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: Introduction -;
N 3
h e
[ The overall objective of the research is to develop new RS
v statistical procedures for estimating item response curves used in _ Q;:
. _ , , )
il mental testing. A typical test, which is studied here, consists of e
H':‘
K test items administered to n examinees. The data consists of a
. matrix of binary scores indicating which items are scored correctly
and which incorrectly by each of the examinees. S
Loammmae
The analysis of such data is based on an assumed model which T
specifies the probability of correct response to each item as a f%
function of the ability of the examinee. Such probability models. o
- 3
can be indexed by item paramreters. The main result of this research - .4
is the development of new methods for estimating these item para- b
R
meters for the purpose of measuring abilities based on such estimates. ﬁ?d
o
When abilities are defined in terms of real variables and ~—y
treated as fixed effects, both theoretical and practical analysis RER
of item responses are greatly hampered by the large number of ifﬁ
.._',-.
parameters, which increases as the number of examinees, n, increases. et

The standard method for simultaneously estimating item and ability

parameters is maximum likelihood, using standard programs such as ﬁiﬁ
LOGIST described in Wingersky, Barton, and Lord (1982). Some of the

problems encountered by this approach are the occassional non-

existence of a true maximum likelihood solution and the lack of a

reasonable measure of the reliability of the estimated parameters.
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The approach taken by the current research assumes that
- ability parameters are sampled from some population distribution, "
which itself may be indexed by parameters. The true likelihood '

function then becomes the integral of the conventional likelihood

function with respect to the ability distribution. The resulting
likelihood function is then a function of the item parameters and B
the "hyperparameters' of the unknown ability distribution. Though -i-}ﬂ
the resulting expression for the likelihood function is not simple, .’
it contains substantialiy fewer parameters then the conventional maximum

likelihood equations. A general approach to finding the maximum

likelihood estimate using the new likelihood function is the EM ;: :
algorithm, discussed in its general form by Dempster, Laird, and S
Rubin (1977). However the implementation of the EM algorithm requires B

heavy computation involving numerical integration. Earlier versioms ;;?ﬁ

of the EM algorithm are given for the one-parameter logit model
by Sanathanan and Blumenthal (1978) and for the two parameter
probit model by Bock and Aitkin (1981). Part of the current work
is an extension and refineﬁent of these earlier applicatiomns.

The main work also includes an extension to fuller Bayesian

methods by introducing prior distributions on the item parameters.

The EM algorithm can be modified for computing posterior modes.

The reciprocal of the negative second derivative of the log posterior
evaluated at the mode is then used to approximate the posterior
covariance matrix of item parameters. The Bayesian approach gives

us a means of posterior analysis and opens up new tools for practical

problems such as item selection and adaptive testing.
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A brief account of the specific accomplishments of this
research are summarized below. Fuller write-ups of the technical
details are given in the technical reports and other papers listed

at the end of this report.

A. Maximum likelihood (m.l.) estimation of item parameters.
General setup.

.: When the ability parameters are assumed to be a random

' sample from a distrbution with parameter y, the formal likeli-

hood function £(£,y) becomes a function of the item parameters

3 € and ability distribution parameter y. Under the assumption
of local independence, the EM algorithm has been demonstrated

as being a powerful tool for deriving the m.l. estimate, (E.;).
The computation reduces to working with a series of simpler
problems involving one item at a time. For the one parameter
logistic with a N(O,cz) ability distribution, the results are
very similar to those obtained by Anderson (1970) using the
conditional maximum likelihood approach. Simulation results
have shown that estimates usually exist when they do not under
the conventional m.l. approach which treats the ability parameter
as fixed. Simulations have also suggested that there can be a
savings in sample size of 10 - 15% when calibrating items under
the one parameter logistic model, relative to the conventional
methods. Similar results have been found for ability parameters

estimated as posterior means, given (£,y) = (E'Y)' Details have

been published in Rigdon and Tsutakawa (1983).
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2. Convergence of the EM algorithm in item response analysis.

-
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Certain questions concerning the convergence of the
~ EM algorithm have been raised in the recent literature.

Convergence is guaranteed for the l-parameter logistic due

to convexity properties of the likelihood function. For
the two-parameter logistic it can be demonstrated that ]
the EM solution is the solution to the likelihood equation, i
t so that if there is a unique solution it will coincide with SR

r the EM solution. Details are presented in Research Report 82-1.

E 3. Estimation of 2-parameter logistic curves. :;
Computational details required in the EM algorithm

for the 2-parameter logistic model have been derived and

F illustrated. The nonuniqueness of the parameterization

- in the 2-parameter model can be eliminated by placing

g restrictions on the ability prior. 1In particular, for

H normal priors on ability, uniqueness is obtained by using

the N(0,1) distribution. The asymptotic covariance matrix

of the item parameters can be computed using the empirical

information matrix. Numerical results based on simulations

-

D

- have indicated the reasonableness of this approach for

3 ‘ assessing the posterior uncertainty of the m.l. estimates.
; Details are presented in Research Report 83-1.
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B. Empirical Bayes estimation of item parameters.

In certain situations the item parameters, in addition to
the ability parameters, may be treated as a random sample from
some prior distribution indexed by an unknown hyperparameter.
This situation arises when the item parameters are exchangeable,
and the prior information on each item is the same from item to
item. Certain ad hoc procedures have been developed for the
l-parameter logistic model. The basic procedure consists of
alternately re-estimating the item and ability parameters, which
are assumed to be sampled from separate normal distributions with
unknown parameters, until convergence is attained. Results were
very similar to those derived under A.1. Due to heavy computational
requirements, extensions to multiparameter models were not success-
ful. This part of the work is summarized in Rigdon and Tsutakawa

(1984).

C. Bayesian estimation of item response curves.

The third and final estimation procedure developed in this
project is a fully Bayesian method based on a new family of prior
distributions for the item parameter. This family of priors differs
from the one proposed by Swaminathan and Gifford (1981), which
assumes that item parameters have a common prior whose hyperparameter
has a known distribution. The current approach assumes a prior
distribution on the probability of correct responses at specified
ability levels, for each item separately. This prior then induces
a prior on the item parameters. 1In applications this approach seems

simpler than working through the hyperparameters.
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The estimation of item parameters is made by using the

posterior mode which can be computed via the EM algorithm. The
measure of uncertainty is then taken to be the posterior co-
variance, which can be approximated by the reciprocal of the
negative second-derivative matrix of the log posterior. Nmerical
illustrations for the 2-parameter logistic model have shown that
the posterior modes are very similar to the m.l. estimator described
under A.2 and these obtained via LOGIST. This illustration was
based on a 39 item math test using a sample of 400 subjects. Details
are presented in Research Report 84-1.
D. Some unfinished work.
1. Comparison of item response curves.
Two curves can be compared in terms of their logists

at different ability levels. 1In the case of the 2-parameter

logistic model, the logits are straight lines. The posterior

probability that two such lines are within a given distance

over some fixed interval of ability is presented as a measure

of the closeness of two lines. This approach differs from

the more conventional approach where comparisons are made in

terms of the item parameters. Numerical work based on simulated

data and actual test data have been completed. Results remain

to be written up.
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Goodness-of-fit study.

A cross validation study was started to examine the
predictability of item responses in one data set given
The

observations on a separate but related data set.

test statistics being examined turned out to have power
against certain alternative, but not against other
alternatives which might be equally important. This phase

of the research was discontinued pending a better test
statistic;
E. Summary
This research has demonstrated that estimation of item
curves with ability parameters treated as a random sample is
a promising important approach to item response analysis.
Although such modelling has been considered in the past,
practical solutions have only recently become a reality with
the advent of modern computer technology and the EM algorithm.
This research has focused on the theoretical formulation
and solution of maximum likelihood and Bayesian estimations of

Algorithms have been developed and numerically

The

item parameters.
illustrated for the one and two parameter logistic models.
results are generally comparable to the conventional methods which

treat ability parameters as fixed. The current methods have the

advantage however of generally producing estimates when they do
not exist under older methods. The Bayesian approach yields an
approximation to the posterior covariance matrix, which can be used
to make probabilistic statements about the uncertainly of the

estimated parameters.
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Before widespread applications of these results can be
realized, it is important that user oriented computer packages
be prepared. Such packages should not only handle the case of
n subjects and K items, but must be able to deal with missing
data and other designs where different subjects may be given
different items, as in the case of adaptive testing. For such
packages, it would be desirable to include the 3-parameter

logistic model, since guessing is an avoidable problem with tests

using the multiple choice format which is quite commonly wused today.
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Univ., o¢ So. California 252 Engineering Research Laboratory

university Park 103 3outh Mathews Streat ]
Los Angeles, CA 90007 Urbana, L 61801 e
0 Y
{1 Or. Hans Croabag { Dr. Susan Eabertson T
Education Research Center PSYCHOLOGY DEPARTMENT :]

University of Leyden UNIVERSITY OF KANSAS =
Boerhaavelaan 2 Lawrence, K5 64045 1

2334 EN Leyden
The NETHERLANDS

-

ERIC Fecility-4cquisitions
4837 Rugby Avenue -
Lee Cronbach Bethesda, M0 20014 :

1
16 Laburnus Rcad .
Atherton, C3 94205 ! Dr. Benjamin A, Fairpank, ir. - 4
Performance Metrics, Inc. -]
{ CTB/Mchraw-sill Lidrary 5825 Callaghan
2500 Barden Road Suite 229 .
forteray, CA 93950 San Antenic, TX 7822 4*
1 Mr. Tiagthy Davey 1 Dr. Lecnard Felat -
Jniversity of fliinhois Lindquist Centar for Measursent R
Jepartaent of Educational Psvchology University ot iowa ;
Urhana, Ji E160C Towa City, IR 52242 ]
;
i Or. Dattpradad Divai I Univ. Prog, Dr. Serhard Fischer -—-—J
Syracuse University Liebiggasse 5/3 -
Departaent of Psychology A 1010 Vienra 2
Syracuse, NE 32210 AUSTRIA j-.ﬁ
~ _‘
} Ir. Eamanugl Donchin | Professor Donald Fitzgeraid :-:‘:\
Tepartment of Psychology University of New England Py
University of 1liinois Armidale, New South Wales 2351 ~
Chappaign, IL 61820 AUSTRALIA -
1 br. Hei-ki Dong 1 Dr. Dester Fletcher ]
Ball Foundation University of Dregon
Roos 3i4, Building B Departrent o4 Coaputar Science T
800 Roosevelt Road Eugene, OR 974(3 .4
Glan Ellyn, IL 6C1F7 e
1 Dr, Jodn R. Frederiksen o
t Dr. Fritz Drasgowe Bolt Beramek & Newsar e
Departaent of Psychology 50 Woulton Strest ~'l'_-'_
University of Illinois Cambridge, MA 02!38 By
503 E. Daniel 5t. o
Chaspaign, IL 61820 1 Dr. Janica Bitsord o]
University of Massachusetts 4
i Dr. 3tephen Dunbar Schooi of Education ~j:
Lindquist Center for Neasuresent fpaherst, NG 01002 x
University of Icwa O
{owa City, 1A 52242 )
-

- - - - - - - - 2

[ P S TG B S -,._.‘..‘..‘_.‘- D T N P o e o “oe - .0

IOICACARAEIE I IEAPIEIEIENENEN Te WTe e e e e T e e e N ey O - \‘ S i AP A AT .. ok
- -~ - AT A A A A A AT AN AR et e e LL‘_‘L{\‘ PR Solt Sl G




S L lon o an g

Ll ane e o o

.Q " -‘l . ".
NENLN I

EI I AP I S S I I S

Missouri/Tsutakawa \o-hug-94

Private Sector

3r. Ropert glaser

tearning Research % Develcpment Center
University of Pittsburgn

3929 0’dara Street

PITTIBURGH, PA 15280

-

i Dr. Marvia D. Giock
217 Stone Hall
Cornell Uriversity
Ithaca, NY 14833

Sr. Sert Green

1ohas Hookias Univarsity
Pepartaert of Feycholegy
Charies & 24th Strest
Raltizgre, MD 21218

-

R, JAWES G. GREEND

L300

{NIVERSITY OF PITTGBUREH
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Zanerst, MA 01033

t Dr. ¥ivum Tatscoka
Cozputer Based Education Rasesrch Lad
262 thquneering Reseach aboratory

1 A1 s iAAY
Urcana, .L e.dvl

L Dr, Maurice Talsuoka
220 Education Bldg
1710 8. Sisth St.
Chaapaign, IL 61820

! Jr. Tavid Thissen
Dagartment of Fsychology
Un.versity of Xansas
Lawrence, K5 65044

—

-

—

-

-

—

»

Page 9
Private Sector
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Princeton, NJ 08541 . -

| L |

Or. Secrge Wong

Siostatistics Laboratory F
Memorial Sloan-Kettering Cancer Canter R
1275 York Avenue o
New York, NY 10021 i

R
-

Dr. Wendv Yen -
. CTB/Mcbraw Hill 3.;}
y Del Monte Research Fari L
Monteray, CA 92940

1T T e e
et

S

- oy
~p ~ 4
) =y
e

UM

:;\._"1

NS

DO

- TN
Iy

L Y

g K PRI - o~ AP ] I . 0. a ettt ¥ e N - R te 0 W et n.' ) '
‘m fa I RN S, SRR A SR T '-‘.'.' PN AR DI T '.'t'.




o Y ——- e

wrf 2EN
3

o Eg

K

a4 4




