
RD-FI147 464 AN ITERATIVE SCHEME FOR LINEAR COMPLENITARITY PROBLEMS 1/1
I (U) WISCONSIN UNIV-MADISON MATHEMATICS RESEARCH CENTER

T H SHIAU AUG 84 RC-TSR-2737 DAAG29-88-C-8B4i7UNCLASSIFIED F/6 12/i NL

Eumm.mm.



0~~~~J2M 1111125II
11111"IL2

4140

MICROCOPY RESOLUTION TEST CHART
NATIONAL BURLIU OF SIANDARO 19b3 9,

.m



MRC Technical Summary Report #2737

1%~ ~ ~ ~ -1 ANIAIESHM FOR LINEAR

S COMPLEMENTARITY PROBLEMS

Tzonq-Huei Shiau

Mathematics Research Center
* University of Wisconsin-Madison

610 Walnut Street
Madison, Wisconsin 53705

r August 1984

L_ (Received July 19, 1984)

W"

* , Approved for public releasea
Distribution unlimited

Sponsored by

* U. S. Army Research Office Natd ional Science Foundat ion

P. 0. Box 12211 Washington, DC 20550

Research Triangle Park

North Carolina 27709

84 11 06 2 2R



UNIVERSITY OF WISCONSIN-MADISON

MATHEMATICS RESEARCH CENTER

AN ITERATIVE SCHEME FOR LINEAR COMPLEMENTARITY PROBLEMS

Tzong-Huei Shiau

Technical Summary Report #2737
August 1984

ABSTRACT

An iterative scheme is given for solving the linear complementarity

problem x > 0, Mx + q > 0, xT(Mx + q) = 0. At each iteration the main

effort is to find a point x satisfying x > 0, Mx + q 0 and a (scalar)

linear inequality which is easily updated iteratively. It is shown that if

M is a P-matrix or positive semidefinite, or satisfies a fairly weak

positivity assumption, then the scheme converges to a solution. The scheme

allows many possible implementations including sparsity-preserving methods and

direct pivoting methods. An iterative linear programming method, LCP-ILP, is

discussed in detail. The method is very similar to the Two-Phase method of

linear programming. Numerical results are presented which indicate that

LCP-ILP is more effective than Lemke's method in solving general linear

complementarity problems.
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SIGNIFICANCE AND EXPLANATION

The linear complementarity problem (LCP) is an important problem in

mathematical programming for solving linear programming, quadratic programming

and bimatrix games. This work gives a new scheme for solving the LCP. Based

on the scheme different algorithms may be designed for finding approximate

solutions of very large scale problems or exact solutions of moderate LCPs. A

specific algorithm for the latter is given, together with some numerical

results. These indicate that the method is more effective than other existing

methods.
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AN ITERATIVE SCHEME FOR LINEAR COMPLEMENTARITY PROBLEMS

= Tzong-Huei Shiau

1. INTRODUCTION

We propose an iterative scheme for solving the linear complementarity problem (LCP) of

finding a vector x in the n-dimensional Euclidean space le such that
(. 11.1) x >0, Mx + q 0, xT(x + q) - 0

where M is a given n-by-n real matrix and q is a given real n-vector.

At each iteration of the scheme, the main effort is to solve the following system of

2n + 1 linear inequalities, (x > 0 is considered n inequalities).

(1.2) x > 0, Mx + q a o, c x I k ,

where ck e rn, ak e R are easily determined at the k-th iteration. Note that only thei"c

last inequality of (1.2) is changed for each iteration. Hence, in solving (1.2), we can

start at the solution of the previous iteration which satisfies all except possibly the

last inequality. This changing inequality may be considered as a cutting plane which cuts

off some protion of the feasible region (xlx 1 0, Mx + q a 01. However, the scheme

differs from general cutting plane methods in that the number of cuts remains one for each

iteration while other cutting plane methods accumulate all the cuts of previous iterations.

It is shown that the scheme generates a "descending" sequence of feasible points of

the quadratic program,

(1.3) min f(x) :- xT(Mx + q) subject to x > 0, Mx + q a 0

% and the sequence converges to a Karush-Kuhn-Tucker (KIT) point of (1.3). Note that any

global minimum of (1.3) is a solution of (1.1) provided (1.1) has a solution. Therefore in

cases where any KYT point of (1.3) is a global minimum, the sequence converges to a

solution of (1.1), e.g. when M is positive semi-definite or when M is a P-matrix. The

convergence to a solution is finite if in solving (1.2) for a feasible point satisfying the

cut, we require that the feasible point is a vertex of the feasible region.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This material is
based on work supported by the National Science Foundation under Grant No. MCS-8200632.
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The scheme is very flexible that it allows many possible implementations. Among them

the iterative linear programming method (LCP-ILP) is discussed in detail and some numerical

results are presented which indicate that for general linear complementarity problems

LCP-ILP is more efficient and solves more porblems than Lemke's method (5]. In some other

paper we shall discuss other implementations which preserve sparsity and are more suitable

for very large scale problems with sparse M. Unlike most of other sparsity-preserving

methods [e.g. see 3, 6, 8, 9], the algorithms can solve nonsymmetric LCP's when M is only

positive semidefinite.

We define some notations and terms used in the paper. An x e Rn is feasible if

x > 0, Mx + q _ 0. The set of all feasible points is called the feasible region. The LCP

(1.1) is feasible if the feasible region is nonempty. Vf(x) := (M + MT)x + q is the

gradient of f(x) := xT(Mx + q) as defined in (1.3). x is a solution if x is feasible

and f(x) - 0. x is a vertex if it is an extreme point of the feasible region. By

Condition (A), we mean

Condition (A) There exists a solution R of (1.1) such that

(x - R)TM(x - R) 2 0 for all feasible x.

If (1.1) is feasible, then Condition (A) holds when M is positive semidefinite. In fact,

Condition (A) is equivalent to that f, restricted to the feasible region, is convex at

*. some solution . From now on we assume (1.1) is feasible.

Superscripts are used to denote different vectors, e.g. x ,xk  and xk+ 1, but the

superscript T denotes transpose, e.g. xT, MT..,,

O 2. THE BASIC IDEA

.-o The following lemma shows that given a feasible point which is not a solution, we have

a cutting plane separating the point from a solution under a very weak convexity

o. assumption.

2.1 Lemma. let xk be feasible and f(xk) > 0. Then the linear inequality

,-.1) f(xk) + Vf(xk)(x - xk) 0

*" 'which is Vilated hy xk is satisfied by any solution z satisfying

-2-
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(2.2) (xk - z)TM(xk - z) 0

Proof. Obviously xk violates (2.1) since f(xk) > 0. Let Z be any solution satisfying

j (2.2). Then the equation

(2.3) f(xk) + Vf(xk )T(z - xk) _ -(Xk - z)TM(xk - Z)

can be shown either by algebraic manipulation or by equating the zeroth, first and second

order derivatives of both sides with respect to xk at z (note that f(z) - 0). It

follows by (2.3) and (2.2) that

f(xk) + Vf(xk ) T(z - x k ) 0

i.e. z satisfies (2.1). 0

Lemma 2.1 leads naturally to the following algorithm:

2.2 The Cutting Plane Method

(0) Initialization. Let S be the set of the 2n constraints x 0, Mx + q 0.

Let x0 be any feasible point.

(1) Iteration. Given xk, k > 0, add the cut (2.1) to S, find xk+ 1 satisfying

* all constraints in S. 3

Note that the number of constraints in S increases by one for each iteration. It is

simple to establish the following:

2.3 Convergence Theorem of the Cutting Plane Method. Let {x k  be generated by Method

2.2. Then any accumulation point z of {x } is a solution.

Proof. Let {x k} be a subsequence converging to z. Since x satisfies all

previous cuts, in particular it satisfies the cut defined by x Hence

1"* 
f x k,) + Vf(x i)Tcx +1 - xkj)

K:: Taking the limit as we have f(z) < 0. Hence z is a solution since it is

:clearly feasible. 0

It should be pointed out that Theorem 2.3 did not say that the set of points

0O satisfying all constraints in S is always nonempty as more and more cuts are added into

S. However, it is indeed the case when Condition (A) holds since x satisfies all cuts by

Lemma 2.1.

-3-
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Like other cutting plane algorithms, the method suffers from the following

difficulties. As the number of constraints increases, xk+l becomes more and more

difficult to compute, and usually the convergence becomes slower and slower. Forturnately,

we have found a simple remedy. By doinq an additional line search in each iteration, none

of previous cuts need be kept.

3. THE ITERATIVE SCHEME

3.1 The Basic Scheme

(0) Initialization. Let x be any feasible point.

K (1) Iteration. Given xk, stop if f(xk) = 0. Otherwise let yk be any feasible

point satisfying the cut (2.1). Line-search along the direction pk : yk xk

using the minimization stepsize xk+1 xk + tkpk where

(3.1) tk arg minimum f(xk + tpk • 0
0t4 1

3.2 Theorem. Let (xk,yk be generated by the Iterative Scheme 3.1. If [yk} is

bounded, then

f(xk) + 0 as k *

*'. Proof. See Appendix. 0

It should be noted again that without any convexity assumption such as Condition (A),

* -.. there may be no feasible point satisfying (2.1) in the k-th iteration. We call (2.1) an

overcut if it is the case. The following lemma shows that we can still get a descent

direction pk by a weaker cut parallel to the overcut.

3.3 Lemma. Let xk be feasible. Then

k T k(3.2) Vf(x ) (x - xk ) > 0 for all feasible x

iff

0 (3.3) xk is a XXT point of (1.3)

Therefore, if xk is not a EXT point of (1.3), then for some 6 k > 0 sufficiently small,

there is a feasible point x satisfying

O-4-
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(3.4) Vf(xk)(x -
k ) + 8 f(xk) < 0

k

Proof. (3.2) holds iff xk is an optimal solution of the linear program

(3.5) minimize Vf(x )x subject to x > 0, Mx + q ) 0

Since the optimality condition of (3.5) for xk is precisely the KKT condition of (1.3)

for xk, (3.2) and (3.3) are equivalent. Hence Vf(xk)(x - xk ) < 0 for some feasible

x if xk is not a KKT point of (1.3). Therefore (3.4) holds for 8 sufficiently small. 0

The cut (3.4) is a generalization of (2.1) that can be used when (2.1) is an

* ;overcut. This leads the general scheme.

3.4 The General Iterative Scheme

(0) Initialization. Let x0  be any feasible point

(1) Iteration. Civen xk, stop if xk is a KKT point of (1.3). Otherwise,

let yk be a feasible point satisfying

(3.6) Vf(xk)T(yk - xk) + kf(xk) C 0

isa 1t k kc pk Ic xkwhere 6k is a positive number. Let x :- x + tkP where p :. y . x and tk is

the minimization stepsize defined in (3.1). 03

Ideally *Ik  should be I if admissible. If 8k - 1 leads to an overcut, we can keep

on reducing it by half until (3.6) holds for some yk. That is, we choose 8k - 1 or

-. choose 8
k  large enough that 28k  will lead to an overcut. The following theorem shows

that we will get a solution or a KET point of (1.3).

3.5 Theorem. Let x k,y k  be generated by the General Iterative Scheme 3.4. Assume xk

is not a KIT point of (1.3) for k > 0. Assume {y k} is bounded. Then

(i) Ix k  is bounded, {f(x k) is decreasing and
lim Vf(xk)Tpk . 0

(ii) If there exists 6 > 0 such that for infinitely many k, ek ; 6, then

lim f(x 
k ) - 0

*6 (iii) If there exists 6 > 0 such that for all k, either 8 k k or

(3.7) Vf(xk)T(x - xk ) + 28 f(xk) < 0

is an overcut, then any accumulation point of {xk }  is a KIT point of (1.3).

a -5
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Proof. See Appendix. 0

*, Theorem 3.5 shows that without any convexity assumption, the scheme will "converge" to

a KKT point of (1.3). In cases that we can keep ek from converging to zero, e.g.

8 1 if Condition (A) holds, then a solution is obtained. The scheme also converges to
k

a solution in cases in which any KKT point is a solution as shown below.

3.6 Corollary. If (i) M is positive semi-definite, or (ii) M is a P-matrix, or (iii)

M is quasi-diagonally dominant, i.e. there exists d = (dl,d 2 ,...,dn)
T e i, di > 0,

such that

(3.8) Miidi J IMijdj, i = 1,2,...,n

j*i

then any accumulation point of x k } is a solution.

Proof. For (i), f(x) is convex. Hence any XKT point of (1.3) is a global minimum of

(1.3) which is a solution of (1.1). For (ii), any KKT point is a solution (1], which is

also true for (iii) [10, Thm. 5.5.1]. 0

4. A SIMPLEX-BASED IMPLEMENTATION

The main effort in each iteration is to find a feasible yk satisfying the cut. The

quality of yk will affect the speed of convergence of the method. In this section we

present a simplex-based method to find yk which is a vertex of the feasible region. This

is desirable because at least one of the vertices is a solution if (1.1) is solvable [7].

4.1 The Simplex-Based Method (LCP-ILP)

(0) Initialization. Use phase I of the two-phase simplex method to find a basic

feasible solution (BFS) and the corresponding simplex tableau for the linear

program

(4.1) min 0.x subject to Mx + q > 0, x > 0

Let xi 
= y0 = the BFS. (This step is not needed if a BFS is available).

(1) Iteration. Given xk feasible and a vertex yk- and its tableau, recompute the

reduced cost vector using Vf(x k ) as the new cost vector, then continue the

primal pivot-steps until either (i) the current BFS satisfies the cut (2.1), or

-6-
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(ii) the BFS is optimal for the cost vector Vflxk), whichever occurs first.

Let yk be the BFS, compute xk+ 1 by the line search described before. 0

Roughly speaking, the method is very close to the Two-Phase Simplex method for solving the

linear program

(4.2) min cTx subject to Mx + q 0, x 0

The only difference is that c - Vf(xk) is updated whenever the current ES yk satisfies

. the cut (2.1), i.e. the objective
(4.3) cTyk - Vf(xkTk f(xk)Txk " f(xk) - xkMTxj =: k

k

which is very easy to test, or when yk is optimal for c - Vf(xk). In the latter case,

yk satisfies the generalized cut (3.4) with

Vf(xk)TCyk - x )

(4.4) 8k :k - > 0
k If(xk)

where 8 0 iff x is optimal for (4.2) (with c - Vf(xk)). If 8 - 0 then x is
k It

a KKT point of (1.3), otherwise xk+l is determined by a simple line-search and c and

ak (defined in (4.3)) are easily updated. Note that 28k  leads to an overcut since 0k

is the largest number which does not.

If the reader is careful enough, she/he may ask what if the simplex method leads to a

unbounded ray. This is the last problem we need to solve before the convergence results in

Section 3 are applicable. The answer is very simple: it never happens.

4.2 Theorem. Let xk  be feasible, then the LP

min Vf(xt)Ty subject to My + q 0 0, y 0

is bounded.

Proof. Let d be any direction of the feasible region, i.e. there is a feasible y such

that y + Xd is feasible for all A > 0. Then d 0 and Md 0. Hence

Vf(xk ) Td - (Mxk + q)Td + (xk)T(Md) > 0

. Therefore no direction is a descent direction and LP is bounded. 0

-P. The following theorem shows that the convergence of Simplex-Based Method (LCP-ILP) is

finite if it is not trapped by a non-solution KKT point. Hence if 8I is away from zero,

-p.
-- 7
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e.g. Condition (A) holds, or one of the conditions of Corollary 3.5 is true, then

xk+l = yk is a solution for some k.

4.3 Theorem. Let U :- {zlz is a vertex, but not a solution) be the finite set of non-

solution vertices. Let conv(U) be its convex hull, let 6 :- inf(f(x)Ix e conv(u)}.

Then LCP-ILP either

(i) generates a sequence {x k }  such that f(xk) )6> 0 for all k, or (ii)

- terminates at a solution xk for some k ) 1, in which case yk-1 is a vertex solution.

- Proof. Since U is finite, conv(U) is compact. Hence there is a vector, say x, in

* Conv(U) such that

f(x) = 6 = inf{f(z)Iz e conv(U)}

% r.Let x = £k , zk e U, Xk > 0, Sk EX 1. Picking any zk, say zi , there is an

index i, 1 4 i C n, such that zi > 0 and (Mz1 + q)i > 0 since z1  is not

complementary. Hence
xi = k A z) >

and

(Mx + COi = EA k(zk + q) ) A (M I + q) > 
0

n
6 = f(x) = I xj(Mx + q)j O xi(Mx + q)i > 0

j=1

Suppose yk e U for 0 C k 4 N, then it is easy to see, by induction, that

xN+l e conv(U). So f(xN+) 6 > 0. This shows that either one of k is a vertex

solution or f(xk ) ? 6 for any xk generated. In the formal case, x+l yk is the

0  solution obtained by the line-search. 0

4.4 Corollary. LCP-ILP finds a vertex solution in a finite number of iterations if one of

the followings is true.

(i) Condition (A) holds.

*(ii) M is positive semi-definite.

(iii) M is a P-matrix.

.9. (iv) M is quasi-diagonally dominant.

S-S
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Proof. For (i), the cut (2.1) is not an overcut. Therefore 8k > 1 at each iteration.

It follows by Theorem 3.5 (1i) that case (i) of Theorem 4.3 is impossible.

For (ii), (iii) and (iv), any KKT point is a solution as is pointed out in the proof

of Corollary 3.6. Suppose LCP-ILP does not find a solution in a finite number of

iterations, we shall show a contradiction. By Theorem 3.5, since xk, k > 0, are not KKT

kpoints, LCP-ILP generates a bounded sequence {x ) having an accumulation point, say x,

which is a KKT point. Hence f(x) = 0 since a KKT point is a solution. On the other

hand, f(xk) ) 6 > 0 for all k by Theorem 4.3. Hence f(R) ) lim inf f(xk) ) 6 > 0.
~k

4.5 Numerical Results. A computer program implementing LCP-ILP was written and tested on

UWVAX, a VAX 11/780 computer running UNIX operating system. All floating point

computations are in dobule precision which provides about 16 figure decimal accuracy. Six

problem sets were randomly generated; each has 20 individual problems. The dimension n

is fixed in each set and varies among sets. For the purpose of comparison Lemke's

Algorithm was also tested for these problems. Recall that LCP-ILP may converge to a KKT

point which is not a solution, while Lemke's Algorithm may terminate at a ray and fail to

give a solution. In fact, since the general LCP is NP-complete [2], there is no known

algorithm that is guaranteed to solve any LCP without essentially enumerating an

exponential number of possible cases which is impossible to do even for moderate n.

-" The results are shown in Table 1. We make the following remarks.

(i) The iteration number and the pivot number are the same for Lemke's method, but

different for LCP-ILP. For the latter, iteration number is the number of

updatings of the cost vector while the pivot number is the total number of

pivots of all iterations. Since updating the cost vector is easy and the number
0

of updating is significantly smaller than the pivot number, we feel the pivot

number is a good measure of computation time. Also the comparison between pivot

numbers of these two algorithms is a good estimate of the relative speed since

each pivot takes roughly the same time in either algorithm.

(ii) The phase I of LCP-ILP starts at the origin to find the initial BFS. The number

of pivots given in Table 1 includes the pivot steps taken in phase I.

-9-
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(iii) Although Lemke's Algorithm is very effeicient for M being a P-matrix or

positive semi-definite, it rarely gives a solution for a general M when

n ; 30. Moreover, it becomes very slow no matter whether it gives a solution or

not. Hence the so called almost complementary path has a very long average

length.

(iv) The number of problems solved in a set decreases rapidly as n increases. This

is not surprising since the problem is NP-complete [2].

(v) The ratio of the maximum number to the minimum number of pivots of a set, given

in the bottom row of each column, remains small for LCP-ILP but varies

considerably for Lemke's method. Hence the almost complementary path can be

very short as well as very long. It also indicates that LCP-ILP is more robust.

* (vi) Since LCP-ILP can start at any BFS, it will be much faster if we have a BFS to

begin with or each problem set is a parametric LCP in which case it can start at

the solution basis of the previous problem. It should be noted, however, that

some generalizations of Lemke's method can start at an arbitrary point under

certain assumptions (4, 11].

P4%

N
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Computational FiesuIts of ILP Versus Lemke's Method

Dimension of Problem (-n) 7 15 23 31 40 50

Number of Problems Solved ILP 17 11 11 9 7. 8

Out Of 20 Problems Lemke 13 7 2 2 1 0

Average Number of Pivots ILP 4 15 35 46 0 144

For Solved Problems Lemke 5 21 40 231 203 o

Average Number of Pivots EP 2 16 44 55 96 136

For Unsolved Problems Lemke 7 14 30 102 231 514

Ms-xmum.Number of Pivots lLP 8 29 75 101 12 234

Over the 20 Problems Lemke 17 47 01 493 1000. 1000

Minimum Number of Pivots ILP 1 0 16 .9 73 85

Over the 20 Problems Lemke 2 0 8 1 2 1I

Raio Of Max/No of Pivots LP 8.0 . 4.7 3.5 .8 2.8

Lemke 8.5 - 11.4 493 500' 00.9'

- (quit after 1000 iterations, so the true value should be bigger)

Table 1

-1-
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APPENDIX

Theorem 3.2 is a special case of Theorem 3.5 with 
6k . (Note that xk is not a

IKKT point in Theorem 3.2. otherwise by Lemma 3.3 there would be no point satisfying the

cut (2.1) and xk+ 1 could not be generated). Hence we shall only give the proof of

Theorem 3.5.

For simplicity, we introduce the following notation.

* (A.1) *(t) :f(xk + tpk),

(A.2) a - f(xk), B :-Vf(xk)Tpk, y := (pk)TMpk

It is easy to see that *(t) is a quadratic function and that *(0) = a, 0'(0) = 8,

0'(0) = By. Hence

(A.3) *(t) a + at + yt2

Lemma A.1. Let t :=2,'then

{ t if < < 1
k t 1 otherwise

.°4

:% where tk is the stepsize defined by (3.1).

(ii) f(xk) - f(xk+l) > - I k > o
)!- 2 ka

Proof. By assumption xk is not a KKT point, hence a > 0. By (3.6), 6 - 6aC< 0

since 8k  is positive.

Case 1. 0 < t < 1.

Hence Y > -> > 0, *(t) is strictly convex with the global minimum t. Hence

tk  t and

f(xk+l) " f(xk) - tc(B + tcY) - tc(0 + i Y) = 4 tk8

proving (ii).

Case 2. t 1.

So 0 < ' ( -Y 8 and *(t) is again strictly convex. Since t ) 1, 4(t) is

strictly decreasing on [0,11. So tk = I and

f(xk+t) - f(xk) = a + y C 5 - = k

proving (ii).

o.

-12-
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4' Case 3. t< 0.

So y < 0 and *(t) is strictly decreasing on (0,1]. Hence tk 1 1 and

f(xk+ 1 ) - f(xk) - B + y < B C 1 tkB

The proof is complete. 0

Proof of Theorem 3.5. Since {ykl is bounded, there is a positive number V, that

Ixl <V, ykj <V for all k > 0.

*-. It is easy to see, by induction, that xk + 1 is a convex combination of x ,y ,...,y k  and

hence

Cxkj < V for all k > 0

Hence jpl = lyk -xki 4 ykj + IxkI < 2V and

(A.4) h-I = 1pTkpkI 1 *JI'1pkl2 < iiM1
"4

v
2 

=: W

for all k> 0. Now applying Lemma A.1 (U) and (ii), we have

(A.5) f(xk) - f(xk+l) > - i tkB

1mn-8 -A -B .}

a)..

= minj- k , e-2 24Y7

1 62
I)min{- B1, Q . 6k (by (A.4))

"4' Summing up (A.5) for k = 0,...,N, we have

(A.6) f(x°) - f(xN+l) N
%/k=Ok

The positive series 6k  converges since the left hand side of (A.6) is bounded for
-k0k

all N. Hence lm 6 a 0. It follows by the definition of 6 in (A.5) that
k+ftk

lm - l - him -Vf(xklTpk  0

;'..k+ k+QD

*0 -13-
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So by (3.6),

kk

(A.7) Urn sup ekf(x) Urn Vf(xk)TPk = a

On the other hand, since [f(xk)} is strictly decreasing by (A.5), if k ) 6 infinitely

often we have

lim sup ak f(x > (lim sup 8k).(lim f(Xk)) im f(xk
ICw k-0-0 f+* kC-"*

Tooether with (A.7), we have lim f(xk ) = 0 proving (ii).

IC+f
For (iii), because of (ii) we can assume that (3.7) is an overcut for all k ) K for

some K. Fix any feasible y. For k > K, since y cannot satisfy (3.7), we have

kCT IC kVf(x ) (y - x ) > -2 kf(x

so

k T IC klim inf Vf(x k (y - x ) > lim inf -20kf x
kC- - kC-0 kC

- -2 lim sup k V )x 0 (by (A.7))

kk-T

Let x be any accumulation point of [xk}, then Vf(x) Cy - x) is an accumulation point

of VfxIT kC
of Vf(xk)T(y - x ), hence

(A.8) Vf(x)T(y - x) lim inf Vf(xk)T(y k  0
kI-

Since (A.8) holds for any feasible y, R is a KKT point of (1.3) by Lemma 3.3. 0

-14-
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