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FOURTH ORDER EVOLUTION EQUATIONS FOR
SHOALING WAVE GROUPS

Ruth Iusim and Michael Stiassnie
Department of Civil Engineering, Technion
Haifa 32000, Israel

Third order evolution equation for groups of water-waves moving
over an uneven bottom were first derived by Djordjevic' and Redekopp
(1978). In the present report we carry their derivation one step

further, to fourth order, utilizing the REDUCE 2 algebraic manipulator,

see-Hearn (1973).

We consider the evolution of a uni-directional progressive gravity -
wave moving along the x axis on the free surface of a homogeneous liquid
with depth h = h(x) varying in the direction of the pr8pagation.

The effect of surface tension is neglected, so the analysis applies to
gravity waves only. The fluid motion is irrotational, thus there exists

a velocity potential ¢(x,z,t) satisfying Laplace's equation

g * $g = 0 » )

where z is the vertical coordinate, and z = 0 is the undisturbed

free surface.

The boundary condition on the bottom z = -h(x) is

REJCNN @




and the boundary conditions on the free surface z = 7(x,t) are

the kinematic condition:

¢, = L.+ 4. L, (3

and the pressure condition:

2g0 + 20, + 42+ $2 = 0 (4)

The situation where the depth varies slowly in the direction
of propagation is considered, so that properties characterizing the
wave will change slowly as well. A small nondimensional parameter
€ that measures the slope of the wavy surface is introduced, and

we define the new variables:

x
t=¢els EE%ET -t]; € =¢%x - (5)
g

where C‘ is the group velocity.

We suppose that the depth changes on the scale of €2 so that

h = h(g) with the property h'(g) = 0(1).
The velocity potential and the free surface displacement are
expanded as follows:
0-¢°(€,t,z)#(.ltc.t,z)oiefoz(z.t,z)oziOO...+c.c} (6)

toto (6,1 4L, (6,1) o1% (e, 00efi% el T -
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(9%
X
ol where 8 = / k(§)dx -wt (8)
29
"::2 - and c.c means complex conjugate.
¥
.:3:3 With € chosen to be small, the functions ¢J. (E,T, 2) and
«,(: cJ. (€,7),j > 1 are expanded formally in powers of ¢ as follows:
¢:(E,7, 2) = I €9 (E,7,2) (9)
! J n=j mj
2y
(-1 2:(6,1) = £ €% . (5,1) (10)
e J m=j mj
“i
- We also assume ¢ _(£,7,2) € 0(c) (11)
A
2
£ thus only wave induced currents are considered.
b ;-_‘ Substituting the Fourier series (6) into the Laplace equation
~
o (1) we obtain that the zero order potential satisfies:
b )
x)<
i85S V24, (E,7,2) = 0 (12)
Y
19 ====
.
N
' From (11) and (12) it follows that:
‘5-
b ¢, (5,7,2) € 0(c?) ~ (13)
? ' 2z
e‘g
(& Expanding the free surface conditions (3) and (4) around the
:; equilibrium position z = 0, substituting eqs. (6) to (10) and looking
o
sj for the coefficient of e°. yields respectively:
i
v‘ '
utly, i
3y,
LY
9
ot

5,

3t
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6y + €, + 2e3-Reley, 8, 40,8, lé_l Tty -
z T 2z 2z g ¢

2, —— ik 2, = By _
- K4980 - <, C11511T k% 1185,] + 0(eY) = 0
and

2 2
= € e—- i - e_ 2 ry 3

o "g% *eT [“""11z Sl - T D0y yreyy 9y 100D

where ¢° = ¢°(E,t,o), ¢ij = Oij(E,T,o), and the bar denotes the

complex conjugate.

From (14) and (15) it follows that the order of ¢ o is greater
or equal to €2 and that the order of ¢,(0)  is greater or equal
2

to €3

£, € 0(c?) - (16)
and
4 ©) ¢ 0(e?) an
The next step of the derivation is similar to that given by
Djordjevic' and Redekopp with the difference that we continue the
process to fourth order. Substitution of (6) (8) and (9) into

Laplace's equation (1) gives:

ogere®: - ¢y = AGe,7) S25plash as)
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¢21 = D(EpT) ‘c:::}]: K(z+h - 'C--1 *
g
. (z+h) sinh k(z+h) - ho cosh k (z+h)
cosh k h
cosh k(z+h

¢31 = 6(&,7) coshk h

i i
- T cosh k& {2kh'A + (k'A - c—z A‘l"t) (z+h)}*
g

« (z+h) cosh k(z+h) + Eiwr[o(hk)m -

iho 1 <
- AE - .?2- A - -q-} D_c (z+h) sinh k(z+h)
g

k(z+h .

cosh
‘41 = M(£,7) cos

i k! 3+ sinh k(z+h
+[ R'g’ Aree - '2-(2: A‘t] [(z+0)7] cosh E h

(19)

(20)
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1 o)
*{T—kcg {(kh') [30-2kh(202-1)] + Kkh's - hk'C - 2Zkho Eﬁ
L S W 0% k' ip (.

2 C
sinh k(z+h) .. _1 [‘42 k' + 2khok' + 2k .é.&] A

- (2h) =k Tk Lot
g £
. A D .
iho _Et Tt ik' 2 cosh k(z+h)
"M T -3 2 D} ()" S h
2C 2C
g g
h! . cosh k(z+h
+{ - -q (l-khd)AT—lkh'D} (z+h) _cerl (21)
2,218 - cosh 2k(z+h)
0(c%)e - ¢ 2= FOY) ST v h (22)
3, 216 cosh 2k(z+h)  ifr
0(ee  : 437 = E(E,T) <osh T

« (z+h) sinh i:sz*“ (23)
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o Substitution of eq (6) to (10) and eqs. (18) to (23) into the
‘ expansion around z = 0 of the free surface conditions (3) and (4)
1,
) gives:
: 10 i
[ 4 ss===Sss
*n arld
=
“}; w=gko (25)
% where o = tgh(kh) (26)
B e e e e ——————————
P d
] 2,16 = _g2
: (Dt G e @)
:
b and
N 8%,, = iuwD + A (28)
N
13
5 %
‘9
4 -
2i6 k2 3-0 2
. 2,41 k_ -
; and
:': wF =32 (9 2 (30)
g 4 o
1Y)
1N
+ LY ettt L L L L P L e L e e L Lt Lt e e L D et L L et L L LD L DL S
4
Nl
) .
3,16, 2 3 3 2
St STugh ¢ Ay eTughy UM,
‘
i + eduga[Za =0 ‘ (31)
’ where
. il =5 KL [oenk(100)] + ()"} (32)
L1 157 %

N
'9
s
g
&
b
i




and

20iC
pz = - ——.g.
g

My = 101 21 (1-kho) (1-0%)])

g cz

g

K 2
“4=g_[2 Cg+ (1-03)] ; CP=m/k

4

_k 9 2 4
=3 [z - 12+ 1302 . 2%]

g;31-wc+(1+ﬂ)n (i‘:ﬂ-é—"—) 4, A+
s g Ot

. 1wh2

2Cg

(202-1)A o+ hwoA, -

- Jr 13-9024110% - 208} A%R 4

. !‘22 [2kh' + k'h - 202(kh)'] A

(33)

(34)

(35)

(36)

and

403 k ;
Tz B = 2uC, [skn(36"+20%-5)490 (1-01)] A A_

61kw (1-02)AD

. ik 2 3
883, ng?’ [-12kh(1-02)-403+120] A A

(38)
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0(ec*)e ": € u1D+e uZDE +€ %Dﬂ_*e 11404’0-r +€ ZuSIAI D+

B A2[ acth 4 Y 2 Y
+etucAPD veA AL EMAA L te lslAl A +e2

27
21T A A‘t+

4

4 3 3 3
+€ ASAETH: A6A¢ °-r-t +€ A7AT¢°T+e ABMOE +

+eA9A¢°z =0 ) (40)

where Hyseee,Hg are given by (32) to (36) and

2
Ay = - hlf-; (2h*%307-6h3k305+6h3k303- 2n3%k%s -
auC
“ g

5h2k206+9h2k20" -5h2k202+ h2k2+ 4hke> -

-4hko3 - o* + 02) (41)
20, 52 }
ry = B UD) [g kn(302-1] 42)
3c3
g
ik3
Ag = {767-4705+4803-360+kh[-708+3206-2504-1802+18]}
2gC o
g
(43)
ik3 .
A, = {-0%+502+4kho(1-02)2} - (44)
4 ZgC‘
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- g2
Ag = ._gl%_f_l (1-kho) (45)
g
g . g gCg
- ik re_~27
A=" = +2[1-kho](1-02) 42} (47)
7 gC °C
B B
2w
)‘8 = —E k (48)
k.
Ag = - 1: 2 (49)

Combining eqs. (31) and (40) and introducing the new variable

!

one finally obtains the modification to fourth order_of the cubic

(50)

=

€A + €2D

Schriidinger equation

2 2 2 2
e U R TR & T L uglay 1Ay +

3
+ €°M,A (51)
2 ITTT

3
+ € )‘IAI

2 273
- + exslAll A1 + € 7\4A1Alt +

T

3 2 2 2
+ €°A_A + ) ecA b +E4A ¢+ AgecA ¢ +AA
sM 6= M ™1 % " s 1fo, "9"1%0 =0

Et
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On the other hand substitution of (18) and (24) into (14) and (15)

and elimination of Los yields the following equation for L

e2¢

o_“_ kz 2C
% + =3 [+ (1-02)] ([A[2)_+ 0(") (52)
z g & Cﬂ '

which can be written to the same order of accuracy as

€2¢
2 2

¢+ Cur ek [—C-E + (1-02)] ([A{]|D (53)
oz g g Cg 1 T

and eqs. (51), (53) at z = 0 form the system of equations from which

Al and ¢° can be determined.

For the case of infinitely deep water, the terms A6-ez Ady »
Tt
A,e2A, ¢, and Ae2A,6_ in (53) are 0(e5), and equations (53) and
7 1T o, 8 "1 OE
(51) become respectively: .
2
4k 2
¢, =e— ([A,]D (54)
°, g g
and A
2wiC 1 2,k
-g2e ——£& A 4g2 AL, —‘(‘:—’— Ay
£ g T
4 ’ 1.3 :0 3
4k 2 14ik 2 2ik 2%
+ = [A |27, ¢+ e[- =22 |A 124, + =— A%A ]
7 MITA gc, MMt T MMy
iwk
- -—g—-A1¢° = 0 (55)

z
The last two equations are identical to those given in K.B. Dysthe

(1980).
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Note that the following typographical errors were found in Dysthe's
paper:

His equations(2.17) and (2.19) should be written as follows:

= a1 al2+ gik3caa. —a¥a y_as13[al2 3 _id
r = 4k*|A|2+ 8ik (A, -A A )-4ik lAIx +20k (3 -i8)

(Dysthe 2.17)

; A -Alalz= - L -
21 (A HA I HA. -MA AlA| = 1(6A, -A ) +
¢ SIA -A'A ) [A[2A + AGR-i3) (Dysthe 2.19)
2 x p'q p'e x 1%, Dysthe 2.
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