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A TWO-DIMENSIONAL SMOOTHING SPLINE AND A REGRESSION 3;}
PROBLEM 1
M. ROSENBLATT 1
o
;
INTRODUCT 10N

P

Splines have been proposed in a variety of approxi-

ration problems in recent years (see SCHOEWBERG {4]). . |

-

Sroothing splines as a particular subclass of these have
drawn particular attention (see WAHBA {5]) in the context

of a set of regression problems. It had also been noted

that boundary effects like Gibbs effects can arise in the - 1
case of natural splines (see ROSENBLATT [3]). A few re- :7ﬁ
marks will be made about a simple one-dimensional regres- E}ﬁ
sion problem. Suppose that observations :m:

x . = f(tj) +¢€¢. ,t.=3/n, 3=0,1,...,n-1,

are made and that f 1is an unknown smooth function with
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the € random errors

A cubic smoothing spline estimate g(t;X) of f(t) 1is
a function that minimizes
n

T oIxgmgle 07 4+ x (g™ (e))ae .
i=1

1
(1) =
The asymptotic behavior of such an estimate g of f in

terms of the mean square error
2
(2) E|lg(t;r)-£(t) ]|

has been examined as n+~» . One determines the rate at
which the parameter A=2x(n)+0 as n-~ soO as to make
(2) go to zero as fast as possible under the smoothness
assumptions made on f . The c.se of a periodic function
f and a periodic smoothing spline has been discussed in
WAHBA | 5] and RICE and ROSENBLATT [1l}. In the latter
paper it has been shown that boundary effects can even
arise in the case of periodic smoothing splines. The non-
periodic case of a smoothing spline is treated in RICE

and ROSENBLATT [ 2] . The boundary effects of a nonperiodic
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cubic spline are examined in some detail in this last
paper.

There are many measures analogous to (1) that one
could consider in the two dimensional case. We shall not
consider one that leads to a doubly cubic spline but

rather a simple- one. Let us consider observations

. = f(t.,s + €,
ik (e x) ik
tj = j/n,sk = k/n ,
jek = 0,1,...,n-1
with f an unknown smooth function and the cj K ran-
’
dom errors with
Ee = 0
Jek
2
Ee¢ € = 6 & o
Jvk - .. -

The measure that will be minimized to obtain the smooth- o

ing spline approximation g (t,s;X) to f is

-1 S
1 "2 2 "‘ﬂ
(3) - T lglet. ,s. )-x_ +
2 j’;;cg 375k T* 5, ) - 1
11 X
A - 2
+ > ({ng’ +{Dsf}2)d:ds A
(2%) 20 . S
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with D, and D, the partial derivatives with respect

to t and s respectively.

i
P
}':
‘f

THE SMOOTHING SPLINE. For the sake of simplicity we
shall basically consider the periodic situation. Let us
first note that if f 1is continuously differentiable up

to second order (f€ CQ) for k#0

11
‘ £ = ] f exp{-2mjt = 2nxiki}f(t,1)dtdr =
Jek 70
1
. } It (e, 1) -f(c,0) )de -
z T -2rik o € ty tr ¢
8
s 1 2 -2nijt
i - J e * {DTf(t,l)-D1f(t,0)}dt +
Y (2rik)” O
T 1 11 2 Rije~2%ikt 2
+ > [ ] e » f(t,1) dtdr
[ (2rik)* 0 0 '
The corresponding relation for ;#0 is

1
I | -2 nikt ) _
fj T Tz e {£(1,7)-£(0,1) }d1
1 1 ~2n1kt
- 3 J e 4 {th(l,Y)-th(O,T)} +
(2vij)" o0

11 s .
-—-A——F I [ e Inije-eniky 2 f(t,1)dedr .
o0 ¢

(2t1ij)

If both j and k are not zero one can write

, -

e
e
S d
- <
i
4

. .
; 1{
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1 .
£, = -xi . & 2MKT (), 1)-£(0,1) )d -
jek 21 0

1
_ 1 -2vwijt _
SV IRIRVEIT é e (o f(t,1) th(t,O)) +

e 2 Mije-2 nikt D0 flt,1)dedr .

1 1
(2nij) (2nik) é

O =

0f course, the corresponding results hold for g if

-

Consider a periodic function f so that

{4) f(l,1) = £(0,1) ,

£f(t,0) .

f(t,1)

The approximating smoothing spline g 1is not an unre-
stricted function minimizing (3). We assume that it also

satisfies the corresponding boundary conditions

(3) g(l,1} = g(0,1)

g(t,0)

[}

glt,l)

and minimizes (3) among all such periodic functions. Let
XLy exp(-2ni (ju+kv)) ,

and
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Also, given the conditions (5), it follows that the

Fourier coefficients

(6) (Dtg)j,k (21ij)9jk

(D‘g)jk = (2xik)9jk .

The expression (3) can then be rewritten as

n-1 x x 2
(7) PN Ig.k - —ﬁ*—l +
jok=0 7
n-1 ™
+ A X I {|j+unl2+|k+vnI2}|g 12

j k=0 u,v=-e jtun,k+vn

The expression (7) can be minimized by separately minimiz-
ing the terms for each pair (j,k) . A minimum is ob-
tained for (j,k) = (0,0) by setting

x

s = 20 =
900 - "n gun,vn"0 if fu,v) # (0,0) .

This implies that

If (5,k) # (0,0) we have
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Ly d N M A A A e - g
- ;z'lk 2 2
- } + + =
{gjk o }+H|J+unl tk+vnl )gj+un,k+vn 0
and so
x.
- __J_'_J
g [gij n
. - ) B ’
jhun k+vn 5 saunt? 4 tk4vn 2 )
X .
’ - PR _J_k.] 1,
[ 9j0k (%5 k n | % Tjk
b where
3 o L
: Tik = - 2 2, °
. J u,v {lj+unl+lk+vnl”}
Consequently
ot
- 14 4 = -
gjk = —J—-n _L_)\'Pr, s J4k=0,1,...,n-1
J.k
and
X -1
e 3Kl ivunt? 4 1k4vn 2 1 i
9 i4un, k+va 5 {1j+uni” +lk+vni® } e
Jek
The expected integrated mean sqguare error of g¢lt,s;})
as an estimate of f is
11 2
EJ [ lgle,s;2) - f(t,s)| dtds =
g ¢
: - 921 - R
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' o
. 2
=t T lg,, - f, |
. Jsk==w J ok Ik
- and
2 2
E -f . = f + ) .
F LSS B L PSS I B L P
Now
2
2 0
o (g ) = —
0,0 2
E 956 = foo-
. _ 2 -
Since gun,vn- 0 for (u,v)# (0,0) , o (gun,vn) 0 for

(u,v) # (opo) . I1f (Jrk) # (010) y Jek = olll°"ln-l

Elx n) = f._ .
(xJ 'k/ ) ]k

For this range of (j,k) we have

-1
2 2 -1~
= i+ + +
E 9i4un,k+vn {1j4uni®+lk4vnl®} (2 rjk) fjk
and’

2 2 2,2 -2 02
= S 4 + —_—

° (gj+un,k+vn) {1j+unt® +ik+vnl® ] (O rjk) n2

THE RESULTS. The expected integrated mean square
error is the sum of the integral of the variance of g ,

I 02|9(t,1))dtd1 , and the integral of the bias of g
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squared. Each of these terms will be estimated under as-
sumptions which imply that they tend to zero as n-«
The first result is concerned with the variance.

THEOREM 1. Let f€C and satisfy the boundary con-

ditions (4). If g minimizes (3) among all functions

11
satisfying (5), then [f o2lg(t,r)]dtd1-*0 as n-»= and
00
X(n) »0 if and only if A(n)n?-vw . If this is so then
11 2 ©
rr - -1
(8 [f o’lgle,)ldedr ¥ =2 [y — X _—t0(n72a(m) ")
3¢ n“"A(n) =~= (l+x"+y°)

a
The integral of c¢“|g(t,1)] <can be written as

02 o? n-1 © 2 s -
—S+— L {1j+unl®+lk+vnl®} 7 (A+r_ )
n n j,.k=0 u,v=-e

where [° denotes the sum deleting (j,kx)=(0,0) . This

can in turn be shown to be equal to

Io

- ol -
r (A+r.k) 2 T (lj+unl2+|k+vn|2} 24
151,1kls J u,v=-o

(9
+
2]
LS IS

3
3
LS

-2 -
+ 0(x “n f‘) .

The sum can be written as

. . 21
S+ z (x4r ) “|j————1te | =
> jk 2 2.2 %jk
M g, k1sl (37+K7)
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-2 1
(j2+k2)2

2 ze {(Adr .

Jk) + R

- ol
n’ 131, k12

with the term €k 0(n™ " uniformly in j,k and so

O(n-ux-g) .

)

[S]
T

A
i1, 1kis2 (h4r,

Also

21 = 1 - 1 + g
(7°+x°) (A+tj

Y2 ekt Ik

with

K ) 2 -
d,, i< - (354K [L (G+n) “ +k
jk Vi 2
(J+2 (j°+k7))

-

-1 -
2y T4 5% ke ¢ )

and k a constant. Now

2

"'. o e ' L g

.._v. n2 IS nIdJk! -

S IjI,IkISE

L

z . 2
n < & T 2 4k?) =
- - u “ 2 ,.2,,3
- Lil, 1kl (A2 (T +K7))
t...: AN =7
= 0T

Since
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o -~ 1 A
T - 2 2 =
171, ikisE (42057 +k7))
Nl dxdy
== 1 7 2.2
na - (1+4x"+y")

the theorem follows.

7 and satisfies the bound-

Let us note that if fe€c
ary conditions (4), the following asymptotic estimates

hold for the Fourier coefficients f :

5k
i ik 2 R
i as Ijl -« with
&' a, = J e'7“i*’{otf(1,1>-th(o,r>;dw .
0
.
(9") K = - .___—1.___2. b. + (yiL 11}
J (2nik) < 7 k*
as |kl ~a« with
bj = J e-‘nljt{DTf(t,l)—D_f(:.O)}dt '
1 1 f 2
{(9"") f = Ao D _£Ai,7)-r 0 £(0,7)),0 -
I (201512 (2rik)e L BT e .
N 2 o (1)
= (Dt DTf(t'l)—DtDTf(t'O))’:J + ¢ — 2J
Jk 4
-
- 925 - '
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as Ijl,lk} += . This suggests considering the following

more general set of conditions:

" 2 _ L=2n 2 ., -2n

(10'; Ifjkl = [l Iakl +0(131 )

as Ijl+»= ,

(10") e 12 = k12 Mp 12 40 (1k1™2T) -

Jk J
as k| » = ,
o] » - -

» (10™) ESMEE NI 2Ny o(1k1T2M)
o 5 1

as Iljl,lkl »= , all with §>n>5 .
!

THEOREM 2. 1f »+0 and nQA-*W as n-« , then urn-

der the assumption that

fjk=0(j'1“) as 1jl»w
(11) =08 as Nklew -
Jjk
£o.= 0K IS as Hjl Mkl e
jk* '

for some ¢>0 , we have the integrated squared bias

-

(12) |Eg(t,1)-f(t,1)]?dtd1 =

4+

2
2 x?(j2+k2)
n TE Qe ety

2
f2l, ki<

- 926 -




-4 - -2 - - -
+ 0(n )\?(+n22£A1 1

Under the condition (10) the iIntegrated squared ltias is

n-=
vy 2 s 2 45 2
(13) 2 - |akl + T lbkl
xu-? "
! e =3 dx
(1+x“)

as n== ., In the special case of conditiocn (9) we have

2 3 2
(14) )3 !akl = :th(l,T)-th(O,1)| dt
and
o) i z
(14" Zoir "= [ o fle,1)-D f(t,0)|“at .
N T T

First notice that the integrated squared bias can

be written as

~ 2 n-1 £ ik 2
f,_f,-‘ﬁ S:’ :_ ?l 2 -fk
T 3,k=2 u,v "{{j+tun) +(k+vn) }(A+rjk) J

Our object is to approximate this expression by
; £ :

(15) T ik -
' Ty v

tr1, kgl ) Or )
- 927 -~
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Using

- - + (F -
ka {jk (fjk fjk)

the error in the approximation can be seen to be of the

order of
[ 2
| - n-1 e | £ 'n
ey |f..-f ..°+ T° X > +
T 00 2 2.2 2
k=0 {(j+ + (k+ rvr .
J |)+un|>§ (j+un)” +(k+vn)" }" (i rJK)
or
n
- >e
lk-unl 5
- n-1 'l? -f . '2
+ - f ‘4 - - Jk Ik
— . Tk « fa i 2 2‘
’ +(k+ +
(31> Je k= l]+unl5g {(3+un)” +(k+vn)" } (A Ijk)
or or
n n
> = P o €2
Lk 3 Ix+\nl-2

The first term of (16) is ((n ') . The third term of

(16) can be shown to be O(n_l-zc). The second term of

(16) is
SRR F L
Qo l“- T ___J_k_z_-
]
(o k=n %oy

Under the assumption (1.) this can be seen to be

Ctr "4 %Y) . The last term of (l4) can be estimated by
0(":':t A-l) .
- 928 -
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: o °
1t is useful in estimating (15) to remark that
; ool 2.4 1y
2 - - l2 2 {l+0[ L??*"‘ - ’lj"
(G 4k ) (a+r ) 1+A (GO 4KT) (G+r) 4k" 5 4 (k4n) T
jk e
This implies that (15) equals
2 2 2
. . 2 ]
(17) 3 £, L Dex) :
+2{7 + -
Ll lklsE (143 (57 +k0)) e
i 2 z ;2 2
( P LS EINPYLSN
+ C ! - (f “ d = R W) + n? L | i
— . y £
{ L T A N MO ARSI PR
b5 1, bk ISZT n n n n / )
®
The second term of (17) is clearly O(n %) . This
gives us the estimate (12). If the asymptotic behavior
of the Fourier coefficients f is prescribed by con-
Jk '.
ditions (10),
- 2
. 2 A2( .2+k2 )
N 1+a (5" +k°)) .
|j|52— S
®
for fixed k is asymptotically the same as
b
- L-2r n-z “-2r - .
S 51 A N ; X ix,a. = .
k- — oz = , s i K IR 2
1< (1+337) {1+x%) »
This and the corresponding result fer - lfjkf
n
< —
Ikl..2
®
- 929 - :
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with j fixed lead to (13). When n

1 (14) and (14')

are obtained.

COROLLARY 1. If
2
(18) T %fj (12+k2) < @

the integrated squared bias 1s asymptotically to the first

order
2,..2.2
G2yt .

This remark follows immediatley from Theorem 2. Notice
that for a function f€ ¢’ , the condition (18) will be

satisfied only if the boundary conditions

(19) th(l,r) th(O,T) .

D f(t,l)
1

D_f(t,0)
T

are satisfied in addition to (4).

If (18) is satisfied, the optimal rate of decay to

. . -4/ 3
zero for the integrated mean square error is n /3 and

this occurs when A(n)%n"/J . I1f the conditions (9) are

. - 5 . .
satisfied the optimal rate is n €/ and this is ob-

- 3
tained when 2(n) “n 8/ . Notice that this slower rate

is due to a boundary effect just as in thec one dimensional

- 930 -~
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the fact that the boundary conditions

case, (19) are not

satisfied.
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