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"/ ABSTRACT

" ./ Splitting methods provide efficient tools for solving linear and

nonlinear time dependent problems modelled by partial differential

*" equations. In this report we discuss the numerical solution of the Navier-

Stokes equations for incompressible viscous fluids by such methods. The

splitting permits decoupling the two main difficulties in the problem, namely

the nonlinearity and the incompressibility. Actually these splitting methods
-a °

have a broad range of applicability and can be applied for example, to the

solution of eigenvalue problems. -- 7 J
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SIGNIFICANCE AND EXPLANATION

The numerical solution of the Navier-Stokes equations for in-oimpressible

viscous fluids is a complicated problem, particularly for sufficiently large

Reynold numbers where strong nonlinear effects are present. UsJiq an

appropriate operator splitting method, we show in this report that it is

possible to decouple the two main difficulties in the problem, namely the

nonlinearlity and the incompressibility condition. This reduces the solution

of the time dependent problem to a sequence of simpler stationary problems,

which can be solved in many cases by standard procedures such as conjugate

gradient algorithms, simple finite element approximations, etc...

It is also shown in this report that these splitting methods can be

applied to eigenvalue calculations and in fact, they have been applied

elsewhere to the solution of nonlinear eigenvalue problems such as the Hartree

equation in Quantum Physics.

Numerical results show the possibility of the solution methods discussed

in this report when it comes to the simulation of flows closely related to

practical problems.

On the basis of these numerical results and accompanying experiments it

appears feasible to apply these techniques to simulate related l arge-scale
Accession For

practical problems. ETTS CEA&I
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SPLITTING METHODS FOR THE NUMERICAL SOLUTION OF THE
V INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

R. Glowinski

1. Introduction. Synopsis

Solving by numerical methods the Navier-Stokes equatione, in

order to simulate unsteady flows of either incompreesible or oomree-

sible viscous fluids, is still a challenging problem. This important

* problem has motivated the work of many scientists (see, e.g. TEMAM [l3

GIRAULT-RAVIART [2 3 , RAUTMANN 133 , THOMASSET [43 , GLOWINSKI [53 for

references). Concentrating on the incompressible case we would like to

show in this paper that operator splitting methods, like those advocated

by Professor G.I. Marchuk in [63 , provide quite efficient numerical sche-

mes for solving the time dependent Navier-Stokes equations. The content

of the paper is as follows

In Section 2, we describe and comment the Navier-Stokes equations

modelling unsteady flows for incompressible viscous fluids. In Section 3

we discuss some general schemes using operator splitting and apply

them to the Navier-Stokes equations in order to decoupZe incompres-

" sibility and nonlinearity (in fact we could not resist concluding

that section by showing that the same principles also apply to

eigenvaLue calcuZations). In Sections 4 and 5, we discuss the speci-

. fic treatment of the nonlinearity and of the incompressibility, res-

pectively, Finite Element Approxintions are discussed in Section 6,

and finally we show in Section 7 the results of several numerical ex-

periments designed to test the methods previously discussed in the

paper.
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2. Formulation of the unsteady Navier-Stokes equations for incompres-

sible viscous fluids.

Let us consider a newtonian viscous and incompressible fluid.

If 2 and F denote the region of the flow and its boundary, respec-

tively, then this flow is governed by the Navier-Stokes equations
-. a

(2.1) . VAu + (u.V)u + Vp - f in 1,

(2.2) V.u i 0 n 0 (incompreeasibiZity condition).

In (2.1), (2.2)

Su - {ul is the fLow veocity,

(ii) p is the preassue,

(iii) v is the viscosity of the fluid (in normalized units we have

v"- 1/Re, where Re is the Reynold's number)s

(iv) f is a density of external forces.

4.. In (2.1), (u.V)u is a symbolic notation for the nonlinear (vector)

term:

* N au. N
:.. { r u. }-

-..- j.i 41"

Boundary conditions have to be added ; for example, in the case of

the airfoil A of Fig. 2.1, below, we have (since the fluid is viscous)

the following adherence condition

(2.3) u= 0 on A -r
- A

.o, ~ ~

4.
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SPLITTING METHODS FOR THE NUMERICAL SOLUTION OF THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

R. Glowinski

'.

1. Introduction. Synopsis

Solving by numerical methods the Navier-Stoke8 equations, in

order to simulate unsteady flow8 of either incompressible or comprea-

8ibLe viscous fluids, is still a challenging problem. This important

problem has motivated the work of many scientists (see, e.g. TEMAM [l

GIRAULT-RAVIART [2 3 , RAUTMANN [3 3 , THOMASSET [4] , GLOWINSKI [5 3 for

references). Concentrating on the incompressible case we would like to

show in this paper that operator spLitting methods, like those advocated

by Professor G.I. Marchuk in [63 , provide quite efficient numerical sche-

mes for solving the time dependent Navier-Stokes equations. The content

of the paper is as follows

In Section 2, we describe and comment the Navier-Stokes equations

modelling unsteady flows for incompressible viscous fluids. In Section 3
*. we discuss some general schemes using operator splitting and apply

them to the Navier-Stokes equations in order to decouple inoompres-

sibility and nonlinearity (in fact we could not resist concluding
*. that section by showing that the same principles also apply to

eigenvaLue calcuZations). In Sections 4 and 5, we discuss the speci-
fic treatment of the nonlinearity and of the incompressibility, res-
pectively, Finite Element Approximations are discussed in Section 6,

and finally we show in Section 7 the results of several numerical ex-

periments designed to test the methods previously discussed in the

paper.
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2. Formulation of the unsteady Navier-Stokes equations for incompres-

sible viscous fluids.

Let us consider a newtonian viscous and incompressible fluid.

If i and r denote the region of the flow and its boundary, respec-

tively, then this flow is governed by the Navier-Stokes equations

au
(2.1) Z - vAu + (u.V)u + Vp - f in S,

at - -

(2.2) V.u - 0 in a (incomressibility condition).

In (2.1), (2.2)

M u - {ui~N is the flow velocity,

(ii) p is the pressure,

(iii) v is the viscosity of the fluid (in normalized units we have

v I 1/Re, where Re is the Reynold's number),

(iv) f is a density of external forces.

In (2.1), (u.V)u is a symbolic notation for the nonlinear (vector)

term

N au. N
{ u.
j-1 a j .1

Boundary conditions have to be added ; for example, in the case of

the airfoil A of Fig. 2.1, below, we have (since the fluid is viscous)

the following adherence condition

(2.3) u 0 on aA r A
-. ~ A

'Ol
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-°..

U00 r.!..'-,,

Figure 2.1.

<I Typical conditions at infinity are

b 4
(2.4) U M U

where u. is givensatco (with regru to 0), iusal pr scribe rabe

Withlly, te ethd deiedeinth papbler(21), e.cn als t a ond

[@-0

conditions such as

(2.6) u -r on

where r 0  r are subsets of r such that rP n P-0 r0ur I-r,
and where n is the outward unit normal vector at r (see [5, Appendix 3 

4.* % %
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for the numerical implementation of (2.6)).

In two dimensions, it may be convenient to formulate the Navier-Stokes

equations using a stream-functon-orticity formulation (see, e.g.,

FORTIN-THOMASSET [7] , GIRAULT-RAVIART [2J , GLOWINSKI-PIRONNEAU [8 3

REINHART [9 J , KELLER-SCHREIBER [10] , GLOWINSKI-KELLER-REINHART [11]

ROACHE [12] )

Solving the above Navier-Stokes equations, even at moderate

Reynold number (say Re 1 ), is a non trivial task because the

% following difficulties

(i) It is a nonlinear system of partial differential equations,

(ii) We have the incompressibility condition (2.2).

In the following Section 3, we shall see how time disoretization by opera-

tor splitting methods can decouple the nonlinear and incompressibility

difficulties.

To conclude this section, let us mention that a mathematical ana-

lysis of the Navier-Stokes equations for incompressible viscous fluids

can be found in e.g. LIONS [133 , LADYSHENSKAYA [14) , TEMAM [11] and

TARTAR [15]

3. Time discretization by operator splitting methods. Applications.

3.1. Generalities. Description of the basic schemes.

Let us consider a real Hilbert space H ; we consider in H the

following initial value problem

"'" - Iduf du + A(u) - f

(3.1)

*" u(O) - u

where A is an operator from H to H about which we are not very specific

and where f is a source term and u° the initial value, respectively. We

suppose that A admits a non trivial decomposition

...... ... .... .............-.... .- - .... .. %. .-..... ,.-., a-



(3.2) A- AI + A2

(non triv.iaZ meaning that A and A2 are individually simpler than A).

With At (> 0) a time diacretization step, let us define several sche-

mes taking advantage of the decomposition (3.2)

A. A Peaceman-Rachford time discretization scheme.

The scheme is defined as follows

0

(3.3) U , U ,

then for n > 0, with un known, we compute eucce88ivey Un+1/2 and
n+1.

then u bY

(3.4) u - u n+1/2 f n+1/2

At/2 +A1 (u ) + A2 (u)
n+1 - n+ 1/2

(3.5) u -un + A(un+1/2)+ A (un+1 ) fn+lAt/2 1 A2 u~ l 2

In (3.4), (3.5) un+x denotes an approximation of u((n+a)At), and

f n+a f((n+a)At).

B. A Douglas-Rachford time discretization scheme

It is the variant of the above scheme described by

(3.6) u° = Uo

then, for n > 0, define 3n+l and u n+  from un  by

4.n+1 nu - u n+1 n+1At + A( l) + A2(u ) f
(3.) tre ~ ~ *( ~ ( .

n+ n+1 n+1 n+1(3.8) uAt + A( 03l + A 2(unl fn~

C. A three stagesoperator splitting scheme.

Let 8 belongs to the open interval (0,1/2) ; the idea behind the

scheme is to split the time interval /nAt,(n+ )AtJ in three subinter-

vals, as shown on Figure 3.1,
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(n+6) At (n+1-e)At

nAt (n+ 1) At t

Figure 3. 1.

and integrate in time using an irpZicit scheme for A1 (resp. an expZliit

scheme for A2) on [nAt, (n+e)At) , then switch the role of A1 and A2 on

[(n+e)At, (n+l-e)At3 , and on [(n+l-O)At, (n+1)At) do like on

[nAt, (n+6)At) . Using these principles, we obtain the following scheme,

some forms of which have been advocated by STRANG [16] , BEALE-MAJDA [17) ,

LEVEQUE [18] , LEVEQUE-OLIGER [19] (for e - 1/4)

0
. (3.9) u -u O,

n+e n+1-6 n+1 nthen, for n k O, we obtain u ,u ,u ,fro , a follows

n+e nu::(.o u un+8n fn+e
(310) -- A ne + A I 2 (un) nf

n+l I- n O

(3.11) u - + A (un+e) + A (un+l 8) - fn+I-e
(I- 20)At 1 2

n+1 n+1-n
(3.12) u -u +AIu + A2 (un - f • 0

The convergence of (3.3)-(3.5) and (3.6)-(3.8) has been proved in

LIONS-MERCIER [20 J (see also GODLEWSKY [21] ) under quite general

monotonicity assumptions on A1 and A2 ; it is very likely that the

methods used in [20 J to prove the convergence of (3.3)-(3.5) and (3.6)-

(3.8) still apply to (3.9)-(3.12).

3.2. Convergence and stability properties of the basic schemes

Following the approach used in [6 J , we shall consider for aim-

plicity the case where H RN ,f - O, u EIRN , A is an N N, eymetric
0

and positive definite matrix and where

(3.13) A1 = OA, A2 - aA , with a + 8 - 1,0 < c,B < I

In that case the solution of (3.1) is clearly given by

V V 4,r.. - - J * ** *.*
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(3.14) u(t) e- tA u.

Analysis of scheme (3.3)-(3.5) (see also [6] )

We have, from (3.4), (3.5), (3.13),

(3.5) u 1 At.A 1  AtA -1 At A)n
(3.5) u 1+5 2 (I- a -fA) (I+ a T A) (1 2 -Au

Using a vector basis consisting of eigenvectors of A, we have from

(3.15), with obvious notation,

(1- At X At
2 i (1- 2 i) n

(3.16) u.+ 1 u. ,1" fti At1.(1+ - + B X()
%1

ihr • ,N) is the i eigenvalue of A ; we supposeSwhere X. (> 0, Vi - l, ..,)i h

that X < X2 < ... X . Consider now the rational function RI defined
by

0- x)(1- - x)
..,.... .( 3 .1 7 ) R I X W ( l 2 x ( l 2 x

1 (1+ -a X) 0 X

we observe that 1R (x)I < I Yx > 0, implying, in that simple case, the

unconditional stabi itJ of scheme (3.3)-(3.5). Since

V. (3.18) lim Rl(x) - 1,
x -#+ 0+

we observe that for stiff problems, i.e. problems such that XAN/ >> 1,

scheme (3.3)-(3.5) is not very good to damp, simultaneously, the compo-

" nents of un associated to the large and to the small eigenvalues of A

from this observation, we can expect that scheme (3.3)-(3.5) is not

well suited to capture the steady state solutions of stiff problems

(like those obtained from the discretization of partial differential

equations) ; this has been confirmed by numerical experiments.

*1. ;Since

-'(3.19) e-  I x + -E- + x2 (x

* 2

and, from (3.17),

-r e J

.*~~~~~ -'-., -. .. %.' € """" '"" "",=
"

"""" € 4 ' '""



x 2  x2
(3.20) R1 (x) - I-x + r + x n(x),

V.with lim e(x) = limr n(x) - 0, we have that scheme (4.3)-(4.5) is
x-O x 0 0

second order accurate in the simple case that we have considered.

We observe, from (3.15) that if one takes a - $ - 1/2, then the two

linear systems which have to be solved, at each full step, are in fact

associated to the same matrix I + A.
4

Analysis of scheme (3.6)-(3.8) : We have this time

(3.21) un 1 - (1+ cAtA) -(I+BAtA)-I(1+ c~BAtI2 A2 )un

which implies

m . + 1+ a u.1
(3.22) U. 1+

- (1+ At X i)(I+ Mt )

If we define now R2 by

(3.23) R2 (x) 1 0 x2

we observe that 0 < R2 (x) < 1 Yx > 0, implying in turn, in the case

under discussion, the unconditional stability of scheme (3.6)-(3.8).

Since we have again

(3.24) 1him R2 (x) - 1,
X 4W

scheme (3.6)-(3.8) may behave poorly for stiff problems and be not too

efficient for capturing steady state solutions. About the accuracy of

scheme (3.6)-(3.8), we should easily prove that

(3.25) R2 (x) =-.x + x2+ x2 n(x),

- with lim n(x) - 0, implying if we compare to (3.19), that scheme

(3.6)-(3.8) is only first order accurate.

o .

""* " .' . , " " . - " ' *,." , , - . , V,''



The good choice for a and 8 is again a- 1/2.

Analysis of scheme (3.9)-(3.12): We have (with e, 1-2e)

U+ (I+ aeAt A)- (I-0eAt A)(i4.80At A)- (I-caO'&tA)
(3.26) -

x (I~ct6 At A) (1-Oe At A)u

which implies

n1 (1-8at.X oa tX
(3.27) u )) 2 (1cA X.)

-9-, Coside no the (1+t6AtX.)(1+00'At x
Consdernowtherational function Rdefined by

(3.28) R()-2
(1.aex) (1+88'x)

Since

(3.29) i. 1R (X)I 0 /a
X 3 4

we should prescribe

(3.30) a k

to have, from (3.26), (3.27), the stability of scheme (3.9)-(3.12) for
* the large eigenvaluee of A. We discuss now the accuracy of scheme (3.9)-

(3.12) ;we can show that

(3.31) R3 (x) - 1-i + -{I + (8-a 2 )(20 _46e1)) + xT~
03

with lim r)(x) - 0. It follows from (3.31) that scheme (3.9)-(3.12)
x -.0

is second order accurate if, either

9--,(3.32) a - m1/2 from (3.13))

or

4 0
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(3.33) e - 1- w2/2 - .29289....;

scheme (3.9)-(3.12) is only first order accurate if neither (3.32), nor
(3.33) holds.

If one takes a - 1 - 1/2 it follows from (3.27) that scheme (3.9)-

(3.12) is unconditionnaly etabe V9 e ) 0,1/2[ ; however since (from

(3.29)) we have

(3.34) lim R33(X)I - I

the remark done for scheme (3.3)-(3.5), about the integration of stiff

5'. systems, still holds. In general, we shall choose a and 8 in order to

4% have the same matrix for all the partial steps of the integration me-

thod, i.e. a,O,e have to satisfy

(3.35) ae - B(-2e)
.

which implies

(3.36) a- (1-2e)/(1-e), - e/(-e).

combining (3.30), (3.36) we obtain

;,,(3.37) 0 < e s5 1/3.

For e - 1/3, (3.36) implies a - " 1/2.

K If 0 < 6 < 1/3 and if a and 0 are given by (3.36) we have then

(3.38) him I1R(x)I -

Actually we can prove that e e J 0,1/3 ) and a and B given by (3.36),

imply the unconditional atabiity of scheme (3.9)-(3.12) ; moreover if

e E ] 0,1/3 E (with a, 0 still given by (3.36)), property (3.38) makes

that scheme (3.9)-(3.12) has good asymptotic properties as n + and

.4i for example is well suited to compute steady state solutions.

'- - - - - - -.-. -.- .--. -.... % . *.- .. -. S. .-.- .--... ... .. ,'. -, .-.'." , .'. '.. % .,.. . % I
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if e = 1 - V212 (resp.e - .25), we have ea 2-v/2, - v2-1, 8/a =/112

(reasp. a = 2/3, 1 = 1/3, 8/a - 1/2).

3.3. Application to the solution of the time dependent Navier-Stokes

Cguations.

We discuss now the application of the schemes described in Sec. 3.1

to the solution of the time dependent Navier-Stokes equations (2.1), (2.2)

with the initial value condition (2.5) ; we suppose for simplicity that

the boundary conditions are of the Dirichlet type, i.e.

(3.39) u on r (with ).n.

r
3.3.1. A first operator splitting method.

This method, which is directly derived from the Peacman-Rachford

8oheme (3.3)-(3.5) is described as follows

(3.40) u =

then for' n a 0 and 8t ating from un w ompute {un* 1/2, pU+1/2) and
u +I byi 8oZ7Yng

i u+1/2 U
:n+1"u n V . -n+1/2 +vn+1/2 U fn+l/2 + V un-n n

At/2 2 Z ZV

(3.41) 1/2V~n =0 in S

- un+1/ 2 = n+1/2 on r

and

un+ n+/2 _ nU .n+ I U fn~l+ Aun+1/2 n1/ 2 .- .u (u Mun  - p

(3.42) n+1 n+ian =n+ on r,

re.pectiveZ.

.. 3.3.2. A second operator splitting method

:.. This method is derived from scheme (3.9)-(3.12) and is described

as follows

S4 e r -C --
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(3.43) u u0

then for n a 0 and starting from un we solVe

n' e U e
" ~Vp -f Uu n- (u . V)u in f,
eAt .... 

. .

(3.44) V.n+e 0 in S,

n+e M ,+ o
I " e onr,

~+1-6 +-
.Vu Uu - u un~l.. + (u n+l.,e. V)u n+I- e

(1-20)At

n+1-e e Ae
(3.45) fn]- + (XVU. -VPn+ in 1 ,

n+l-e gn+I-e on r

n+1 n 1-B
- u LvAU+ I +pn+ 1 fn+ I + n+ -

eAt(u e n+-
(Ut ( n - .V)u n I - e in fl ,

(3.46) V.un 1 - 0 in Q,

n+I n+u~ -g u r.

For the choice of a and 0, see Sec. 3.3.3, below.

3.3.3. Some comments and remarks concerning schemes (3.40)-(3.42)

and (3.43)-(3.46).

Using the two above operator splitting methods we have been

able to decouple nonZinearity and incompressibility in the Navier-Stokes

equations (2.1), (2.2). We shall describe -briefly- in the following Sec-

tions 4 and 5 the specific treatment of the subproblems encountered at

each step of (3.40)-(3.42) and (3.43)-(3.46).n./2 n 8 n 1

We observe that un+1/2 and u , u are obtained from the solution of

linear probZem8 very close to the steady Stoke problem. Despite its

-. M -. . J ( qd. ~;: .¢ C-J J. .A ?. " ... -. ,_ .... , :,. ,- , _. -.%..
%... . ... 2..;. 2 , .%. .... .. •.. o •""v. " .
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greater complexity scheme (3.43)-(3.46) is (per step) almost as econo-

mical to use as scheme (3.40)-(3.42) ; this is mainly due to the fact

that the "quasi" steady Stokes problems (3.41) and (3.44), (3.46)

(actually convenient finite element approximation of them) can be solved

by qui# efficient solvers so that most of the computer time used to

solve a full step is in fact used to solve the nonlinear subproblem.

The good choice for a and B is given by (3.36) if one uses scheme (3.43)-

(3.46) ; with such a choice many computer subprograms can be used for

both the linear and nonlinear subproblems, resulting therefore in quite

substantial core memory savings.

3.4. Application to sigenvalue calculations.

3.4.1. Generalities. Synopsis.

The main goal of this section is to show that the concepts intro-

duced in Sec. 3.1 apply also to eigenvaZue caLculation. at least for
*4 ametric matrices (or operator). Since the resulting methods belong to

the class of the so-called inverse power methode, the new approach brings

very little to the linear eige~nalue probZem (for which a basic reference

is [23) ), but it is nicely suited to solve nonlinear eigenvalue problems

like for example the Hartree equation in Quantum Physics (see [24) , [25]

for more details).

3.4.2. Formulation of the problem.

Let A be a 8ymetric N x N, real matrix ; we denote by X. the* o,1

eigenvalues ofA and we suppose that Xl X S "'1 2 *N
We concentrate on the calculation of the smallest eigenvalue of A

(i.e. Xl). it is well known that XI satisfies

(3.47) - Min (Av,v),
ves

* where

(3.48) s Iv*{lv mN, vil -

NNN
4 (v,w) E ~vw.,v v}N w -(WA

(3.49) i 2. -
" 1 i1' i

,III - (vv)

0.
-V
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Let introduce now the functional I defined by

{. if v C ,
(3.50) 1 s(V) + Go if v S

I is the indioator fiuntionaZ of S. We clearly have

(3.51) X1/2 - Min I(Av-v) + I )).
v REN

Suppose that I is differentiable (which is definitely not the case)

and denote by BIS its differential ; if u is a minimixer in problems

(3.47), (3.51), i.e. an eigenvector of norm one, associated to X1, u

satisfies

(3.52) Au + R s(u) - 0

It is then quite natural to associate to the nonlinear "equation" (3.52)

the initial value problem below

(du
+-Au+ aI.( ) AuJdt -- s1()-

(3.53)

_ u(O) m U0

. and to look for the steady state solutione of (3.53), i.e. to lim u(t),
t,. +O.D

if such a limit exists. From the special form of (3.53), it is tempting

to solve it using the operator sp'itting methods discussed in Seacs. 3.1,

3.2. The resulting algorithms are described in the following Sec. 3.4.3.

3.4.3. Solution of (3.52), via (3.53), by operator splitting methods.

We apply now the operator splitting methods of Sec. 3.1 with

A1 - aiS , A2 - A and f - 0.r Application of the Peaceman-Rachford scheme (3.3)-(3.5)o0
(3.54) u 0  9

" a%

,.o

..1 , " ' . r . -* r
..14 . " . ,i ,v Z . . 2,_. .,e . .2 ?,°..r ; .; ': ,.. '.'. ." . .. ,'. ._. .,. .- ,; ;

". .. " "p'/ " ..% ' -',- ..'- " " . , A 4 P-.4 .. , " ,-* 4 -'. . 4 -" .. " " - ' "" .4 " "" """ ' -'". : ."
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I..[.

then for n a 0 with un known we compute eucceeeiveZly un / 2 and un + by

n+1/2 n

(3.55) + ( t+1/2 + A u n 0,At/-2 ) S

u n+ 1 n 1/2

(3.56) n/ I n 1/2) Aun+ -0
AtI2 + .aI (u + -

Application of the Douglas-Rachford scheme (3.6)-(3.8)

(3.57) u 0

then for n a 0, with ui known we compute euoceasivez, e8 and un+ by
u~n4- n

n+ -Un+
(3.58) + IS( n  ) + A u 0,

n+1 n
u -u n+1 n+1(3.59) 31 + 0IS + A u -0

Application of the three stages scheme (3.9)-(3.12)

(3.60) u - u

then for n k0 ., with u known we compute eucoeaeively u .u

and u n+ l by

un+ un  n+ n

(3.61) Zeat + I(u + A u -0,

n+l-e n+e
" : -- n+8 un+ l-

(3.62) + (  + A u 0,
(1-2e) At

n+1 n+l-e
-_._-____ n+1 n+]1

(3.63) + I (u )+ A u -0.
eAt

In order to derive more practical formulations of the above algorithms,

let consider algorithm (3.54)-(3.56) (the conclusion to be obtained will
hold also for the two other methods)

.* , .' ,% " % % " . .. . % . . r . . .4* .
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We observe that (3.55) is in fact a necessary condition of optima-
lity, for the following minimization problem

Find u c I /2 cS such t hat

(3.64) Jn(un I/2 J(V), YV C S,

with

Jni - (un-Atv 1 1 unv

n I 2 -A-t

Since I1vi1 - 1, Vv c S, the solution of (3.64) is given byS n

A u

On the other hand it follows from (3.55) that

At alS(un+1/2 n At An -uu1/2- S u --- -.

which, combined to (3.56), implies

At n+1 2ufl+1/2 U( _-t(I +- )u -- - A u

Collecting the above results we obtain the following practical formulation

for algorithm (3.54)-(3.56).
S.

Practical formulation of algoritm (3.54)-(3.56)
00

0
."(3.65) u° =u ,

then for n O, oomputep and un+l , from un , by

n U At(3.66) u - _ A -p

22

n+It A) -1 2__I pn [

(3.67) u l  +

2',4ni

: ; .. ."-'-", "-... .... "-: .. , "- "-"- -"""" ., ". - . - ... ',,, . ."'"""-",. '\ ,: . -: . , -% ,'-%. ," , " , -, - ','
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K. Using similar calculations we should obtain the following formulations

for (3.57)-(3.59) and (3.60)-(3.63)

Practical formulation of algorithm (3.57)-(3.59)

0(3.68) u au

then for n z 0, compute p and un*  .om b

"-'"n n 1
(3.69) p n u -At Au,

Nn

(3.70) u = (1 + At A) {n + - p

Practical formulation of algorithm (3.60)-(3.63)

(3.71) u0  u
o- .0

n n+e n+eI1-e n+I-e n+1 n
tJn for n 0, ocompute p ,u ,u ,p ,u ,from by

_ o.

n n n(3.72) p =u -eAt A u

pn
". ';n+e(3.73) u

- IIPnII

' n+l- e  - 1-e n+8 1-2e n. (1 + (1-2e)At A)(1 n
€ / (3.74)

-.. (I + I -2e)At A)*I(.l -  l 12)p ,
:.,.. -1 7- Iu

(3.75) n+l-e n+ I - eAt A in+ I -e

0.:-. (3.76) np = u *;;i 1 - *a o~u
):':':" + l-e

' '";1) "(3.76) u ~ M"

From the above relations the three algorithms which have been described

appear as variations of the well-known inverse power methods (see, e.g.,

[23 J for a detailed analysis of such methods). From our numerical expe-

S-. riments the various vector sequences generated by the above algorithms

converge Zinearl to an eigenvector associated to the smallest eigenvalue
n n

X1, while (A un , un) converges quadraticaZly to X 1 Actually the conver-

-T-. "

i," " ~ 
5

*
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gence is still good if X is a mu ltiple eigenvalue. it is interesting

to observe that the fastest algorithm is (3.71)-(3.76), then (3.65)-

(3.67), then finally (3.68)-(3.70) ; these results agree with the

analysis done for the trivial linear problem that we considered in

Sec. 3.2.

In the following sections we go back to the Navier-Stokes equations

and their numerical treatment.

4. Least squares conjugate gradient solution of the nonlinear subproblems
obtained from the time discretization of the Navier-Stokes Equations by

the methods of Section 3.3.

4.1. Classical and variational formulation. Synopsis

At each full step of the operator splitting methods (3.40)-(3.42)

and (3.43)-(3.46) we have to solve a nonlinear elliptic system of the

following type* I au - vAu + (u.V)u -f in Q,
(4.1)

u - g on r,

where a and v are two positive constants and where f and g are two

given functions defined on Q and r , respectively. We do not discuss

here the existence and uniqueness of solutions for problem (4.1).

We introduce now the following functional spaces of SoboZev'a type

02
(4.2) H L2() Vi L ( 2...,N

(4.3) H (1) - {0'E H (0) *l 0on r,

(4.4) V - (H ,())N

(4.5) Vg -{vlv c (H1(f))N, v - g on r}

if g is sufficiently smooth thea V is nonempty.
g

We shall use the following notation

i I-~ ~ -~ I - |..
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dx - dxl,..., dxN

"'and if u - fui i1 , v - {v i -N then

? ~ u~ i v,
N N N au.Vu.Vv- E u.v.

*** i1 1  -2 .i-1 j-1 j

Using Green's formu a we can prove that for sufficiently smooath functions

u and v belonging to (I 1 (a))N and Voa respectively, we have

(4.6) -Au.v dx -Vu.Vv dx

It can also be proved that if u is a solution of (4.1), belonging to Vg,

it is also a solution of the following nonlinear variational problem

"~ Vg

(4.7) r

( f : } + v u d + ((u.V)u).v d - f.dx. vV

and cooersely. We observe that (4.1),(4.7) is not equivalent to a

problem of the Calculus of Variations since there is no functional of

.-: : v with (v.V)v as differential ; however using a convenient least squares
.... formulation we shall be able to solve (4.1), (4.7) by iterative methods

originating from Nonlinear Programing, such as conjugate gradient for

- example.

4.2. Least squares formulation of (4.1), (4.7).

Let v c V ; from v we define y (- y(v)) e V0 as the solution of

ay -(Ay - cv - vAv + (v.V)v -f in 0 ,

(4.8)
%'';y 0 oOn r.

We observe that y is obtained from v via the solution of N uncoupled

linear Poisson problems (one for each component of y), using (4.6) it

can be shown that problem (4.8) is equivalent to the linear variational

problem

- - 2 -- '" ' % %
.- -.-.. 4 4.,. . ,.,, ,.,. -. . -" . -.. , . .- "... ,.... .,..,.,, , 44., ,.. / . , , , e . . ,, . '. , % ,.e ' ' ,,,,



La. -20-
D'a

Find y c V such that, Vz e V ,we have
0 - 0

r r

+ f ((V.V)V).! dx - f.z dx,

which has a unique soZution. Suppose now that v is a solution of the

nonlinear problem (4.1), (4.7) ; the corresponding y (obtained from

,-. the solution of (4.8), (4.9)) is clearly y - 0 ; from this observation

it is quite natural to introduce the following (nonZinear) Least squares

formzulaton of (4.1), (4.7)

{ Find u e V such that

(4.10)
J(u) < J(v), Vv C v,

1 Nwhere J (H (0)) IR is the function of v defined by

(4.11) 1 v r j172 + IY21d

where y is defined from v by (4.8), (4.9). We observe that if u is solu-

tion of (4.1), (4.7), then it is also a solution of (4.10) such that

J(u) - 0 ; conversely, if u is a solution of (4.10) such that J(u) - 0,

then it is also a solution of (4.1), (4.7).

4.3. Conjugate gradient solution of the least squares problem (4.10).

*4.3.1. Description of the algorithm.

We use the Polak-Ribitre version (see [26]) of the conjugate

gradient method to solve the minimization problem (4. 10) ; we have then

(with J' (v) the differential of J at v)

step 0 : Initialization

(4.12) u°  V, given;

we define then go , wC V by

"'' °............ ...... - *- .. - .. ,.- . . . ...-- . { k ! ] ,
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f fV....

(4.14) o : o ,

r s'.l. e.

Then f'or n aO, asewnin tha u , ae knwn weoti,

..";iStep I D escent

(4.14) w
,J(nn x n) ( n),~ W n Y,

(4.16) Un+1 U P

- Step1 : Caculation of the nw descent direction

Find g C Vo  uch that

(4.17)
":" gn~ J n+l U+1

?+',a z dz + v ~ .Vz dx =<j'~ ),z> ,Z Cz V ,
f 

0

...- +") v ( wVn), V n )d

N -

(4.18) YA

= n "

f~g, fl 1 140/ tha

Do n - n+, go t1o (4.15).

*As we shall see, applying aldoritbm (4.19), to solve the

• x VJ vs1 2
d

Doas qa re pr1oblto (4.1). reursteolinatacieain

'-" of exactly thr'ee Diriohiet systems (i.e. 3N scalar Dirichlet problems)

associated to the elliptic operator (%I-vA

_,. .<, ..,.... ,._.+,, ...:...:,:::.:.:, :L. .::+ .,+',:,:,..':+:'.-.,.5: -:.::-o.,:. ' -'- '-. -'.. --,"-" ''- -.- -% -- -..
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* 4.3.2. Calculation of J'.

A most important step when making use of algorithm (4.12)-(4.19)

to solve problem (4.10), is the calculation of <J,(Un+| ),z> at each

iteration ; we should easily prove (see, e.g., [5) , [22D that J'(v)

can be identified with the Linear functionaZ from V to E, defined by
o0

<J'(v),z> - a L y.z dx + v JVy.Vz dx~~~~~~(4.21) 1 " ..

w + J y.(v.V)z dx + f y.(z.V)v dx, Vze V°0where
N aw. N

(v.V)w -{ E v. - N v
~ ~ ~ j i-I

<J' (v),z> has therefore a pureZy integral representation, which is
of major importance in view of finite element (or spectral) implemen-

tations of algorithm (4.12)-(4.19). From the above results, to obtain

<J' (u n+),z> we should proceed as follows :

-,. (i) Compute y n+, associated to u n +  by (4.8), (4.9), as indicated

in Sec. 4.3.3, below.

"". un+1 )n+ 1 n+ 1
(ii) We obtain then <J'(Un ),z> by taking v u and y - y

in (4.21).

4.3.3. Calculation of X • Further comments on aloritm (4.12)-(4.19).

A problem of practical importance is the calculation of X . Letn

denote by yn(X) the solution of (4.8), (4.9) associated to v - un - XWn

we clearly have

422) yn (0) n n)

and also

(4.23) yn M ~Yn Xy X 2)n

n nwhere yI' Y2 are the solutions of

%- ,

.-

. .,- . . , .. - . . . .. - .. . ,. - -. . . , ' .. -.- - , ' . . , .
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(l vv- Ln-VAw + (un V)w W+(n .V)un in 11

(4.24)

0on r',Icyn ,viyn -(wn,.V)V n ,

(4.25) 2 o

respectively. Since

n_ n 1 J n (L 2 + V I yn 1) d(4.26) J (U - w f ~ y()

the function X~- J(U n_ iwxi) is, from (4.231 a qaaztio polynomial in X

that we shall denote by j n () A n is therefore solution of the cubic

equation

(4.27) jn(X) - 0

We shall use the standard Newton method to compute X from (4.27),n
starting from X - 0. The resulting algoritza is given by

0(4.28) x 0,

then for k 2: 0, we obtain Xk1 from X by

j(Ak)

(4.29) x\+ xk-

In our calculations, we always observed a very fast convergence of

n1 n
(4.22))y' M y X )

If we count now the number of Dirichlet 8y8tJ78 for aI-vA, to be solved

at each iteration, we observe that we have to solve only three such

systems, namely (4.24), (4.25) and then (4.17) (to obtain g )+ I this

number is optimal for a nonlinear problem since the solution of a linear

Al -

V V V
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problem, by least squares-preconditioned conjugate gradient, requires

the solution at each iteration of two linear systems associated to

the preconditioning operator.

From the above remarks, it appears clearly that the practical

implementation of algorithm (4.12)-(4.19) will requires an efficient

(direct or iterative) elliptic solver, like one of those discussed

in £27) , [28] . As a final comment, we would like to mention that

algorithm (4.12)-(4.19) (in fact its finite dimensional variants) is

quite efficient ; when used in combination with the operator splitting

methods of Sec. 3, three to five iterations suffice to reduce the value
4 6of the cost function by a factor of 10 to 10 ; however in view of

other applications we are testing now some of those methods combining

the features of conjugate gradients and quasi-Newton algorithms, such

as the methods discussed in [293, [30) (the results recently obtained

for the calculation of traneonic potential flow. containing shooks, look

very promissing).

5. Solution of the "quasi" Stokes linear subproblems.

5.1. Generalities. Synopsis.

At each full step of the splitting methods discussed in Sec. 3.3

we have to solve one or two tinear probl.ns of the following type

au c- VAu + Vpinf in Q,
I u - - - .

(5.1) V.u -0 in Q,

u g on r (with g.n d -o),

where a and v are two positive constants, and where f and g are two

given functions defined on 1 and r , respectively. We recall that if

f and g are sufficiently smooth, then problem (5.1) has a unique
-olution in V x (L2 ()/GR) (with V still defined by (4.5) ; p e L2(/I

g g
means that p is defined only to within an arbitrary constant). We shall

4 describe below two iterative methods for solving (5.1), quite easy to

implement using finite element or spectral methods (more details are given in

% b
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[5) * [22 J , together with convergence proofs ; more methods are

-"-* discussed in [5] ).

5.2. A conjugate gradient algorithm for solving (5.1).

A complete justification of the following algorithm is given in

[5] ; we can say briefly that eliminating u in (5.1), it appears that

p is solution of a linear functional equation associated to an opera-

tor which is self ajoint and strongl elliptic from H onto H, where

H *I -{qlq c L2 (), 1 q dx O}

Such properties justify a conjugate gradient solution of (5.1) and

lead to the algorithm below

(5.2) p 0 L2 ( ), given,

Mu0 AU0 if Vp0

(5.3) -
"= on,

(5.4) g V.u

( 0 0.5) o

n " a n+l n+1 n+Then for n O, p, gw being knowno ompute p ,g ,w as

So lve

(5.6) ~ w

I gnj[2 dx

'"." 
~(5.7) n =,

, :.. +,V. 
e wdx

P"'"n 
+ 1 l a

P4. (5.8) p = p - i w,

. .""- - -""""""+""""+"*,'.- """.- ".'""""- +. ",' ,% ,',",.+"".%'%. 
,' .• ,% ""-"" d', .'%"""". "- '%', ,"""'",, .'. "". . .

'l. ie . , . " . ,. o . r " .. . " o . o .. ' . . r, .- ,. . .. ,. ,r - . . ,, ,' . . ' +, . . " J F ' . "" . +" . '. . ' . '

W 7." - , ', , . . . . ."+ ." . . . . . . . .' ." ;:.", ." ' ,"," '.". - " , " . -'J" .,,, ' ' '-" .

" - 1,.,'.* ' ' . "; .. .... -,' ' ",..,'.,- ' ' .' ,,",", , ,"+ 'V ''' , ; \' '" 
% "" . .,X
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'V

n n 1n 2 dx

(59)Y JIgnI2 d.-

(5.10) w n+1 + Yn w

Do n - n+1, go to (5.6).

We observe that algorithm (5.2)-(5.10) requires the solution at each

iteration of only one Dirichlet system, namely (5.6). It can be proved

that

(5.11) li {un, pn) _ {u, pol
n -). c

where {u, p0 is that solution of (5.1) such that

r 0
Pdx p dxJ 0

5.3. A second iterative method for solving (5.1).

This method is defined as follows (with r a nonnegative parameter)

(5.12) p0 e L2 ( iE), given,

then f n 0 ,define unl and pnl from p

. ) nu n V,un - r V(V.u) f -Vp"

(5.14) pnl P p V.un

The above method is related to the atificiaZ compressibility,, methods of

Chorin and Yanenko since (5.14) can be considered as a discretization of

.. 2E a+ V.u =
. '- *at ~ ~

%. %

% ' ' Il



-27-

a.

( p then plays the role of a time step).

About the convergence of (5.12)-(5.14) we should prove (see, e.g.,

[5, Chapter 7] for such a proof) the following

Proposition 5.1. Suppose that

(5.15) 0 < p< 2(r+ .;

a..

we have then
(5.16) r {un, pn} .{u, po strongly in (H1 (R))N x L2(0)

* where {u, po} is the olution of (5.1) such that

Spo dx Jp d.

Moreover the convergence is Linear (i.e. 11u?- ull (,lrl,))N anzd

lipn ol- L converges to ,ero as fast, at Zeast, as geometric

sequences).

Remark 5.1:(About the choice of p and r ) We should use p - r in

practice, since it can be proved in that case that the convergence

ratio of algorithm (5.12)-(5.14) is 0(r- ), for large values of r. In

most applications taking r - 102 V to 104 V we have a practical conver-

gence of algorithm (5.12)-(5.14) in 3 to 4 iterations. There is however

a practical upper bound for r, since, for too large values of r, problem

* (5.13) will be ill-conditioned and its practical solution sensitive to

round-off errors.

Remark 5.2 : If r = 0, problem (5.13) reduces to the solution of N un-

cozq4ed (one for each component of un) scaZar Dirichiet problems for

aI-VA ; if r > 0 the N components of un are coupled by V(V.u n), making

the solution of (5.13) much more costly. In fact, the elliptic operator

_ ., ,. .... %.. '. .... '-*.'..'....."., .. . .. . . . " ". . '. ..
, € o -* \ ' ".. - . ,. . * % %-%.iJ% o,.. , -. • . = . ". % . ' % , .% . a
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in the left hand side of (5.13) is very close to the linear elasticity

- operator, and close variants of it occur naturally in compressible and/or

-. turbulent viscous flow problems.

Remark 5.3 :Other methods for solving (5.1) are discussed in [5) [31),

* . [32 1

6. Finite Element Approximation of the Time Dependent Navier-Stokes

Equations.

We shall describe in this section a specific class of finite

element approximations for the time dependent Navier-Stokes.

Actually these methods which lead to continuous approximations for

both pressure and velocity are fairly simple, and some of them have

been known for years. They have been advocated for example by Hood

and Taylor (see [33) ). Other finite element approximations of the in-

- . compressible Navier-Stokes equations can be found in [13, [2), [4 , [5),

[34 J (see also the references therein).

6.1. Basie hypotheses. Fundamental discrete spaces.
2We suppose that SI is a bounded polygonal domain of M . With

* h a standard finite eVement trianuZation of 0 , and h the maximal

length of the edges of the triangles of , we introduce the following

discrete spaces (with Pk = space of the polynomials in two variables of
degree : k)

(6.1) {q h £h C °  (I' T PI, VT ' h

(6.2) Vh - {Vhl~h e C0 (5) x C°(5), v!hIT e P2 X P2, VT e 1C,h

(6.3) Voh "{(hCVh hC " on r) - vh o V

Two useful variants of Vh (and Vh) are obtained as follows : either

" (6.4) Vh { hIh c (5) x C°(5), hIT I P1  V p 1 '

• 5,.•• ' . - o o •. o . * -.hT P VT
'. -

-IN
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i or (this space has been introduced in [35 3)

(6.5) Vh "!h'l!h c C°(§) °), !hlT I PIT X PIT' V c '.
In (6.4), V' is this triangulation of 11 obtained from cgh  by joining

the midpoints of the edges of T e , as shown on Fig. 6.1 ; we have

" the same global number of unknowns if we use Vh defined by either (6.2)

or (6.4), however the matrices encountered in the second case are more

compact and sparse. In (6.5), PIT is the subspace of P3 defined as fol-

lows
,.'

(6.6) P1 {qlq q, + X0 wit q~c P1,vm. Ms dT

0 on aT, TIT) ( 0

where, in (6.6) GT is the oent2o(4 of T (see Fig. 6.2 below). A function

like T is usually called a b ebble-'unction.

GT

Figure 6.1. Figure 6.2.

6.2. Approximation of the boundary conditions.

If the boundary conditions are defined by

(6.7) u -g on r with g.n dr - 0,

r
it is of fundamental importance to approximate g by g such that

-aa
,g hn dr - 0. The construction of such g is discussed in [5, Appendix 3 .

h -hp
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6.3. Space approximation of the time dependent Navier-Stokes equations.
Using the spaces Hh, Vh and Voh we approximate the time dependent

Navier-Stokes equations as follows

Find {Uh(t), ph(t)} C Vh X Vt k 0, such that

r hu Vt 0 uhta

J dx + Vu dxh hdx+ J v dx

(6.8) Q

+ f Vph.h dx f !h. dx, Vvh Voh

(6.9) J V'Uhqhdx-OVqh£H ,

(6.10) Uh gh on r ,

(6.11) U h(x,O) " uoh (with Uoh C Vh) ;

in (6.8)-(6.11), fh' Uoh and ghare convenient approximations of f,Uoand g,

respectively.
6.4. Time discretization of (6.8)-(6.11) by operator splitting methods.

We consider now a fully discrete version of scheme (3.40)-(3.42)
discussed in Sec. 3.3 ; it is defined as follows (with At as in Sec. 3.3)

(6.12) u0  Uh

then for n k 0, compute (from u){Unl 2 Pl/}C V X %, and the

- U+ 1  C Vh, by eoaving

n+1/2 n

At7 A /2 'Y h dx + JY h hdx + j; v h dx

(6.13)~ 
-1-"f n1 2 "h V 2 J h hdx (u.V)un

%h % .

" - (Uh' V)Uh'Vh... .- h........
"""ir .-
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(6.3) n+1/2 £h p n+1/2 CI un4'1/2 9n+1/2 o
(.)3 h h h £ h h nr

and
un+1 n+1/2J h h x.*vuu

At/2

n4.I n+1 .1(6.14) + f(u V) h '! dx fh v h dx

n n+1/2 
n12

(6.15) +h 'h' I n+h on r,

h- u- _9h

respective 1L/*

The same techniques apply to the space discretization of scheme

(3.43)-(3.46) (see [5) for more details).

The solution Of the various subproblems encountered at each step of

(6. 12)-(6.15) can be done by the discrete variants of the method die-

" cussed in Secs. 4 and 5, see,again, [5) for more details.

7. Numerical experiments.

We illustrate the numerical methods described in the above sections

by the presentation of the results of numerical experiments where these

C methods have been applied to simulate some incompressible viscous flows

of practical interest. All the calculations which follow have been done

"V. using the finite element method associated to the discrete spaces defined

by (6.1), (6.3), (6.4) (some preliminary and promissing results have been

obtained recently, using Vh defined b-7 (6.5), (6.6)).

7.1. A first class of test problems

We consider the solution of the Navier-Stokes equations for the
flow of an incompressible viscous fluid in the channel with a step of

Figure 7.1. We have selected this problem since it is a quite classical

and significant test problem for Navier-Stokes solvers (see [34 ] for

vV"N.,.,

'p ,- ., > ". -. , -, -.- ., , '., '. "<-".- ' , . .-'..-.'
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a comparison of various methods for solving this test problem). The

finite element triangulations used for these calculations are shown

on Figure 7.1. ; the coarse (reap. fine) one is used for approximating

the pressure (resp. the velocity).

Nodes 619 2346
Triangles 1109 4436
Cholesky's coefficients 21654 154971

Figure 7.1.

We have also indicated on Fig. 7.1., the number of nodes, triangles,

and nonzero Cholesky coefficients of the matrix approximating - A (reap.

,I-vA) on 'h (reap. ). The methods described in the above sections

- have been applied to compute the steady state solutions of (2.1), (2.2)

0 for the following boundary conditions

.(7.1) ~ u satisfies Poiseuille velocity profiles at the entrance

and exist of the channel and is equal to 0 elsewhere on r.

We have taken Re - 100 and 191. The numerical results agree quite well

with those in [34 j, 36] and show a clear superiority of the schemes

derived from (3.43)-(3.46), over the schemes derived from (3.40)-(3.42).

For the scheme (3.43)-(3.46) we have tested e - .25 and e -I-2/2 (for

'the same At) ; the convergence to the steady state is faster with the

N. N. %
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second value of e (for this class of problems at least). We have shown

on Fig. 7.2 (rasp. Fig. 7.3) the etrewi lines (rasp. the isobar lines),
of the steady state solutions corresponding to Re - 100 and Re - 191.

We observe that the size of the reoircuZ4tion region increases with Re.

Re- 100

mom
Re- 191

Figure 7.2.

Stream lines

Re10

* Re -100

* Figure 7.3.

Isopres sure lines
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7.2. A second class of test problems

The second test problem that we considered is much more complica-

ted than the first one, since it concerns the simulation of an incom-

pressible viscous flow around and inside a (two-dimensional) nozzle at

high incidence (40 degrees), and at Re = 750 (the characteristic lengtn

being the distance between the walls of the nozzle). We used the same

kind of finite element approximation than in Sec. 7.1. Figures 7.4, 7.5

show the details of the triangulations lh and ch' respectively, close

to the air intake, Figures 7.6-7.10 show the stream lines and the vortex

patern of the flow at t - .0, .2, .4, .6, .8, the initial velocity being

associated to the corresponding steady Stokes flow, and a suction phe-

nomenon being simulated inside the nozzle.

Ih ENLARGEMENTAROUND AN AIR INT KE

" Figure 7.4.

.: Pressure grid

a"

.. .-.. ... ... ; .. ;. . .... V..... . '; ; ; :.;' ; ' \ % %

a.%
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ShENLARGEMEN'TAROUJNDAN AIR INTAML

Figure 7.5.

Velocity grid

~% % % % % N'' No4% V~:
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1
.

ReFigure 7.6.

Re 750, t - .0
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4,,

I.N

Figure 7.7.

Re n 750 ;t -. 2
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8. Conclusion

We have presented in this paper numerical methods for solving the

time dependent incompressible Navier-Stokes equations. One of the key

ingredient to make the solution process faster, and less demanding from

the computer storage point of view, was definitely the use of operator

splitting methods in order to decouple the two main difficulties of the

problem, namely the nonlinearity and the incompreesibiit. Others split-

ting methods for the incompressible Navier-Stokes equations are discussed

in 37) - r40 J ,[ 1 ,[17 . Another important reference for operator

splitting methods is [41) .

Application of these splitting methods to nonlinear eigenvalue

problems will be discussed in a forthcoming paper.
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