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// ABSTRACT
7/ Splitting methods provide efficient tools for solving linear and
nonlinear time dependent problems modelled by partial differential
equations. In this report we discuss the numerical solution of the Navier-
Stokes equations for incompressible viscous fluids by such methods. The
splitting permits decoupling the two main difficulties in the problem, namely
the nonlinearity and the incompressibility. Actually these splitting methods
have a broad range of applicability and can be applied for example, to the
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SIGNIFICANCE AND EXPLANATION

The numerical solution of the Navier-Stukes equations for incompressible
viscous fluids is a complicated problem, particularly for sufficiently large
Reynold numbers where strong nonlinear effects are present. Usiig an
appropriate operator splitting method, we show in this report that it is
possible to decouple the two main difficulties in the problem, namely the
nonlinearlity and the incompressibility condition. This reduces the solution
of the time dependent problem to a sequence of simpler stationary problems,
which can be solved in many cases by standard procedures such as conjugate
gradient algorithms, simple finite element approximations, etc... .

It is also shown in this report that these splitting methods can be
applied to eigenvalue calculations and in fact, they have been applied
elsewhere to the solution of nonlinear eigenvalue problems such as the Hartree
equation in Quantum Physics.

Numerical results show the possibility of the solution methods discussed
in this report when it comes to the simulation of flows closely related to
practical problems.

On the basis of these numerical results and accompanying experiments it

appears feasible to apply these techniques to simulate r
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SPL{TTING METHODS FOR THE NUMERICAL SOLUTION OF THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

R. Glowinsgki

1. Introduction. Synopsis

Solving by numerical methods the Navier-Stokes equations, in
order to simulate unsteady flowe of either incompressible or compres=
gible viscous fluids, is still a challenging problem. This important
problem has motivated the work of many scientists (see, e.g. TEMAM [1],
GIRAULT-RAVIART [2 ], RAUTMANN [3], THOMASSET (4], GLOWINSKI [5] for
references). Concentrating on the incompressible case we would like to
show in this paper that operator splitting methods, like those advocated
by Professor G.I. Marchuk in [6], provide quite efficient numerical sche-
mes for solving the time dependent Navier-Stokes equations. The content

of the paper is as follows :

In Section 2, we describe and comment the Navier-Stokes equations

modelling unsteady flows for incompressible viscous fluids. In Section 3
we discuss some general schemes using operator splitting and apply

them to the Navier-Stokes equations in order to decouple incompres-
8tbility and nonlinearity (in fact we could not resist concluding
that section by showing that the same principles also apply to
etgenvalue calculations). In Sections 4 and 5, we discuss the speci-
fic treatment of the nonlinearity and of the incompressibility, res-
pectively, Finite Element Approximatione are discussed in Section 6,
and finally we show in Section 7 the results of several numerical ex-

periments designed to test the methods previously discussed in the

paper.
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‘- 2. Formulation of the unsteady Navier-Stokes equations for incompres-
_\ sible viscous fluids. .
3-: Let us consider a newtonian viscous and incompressible fluid,
' If 8 and T denote the region of the flow and its boundary, respec-
f;f tively, then this flow is governed by the Navier-Stokes equations
\ du
> 2.1 3—;- - Viu+ W.Vu+ Vp=f£f in Q,
A (2.2) Vau =0 <n Q (Zncompressibility condition).
,'.;:
22X In (2.1), (2.2) :
)
<3 . N . .
ol (1) us= {ui}i-l is the flow velocity,
ey -
1Y
hY

S (ii) p 1is the pressure,

4
Ay

(iii) v 1is the viscosity of the fluid (in normalized units we have

ey
) ':-: v = ]/Re, where Re is the Reynold's number),
“‘ (iv) £ is a density of external forces.
'.}_: In (2.1), (U.V)u is a symbolic notation for the nonlinear (vector)
:j_‘:f' term :
o
[ ) N aui}N
.‘:J { Z u. R .
o g 3 e
;' Boundary conditions have to be added ; for example, in the case of
7 the airfoil A of Fig, 2.1, below, we have (since the fluid is viscous)
A the following adherence condition ‘
o (2.3) u=0 on W =T, .
0.
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SPLITTING METHODS FOR THE NUMERICAL SOLUTION OF THE
INCOMPRESSIBLE NAVIER~STOKES EQUATIONS

R. Glowinski

l. Introduction. Synopsis

Solving by numerical methods the Navier-Stokes equations, in
order to simulate unsteady flowe of either incompressible or compres=-
aible viescous fluide, is still a challenging problem. This important

problem has motivated the work of many scientists (see, e.g. TEMAM [11],
GIRAULT-RAVIART [2 ], RAUTMANN [3], THOMASSET [41], GLOWINSKI [5] for
references). Concentrating on the incompressible case we would like to
show in this paper that operator eplitting methode, like those advocated
by Professor G.I, Marchuk in (6], provide quite efficient numerical sche~
mes for solving the time dependent Navier~Stokes equations. The content

of the paper is as follows :

In Section 2, we describe and comment the Navier-Stokes equations

. modelling unsteady flows for incompressible viscous fluids. In Section 3

we discuss some general schemes using operator splitting and apply

them to the Navier-Stokes equations in order to decouple incompres-

sibility and nonlinearity (in fact we could not resist concluding

that section by showing that the same principles also apply to

eigenvalue calculations). In Sections 4 and 5, we discuss the speci-

fic treatment of the nonlinearity and of the incompressibility, res-

pectively., Finite Element Approximatione are discussed in Section 6,

and finally we show in Section 7 the results of several numerical ex-

periments designed to test the methods previously discussed in the
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2. Formulation of the unsteady Navier-Stokes equations for incompres-

sible viscous fluids.

Let us consider a newtonian viscous and incompressible fluid.
L If @ and T denote the region of the flow and its boundary, respec-

tively, then this flow is governed by the Navier-Stokes equations

E 2.1 ;% - vAB + (E'Y)E + Yp =f in Q,

2; (2.2) Voau =0 in Q (incompressibility condition).
;i In (2.1), (2.2) :

- (i) u-= {ui}I;_1 is the flow velocity,

(ii) p 1is the pressure,

¢
(S T T VS

(iii) v 1is the viscosity of the fluid (in normalized units we have

»

v = 1/Re, where Re is the Reynold's number),

e &TA ¢
(] L I
P S

(iv) £ 1is a density of external forces.

;: In (2.1), (U.V)u is a symbolic notation for the nonlinear (vector)
.2 term :
v
[ N Bui N
o {Z u, =}, .
& jul 9 9%y iml

Boundary conditions have to be added ; for example, in the case of
the airfoil A of Fig. 2.1, below, we have (since the fluid is viscous)

I

the following adherence condition

A
g

- (2.3) u=0 on 3 =T, .
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Figure 2.1,

Typical conditions at infinity are
(2.4) u=u_ ,

where u_ is a constant vector (with regards to the space variables

at least).

Finally, for the time dependent problem (2.1), (2.2), an initial condition
such as

(2.5) E(x,O) = go(x) on Q ,

where u, is given (with V.u° = 0), is usually prescribed.
With the methods described in this paper, we can also treat boundary

conditions such as

i% du
to . (2.6) u=g, 2 on 1“0, Vo TP g onI‘l,
i
o
;f; where Fo, Fl are subsets of I such that Fo n Tl g, Fo u Tl r,
:}: and where n is the outward unit normal vector at I (see [5, Appendix 3]
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%: for the numerical implementation of (2.6)).
ﬁ; In two dimensions, it may be convenient to formulate the Navier-Stokes
i: equations using a gtream—function-worticity formulation (see, e.g.,
‘ FORTIN-THOMASSET (7], GIRAULT-RAVIART [2] , GLOWINSKI-PIRONNEAU (81,
? REINHART [9 ], KELLER-SCHREIBER [10] , GLOWINSKI-KELLER-REINHART [11],
= ROACHE [121]).
N Solving the above Navier-Stokes equations, even at moderate
;ﬂ Reynold number (say Re = 103), is a non trivial task because the
:¥ following difficulties
(1) It is a nonlinear system of partial differential equations,
(ii) We have the incompressibility condition (2.2).
'. In the following Section 3, we shall see how time discretiaation by opera-
j{ tor splitting methods can decouple the nonlinear and incompressibility
\ difficulties.
‘i\ To conclude this section, let us mention that a mathematical ana-
\5. lysis of the Navier-Stokes equations for incompressible viscous fluids
. can be found in e.g. LIONS [13], LADYSHENSKAYA [14], TEMAM [1] and
:: TARTAR [15] .
)
- 3. Time discretization by operator splitting methods. Applicatioms.
'”E 3.1. Generalities. Description of the basic schemes.
:i{ Let us consider a real Hilbert space B ; we consider in H the
‘:E following initial value problem
A
o Era@ =t
o (3.1) |
-.:\ u(0) = U,
';3 where A is an operator from H to H about which we are not very specific
;f and where f is a source term and u  the itnitial value, respectively. We
=
e suppose that A admits a non trivial decomposition
[ )
)
"y |
,22
.
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. (3.2) A= A] + A2

(non trivial meaning that Al and A, are individually simpler than A).
With At (> 0) a time discretization step, let us define several sche-

mes taking advantage of the decomposition (3.2) :

A. A Peaceman—Rachford time discretization scheme.

The scheme is defined as follows

(3.3) u = ug

then for n 2 0, with u° known, we compute successively un+l/2

then un+l by

n+l/2_ n

u n+l/2 n, _ n+l/2
(3.4) YXTH] + AI(“ ) + Az(u ) £ ’
n+l n+l/2
u -u n+l/2 n+l n+l
(3.5) XIF) + Al(u ) + Az(u ) = f .

In (3.4), (3.5) u™*® denotes an approximation of u((n+a)At), and
£7% = £((n+a)AL).

B. A Douglas-Rachford time discretization scheme

It is the variant of the above scheme described by

(3.6) u® = U,

n+l

then, for n 2 0, define @ and ol from u® by

ﬁn+l- un n+l n n+l
3.7 ¢ Al(ﬁ ) + Az(u ) = f ,

n+l n

u -u n+l n+l n+l
(3.8) 5 + Al(ﬁ ) + Az(u )= f .

C. A three stagesoperator splitting scheme.
Let 6 belongs to the open interval (0,1/2) ; the idea behind the

scheme is to split the time interval [nAt,(n+1)At ] in three subinter-

vals, as shown on Figure 3.1,

LY - >
------------------
.............
- Te
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nAt (n+1) At t

Figure 3.1.

and integrate in time using an implicit scheme for A (resp. an explicit
scheme for Az) on [nAt, (n+8)At ] , then switch the role of A, and A, on
[(n+8)At, (n+1-B)At] , and on [(n+1-6)At, (n+l1)At] do like on

[(nAt, (n+0)At] . Using these principles, we obtain the following scheme,
some forms of which have been advocated by STRANG [16] , BEALE-MAJDA [173],
LEVEQUE [18] , LEVEQUE-OLIGER [19] (for 6 = 1/4) :

(3.9) u’ = u,
then, for n 2 0, we obtain un+e ’ un+l-9, un+l, from un, ae follows
n+d n

(3.10) BB Al(u“*e) + Ay = o0

n+l-6 n+d

u - n+0 n+]-0 n+1=0
(3.11) 20k + Al(u ) + Az(u )= § .
n+l n+l=-0
- n+l n+l-6 n+l
(3.12) BAE + Al ) + Az(“ )= £ . 0

The convergence of (3.3)-(3.5) and (3.6)-(3.8) has been proved in
LIONS-MERCIER [20] (see also GODLEWSKY [21]) under quite general
monotonicity assumptions on Al and A2 ; it is very likely that the
methods used in [20 ] to prove the convergence of (3.3)-(3.5) and (3.6)-
(3.8) still apply to (3.9)-(3.12).

3.2, Comvergence and stability properties of the basic schemes

Following the approach used in [6] , we shall consider for sim-

plicity the case where H = ]RN, £ =0, u, € IRN, A is an N x N, symmetric
and positive definite matrix and where

(3.13) A-aA,Az-BA,witha+B-l,o<a,B<l.

1

In that case the solution of (3.1) is clearly given by

S N T R R T N e L T
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(3.14) u(t) = e A u, -

Analysis of scheme (3.3)-(3.5) (see also [61]) :
We have, from (3.4), (3.5), (3.13),

(3.15) ol (14 B %; nla- o %} A)(I+ a %; M-8 %; Au®

Using a vector basis consisting of eigenvectors of A, we have from
(3.15), with obvious notation,

At At
(I- o - Ai) (1- B8 = )\i)

it X3 Uy 0

(3.16) u?+l -

where A, (> 0, ¥i= 1,...,N) is the itB

eigenvalue of A ; we suppose
that Al s Az S .., XN . Consider now the rational function Rl defined
by

u-%nu-%w

3.17) R, (x) =
! (1+ %x)(l+ -zéx)

we observe that |R1(x)|< 1 ¥x > 0, implying, in that simple case, the
unconditional etability of scheme (3.3)-(3.5). Since

(3.18) lim Rl(x) =1,
X ~+ ®

we observe that for stiff problems, i.e., problems such that )\N/A1 > 1,
scheme (3.3)-(3.5) is not very good to damp, simultaneously, the compo-
nents of u" associated to the large and to the small eigenvalues of A ;
from this observation, we can expect that scheme (3.3)-(3.5) is not
well suited to capture the steady state solutions of stiff problems
(like those obtained from the discretization of partial differential

equations) ; this has been confirmed by numerical experiments.

Since
-X x2 2
(3.19) e -l-x+—2-+x€(x)

and, from (3.17),

A R
SR DA AASSOUEREROR
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- x? 2
(3.20) Rl(x) - ]=x + 7 + x° n(x),

with lim e€(x) = lim n(x) = 0, we have that scheme (4.3)-(4.5) is
x+0 x+0
second order accurate in the simple case that we have considered.
We observe, from (3.15) that if one takes @ = B = 1/2, then the two
linear systems which have to be solved, at each full step, are in fact
At

associated to the same matrix I + v A.

Analysis of scheme (3.6)-(3.8) : We have this time

1

@.21) o™ e (e asea) TV aesoen) T e agac]? a®®

which implies

2.2
1+ aB|at|” A%

(3.22) u2+l - i u?® .
(1+ bt A,) (1+ BAt A,) 1

If we define now R2 by
1 + aB x2

(3.23) Rz(x) - ’
(1+ox) (1+8x)

we observe that 0 < Rz(x) <1 ¥ >0, implying in turn, in the case
under discussion, the unconditional stability of scheme (3.6)-(3.8).
Since we have again

(3.24) lim Rz(x) -,
X + 4o

scheme (3.6)-(3.8) may behave poorly for stiff problems and be not too
efficient for capturing steady state solutions. About the accuracy of
scheme (3.6)-(3.8), we should easily prove that

2, .2

(3.25) Rz(x) = l-x + x"+ x° n(x),

with 1lim n(x) = 0, implying if we compare to (3.19), that scheme
x-+0
(3.6)-(3.8) is only first order accurate.
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- The good choice for c and B is againa = g = 1/2,
o
AN
A Analysis of scheme (3.9)=(3.12): We have (with 08' = ]-20)
I~
o u™laze ate A)7!(1-808t A) (14B0%8E )T (108" AcA)
o x (I+af At A) “(I-B6 At A)u
~‘:'.-' which implies
R - 2 '
"3:::: (3.27) t.xt.”l - (160ne Ai)z(l-ue e Ai) u‘; .
N . (1+aAt A,)“(1+86'At A,)
SN i i
N Consider now the rational function ll3 defined by
o) (1-80x) 2 (1-08"x)
. (3.28) 33(*) = 5 .
5 (1+a8x) (1+80'x)
Since
! (3.29) lin |R,x)| = B/a ,
:- ;:- X > +®
53
R we should prescribe
)
o (3.30) az8
::'C:; to have, from (3.26), (3.27), the stability of scheme (3.9)-(3.12) for
el the large eigenvalues of A. We discuss now the accuracy of scheme (3.9)-
Z-_::\.: (3.12) ; we can show that
i x? 22 ,..2 2
i (3.31) Ry(x) = l-x + -2-{1 + (B“=0“) (20°-46+1)} + x° n(x),
o with lim n(x) = 0. It follows from (3.31) that scheme (3.9)-(3.12)
e x+0
‘3;1 is second order accurate if, either
RN
..,'.\
F o (3.32) a=8 (»1/2 from (3.13)) ,
o
% o
‘..-\_,
5
e ; T A W N X . et LI PR M N ) LIPILIC I W e "%
e e At T I i
ALY e T A N A R AL i X0 X0 X0
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(3.33) 6= |- /2/2 = ,29289,,..;

'@
S
-
N
i

o ol
a ”
3 I

scheme (3.9)-(3.12) is only first order accurate if neither (3.32), nor
(3.33) holds.

If one takes = B = 1/2 it follows from (3.27) that scheme (3.9)-
(3.12) is unconditionnaly stable ¥9 ¢ 10,1/2[ ; however since (from

LA

&

iy (3.29)) we have

AR

by .

: (3.34) lin |R,x) | =1
X > +©

the remark done for scheme (3.3)-(3.5), about the integration of stiff
systems, still holds. In general, we shall choose c and B in order to
have the same matrix for all the partial steps of the integration me-
thod, i.e. a,8,0 have to satisfy

(3.35) a6 = B(1-26)

which implies

(3.36) a= (1-28)/(1-8), B = ©6/(1-6).

combining (3.30), (3.36) we obtain !
(3.37) 0<6 s 1/3.

For 6 = 1/3, (3.36) implies a = 8 = 1/2,

If 0 < 6 < 1/3 and if o and B are given by (3.36) we have then

(3.38) lin  [Ry@| =8 « 35 <1

n-+> <+

Actually we can prove that 6 ¢ ]0,1/3 ] and a and 8 given by (3.36),
imply the unconditional stability of scheme (3.9)-(3.12) ; moreover if
8 e 10,1/3 [ (with a, B still given by (3.36)), property (3.38) makes
that scheme (3.9)-(3.12) has good asymptotic properties as n + + « and
for example is well suited to compute steady state solutions.

e, - o e A, ® o . - EC UL O S Y TR N A ATt N Tt USRNSSR S R AT LN Cyq e
ORI RIS P a T TN St ag AT RPN R :3\,.,:,:,:,:,;,¢,:,~H:
S e . Ca e O e ot - RN AR A2 Py
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I1f 6 = 1 = v2/2 (resp.8 = ,25), we have a= 2-V2, B = v2-1, B/a = 1/¥2
(resp. o = 2/3, B = 1/3, B/a = 1/2).

3.3. Application to the solution of the time dependent Navier-Stokes

equations,

We discuss now the application of the schemes described in Sec. 3.1l

to the solution of the time dependent Navier-Stokes equations (2.1), (2.2)
with the initial value condition (2.5) ; we suppose for simplicity that
the boundary conditions are of the Dirichlet type, i.e.

(3.39) u=g on I' (ith J g-n dr = Q).
T
3.3.1. A firet operator splitting method.

This method, which is directly derived from the Pgaceman~Rachford
gcheme (3.3)=(3.5) is described as follows :

(3.40) W,

then for n 2 0 and starting from gn we compute {g°+l/2. pn+l/2} and
gn*l by solving

/ un+1/2 -

= — - % n+l/2 \7;)“"’1/2 - 2, % M- . )u" i
At/2 - - - - "
4 1/2
3.41 + R
( ) Y.gn =0 in Q,
En+1/2 - gn+1/2 on T,
and .
n+l_ n+l/2
u u - %_Aun+1+(un+l.v)un+l - £0%1, %-Aun+1/2- vpn+1/2ﬁ
At/2 - - - - ~ -
(3.42) n+) n+l
u -g on T,
respectively.

3.3.2. A second operator splitting method
This method is derived from scheme (3.9)~(3.12) and is described

as follows :




AT T T T T E (TN TN TN LT AR LAY

=12~

. (3.43) wWeu ,

\ then for n 2 0 and starting from gn we solve

un+6_ o®
== ow™ + ™0 e ™0 -t Mt in 0,
6At = = =
(3.44) v a0 g
Eu+e - §n+6 on T,
un+l-9 - un+9 "
~ - BvAun*l + (u n+l-e.v) nfl-a
(1-28) At ~ ~'~
@45\ 10 o™ - ™ i,
8 1 on T,
\ / un-t»l _ um-l-e
K ~ ~ - ava®*! 4 vp o+l _ oo+l BvAun*l-e -
oAt - - -
| (u +1 * 0! g,

-~

(3.46) < vl a0 in g

For the choice of o and 8, see Sec. 3.3.3, below.

3.3.3. Some comments and remarks concerning schemes (3.40)-(3.42)
and (3.43)=(3.46).
Using the two above operator splitting methods we have been
able to decouple nonlinearity and incompressibility in the Navier-Stokes
equations (2.1), (2.2). We shall describe -briefly- in the following Sec-
tions 4 and 5 the specific treatment of the subproblems encountered at
each step of (3.40)-(3.42) and (3.43)-(3.46).

n+1/2 and gn+e, 9n+l are obtained from the solution of

We observe that u

linear problems very close to the steady Stokes problem. Despite its
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;Ef greater complexity scheme (3.43)-(3.46) is (per step) almost as econo-
'22- mical to use as scheme (3.40)-(3.42) ; this is mainly due to the fact
(¢ | that the "quasi" steady Stokes problems (3.41) and (3.44), (3.46)
ot (actually convenient finite element approximation of them) can be solved
\é by qui*~ efficient solvers so that most of the computer time used to
- solve a full step is in fact used to solve the nonlinear subproblem.
L:} The good choice for o and B is given by (3.36) if one uses scheme (3,43)-

. (3.46) ; with such a choice many computer subprograms can be used for
,tt; both the linear and nonlinear subproblems, resulting therefore in quite
ﬁ%j substantial core memory savings.
A
- 3.4. Application to eigenvalue calculations.
;f}: 3.4.]1. Generalities. Synopsis.
i:é. The main goal of this section is to show that the concepts intro-
';F duced in Sec. 3.1 apply also to eigenvalue calculations at least for
‘;: symmetric matrices (or operator). Since the resulting methods belong to
- the class of the so-called inverse power methods, the new approach brings
:Sﬂ very little to the linear eigemvalue problem (for which a basic reference
o is [23] ), but it is nicely suited to solve nonlinear eigenvalue problems
53; like for example the Hartree equation in Quantum Physics (see [24], [25]
= for more details).

" 3.4.2. Formulation of the problem.
s Let A be a symmetric N x N, real matrix ; we denote by Xi the
Eﬁj eigenvalues ofA and we suppose that A, < A, s...AN.

. We concentrate on the calculation of the smallest eigenvalue of A
EFV (i.e. kl). it is well known that Al satisfies
L (3.47) A = Min (av,v),

ves

.' . where
(3.48) s = {vlv eR", |Iv]] = 1},
" p N N
] LW = Ly v Woe vl velvding
A (3.49) 1=l
:E: vl = (g,g)llz :
.
Q;

L ] v
eee




N
o~
b -14-
3

Let introduce now the functional Is defined by

v

LA %NS

-

¥

0 Z2f ves,
(3.50) Ig(v) = -

77

+ o if vesS;

PR

XA

Ig is the indicator functional of S. We clearly have

(3.51) A /2 = Min {—(Av.v) + I W}l .
N
VeR
Suppose that I, is differentiable (which is definitely not the case)
and denote by axs its differential ; if u is a minimiser in problems
(3.47), (3.51), i.e. an eigenvector of norm one, associated to Al, u
satisfies

(3.52) Au + 3T (w) = 0 .

It is then quite natural to associate to the nonlinear "equation" (3.52)
the initial value problem below

du
re3 + Au + 31 (u) - 0 ’

(3.53)

E(o) " Y

and to look for the steady state solutions of (3.53), i.e. to lim u(t),

t> 4 o
if such a limit exists. From the special form of (3.53), it is tempting

to solve it using the operator splitting methods discussed in Secs. 3.1,
3.2. The resulting algorithms are described in the following Sec. 3.4.3.

3.4.3. Solution of (3.52), via (3.53), by operator splitting methods.

We apply now the operator splitting methods of Sec. 3.1 with

Al-aIS' Az'éandfﬂg.

Application of the Peaceman-Rachford scheme (3.3)-(3.5) :

(3.54)

e
(o]

=u
o?

'-.'-.'-.-vvw M K ,-,--,;--, '-»'f'-—'«-'-r*-"-r" OOy o \' .'x"-."'
::f'*r ::. ' ‘R'.‘I\' ﬂ $ .}If\-r_'-(\(.l 4',‘.1'\-1' a. A "\ > 1. \ ~ ‘_\ SO :-_. . \. -u NI

" i S AR SRR IS ) A TS T A N ST R "
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n+l/2 and un+1 by

~

then for n 2 0 with gn known we compute succeseively u

/2] ot

@59 I @™l ead-o,
un+l_ un+l/2

Application of the Douglas-Rachford scheme (3.6)-(3.8) :

(3.57) ul - u

then for n 2 0, with gn known we compute successively ﬁn+l and Bn+l by
n+l_ o®

(3.58) = s @™ s ae -0,

e
1>
e

n+l n+l

) +

lb
e

u
(3.59) ;TE-— + 31 (ﬁ = 9 .

Application of the three stages scheme (3.9)-(3.12) :

(3.60) 3° =u

then for n 2 0 , with u* known we compute euccessively En+9’.3n+l-e

and 3n+l by

nt€ n
u -3 n+0
e AR T
un+1-e - un+e
(3.62) > s oz @™+ a ™0 .,
(1-28) At ~ ~ = -
un+l - un+l-6
(3.63) v @™h s ™ -0

6At

In order to derive more practical formulations of the above algorithms,
let consider algorithm (3.54)-(3.56) (the conclusion to be obtained will
hold also for the two other methods) :
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We observe that (3.55) is in fact a necessary condition of optima-
lity, for the following minimization problem

" Find un+l/2 € S such that

(3.64)
(un+l/2
n'~

J ) SJn(!)ovxeso
with

3,0 = glvll 2 - Ea v .

Since [|v|| = 1, W ¢ S, the solution of (3.64) is given by

n_ At n
un+1/2 - = =z Auv
b A
™ 254 u®l

On the other hand it follows from (3.55) that

G ™/« -l 2

which, combined to (3.56), implies

a- A%_A)En+l - 28*1/2 _ (gn A; A En)

Collecting the above results we obtain the following practical formulation
for algorithm (3.54)-(3.56).

Practical formulation of algorithm (3.54)-(3.56) :

(3.65) W ey R

n+l

then for n 2 0, compute pu and w , from gn, by

(3.66) PRt - AR,
n+l -
@Gen e asEntE-nt. D
e |l
W S U SRR S T S ,\{.. .x;s: ... ;:}\,\¢ ,\ x) .\ \;\ o \ Y \¢:‘: -‘:
.\.\- A .---_q-.... _.- _.- _':..:.. ‘.\.-\ ..................... AL J ‘ . . '~ A )
N N N N e S AN Ny YN RN A Ao TARCORE R




Using similar calculations we should obtain the following formulations
for (3.57)-(3.59) and (3.60)-(3.63) :

Practical formulation of algorithm (3.57)-(3.59) :

(3.68) Waeuy .
then for n 2 0, compute Bn and gn*l, SFrom gn. by

(3.69) pPeut - At A,

n+

(3.70) u . (I + 4t §)°1 {gn + 6—15 - l)gn} .

e li
Practical formulation of algorithm (3.60)-(3.63) :

(3.71) w e,
then for n 2 0, compute gn, gn*e ’ En+l-6. 2n+l-e' gn+l. From Bn by
(3.72) ph=ut - ear A,
n
P
(3.73) e =
el
En+l-6 - (I + (1-20)At é)-l(lsg En+6 - lggg pn) -
(3.74) o1 1 -
lts" li
(3.75) B8 Bn+1-e - 6at A En+1-e ’
pn+l-6
n+l <
(3.76) u - Il—pm:g'”— . a

From the above relations the three algorithms which have been described
appear as variations of the well-known imverse power methods (see, e.g.,
[23] for a detailed analysis of such methods). From our numerical expe-
riments the various vector sequences generated by the above algorithms

converge linearly to an eigenvector associated to the smallest eigenvalue

Al’ while (A un, un) converges quadratically to kl. Actually the conver-
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- gence is still good if Al is a multiple eigenvalue. It is interesting
. to observe that the fastest algorithm is (3.71)-(3.76), then (3.65)-

(3.67), then finally (3.68)-(3.70) ; these results agree with the

\1) analysis done for the trivial linear problem that we considered in

‘i:: Sec. 3.2.
:5 In the following sections we go back to the Navier-Stokes equations
;:: and their numerical treatment.

‘;

}j} 4. Least squares conjugate gradient solution of the nonlinear subproblems
;; obtained from the time discretization of the Navier-Stokes Equations by
'ﬁ the methods of Section 3.3.
)~ 4,1, Classical and variational formulation. Symopsis

2.7

~;;: At each full step of the operator splitting methods (3.40)-(3.42)
';f’ and (3.43)-(3.46) we have to solve a nonlinear elliptic system of the
:;f_ following type

A\

.:." au - Viu + (u.V)u = f in Q,

S (4. 1)

LS

o u=g on T,

")

ame vwhere o and Vv are two positive constants and where f and g are two
3 -~ =

?t? given functions defined on  and I' , respectively. We do not discuss
fi: here the existence and uniqueness of solutions for problem (4.1).

0 We introduce now the following functional spaces of Sobolev's type

e

= (4.2) 8@ = ¢ e 2@, 3¢ @, vi= 1.0,

- 'D. i

N |

A

& (4.3) Hy (@ = {96 ¢ B'@, ¢ =0 onT},

~o L yon N

o (4.4) v, = @@,

oS 1, \N

- (4.5) V ={vlve (B@@),v=g onT};

[ ) g ~'~ ~ <

o

e if g is sufficiently smooth thea Vg is nonempty.

o, L

ftﬁﬂ We shall use the following notation

DAY
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NN
| ’_'>_
,': . dx-dxl,.-o’ de
\ N N

v and if u =» {ui}i-l’ ve {vi}i-l , then

ot ~ ¥

v-’.ﬁ

T N

> u.ve I u, v,

s ~ ~ i=1 il
U N N duy dvy

_'-\:-: Vu.vv - z vu.. VV. - z z .

OO e g v Ay g R

“:f Using Green's formula we can prove that for sufficiently smooth functions
L u and v belonging to (1:11(9))N and Vo, respectively, we have
N r

V:.‘v: (406) - Au.v dx - J VU.VV dx .

\.'\ ~ o —ny Ny

j:tj; Q Q

;" It can also be proved that if u is a solution of (4.1), belonging to VS'
o it is also a solution of the following nonlinear variational problem
h

_:'_:_:: ue vg’
s . .7) p
_-__ o J uwv dx +v J Vu.Vv dx + f (W.Vu) vdx = f f'! dx .Vvevo,
el Q Q Q Q

j.ﬁ-j: and conversely. We observe that (4.1),(4.7) is not equivalent to a
' problem of the Calculus of Variations since there is no functional of
::-::: v with (v.V)v as differential ; however using a convenient least squares
-%. ~ -~ L d -~

e formulation we shall be able to solve (4.1), (4.7) by iterative methods
‘.“: J . [J .
o originating from Nonlinear Programming, such as conjugate gradient for
,:' example.

1:.\.3 4.2, Least squares formulation of (4.1), (4.7).

"; Let v ¢ V8 ; from v we define y (= y(v)) ¢ Vo as the solution of
.:_:. oy = Viy =av - viv + (v.)v ~ £ in 2,

=3 (4.8)
N
N y=0 on T,

We observe that y is obtained from v via the solution of N uncoupled
\,. linear Poisson problems (one for each component of y), using (4.6) it
A . . =, e

o can be shown that problem (4.8) is equivalent to the linear variational
:,',.: problem

3
::':::' T e e e e A R AN AR R A AT AT SRS DA NENEIRSS
SIS el -: rae N R et O AR -;:."::.-: e




Pind y ¢ V° such that, ¥z ¢ Vo, we have

(4.9) o j yez dx + Vv J Y!'Yf dx = a j v.z dx + v J Y!'Yf dx

Q Q ] 9] f

+ I ((X~Y)X"E dx - J f.z dx,

Q 9)
whieh has a unique solution. Suppose now that v is a solution of the
nonlinear problem (4.1), (4.7) ; the corresponding 4 (obtained from
the solution of (4.8), (4.9)) is clearly y*" 9 ; from this observation
it is quite natural to introduce the following (nonlinear) least squares
formulation of (4.1), (4.7)

Find u e V8 such that
(4.10)

J) s I, ¥ e Vg.

where J : (lil(Q))N - IR is the function of v defined by
(4.11) I = %Jr falyl? + vlvg1? e,

Q
where y is defined from v by (4.8), (4.9). We observe that if u is solu-
tion of (4.1), (4.7), then it is also a solution of (4.]0) such that
J(g) = 0 ; conversely, if u is a solution of (4.10) such that J(g) =0,
then it is also a solution of (4.1), (4.7).

4.3. Conjugate gradient solution of the least squares problem (4.10).

4.3.1. Description of the algorithm.

We use the Polak-Ribiére version (see [26] ) of the conjugate
gradient method to solve the minimization problem (4.10) ; we have then
(with J'(v) the differential of J at v)

SN @b

: Step 0 : Initialization

D

aI

- (4.12) uw e v s given ;
b - g

@

we define then go , wo e A by
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r\, g € Vo,
N
Oy (4.13)
:;?- o f go.z dx + V J Vgo.Vz dx = <J'(u°),z> y ¥2 € Vo ’
>N ~ ~ ~n -~ ~ -~ ~
oy L Q 7)
> (4.14) woe=g®,
u L
o respectively. 0
e , n n n . .n+l
-2 Then for n 2 0, qseuming that &, w , g are known, we obtain U~ °,
.:I:w. n+l n+l - - =
NN » ¥ by
“' Step | : Descent
-'::::
o Find A € R,
(4.15)
b Jl-A W s JEhA WY, We R,
(4.16) e B WP
-:_.'_: Step 2 : Calculation of the new descent direction
N
* Find 5"” €V, such that
3 (4.17)
2 o J &' lzax 4 v J vz ax = < @™z, e v,
% ! 1 1 1 1
e + +
g ] I §n+ .(En -gMdx + v J Y§n+ .Y(gn -gn)dx
o (4.18) v — 1 .
o o f 1g"]% ax + v f 78”1 ax
“e Q- Q -~
~s
s
-4
i’ (4.19) gnﬂ - §n+l * Yo gn . a
-:‘;
2
':" Do n = n+l, go to (4.15).
-
F As we shall see, applying algorithm (4.12)-(4.19), to solve the
j:-f least squares problem (4.10), requires the solution at each iteration
- of exactly three Dirichlet systems (i.e. 3N scalar Dirichlet problems)
:'_:: associated to the elliptic operator aI-vh .
".
Q.?
e IR
oyl P N AL AU AR PL I PR A Al O R L S DR S R A
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v hERY O TR NN NN Ay DX X0 X0 X K v W s )
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AN 4,3.2. Calculation of J'.
} A most important step when making use of algorithm (4.12)-(4.19)
::: to solve problem (4.10), is the calculation of <J'(un+l),z> at each
:, iteration ; we should easily prove (see, e.g., [5], [22] that J'(v)
= can be identified with the lZnear functional from Vo to R, defined by
. J'(V),z> = I Yoz dx + V J Vy.Vz dx
4 (4.21) 5 9
p + J y.(v.V)z dx + I y.(z.V)v dx, ¥z ¢ Vo
N where f Q
y N awi N
L) v.Nwel T v, = ) » W, v ;
5 j=1 3 %5 Jiag ~
-
j <J'(v),z> has therefore a purely integral representation, which is
T of major importance in view of finite element (or spectral) implemen-
\.3: tations of algorithm (4.12)-(4.19). From the above results, to obtain
‘Eﬁ <J' (un+l),5> we should proceed as follows :
e
(i) Compute ynﬂ, associated to un” by (4.8), (4.9), as indicated
W ~ ~
- in Sec. 4.3.3, below.
-~ (ii) We obtain then <J' (un+1),z> by taking v = un"'l and y = ym'l
2 . ~ ~ -~ -~ =
2 in (4.21).
\'
\\
\ 4.3.3. Calculation of >‘n' Further comments on algorithm (4.12)-(4.19).
N
~ A problem of practical importance is the calculation of A_. Let
- denote by zn(k) the solution of (4.8), (4.9) associated to v = u®-~ )w@ ;
: we clearly have
‘ (4.22) ¥y =y, gn(kn) - Z'"l ’
B and also
(4.23) 100 =y -] e A% yD
. n .n .
o where Yi» ¥, are the solutions of
N4
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ayi- vy} = o - v @D i,

(4.24)

az; - vAZg = (gn.Y)gn in Q,

(4.25)
respectively. Since
(4.26) J W) - %j {aly® ) |2 + v]wyP ) %) ax

-~ -~ 9 -~ "~ By
the function A -+ J(En- Agn) is, from (4.23) a quartic polynomial in A
that we shall denote by jn(k) : An is therefore solution of the cubic
equation

(4.27) j;(k) =0.

We shall use the standard Newton method to compute An from (4.27),
starting from A = 0, The resulting algorithm is given by

(4.28) A% = 0,
then for k 2 0, we obtain Ak+l Jrom Ak by

(4.29) Akl Lk J"(A:) .
TS

In our calculations, we always observed a very fast convergence of
algorithm (4.28), (4.29). Once An is known, we know Zn+l
w.22)y™! = P o).

1f we count now the number of Dirichlet systeme for al-vi, to be solved

since (from

at each iteration, we observe that we have to solve only three such
systems, namely (4.24), (4.25) and then (4.17) (to obtain §n+l) ; this

number is optimal for a monlinear problem since the solution of & linear
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problem, by least squares—preconditioned conjugate gradieat, requires
. the solution at each iteration of two linear systems associated to

- the preconditioning operator.

From the above remarks, it appears clearly that the practical

. -

implementation of algorithm (4.12)-(4.19) will requires an efficient

(direct or iterative) elliptic solver, like one of those discussed

0 2 e A g

in [27], [28] . As a final comment, we would like to mention that
algorithm (4.12)-(4.19) (in fact its finite dimensional variants) is
quite efficient ; when used in combination with the operator splitting
methods of Sec. 3, three to five iterations suffice to reduce the value

4 6

of the cost function by a factor of 10 to 100 ; however in view of

"Rl

other applications we are testing now some of those methods combining

. the features of conjugate gradients and quasi-Newton algorithms, such

2 as the methods discussed in [29], [30] (the results recently obtained
for the calculation of transonic potential flows containing shocks, look
very promissing).

5. Solution of the "quasi" Stokes linear subproblems.

5.1. Generalities. Synopsis.

At each full step of the splitting methods discussed in Sec. 3.3
we have to solve one or two linear problems of the following type

ou - Viu+ Vps=§f inQ,

~

(5.1 Voiu=0 nn Q,

) (P P,
By SR

u=g on T (with Ir g-n dl' = 0),

-

where o and v are two positive comstants, and where £ and g are two

given functions defined on f and I' , respectively. We recall that if

b

f and g are suffzc:l.ently smooth, then problem (5.1) has a umque
solution in Vg x (L )/ R) (with V8 still defined by (4.5) ; p € L2 (/R
means that p is defined only to within an arbitrary constant). We shall

describe below two iterative methods for solving (5.1), quite easy to

implement using finite element or spectral methods (more details are given in

N AP AP

offf VL
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(5], [22], together with convergence proofs ; more methods are
discussed in [5]).

5.2. A conjugate gradient algorithm for solving (5.1).

A complete justification of the following algorithm is given in i
[5]; we can say briefly that eliminating u in (5.1), it appears that
p is solution of a linear functional equation associated to an opera-
tor which is self adjoint and stromgly elliptic from B onto H, where

H ={q|q ¢ LZ(Q). J qdx = 0} .

Y]
Such properties justify a conjugate gradient solution of (5.1) and

lead to the algorithm below

(5.2) ?° € L2@), given,
o’ - vaw® = £ - Vp°,
(5.3) ~ ~ o~ -

(5.4) g = V.’
(5.5) s g° .

Then for n 2 0, pn, gn, W being knowm, compute pn”. gn"'l, wml ae

follows :
Solve
a® = vay® = -",
(5.6) ; - -
X = 9 om T,
I 8”2 ax
Q
(5.7) pn - ’
J V.xnwndx
9~ ~
(5.8) ™ -t o W,
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(5.9) Y, - W ’
Y]

(5.10) vl e g ey WP

Do n = n+l, go to (5.6).

We observe that algorithm (5.2)=~(5.10) requires the solution at each
iteration of only one Dirichlet system, namely (5.6). It can be proved
that

(5.11) lim {u®, p"} = {u, p_}
pnr+ce -~ °

where {u, po} is that solution of (5.1) such that
f o
} P, dx = J p dx .
Q Q

5.3. A second iterative method for solving (5.1).
This method is defined as follows (with r a nomnegative parameter) :

(5.12) ?° e L2, given,

then forn 2 0 , define gnﬂ ard pn+1 , from p° by

agn - v -1 Y(Y.un) = f - Vpn,
(5.13)

u =g on r,

(5.14) AL R

The above method is related to the artificial compressibility methods of

Chorin and Yanenko since (5.14) can be considered as a discretization of

p -
3% yu=0
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ji ( p then plays the role of a time step).

E About the convergence of (5.12)-(5.14) we should prove (see, e.g.,
E' [5, Chapter 7] for such & proof) the following
. Proposition 5.1. : Suppose that
X
:
- (5.15) 0<p<2r+ P 3

Cs

- we have then

-

o (5.16) lim {u®, p°} = {u, p_} stromgly in @ @Y x L2@

n++ © g °

"
':l:' where {u, P} T8 the solution of (5.1) euch that

:‘ J P, dx = J p° dx .

Q Q

\

Pl
2 Moreover the convergence is linear (i.e. II}_ln- ull al@)y 4

2 o™~ poll 2 convergee to sero ae fast, at least, as geometric
" L™ ()

8equences).

3 Remark 5.1:(4bout the choice of pand r ) : We should use p = r in

: practice, since it can be proved in that case that the convergence

e ratio of algorithm (5.12)-(5.14) is O(r-l), for large values of r. In
_Z: most applications taking r = 102 v to 10* v we have a practical conver-
- gence of algorithm (5.12)=(5.14) in 3 to &4 iterations. There is however
o

N a practical upper bound for r, since, for too large values of r, problem
I (5.13) will be ill-conditioned and its practical solution semsitive to
- round-off errors.

ig Remark 5.2 : If r = 0, problem (5.13) reduces to the solution of N un-
coupled (one for each component of gn) scalar Dirichlet problems for

A alI-vA ; if r > 0 the N components of u” are coupled by V(V.un), making
7 the solution of (5.13) much more costly. In fact, the elliptic operator




b [ G
AP

"\ NAA S

]
1 )
L)
by

®

¢

Y
R % ‘e o1

P A

e

in the left hand side of (5.13) is very close to the linear elasticity

operator, and close variants of it occur naturally in compressible and/or
turbulent viscous flow problems.

Remark 5.3 : Other methods for solving (5.]) are discussed in [5], [31],
(321

6. Finite Element Approximation of the Time Dependent Navier-Stokes

Equations.

We shall describe in this section a specific class of finite

element approximations for the time dependent Navier-Stokes.

Actually these methods which lead to continuous approximations for

both pressure and velocity are fairly simple, and some of them have
been known for years. They have been advocated for example by Hood

and Taylor (see [33]). Other finite element approximations of the in~-
compressible Navier-Stokes equations can be found in (11, [2], [4) [5],
[34] (see also the references therein).

6.1, Basie hypotheses. Fundamental discrete spaces.
We suppose that  1is a bounded polygonal domain of B2, with
<, @ standard finite element triangulation of @ , and h the maximal
length of the edges of the triangles of ?,’h, we introduce the following

discrete spaces (with Pk = gpace of the polynomials in two variables of
degree s k) :

1 -
(6.1) Hy = {qlq, € @, q ), e, ¥T T} ),
(6.2) Vp = dvplyy € €@ x @, vy |p e B, x Py, ¥T €T} 1,
(6.3) Voh -{Yh €V, vy, =0 on I} = Vpnv, .

Two useful variants of Vh (and voh) are obtained as follows : either

(6.4) Vo = vplvy € C@ x @, v |p e By x Py, VT X 1,
N Y R T N R NG Ty
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or (this space has been introduced in [35])

W

- v o,z o, * *

- (6.5) Vp =ty v, € C@ % %@, !h'T € Pyo X Plny, ¥T Ty} -

In (6.4), ¥, is this triangulation of 0 obtained from %, by joining
'~ the midpoints of the edges of T ¢1:L , as shown on Fig. 6.1 ; we have
;: the same global number of unknowns if we use V, defined by either (6.2)
k. or (6.4), however the matrices encountered in the second case are more
P compact and sparse. In (6.5), P;T is the subspace of P, defined as fol-
- lows

N

- * .

y (6.6) Pip= {ala=q ¢+ \ops with q e P Ae R, and ¢y € Py,

A ¢p = 0 on 3T, ¢,(G) = 1}
L2 where, in (6.6) G, is the centrofd of T (see Fig. 6.2 below). A function
" like ¢r is usually called a bubble-function.

v

X o

x 1

‘l

-.: »”

\i

": Fisure 6.10 Figure 6.2.

2

:5 6.2. Approximation of the boundary conditions.

o I1f the boundary conditions are defined by

[

(6.7) u=g onl with f g.n dl' = 0,
r

it is of fundamental importance to approximate g by g, such that

Jrgh.g dT' = 0. The comstruction of such & is discussed in [5, Appendix 3].
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6.3, Space approximation of the time dependent Navier-Stokes equations.

Using the spaces H;, Vh and Voh we approximate the time dependent
Navier-Stokes equations as follows :

Find {uy(t), py(£)} € V, x u:‘. ¥t 2 0, such that
 duy - r .
s * Yh dx + V J ~gh.gghdx + J (Eh°~)3h‘!h dx
(6.8) Y] 9] Q
+ J th'!h dx = f gh'Zh dx, V!h € Voh ,
f Q
f 1
(6.9) J Y'Eh 9 dx = 0, th € Hh ’
Q
(6.10) U, =g, on r,
(6.11) Eh(x,O) -4 (with U € Vh) H

in (6.8)-(6.11), fh’ u,
respectively.

h and gnare convenient approximations of f,goand g

6.4, Time discretization of (6.8)-(6.11) by operator splitting methods.

We consider now a fully discrete version of scheme (3.40)-(3.42)
discussed in Sec. 3.3 ; it is defined as follows (with At as in Sec. 3.3) :

[+]
(6.12) Y% * Y%n
_x$i then for n 2 0, compute (f?0"7g;) {g§+1/2. p§+l/2}e v, * H;. and then
F;E g§+l € Vi, by solving
Fir ( n+l/2_ P .
N u Uy v [ on+l/2 +1/2 .
i J &7z Tt 3 f T Ty dxe | TR Sy
e Q Q Q
e (6.13), ;
e n+l/2 v n n n
o - f N T B J WDy Ypd%s Wy € Von
@ Q Y] Y]
\
f o n+l/2 1
(6.13)2 J Y'~h 9, dx = 0, th € Hh ,
o :
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N

b

"
\? n+1/2 n+1/2 n+l/2 22,

= (6.13)3 U € Vi» Py Hh’ ol Ty

<

- and

- A n+l/2

\ ~h zh wv,odx + 3 Vun*l.Vv dx +

R~ ‘~h 2 | ~~h ‘~~h

L At/2 Q

ﬂ\\ Q

\ n+l n+l n+l
L Q 1)

. _V n+l/2 - n+l/2

~ 3 JY‘Jh vy, dx J Vpp YR 9% W e Vo

Y]

;i’ n+l o+l _ o+l

- (6.15) U, € Vh, oy 8y on T,

[

N respectively.

;; The same techniques apply to the space discretization of scheme

(3.43)-(3.46) (see [5] for more details).

15 The solution of the various subproblems encountered at each step of
.-; (6.12)-(6.15) can be done by the discrete variants of the method dis-
;? cussed in Secs. 4 and 5, see,again, [5] for more details.

2f 7. Numerical experiments.
.- We illustrate the numerical methods described in the above sections
:; by the presentation of the results of numerical experiments where these
:; methods have been applied to simulate some incompressible viscous flows
. of practical interest. All the calculations which follow have been done
':: using the finite element method associated to the discrete spaces defined
o by (6.1), (6.3), (6.4) (some preliminary and promissing results have been
:g obtained recently, using Vh defined b (6.5), (6.6)).

N 7.1. A first class of test problems

: We consider the solution of the Navier-Stokes equations for the
ﬁ; flow of an incompressible viscous fluid in the channel with a etep of

~ Figure 7.]1. We have selected this problem since it is & quite classical
3 and significant test problem for Navier-Stokes solvers (see [34 ] for

2

\':

« ~~
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a comparison of various methods for solving this test problem). The
finite element triangulations used for these calculations are shown
on Figure 7.1. ; the coarse (resp. fine) one is used for approximating

the pressure (resp. the velocity).

AAAAAAAA A % =~ - -
7 A
Nodes 619 2346
Triangies 1109 4436

Cholesky's coefficients 21654 154974

Figure 7.1,

We have also indicated on Fig. 7.1., the number of nodes, triangles,

and nonzero Cholesky cggfficients of the matrix approximating - A (resp.
aIl-vA) on °€h (resp.?ﬁg. The methods described in the above sections
have been applied to compute the steady state solutione of (2.1), (2.2)

for the following boundary conditions

u satisfies Poiseuille velocity profilee at the entrance
and exist of the channel and i8 equal to 0 elsewhere on T.

(7.1)

We have taken Re = 100 and 191. The numerical results agree quite well
with those in [34 ], [36 ] and show a clear superiority of the schemes
derived from (3.43)-(3.46), over the schemes derived from (3.40)-(3.42).
For the scheme (3.43)-(3.46) we have tested 6 = .25 and © = 1-v2/2 (for

the same At) ; the convergence to the steady state is faster with the
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second value of 6 (for this class of problems at least). We have shown
on Fig. 7.2 (resp. Fig. 7.3) the stream lines (resp. the isobar lines),
of the steady state solutions corresponding to Re = 100 and Re = 191,

We observe that the size of the recirculation region increases with Re.

Figure 7.2.

Stream lines

Re = 191

Figure 7.3.

Isopressure lines
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7.2. A second class of test problems

The second test problem that we considered is much more complica-
ted than the first one, since it concerns the simulation of an incom-
pressible viscous flow around and inside a (two-dimensional) nozzle at
high incidence (40 degrees), and at Re = 750 (the characteristic lengtn
being the distance between the walls of the nozzle). We used the same
kind of finite element approximation than in Sec. 7.1. Figures 7.4, 7.5
show the details of the triangulations ﬁfh and q§h, respectively, close
to the air intake, Figures 7.6-7,10 show the stream lines and the vortex
patern of the flow at t = .0, .2, .4, .6, .8, the initial velocity being
associated to the corresponding steady Stokes flow, and a suction phe-

nomenon being simulated inside the nozzle.

eh ENLARGEMENT AROUND AN AIR INTAKE
nORLS . 1338
GIMINTS o 2921
CHOLLDLF, » 143055

Figure 7.4.

Pressure grid
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€h ENLARGEMENT AROUND AN AIR INTAKE

NOOLS . 4092
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. Figure 7.5.
Velocity grid
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Figure 7.6.
Re = 750, t = .0
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Figure 7.8,
Re = 750 ; t = 4
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Re= 750 ; t =« .8
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8. Conclusion

We have presented in this paper numerical methods for solving the
time depeadent incompressible Navier-Stokes equations. One of the key
ingredient to make the solution process faster, and less demanding from
the computer storage point of view, was definitely the use of operator
splitting methods in order to decouple the two main difficulties of the
problem, namely the nonlinearity and the incompressibility. Others split-
ting methods for the incompressible Navier-Stokes equations are discussed
in (37)-17401,0 13,[17]. Another important reference for operator
splitting methods is [41] .

Application of these splitting methods to monlinear eigenvalue
problems will be discussed in a forthcoming paper.
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