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Introduction

The overall objective of the research is to develop new

statistical procedures for estimating item response curves used in

mental testing. A typical test, which is studied here, consists of

K test items administered to n examinees. The data consists of a

matrix of binary scores indicating which items are scored correctly

and which incorrectly by each of the examinees.

The analysis of such data is based on an assumed model which

specifies the probability of correct response to each item as a

function of the ability of the examinee. Such probability models.

can be indexed by item parameters. The main result of this research

is the development of new methods for estimating these item para-

meters for the purpose of measuring abilities based on such estimates.

When abilities are defined in terms of real variables and

treated as fixed effects, both theoretical and practical analysis

of item responses are greatly hampered by the large number of

parameters, which increases as the number of examinees, n, increases.

The standard method for simultaneously estimating item and ability

parameters is maximum likelihood, using standard programs such as

LOGIST described in Wingersky, Barton, and Lord (1982). Some of the

problems encountered by this approach are the occassional non-

existence of a true maximum likelihood solution and the lack of a

reasonable measure of the reliability of the estimated parameters.

. . . . .7 .
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The approach taken by the current research assumes that

ability parameters are sampled from some population distribution,

which itself may be indexed by paraneters. The true likelihood

function then becomes the integral of the conventional likelihood

function with respect to the ability distribution. The resulting

likelihood function is then a function of the item parameters and

the "hyperparameters" of the unknown ability distribution. Though

the resulting expression for the likelihood function is not simple, 0

it contains substantially fewer parameters then the conventional maximum

likelihood equations. A general approach to finding the maximum

likelihood estimate using the new likelihood function is the EM

algorithm, discussed in its general form by Dempster, Laird, and

Rubin (1977). However the implementation of the EM algorithm requires

heavy computation involving numerical integration. Earlier versions

of the EM algorithm are given for the one-parameter logit model

by Sanathanan and Blumenthal (1978) and for the two parameter

probit model by Bock and Aitkin (1981). Part of the current work

is an extension and refinement of these earlier applications.

The main work also includes an extension to fuller Bayesian

methods by introducing prior distributions on the item parameters.

The EM algorithm can be modified for computing posterior modes.

The reciprocal of the negative second derivative of the log posterior

evaluated at the mode is then used to approximate the posterior

covariance matrix of item parameters. The Bayesian approach gives

us a means of posterior analysis and opens up new tools for practical

problems such as item selection and adaptive testing.

.GI

,I q

____-_._-_ I



A brief account of the specific accomplishments of this

research are summarized below. Fuller write-ups of the technical

*details are given in the technical reports and other papers listed

* at the end of this report.

* A. Maximum likelihood (rn.l.) estimation of item parameters.

1. General setup.

When the ability parameters are assumed to be a random

sample from a distrbution with parameter y, the formal likeli-

hood function .C(E,y) becomes a function of the item parameters

E and ability distribution parameter 'y. Under the assumption

of local independence, the EM algorithm has been demonstrated

as being a powerful tool for deriving the m.l. estimate, (.)

The computation reduces to working with a series of simpler

problems involving one item at a time. For the one parameter

2
logistic with a N(0,a )ability distribution, the results are

very similar to those obtained by Anderson (1970) using the

conditional maximum likelihood approach. Simulation results

have shown that estimates usually exist when they do not under

the conventional m.l. approach which treats the ability parameter

as fixed. Simulations have also suggested that there can be a7

savings in sample size of 10 -15% when calibrating items under

the one parameter logistic model, relative to the conventional

methods. Similar results have been found for ability parameters

estimated as posterior means, given (~y ~y. Details have

been published in Rigdon and Tsutakawa (1983).
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2. Convergence of the EM algorithm in item response analysis.

Certain questions concerning the convergence of the

EM algorithm have been raised in the recent literature.

Convergence is guaranteed for the 1-parameter logistic due

to convexity properties of the likelihood function. For

the two-parameter logistic it can be demonstrated that

the EM solution is the solution to the likelihoocd equation,

so that if there is a unique solution it will coincide with

the EM solution. Details are presented in Research Report 82-1.

3. Estimation of 2-parameter logistic curves.

L
Computational details required in the EM algorithm

for the 2-parameter logistic model have been derived and

illustrated. The nonuniqueness of the parameterization

in the 2-parameter Model can be eliminated by placing

restrictions on the ability prior. In particular, for

normal priors on ability, uniqueness is obtained by using

the N(0,1) distribution. The asymptotic covariance matrix

of the item parameters can be computed using the empirical

information matrix. Numerical results based on simulations

have indicated the reasonableness of this approach for

assessing the posterior uncertainty of the m.l. estimates.

Details are presented in Research Report 83-1.

. . . .. . . ..
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B. Empirical Bayes estimation of item parameters.

In certain situations the item parameters, in addition to

the ability parameters, may be treated as a random sample from

some prior distribution indexed by an unknown hyperparameter.

This situation arises when the item parameters are exchangeable,

and the prior information on each item is the same from item to

item. Certain ad hoc procedures have been developed for the

1-parameter logistic model. The basic procedure consists of

alternately re-estimating the item and ability parameters, which

are assumed to be sampled from separate normal distributions with

unknown parameters, until convergence is attained. Results were

very similar to those derived under A.l. Due to heavy computational

requirements, extensions to multiparameter models were not success-

ful. This part of the work is summarized in Rigdon and Tsutakawa

(1984).

C. Bayesian estimation of item response curves.

The third and final estimation procedure developed in this

project is a fully Bayesian method based on a new family of prior

distributions for the item parameter. This family of priors differs

from the one proposed by Swaminathan and Gifford (1981), which

assumes that item parameters have a common prior whose hyperparameter

has a known distribution. The current approach assumes a prior

distribution on the probability of correct responses at specified

ability levels, for each item separately. This prior then induces

a prior on the item parameters. In applications this approach seems

simpler than working through the hyperparameters.

~L.. .ffi JUL&1~*. ... ! ... 9
- - °- .-
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The estimation of item parameters is made by using the

posterior mode which can be computed via the EM algorithm. The .

measure of uncertainty is then taken to be the posterior co-

variance, which can be approximated by the reciprocal of the

negative second-derivative matrix of the log posterior. Nmerical ,

illustrations for the 2-parameter logistic model have shown that

the posterior modes are very similar to the m.l. estimator described

under A.2 and these obtained via LOGIST. This illustration was

based on a 39 item math test using a sample of 400 subjects. Details

are presented in Research Report 84-1.

D. Some unfinished work.

1. Comparison of item response curves.

Two curves can be compared in terms of their logists

at different ability levels. In the case of the 2-parameter

logistic model, the logits are straight lines. The posterior

probability that two such lines are within a given distance

over some fixed interval of ability is presented as a measure

of the closeness of two lines. This approach differs from

the more conventional approach where comparisons are made in
I

terms of the item parameters. Numerical work based on simulated

data and actual test data have been completed. Results remain

to be written up.

%.%

....................................
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2. Goodness-of-fit study.

A cross validation study was started to examine the

predictability of item responses in one data set given

observations on a separate but related data set. The

test statistics being examined turned out to have power

against certain alternative, but not against other

alternatives which might be equally important. This phase

of the research was discontinued pending a better test

statistic.

E. Summary

This research has demonstrated that estimation of item

curves with ability parameters treated as a random sample is

a promising important approach to item response analysis.

Although such modelling has been considered in the past,

practical solutions have only recently become a reality with

the advent of modern computer technology and the EM algorithm.

This research has focused on the theoretical formulation

and solution of maximum likelihood and Bayesian estimations of

item parameters. Algorithms have been developed and numerically

illustrated for the one and two parameter logistic models. The

results are generally comparable to the conventional methods which

treat ability parameters as fixed. The current methods have the

advantage however of generally producing estimates when they do

not exist under older methods. The Bayesian approach yields an

approximation to the posterior covariance matrix, which can be used

to make probabilistic statements about the uncertainly of the

estimated parameters.

L..
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Before widespread applications of these results can be

realized, it is important that user oriented computer packages S

be prepared. Such packages should not only handle the case of

n subjects and K items, but must be able to deal with missing J

data and other designs where different subjects may be given

different items, as in the case of adaptive testing. For such

packages, it would be desirable to include the 3-parameter

logistic model, since guessing is an avoidable problem with tests

using the multiple choice format which is quite commonly used today.
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D r, Oaul Mo;tPttsburch, PA 50

6T1 3 Street. #194

Chu:a Vista. CA 9010 I r. Iichael Levine
Department of Educational Psychology

I Dr. Lloyd Huashreys 210 Education ldg.
"epartaent of Psychology Universitv of 0,1i1i..

Universi'v of flnois Champaign. IL liE'!

60Z East Dan:e: Street

"hag"aqgn, IZ 61820
,1%o
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I Dr. Charles Leois ! Dr. Melvin R. Novick

Faculteit Sociale Wetenschappen 356 Lindquist Center for leasurment

Riksuniversiteit Groningen Universit of Iowa

Dude Boterincestraat 2" iowa City, IA 52:42

97129C Groningen
Netherlands 1 Dr. James Olson

* WICAT, Inc.
I Dr. Robert Linn 1875 South State Street

College of Education Orem, UT 84057 -"

University of Illinois
Urbana, IL 61801 1 Wayne A. Patience

American Council on Education

j Dr. Robert Lockean SED Testing Service, Sute Z

Center for Naval Analysis One Dupont Cirle. N

00 North Beauregard St. Washington, DC X """

Alexandria. VA 22';1.
I Dr. James Paulson

- I Dr. Frederic M. Lord Dept. of Psychology

Educational Testing Service Portland State , "nive.rs v

Pripceton, IJ 08541 P.O. Box 751
Portland, OF ?7707

i Dr. james Lumsden
Department of Psvch ology I Dr. Mark 0. Reckase

U.iver tv of Western Austraia ACT

"edlands W.A. 61-1 P. 0. Box 168
AUSTFALIA Iowa ity, IA '2243

I Dr. Gary Marco 1 Dr. Lawrence PRdner

* Stop Il-E 40 Ela Avenue

Educational Testing Service Takomi Park, ID 2q012

Princeton, NJ 08451
2 Dr. J. Rva-

I r. Robert 4cin ey Department of Education-je.Ca Unvrst 14. Robert " "ii
.e:can bolle.e Test:ng Programs University .f South Carolina

oP.. Bo; 162 Columbia, SC 29208
Ia it, IA 52:4,

i PROF. FU:KO SA.EJIIA
D r. Barbara leans DEPT. OF PSYCHOLOGY

SHuaan Resources Research Organization "'UJIVERSITY 9F TENNESSEE
300 North Washington KNOXVILLE, TN 379 16
Aleyandria, VA 22314

I Frank I. Schmidt
n r. Robert Misieiv Department of PsychoIocv

11 ll:nois Street B Gd. 5.
"eneva. IL 60134 George Washington Uliversltv %S1L61Washinnton. 

DC 20052

Dr. W. Alan 4icewander
University of Oklahoma I Lwel Scb:er
Department of Psyc.c1cg'y Psy:hcicuicai Cant:tatze

'- :ahcaa Citi, CK 77069 FOundatiorn
loege :f E.cat..

UIn. eriity of Iowa

.: I
• ~.-.v.....-.. .-..-... ,-,... .---.. .-.... ,.,.-...- .......-...................- ..... ... ...--.-..- -...::...............................................................'.....'.....,............'....','..........................
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I Dr. Vazuo Shigesasti I Mr. Gary Thomasson
7-9-24 Kjgfnua-Kiw University zi 1'lincis-
Fujusiwa '451 Depart~ent of Educational Psco3
'APAN 6hmag. 18 ~20

C r iim Sims I Dr. Robert lsutav:awi
,enter for Navil kil'-sis Depirtzert of statistiCs

200 4orth Ieiuregard Street University of lissouri
4' - ndriaV .21 34bii. 40 65201

IDr. H. Waiace Siraiko I r. Ledyari Tacifer
0-oaai Director 'ji ersit- a, M oi s
manposer Ra~seircl ind 3sr ervices :epirtiert :f vn~q

Y: 'crt. Pitt 3t'eet Chapqn. IL 6221
~e~a~~:a,/A 2314

Dr. V.
N ~rt~a Stoc,.irg ~ion Carbide crai

Educational 7esti~iq Service Iucleir D; .sio~
in~ceter, NJ )e.41 . ' Bcl

Oak Pi-Oe T%. 37830

:enter tor Naval Anal ysi S I Dr. David iAe
C, P Urth Beiuregard Street Assessment Systees Crporatizn
..le::andria. VA 22311 2 . vie!,sity Avenue

Suite 710

Dr. 41:4a& Stat St. Pau!, MN 5q.1!4

wepartsent of 4atheliatics I Dr. ' award ma~mer
Urbaini. :L 620 Division of Ps~rhocia Stud'es

EUucationai Testingq zer~ice
1 r. '4r rin Smasinattan Princeton. NV' '.1840
Labioratorv of Osychometr:c and
Eviauition Research : r. mlirg-lei ing
Scneol of EdUEat On L!IIOLIS: Cei:er ior Meiireinen
l!nversr., 04 "issiOusetts jrie,tf- c~ ola
'aherst, AO) oa :y 24

Dr. Yi .Ujlii~ts,!oka .r.Brian ' aters
2oiouter Based Edicition ;.eseirch LA~

"2Engineering Resea 0 Laritory 4. ort, 4ashijwG
'Ia 6Aeandr:i, VA :2:74

Dr. 9aurice itstoka 1 Jr. Daid 3. Weiss
:2. Education Bldm N660 El:,ott Hall
I.I. S. 3Si,.th St. University of linnesota
haipailp, IL 6IS2 75 E. River laid

M.,reapolis, MN 5545!
I Dr. David Thissern
Dioartment of Ps-ecliologi I Dr. Rhana ;. WIcox
Jn:versitv of Karsis Un'versit, of Southern Calfornia
Liirence. kS 66044 Departfent of Psicholoc"Y

Los Angeles, CA 90007
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Private Sector

! German %i:tary Representat:e
ATTN: Wolfgang li!iegrube

Streit:raefteamt
D-530 Bonn 2

4030 Prandy~ine Street, NW

Washipgton , DC 20016

I Dr. Bruce Williams
Department of Educational Psychology
University of Illinois
Urbana, L1 6101

Ns. Marilyn Winqerskv
Educational Testing Service
Princeton, NJ 08541

I Dr. George Wong
Siostat~stics Laboratory

Memorial Sloan-Kettering Cancer Center
1275 York Avenue
New York. NY 10021

I Dr. Wendy Yen
CTBlfMcGraw Hi"
Del Monte Research Park-
Monterey, CA 9140

-.-- *--.'.--*~-' ..K .*~.* .. ** . - .* --:: ...
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