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FOURTH ORDER EVOLUTION EQUATIONS FOR

SHOALING WAVE GROUPS

Ruth Iusim and Michael Stiassnie

Department of Civil Engineering, Technion

Haifa 32000, Israel

Third order evolution equation for groups of water-waves moving

over an umeven bottom were first derived by Djordjevicd and Redekopp

(1978). In the present report we carry their derivation one step
further, to fourth order, utilizing the REDUCE 2 algebraic manipulator,

see-Hearn (1973).

We consider the evolution of a uni-directional progressive gravity

4 wave moving along the x axis on the free surface of a homogeneous liquid

with depth h = h(x) varying in the direction of the prTpagation.

The effect of surface tension is neglected, so the analysis applies to

gravity waves only. The fluid motion is irrotational, thus there exists

a velocity potential *(x,z,t) satisfying Laplace's equation

xx zz(1)

where z is the vertical coordinate, and z - 0 is the umdisturbed

free surface.

The boumdary condition on the bottom z a -h(x) is

z -h' (x) ( (2)
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and the boundary conditions on the free surface z = c(xt) are

the kinematic condition:

4z = et + 4xCx (3)

-o

and the pressure condition:

2gc + 24t + 02 +z 2(4)

The situation where the depth varies slowly in the direction

of propagation is considered, so that properties characterizing the

wave will change slowly as well. A small nondimensional parameter

£ that measures the slope of the wavy surface is introduced, and

we define the new variables:

x-€[ dx -t] ; -C2x SA *~ - [f~y tJ -E 2  - (5)
g M

where C is the group velocity.

We suppose that the depth changes on the scale of e2 so that

.% h u h(C) with the property h'() - 0(1).

The velocity potential and the free surface displacement are

expanded as follows:

#V-o(CTz)( 1 (CVr,z)O is+ 2 (C,.rz)e Mi*... .C}C) (6)

C=oC (,.)+{c 1lCOT) etO+ C 2(C, )e21GO#-...+. (7)
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x
where 6 - I k(E)dx -wt (8)

and c.c means complex conjugate.

With c chosen to be small, the functions *j(Er, z) and

C (E,T),j > I are expanded formally in powers of e as follows:

mjf.(ESTr, Z) C m f .(E,'r.Z) (9)M= M

C (ET mj (EST) (10)
m=j

* We also assume fo (E,,z) < 0(C) (11)

thus only wave induced currents are considered.

Substituting the Fourier series (6) into the Laplace equation

(1) we obtain that the zero order potential satisfies:

V2 #0 (E,T,Z) = 0 (12)

From (11) and (12) it follows that:

# 0OzzC(9,T,Z) 4 o(C3 )  (13)

* Expanding the free surface conditions (3) and (4) aromd the

equilibrium position z - 0, substituting eqs. (6) to (10) and looking
_ for the coefficient of e0 , yields respectively:

-Iw
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+ crC + 2el-Re[C1  +C ~ 21 1  + ]L2i
z zz zz kg r1

2 2C 2"[1 + O(e 1) - .(4g T

#C -1 -g 11 41,1 Ak211'21] +0€ 1 =0(14)

and
O+ 2 ilEo2 k2411;11+f 11 '1 ] O )

11 C1. -iCL-. [k 1(3):o g o g R *-i Ci1 1  J jL- *i i*i*ij0~ (15) ;

T 9z 9z 11z

where 0= *o(,°,o), *ij = * ij(( °,ro), and the bar denotes the

complex conjugate.

From (14) and (15) it follows that the order of c is greater

or equal to c2 and that the order of 4 (0) is greater or equaloz -

to C3 
O

0 °(c2) - (16)

and

40 (0) < 0(C3) (17)z

The next step of the derivation is similar to that given by

Djordjevic' and Redekopp with the difference that we continue the

process to fourth order. Substitution of (6) (8) and (9) into

Laplace's equation (1) gives:

2 lee A(9,r) (18)k~~h
1 CLUUh kih



2 jO '21 cosh k 4h - A

(z+h) sinh k(z~h) - ha cosh k (z+h) (19)
cosh k h

=G(E,r) cosh k(z~h)#31 cosh k h

cohkh{2kh'A + (k'A A -~ T)(z+h))'

ics k 1T: T
Cg

(z~h) cosh k(z+h) + a~((hk)'A -

SA& - ihrA - -I ID* (z+h) sinh k(z+h) (20)
C2  T C

S O~~c~e *41 cos M(~r 2 k zh.

9 iB

kht. A] (zh 2s(hh)J + c~

C9 cosh
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1 CI

2tkC- fkh') [3ci-2kh(2c72_1)J + khcT hkia 2kho- -C
£ g

20 2  k'+ i A , i0 2 k'i
I~ A _ C-rtOD

g g

.(~)sinh k(z+h) +{ 71-4o2 , C,
k'+ khrk +2k -&]

coh-S-h k h kCy-T *2hl' C T

iho t AT k- +_____

IrTC22 cosh k zh)-- - - - -- D (zhchk2C3  C9 gC

- ,kh+hr-kh'DI(z+h (21)

20-e 22=FFr cosh 2k(z+h) (2
22 cosh 2 k h

O(e3)eZ18 *32h EC,)£2!Mz~hl -r
43 EE,) cosh C k

MA(z+h) sinh -- (23)

Imcglw
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A 1  Substitution of eq (6) to (10) and eqs. (18) to (23) into the

expansion around z *0 of the free surface conditions (3) and (4)

gives:

0 (C).eC i A (24)

and

2 =gk a (25)

where cy = tgh(kh) (26)

(Cc2)elO. C g [y+Ihla 2 'J (27)

and

C21= iWD e A T (28)

0a2) 2ie C k 2 (3-q2 ) A2 (29)0() : g 22  2 A-z

and

k(1-Oa4) 2 (30)
4A

0( 3)iO C2 1.1A +e U3 LA +93 U3A + c2ii4A0  +

+ C'1u.SIAIA - 0 (31)

where

U .,02 -1 [aihk(1_0 2)J + (h)c) (32)
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11 2wiC

2 g (33)

11 _Ei (1-kh ) (1- G2?)J (34)

k1 [2c7) ; Cp Wfk (35)

115 2g ~ 12 + 13a 2 
- 2a4]J (36)

and

=c iwG + (1+ D +(wka -Dr'kiwka ik

iwh2 (2-±lA+ho

i4{3-9o 2 +lla 4 - 206 1 A2  
-

+ !Lw Ezia' + k'h - 202 (kh)tJ A (37)

16 3e 2 0  
o E = kW -C kh( 3a'+2o27'5)+qu(j-o2)J A ATr

+6ikw (1-(y2)AD 
(38)

g

and

ic k [1kla?-4l12]A A
2  

(3)S6--

~(3-a1-)AD (39
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O(C4eie 4 u D~c U2 c +41U DT +c3 114 Df0 +c4.2pIA12D +
T

+C4 u A2D +C4#A A + ).2T +c4  x 31 12T C4 4 A2AK +

+c45 Ax AtTC3X 64oTT . 3x 7A f0 T cx AM 0  +

+x9A = 0 (40)

where are given by (32) to (36) and

A1 U2 0C3 2h3k 3c77-6h 3k3a5+6h 3k3GF3 - 2h3k3cF -

Sh2k2cj6+9h2k2o4-Sh2k2gF2+ h2k2+ 4hkca5 -

-4hka3 - 04+ 02) (41)

x 2~ ih 2 (1_-F 2 ) [_3 . +kh (37F2 _1)J (42)
23C 3

A A i 3  { 7a747 5+4803 3okh-o+3(6 S41802+18)
3 2gCju 3

(43)

k3

x Wg {-U4.ScZe+khu~l-u 2) 2} (44)
4 g



=-2hi(1- 2 ) (1-kho) (45)
5 C

it~ka 2ik iw (6
6 2 C(6

g g gCg9

ik 2

7 { Kg 2. +2[1-khaj1- )}(7

2w k (48)

U iWkc (49)

Combining eqs. (31) and (40) and introducing the new variable

A, = CA + E2D(50)

one finally obtains the modification to fourth order of the cubic

Schrtklinger equation

C i-~ C2 u2A1  + C2 03 A IT + Ei 4A1*0 + IaSIAIZA1 +

S 3 x A c3X A1  +XJA 1 12 A, A (51)

rTTT T

+ 63, S CT 6' CAl140 TT +£Ax7AI T*0 + X8C2A 1#0 +-19A % =o
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On the other hand substitution of (18) and (24) into (14) and (15)

and elimination of CON yields the following equation for 0

2 0 2C

o + = P3kg i:--'+ cl-a 2)) (lA1 2) + O(') (52)

which can be written to the same order of accuracy as
20P k2 2C

'" + --- -- = C I- " P-+--=-= = = (u---------3)oz  g 9 g

Laplace's equation (12) and the bounadry conditions (2) at z= -h

and eqs. (51), (53) at z = 0 form the system of equations £rom which

A1 and o can be determined.

For the case of infinitely deep water, the terms X6 -  TT

X 7 c2A1 0o , and 8 c2A10oC in (53) are 0C( 5), and equations (53) and

(SI) become respectively:

O 4k2  ((Al 2) (54)

and 2wiC 
A I

_C2._ A +C2 IxT+L AI +
g 1 gC 9 0

gk4 A1 [
2A + 1 l4ik3  2  2ik9 A +

g 1goCz

The last two equations are identical to those given in K.B. Dysthe

(1980).
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Note that the following typographical errors were found in Dysthe's

paper:

His equations(2.17) and (2.19) should be written as follows:

r = 4k4IAI2+ 8ik3 (AA -A A )-4ik 1AI2 +2wk(I -i z)xx x x z

(yIsthe 2.17)

" 1* ~2i(At+ A)+A -AIAI2= - i(6A -
YY xx 8 xyy x

+ iAAA -A*A )-' AI2 Ax + A( -ii CDysthe 2.19)
2 x z
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