**t*/(* t~-

q+2

2
-((q qC'-t~(f (C *~~

where~~~~~ C (uAq) lne

% %n
t

30 Vor II, similarly as In 20,

2 f I Cu, I ~ Ct)I U

131 (f()~ q **.~q 
q 

-Q

But

U ,2 .*t.*-

at '%6

thus, +

.4.%

CC2 (fI (t~qjl

-C C(R~a,q)Ef* (u (t))Ip J uf6 ~ 6 / f~~)/

t

where C -C(3,u,q,i2) em before.

-42-
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40 For III, we have,

q~ r2 q-q+
t

CU( I ~ (a) (t
a n

£C(N~uu fB(C q

/ft

But by Tema 6.1

n' L (Q) tV46/ L ()

antd so,

r2Na9,
0 cBm''2V'22

(fi l ~t q) q 4

l(N46)/4 2 -B£f~~)a ((Ti t)

for every t e [s,t'l and 6(c,n,*,t') *0 as c 0, n * . inttegatitq, we have for

S't Ct',

A 2 A yu,1(s)I 2

£2 £ / 2(C(M,m,q,2) + 6(c,n,o,t')) f f0(uc)

n n

(N+6)/2
S '((T* - V)2 6(e,n,s,t'))
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Parthermiore observing that,

.0 t2 t

u Au f IAu ~A

t sa t a

I tVU~()I2 / ( ~(~) 2 1((.3Aq if 6(Inut') n

eC(NCmSqA012
* Iu~ 2 / Jn())/ T~I

Vun-(~ ~ ~ ~ 2 2/ 4 2Cs~a~nq + (et')t))

6*~ Fial, mi te2 (of M6() - caae

Un 0

0 0

+1(~t I )q qV 41 (1 :(B:Ct)/ + a

C(N)/4 A 224

((T* ~ 8l (c,na,t))

for veryt 4 ost' whre 0< s t -43-*



On letting c 0 and nu

.s-2 W2 I p~(f U(t) ) q (f .(t.)q) q c(q I )CNmqD I VU012  q 2/17t

.DqDLJ21q (t t) ) t -t

(T *)q-2

Now, let t' * , we have,

(J t)qJ q 4C(M,m,qg)[(f IVu0I
2i(I +4 iC'-t

for every t a, 0O<a <T*.

lauma III': Let u be the solution of (4) with the hypothese of Theorem 3.6 being

satisfied, and also let

W(x,T) -u(x,t)/((?* t)(q - 2) )q-2, t - 1 -(q2

then,

M T (Au) (Tbe- (q-2) + 4W

i.e.

q-2u 2](q - 1Wq2w - AN + [ *Uq-2](q - )q-

and

(ii) there exists (T) s uch that, as T*

I qW T n+0

(Alternatively, I '(u) W, (T )1 0 )-(q-2)T T n _
(q -2)T'e Lq- I f)

Proof:

10 Mi is imuediately obvious by straight forward computations. To prove (ii), let U f)

be an before. We define,

-44-
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N u /C(T* - t)(q - 2 ) )q-2 - T( 2 2 ))q-20-T

.. n n 11

nE satisfy exactly the same equation as in Mi and so,

01un ) I? n I f

-))(q 2)T n (?( -)*(q-2)?

Multiply by UV and integrating,

Le usn %O n 7

2* Rcllngtht -T'1-(q-2)T ) (2T n + f -- )

2 ~ (~)T( ())*-C (T)? 2x~)

- (q-q-)-22)Tq-2)(2))-

2 '(T* -(q Me1)

20 Rcalingthat t -T*( - e(q-)T) (T ) 2 2T*)q-2 0T

CBu
t 

- (q-

n- u Iu'(t)

2T( - T~ 2)-(*q 2e

we h-ve-

I n 4-11 + 1

q.21 * . I~ *

,-~ .. .-.(q u.* . .. . . ... .~.....................................................

p.-...
(T*( 2.e .. pp)F-

q-2



ForI

I -C C(M'U)IU Cf* (u ))P1I JO'(uC(t))u6 (t)I/(1' -~ -
I L L(a) t

2
-C(M,m)Iu (f*

1 (u )P j!au (tI/?e -~ -

Let 0 (t 1 -c( t t( r

Uu n(t)(f* (u n(t)))PE * u(t)(f * (U(t)))PI

uniformly on (T1 1t21 due to Lemna 6.2, together with Looma 6.1, we have,

2 (u(t)(f* (u( t)))I + 6(C'n't 1 *t )) '..

(T.. -~ -

where 6(c,n,t1 1 t) 0 as e 0 and n4W+

3* In the same way,

01Cu)- (q -1)U OI B'u)N(t)2  ,..,
n" n

01B(u) T-(q - 2 )07(q-2)11

CC(M'm)I(f*- (U C (t)))PIl f WCt)q

C CN'U)(S(f*- tu(t)))I * 6(c,n,t1,t2) VCt

L (0)+ 2 0

out W(t)q is uniformly bounded by say C' where C - CI(M~m,q,0,u0,T*) due to Leinsa

III and fC() t' uniformly on Itit 2 ]. Hence,

12 (CI4.)(E(f-1 (u~t)))PI + (Ce,n,t1 ,t ))(cc + 61(g,n~,tt)

where both 6 and 6' .0 an £40 and n +* now that on It1,t21
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0 1<

CMU'U'DOUG)~~. p.. + .'et ) a

+p4 6(' tIt )(C' +. 6'(Cfntft))

40 By 85160r' inequalitY

6 qr ..:L q-2

2

n nT
< (C' 4 6*(c,n,t ot ))2(q1[

2 T*(q - 2)e

Thus,

2
ci

1"C Cc' 4. 6'(Cn ' + q1cntf q !))()) .'j

50 (Cv le Ti (endt q2 beC (Tch that()q

-Ti -Cq-2 2 t

then,

-47-
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22 22

n nw (UT ( cc + 6'(E,n,t11t2) q V j YW(T~~
T T q2 21

1 A1

-1 J ( +(q f We(T )q~L.. '(nT )q+ I' (T)1n jw2)12  n(2 q q n.I

we note that WJ 3(T )q W(~T )q vhich is bounded by Aa 11, so that we only need to

estimate I IVWE(T1)
21 and f I MT.

n. 2

60 To estiante f IVWC(T') we note that by xamme il, it is sufficient to eatimaste,
n

n IuT1I 2

0 n

But this is bounded as shown in the proof of Lemma Ill. Haence f IVW(t)12  is uniformlyn
bounded on t t, and hence on T )oT, as n+ and c -

70 For f I (T)dT, we have. .4

n

T T2 C(HP,W.A~u 0 (u )I a

n (N+6)/4 (q-2)

+ f C(M,=)(I(f* 1 (u(T)))S I 6(a,n,t11 t ))(C, + al(e~n,t1 9 t2 ))dT

n q-2 h ad

Let n . * 0, then Si 4' h for same hin L (?T andO)

-4&-
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T 2  g- lu 01 ON IB )I L1)q. q r ( (N ) / q.

T
- *4. .I

2  
.;* 2.

, , 0) IB(u 0 ) 1 (f*-(u))P IdT.--.:

fT L () ).

22

+ C0(,,) f c'I(f* (u)) I dT]

The only thing we stl have toshow ish 02T

as we can show h - W- 2wT  in exactly the same way as in the case of the plasma

equation. EveT step of the proof for the plasma equation can be carried 
over as far as

f IVWC(T) 12 is bounded uniformly in n and e. This in turn boils down to showing

TU

* te ounedesmofI , , or 1  T12T but this is true as was mentioned in
"the bondon of "VCT fo T,4 4T

G*. Thus, h - 2.

rinally, let us recall that u(t)MI ((T. t)) where T t

(T-)e- (q -2 )T , we have
.%

lu(T)(f* (u(T)))l lu0 1 )(T*(q 2 ))pe(q2)-.L (2)

i(f*-l(u(T))) )I -(T*(q -2)) pe ( ' ) ;L() L-.),

LCU

and m
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W2 lu I ON 10 )I

f *h(T) 12  dT (C) q L () L(i + (3-:-.)f (T,)q
T1  q ti (N61

2 -p( q-2)T
+ (T*(q - 2 ))P5 f C(K,m,N,g,u0 )IB(u0 )i a TdT

T1  L(~

+ C'C(M,m) f (T'Cq -2))PeP dTI
Ti

observing that the right hand side is uniformly bounded with respect to TV, we can let

T2 + to obtain the desired conclusion.

Equipped with Loemmas 1', IV' and III', Theorem '11-3 is now immediate as in the case of

the plasma equation.

Remark:L

(I) We have assumed the initial data to be bounded. However, all we need is the

*.initial data to be in L 1 (fi) for 2 < q < (2N - 2)/(N - 2), N > 2 due to regularizing

effect.

(ii) The decay rate of NMI)E as t * is still unknown. If we could
L (91)

obtain an explicit estimate on this rate rather than just having a rough estimate provided

by the modulus of continuity c' u (which the author suspects is not sharp in this

regard), then It is obvious that we can obtain a sharper and more explicit result.
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