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ABSTRACT

The problem of evaluation along mesh boundaries is

discussed in detail.

effectiveness of the method for arbitrary B-splines.
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SIGNIFICANCE AND EXPLANATION

J For one variable, the problem of stably evaluating B-splines via their
recurxence relations is well understood. For multivariate B-splines, however,
the geometry becomes more complex, and it becomes quite difficult to implement
the recurrence relations in such a way that one ends up with a robust
evaluation method. . This paper presents a method which guarantees the stable

evaluation of all th multivariate simplex B-splines.
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The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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incleding Micchelli (1979), Hoilig (1960}, Hakopian [1980], and de Boor and Héltig (1083).

Given Theorem 1, kﬁuﬂmhpﬁbﬁbms-ﬂm In this theorem, .all the
q&-mumwwmdummammummm
ot the left hand side. Assuming one can evaluste s piecewioe constant spline in R* (which amounts
mm&M“dtm),mvaﬁhmqbua
MM«MWW

This is, for a specific collection of points 1o, . .,i.,nnniﬂanrdu& ﬂnﬂnlvm |

when cne wishes to write a computer code 1o evaluste B-splines using (3) for arbitrery collections
of points. mﬂouun,dm,hbﬂthﬁn“z-mm?und%aaslm
Mh&muﬂm,uddnmwdﬁcmuymm Accuracy
becomes an issus whenever one is forced to wee o; of opj ,.\_,_‘ﬁgﬁ'mzma‘sl.thhm
that one should insist ok having a; > 0, for all i = 0,. ... Bificien
oy as possible be sero. mmmmm.mwmmm

Emﬂa=s
=0

f:m=l - )
20 , i=0,..,n

The difficulty with this lies in the non-negativity constraints. Efficiency demands that at most
m+1 of the a; be non-sero, yet arbitrarily setting the remaining n — m+ 1 of the a; to sero provides
20 guaranty that the non-negativity constraints will be satisfied.

Example 3: Taking again the bivariate B-spline given by the points t,, ..., 5 given in Example
1, “om point (8,.) = (;:%)’m might wish to compute M((‘!')"O:'"a‘l)' Setting ag = ay =
as = 0, one gets
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which is not a solution to (5).

Fortunately, there is & well-established procedure for handling problems of a similar nature.
Except for the absense of an objective function, (5) is of the same form as a linear programming
problem. Such problems have been studied in great detail over the years, and many ways of com-
puting their solutions are known. Thus, an approach which one might consider is the introduction
of a “dummy” objective function to convert (5) to a linear programming problem which may then
be solved by standard techniques.

In practice, this seems to work quite well. In the numerical experiments performed to date, the
simplex method, implemented with the help of the Tucker tableau (described in the Appendix),
has performed admirably. One introduces the objective function O (for reasons to be made clear
shortly) and treats (5) as a linear programming problem; i.e., one considers the following problem,
equivalent to (5):

max O

n
subject to Za.'Pt,- =z
i=0
= (6
Z a; =1
=0

;>0 , ¢=0,..,n

Since the objective function is constant, solving this problem amounts to finding a feasible point.
In other words, it amounts to finding a solution to (5).

In solving (8) via the method outlined in the preceding paragraph, one can see why the
particular choice of an objective function is, in some sense, optimal. In the Tucker tableau, the
pivot rules are such that a row of all seros will never change. Thus, the physical storage of the
row corresponding to the objective function in memory is unnecessary. Furthermore, the dual of
the problem is given by

min (z,u) +v
subject to (Pt;,u)+v20 , §i=0,..,n

This problem is dual feasible in that « = 0, v = O satisfies the constraints for this problem.
This situation arises because the objective function of the primal problem (6) has non-positive
coefficients. This means that (6) is “easy” to solve because one can dispense with phase I of the
simplex method and use instead the dual simplex method.

Example 4: Consider again Example 2. Setting up this problem as a linear programming
problem leads to the tableau

ag oy a3 ay a, ag 1
ff-1 -1 0 1 1 0 -4
rn| 0 -1 -1 0o 1 1 =41,
rq \-1 -1 -1 -1 -1 -1 -1
where the variables ro, 7y, and ry are so-called “slack” variables. Since (6) is made up of equality
canstraints, one first pivots ro, ry, and ry to the top of the tableau and, once this is done, deletes
the columns corresponding to them. After all, the variables along the top are assumed to be
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permanent. Thus, one first exchanges ro and ao to get

zero, and the deletion of a column corresponding to such a variable merely makes this condition

ro a3 Q3 Q3 Q4 Qg 1
af-1 1 0 -1 -1 0o
n|o0o-1-1 0 1 1 -1
g \-1 0 -1 -2 -2 -1 -}

Now one deletes the first column and exchanges r; and a to get

r1 a3 a3 aq4 og 1
af1 -1 -1 0 1
al-1 1 0 -1 -1 4
s\ 0 -1 -2 -2 -1 -4

Lastly, one deletes the column corresponding to r;, exchanges r3 and a3, and deletes the resulting
column corresponding to ry to obtain

as a4 Og 1
Qo 1 2 2 %
-2 -3 -2 -1
Qz 2 2 1 %

This is not (dual) optimal, so one must exchange a; with some column whose entry in a,’s row is
negative. Since all columns satisfy this, the first is chosen, and a; and ag are exchanged to reveal

a a4 oy 1
wof {1 3 1}
af-1 1 14
a3\ 1 -1 -1 1}

This is a solution to (6), and therefore to (5). Note that although not explicitly required, only 3,
or m + 1 of the a, are non-zero. This occurs because (6) only had 3 constraints (other than the
non-negativity constraints), and solutions of a linear programming problem must satisfy a com-
plementarity condition; that is, the only variables which can be non-sero are those corresponding
to tight constraints. Since rq, r;, and r3 were forced to be zero, there can be at most 3 non-sero
a;. Thus, the linear programming approach implicitly takes care of the efficiency issue discussed
above.

Once one has solved (6) by this approach, one can easily evaluate the spline using (4), assuming
that the values of the lower order splines which occur on the right hand side of the equality are
known. In general, this is not the case, but one can reapply the technique to each of the splines
appearing on the right hand side of (4). This process may be carried out inductively until one can
finally express the value of the desired B-spline at the desired point in terms of piecewise constant
functions at that point.

The Tucker tableau makes this inductive process extremely efficient. The tableau which solves
(6) may be used to solve the resulting subproblems. One can view each of the subproblems as
being just (5) with the additional constraint a;, = 0. Thus, to solve a subproblem, one can take
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the tableau which solves the main problem, pivot a; to the top of the tableau, delete the column [\‘:-e ;.:""j
corresponding to it, and then optimize. This will yield a solution to the subproblem in short order, :;i-,:_‘,;‘ :
often only one pivot. These solution tableaus for the subproblems may then be used to obtain tl‘f:-.
cheap solutions to the sub-subproblems, etc. This exploitation of similarity among the various R,

linear programming problems which one must solve saves an enormous amount of work.

At first glance, it would seem that the difficulties in computing the value of a multivariate B-
spline have been overcome. Unfortunately, one of the more persistent of the problems has yet to be
overcome. The piecewise constant functions which one ultimately ends up with have discontinuities
along certain boundaries, namely along the grid lines. A grid line is a set consisting of the convex
hull of m or fewer points taken from the set {Pto, ..., Pta}. A point z is said to lie on a grid line
if it is a member of some such set. Whenever one wishes to evaluate a spline at a point lying on
such a grid line, one runs the risk of computing it improperly.

Example 3: Suppose one wishes to evaluate M(0,0|to,t1,%3,ts), where to = (1,1,0), 4 =
(—1,1,0), t3 = (—l,—l,O), and i3 = (l,—l,l). Then (0,0) = %Pto + ';Ptz, and therefore

3 3
M(0,0]to,21,t3,ts) = EM(O,OM,‘:,‘:) + EM(O,Olto.tntS)-

But M(ejt;,t3,t5) and M(e|to,t),s) are discontinuous at (0,0), so it is unclear whether to choose
the interior or exterior limits as values for these splines. If interior limits are chosen, the computed
value of the spline will be twice as great as the actual value. If exterior limits are chosen, the value
will be zero, and this is obviously also incorrect.

There are many ways of attempting to circumvent this problem, but nearly all fail in some
way, especially when one takes into account the inexact nature of the arithmetic performed by the
computer. In general, there seems to be no reasonable way to handle this problem, but for smooth
splines, there are a few things one might try.

The obvious approach is to prohibit one from evaluating a spline on the grid lines. This is
certainly the most sure-fire answer, and it is also a simple enough scheme to be easily implemented.
All one need do whenever one finds that he is on a grid line is to move the point in some direction
by e and try again. Higher order splines are, in general, continuous, so this small change in the
location of the point will make a very small change in the value of the spline. Unfortunately, this
must be done by hand, since the computer is unable to tell when a point is actually “on” a grid
line; the best it can usually do is to tell when a point is “near” a grid line. As the number of
variables increases, the structure of the grid lines becomes increasingly complex. As s result, it
becomes increasingly difficult to avoid computing the value of the spline there. For example, in
one variable, the grid lines consist only of the knots, while in two variables, the grid lines consist
of the knots as well as the line segments joining the knots (see Figure 1).

In one variable, the problem isn’t so terrible. Typically, one decides that all the piecewise
constant splines are either continuous from the left or continuous from the right. Then, when one
needs to evaluate at a knot, one sets the value of the spline to zero if it is the left knot, for example,
and non-zero if it is the right knot. Thus, for one variable at least, little needs to be done to clear
up this nuisance.

Conveniently, such a plan of attack generalizes to more than one variable. One merely chooses
(somewhat arbitrarily) some direction in R™ and evaluates piecewise constant splines according
to the following rule: If z is in the interior of the region of support, or if z is on the boundary
of the region of support and the arbitrarily chosen direction points into the interior, the value
of the piecewise constant spline shall be used; in all other cases the value of the spline shall be
0. In theory, this rule eliminates the difficuity. Unfortunately, because of roundoff error, one
can have both situations occurring, and the ambiguity about what to do persists. Thus, for
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multivariate ,-lplillﬂ an alternate approach must be taken. Its successful implementation depends
on the following theorem.

Theorem 2: Let to,...,tn41 be a collection of points in general position in R™. Let A :=
[t0,---stn+1], and let A; := [to,....,8i—1,8i41,..-stn+1]- Then for all z € A, with z not on any of the
grid lines, z lies in exactly two of the A;.

Proof: The statement z € A is equivalent to the statement that there exists a solution to the
problem:

n+l

Za.»t.- =2z

=0
n+l ' (7
E a; =1
i=o . - ’

a; 20, $1=0,.n+1.

Ignoring for the moment the inequality constraint, one can view (7) as a linear system, namely
Ta =4,

where T is an n+ 1 X n + 2 matrix, a is the vector whose individual components are the a;, and 8
is the vector obtained by adding the component 1 to the end of z. T clearly has rank n + 1, since
the ¢; are in general position. Thus, this linear system has a one-parameter family of solutions, say
a(s) := y + sz, where y,z € R"*! and s € R. Now one can consider the inequality constraints,
a;20,1=0,...,,n+1. This is equivalent to y; + 82, > 0,1 = 0,...,n+ 1. Taken together, all these
conditions define some interval S := [a_,a...] in which s must lie in order for a(s) to satisfy the
inequality constraints. Since z € A, it is clear that S is non-empty. Furthermore, it is clear that

iy =1and 30 2 =0, for 107} a; = 1, independent of . Since the solution cannot be
unique, at least one of the 1z, is non-sero. But E:‘fo’ z; = 0, so there must be at least two of the z;
non-sero and of opposite sign. When z; is positive, one gets a lower bound for s, while z; negative
gives an upper bound for s. Hence, S is a finite interval. Since a(s) is a continuous function of
s, no components of o can have sign changes in S. Furthermore, s outside of S means that one
or more components of a(s) are negative there, hence must change sign on the boundary of S.
Suppose a;(s_) = 0 and a;(s;) = 0. Since z does not lie on a grid line, a;(s_) is the only sero
component of a at s_. Similarly, a;(s.) is the only sero component of a at s... But this says that
z € A and z € A;. Since a(s) is affine, no other solutions with a zero component are possible.
Thus, z lies in exactly two of the A,. This proves the theorem.

With this theorem, one can now correctly evaluate continuous piecéwise linear B-splines.
Suppose one wishes to evaluate M(z|to, ...,t n4+1), where Ptg, ..., Pt ., are points in general position
in R". Then, after one solves (5) to get

n+tl

M(zlto, -.,tn+1) = (0 +1) Y aM(zlto, ..crticr,tisns rrtns),
=0

it is clear that if z does not lie on a grid line, then all but one of the M(z|to, ...,t;—1,8+1,...,En+1)
will be zero. This is an immediate consequence of Theorem 2. If z is on a grid line, however,
one can still impose this condition. This trick forces evaluation on the grid lines to behave just
like evaluation off the grid lines. One must be careful, however, to choose the correct piecewise
constant spline to be non-zero.
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Al(oiﬁ,l;,t;)tﬁll(o{h,h,ta) can be non-sero at {0,0). In this case, it doesn’t matter what one
mm,mmwwldnthhmﬂemwwumﬁthmwhmumﬂt

M(o,ﬂito,h,tg,h) = -2-“(0,0“1,!3, t;) + lO"M(0,0lto,t,,t;) + EM(Q,O"Q,‘],‘.)-

One clearly cannot choose M(e|to,t3,¢3) as the only non-sero spline and expect to get reasonable
results.

This indicates that.one must be careful in the selection of the non-sero spline. A good method
is to choose from all possible splines the one which has the largest coeficient. This will eliminate
the kind of numeric nuisance which occurs in Example 5.

Bowever, it must be pointed out that this approach only works if the linear spline is con-
tinuous. K it is discontinuous, one can evaluate the spline stably everywhere except slong the
discontinuity, where numeric noise makes the exact location of the discontinuity impossible to cal-
culate. Fortunately, for smooth splines at least, this never happens, and one needn’t be concerned
with it.

Given that one can evaluate continuous linear splines stably everywhere, one can evaluate
Mmmmmymm Instead of expressing the higher degree spline as
a linear combination of constant splines, one stops one level sooner and expresses it as a linear
combination of linear splines, each of which is continuous and can be evaluated stably by the
method just described. Omne no longer worries about extraneous terms resulting from grid line
effects because the linear splines are continuous.

Using this technique, many different splines have been computed in the bivariate case. Some
of these appear on the following pages. In order to produce these grapls, the mesh was deliberately
chosen 80 that many evalustions along grid lines were necessary. 'l‘hoknouuedfuuch-phne
mﬁmstthbotmehocbpm
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Appendix: The Tucker Tableau

Consider the following linear programming problem:

min z:= (c,z)~d
subject to r:=b-Az>0 . (A1)
2,20, i=1,..,n

Each constraint, r; > 0 or z; > 0, defines a half-space in which the solution must lie. Since one
must satisfy all the constraints, the solution must lie in the intersection of these various half-spaces,
i.e., z must lie in some polyhedral region in R"™, the feasible region. The functional which one
wishes to minimise over this region is linear, so the solution must lie at an extreme point of the
feasible region, sometimes called a vertex. A vertex is, in general, determined by specifying n of
the bounding hyperplanes to which it belongs. This means that a vertex is determined by setting
n of the numbers ry, ry, ..., £, Z1, 23, -.., Za t0 sero. These are the nom-basic variables for that
vertex; call them §,, §,, ..., 4. The remaining variables are the basic variables for that vertex,
and they will be denoted by py, p3, ..., pm- They are related by the equation

which is obtained from the equation
r=b- Az (A3)

by partial Gause-Jordan elimination, i.e., by solving (A3) for p3, 3, ..., #m. Initially, £ = z and
p =r,ie, one is at the vertex z = 0. The vertex specified is feasible exactly when 8 > 0 (since
that makes all the basic variables non-negative while the non-basic ones are sero by choice). In
order to keep track of the value of the objective function, z, one expresses it always in terms of
the non-basic variables,

z= ('7, f) -6 (A4)
Initially, y =cand § = d. Fathwmpumiona,.onohmthmﬁdiﬁormioninthem
tableau, as follows:
=€ -€ ... ~€a 1
n[tn ts ... 4 B
P2 |t taz ... tan P
2 B O (4%)
Pmltmi tmz ... tmn Pm
z Mm 7 .. Yn &

The simplex method operates on this tableau in the following way: If each entry in the final
column is non-negative, then one is currently located at a feasible vertex. One wishes to move to
a neighboring vertex where the value of the objective function will be less. If one of the entries in
the final row is negative, then one can increase the value of the corresponding non-basic variable
and reduce the sise of the objective function. This is done by exchanging the non-basic variable
with a basic variable. This amounts to solving the equation representing the basic variable for the
non-basic variable and then substituting the resulting expression into all of the other equations.

Suppose one wishes to exchange the variable in the k-th row with the variable in the I-th
column. The following pivot rules can be derived to carry out this process. Let T represent the

12
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entire tableau, and t,; its 1,5 entry. Then

ti — 1ty
ta — i/t i=1,.,k-1k+1,..m+1 (46)
iy — -tkj/tkl ’ J=L.,-4Li+1,.,n+1 .

ti; — b5 — tutk;/tu

In order to maintain feasibility, one must choose the pivot row carefully. This is done by selecting
the row k by the following rule: :

t min [t
Choose k so that -2+l — ™ {—k-"'—"'-1
ty 3 t;

ta > 0}. (A7)

If more than one row satisfies this, then any of them may be chosen. One performs exchanges until
the final row of the tableau is non-negative. One then has an optimal solution.

Of course, if the rightmost column has some negative entries, then there is some extra work
involved before one can start this optimization process; one must first find a feasible vertex. For-
tunately, the early pioneers of linear programming noted that the simplex method can even be
used to tackle this problem. After all, it is a procedure which transforms a tableau into one whose
last row is non-negative, while preserving the non-negativity of the left column. So, one simply
considers the dual simplex method, in which the roles of basic and non-basic variables are re-
versed. A new objective function (0 works well because it eliminates the necessity of adding a row
to the tableau) is added to the problem. This objective function should have the property that its
coefficients in terms of the current non-basic variables are non-negative, but no other restrictions
need to be placed on its selection. Now one has a tableau whose last row is non-negative, but

~ whose last column does not share this property. One can apply the dual simplex method to this
tableau to get one in which both the last row and the last column are non-negative. The dual
simplex method proceeds just as the simplex method proceeds, except that the row and column
pivot rules are interchanged, the former pivot column selection rule is now used to choose the pivot
row, and the column [ is chosen by the following rule:

Choose [ so that —‘—'"?:f—“i=";" {—i:":%ltkj<0}. (48)

One continues exchanging basic and non-basic variables until the rightmost column is non-negative.
At this point, one has a feasible vertex, and the new objective function can be replaced by the
original, which, of course, must be expressed in terms of the current non-basic variables, something
best accomplished by keeping track of it all along. One can now proceed with the optimisation
process as before.

This entire procedure, as well as many of its alternatives, is described in Dantzig [1963)].
Mangasarian (1978] discusses the Tucker tableau and many of its applications.
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