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Chapter 1

Introduction

A major concern in reliability is minimizing or delaying the effect
of failures of critical equipment. Two examples of this concern in

practice are the design of equipment with redundant components and the

scheduling of possibly expensive inspections of equipment in service. !
This paper will concentrate on the scheduled maintenance of functioning j

equipment. J

The general optimal maintenance problem involves determining a

schedule according to which inspections, repairs, and replacements are

a.a & a

made which optimizes some objective. The simplest models have involved
single state, single component systems, a failure cost, a replacement
cost, no inspections or repairs and a long-run cost minimizing
objective, The aim was to try to replace the component just before it
failed, balancing the cost of replacement against the cost of failure. 1
See Barlow and Proschan [1965] for some discussion of these simple
models. More recent optimal maintenance models involve multiple states,

multiple components and intricate cost structutes. The objective is

still to minimize long-run costs. Sherif and Smith [1981] give a Zood

- review of the optimal maintenance literature.
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In practice, many of these newer models suffer from two problems.

One problem is that normally, many costs and probabilities need to be
specified in order to use the model. Even worse, in many cases no
reasonable algorithm is given for determining the optimal replacement
schedule, rather it is only determined that this optimal policy has some
property. This paper deals with these two shortcomings by considering a

less intricate model which would still have wide application.

Basic Model: A system consists of a single component so that the
system fails when the component fails. A finite number of spares are
available for the component. Replacements are made in zero time and no
costs are assoclated with failure or replacement. Once replaced, a
component cannot be reused. The only objective in the Basic Model is to
maximize the expected time until the first failure of an installed
component by setting an optimal replacement schedule. The time until
the first installed component failure is called the system lifetime.

In designing the replacement schedule, one attempts to balance the
possibility and expense of failure against a iimiced costly supply of
spare components. The best application would be a system with a single
expensive, vital component for which failure is catastrophic, but
replacement is possible. For example, the design of replacement
schedules for heart pace—makers or the engine of a single=-engine
airplane. Another application would be in a hierarchical approach t»>

svstem reliability, where this model would be used for overall svstem

planning and more detailed models would be used for developing
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replacement schedules for specific components of the system. Our model
is relatively easy to use in practice because no costs need to be
specified and the optimal replacement policy 1is easily computable under
a variety of assumptions.

In defining the Basic Model, we have not discussed how to model the
lifetimes of individual spares. Two different modelling techniques give
rise to two different models. These two models are then combined into a

third model.

Complete Information Model: This model assumes that the common

lifetime distribution of the spares is known. Further, we will assume
that this distribution has a continuous density and a finite mean. This
is the most difficult model to apply, since we are assuming more
information here than in the other models; but it also gives the most

accurate results,

Minimax Model: Rather than knowing the complete lifetime

distribution of the spares, we only know that each lifetime distribution
has certain properties, or equivalently, we know that each distribution
is a member of a given class of lifetime distributions. An example,
which will be used throughout this paper, is the class of all lifetime
distributions with a given percentile. Under the Minimax Model, the
objective is to specify a schedule which maximizes the expected system
lifetime under the worst possible lifetime distributions. These spares
will be known as minimax spares, and an optimal schedule will be known

as a minimax schedule.
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Mixed Model: In this model, the spares may each have different
properties. Each spare may have a completely known lifetime
distribution or may be a minimax spare. Among the spares with known
lifetime distributions, each may have a different distribution, and the
minimax spares may have different properties. The interesting aspect of
this model is that, in addition to specifying the schedule, the order in
which the spares are to be used must also be determined.

Derman et al. [1984] examined the Complete Information Model and
their results are presented in Chapter 2. Their focus is on the
properties of schedules and expected lifetimes for spares with identical
and known lifetime distributions. The primary focus of this thesis will
be the relaxation of the assumptions that the spare lifetime
distribution i{s known, and that the spares are identical; i.e. the
Minimax and Mixed Models. In Chapter 3, the minimax replacement time
tor a single spare is calculated under a variety of distributional
assumptions. The most important of these assumptions is that the mean
and variance of the lifetime are known. The results obtained in Chapter
J are then employed in Chapter 4 to derive minimax schedules and their
properties for multiple, identical spares. The Mixed Model,
specifically the problem of determining the sequence in which different
spares should be used, is discussed in Chaoter 3. The problem is
treated in a general context, for which sequencing spares is a special

case. Chapter h discusses two variations of the Complete Information

Model. 1In the first case, groups of spares 7nav bYe used in parallel.

4
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o This means that a group of spares may be assembled into a super-spare
which does not fail until each spare in the group has failed. Two
important questions are what size groups to use and then how to sequence

these groups. In the second case, an additional spare is received at

some time in the future. Chapter 7 summarizes the results obtained and

suggests some directions for further research.
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t Chapter 2

Complete Information Results

|
Derman, Lieberman, and Ross [1984] are the only authors to have 3
|
considered the basic model of this paper. They treat the Complete

Information Model described in Chapter |. Specifically, n spares are

available for a single component system. Replacements are scheduled in
an attempt to maximize the expected system lifetime. Replaced

components cannot be reused.

Definitions and Assumptions

Derman et al. assume the lifetimes of the spares to be independent
and identically distributed with a known distribution function F. Let
F(x) = |-F(x). Further, they assume that F has a continuous
density, f, concentrated on (0,T), with 3 < T < =, and

T

u = F(x)dx < =,
0

Let r(x) = f(x)/F(x) be the failure rate »f F.
Now we will be more precise in the derintion of the obiective. Let

S be a replacement schedule, and L the zime before the first failure

PPN IR SPRIPRL P S LRI IPw I P .. PR Wt e e Ca
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of the system with the replacement schedule S. The objective is to

choose the replacement schedule so that ESL, the expected failure time

under the replacement schedule S, is maximized. Let Vn be the
maximum expected lifetime of a system with n spares. If only one
spare is available for the system, then there {s only one schedule, the
one that never replaces, and v, = u, the expected lifetime of the

1

spare. For n > 1, \A satisfies the recursion:

v ¢ (t)

n - ™%t ®n
where

t

@n(x) = é xf(x)dx + F(t)(t+vn_1)

t
= [ F(x)dx + F(c)vn_1 .
0

Let ty be the value of t which maximizes @n(t) above. This
value may not be unique, but at least one maximizing value does exist.
Thus, tn is an optimal replacement time for the first of na spares.
If t =0, then the first spare is not used and v = v . If ¢t ==

n n n-1 n
then only the first spare is used and AP The collection ‘t
is called an optimal schedule, and vk is called the value of the

optimal schedule, or the optimal expected lifetime.

Derman et al. prove various properties of optimal schedules and

provide examples of optimal schedules for some lifetime distributions.

These results will be summarized shortly, but first we make an

Ty ey
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observation about ¢n. Notice that an(:) can also be viewed as a

function of vq which will henceforth be known as the reward. The

_1’
reward is viewed as the expected lifetime to be received after the
successful replacement of the current component. In general, we can see

that the reward for successful substitution could be any nonnegative

real number, say v, Then we can define:

hF(v) = maxQSti- L (t,F), and
tF(v) = a]:'gmaxos_ciT Lv(t,F)
where
t_ -
‘ FF()dx + vE(t), 0<t(a=
_ 0
Lv(c,F) =
v, 0 =rc.

The special definition in the case ¢t = 0O 1is required if F(0) < l,

since when we let ¢ = O, we mean that we do not use this spare. If we
let Vo=, and for n > 1 let v, = hF(vn—l)’ L, = tF(Vn—I) we
recover an optimal schedule and its associated optimal return. The
function h will be known as the single spare return function, since i:
tells us how well we can do with this one spare, followed bv an
arbitrary reward. In later chapceés, h  will have different subscripcts
denoting different types of spares. Thus, for example, ! denotes :ne
return function for a single spare with known distribution function 7.

Similarlv, cF(v) will be xnown as the single spare replacement Zzize ind

will have different subscripts for differant tvpes of spares.
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Now we turn to the results obtained by Derman et al., some of which

are recast using the notation introduced above. These results are

preseated without proof, but the proofs are available in Derman et al.

AP A .

The first result shows us when 0 spares are no better than one spare.

Proposition 2.1: Ve T Y for every n > | if and only if

T
uF(t) < [ Flx)dx, 0<e<T.C
t
This condition is known as New Worse Than Used in Expectation

(NWUE). All results which follow in this chapter will assume that F

is not NWUE, i.e. v, > vy In this case, it follows zhat:

Proposition 2.2: v = > v , v - v < v -V and

93 < € el < . < T, a=1,2, 3, «ee ¢« C

The optimal expected lifetime is strictly increasing in the number
of spares, but its first difference is strictly decreasing. Further,
any optimal schedule increases the time between replacements as the
number of spares decreases.

The next result helps in determining the oocimal schedule.

Proposition 2.3: For an optimai ceplacement time, tn' r(tn) = 1 v

and r cannot be decreasing at tq.

. o



If F has a strictly increasing failure rate (IFR), then
Proposition 2.3 determines € uniquely. If r 1is unimodal and has
two roots to r(t) = llvn_l, then t  1is the smaller of the two roots.
If r 1s “"bathtudb shaped,” then . i1s the larger of the two roots.

The next result determines when the optimal lifetime is bounded as

the number of spares approaches infinity,

Proposition 2.4: lim Vo < » 1if and only {f f£(0) > 0. 2

n+o

Although t, is not determined uniquely in general, t* = limn €,

@

1s determined uniquely. The following proposition gives a sufficient

condition for t* = 0,

Proposition 2.5: If F(t+x) < F(t)F(x) for all t,x > 0 then

t* = 0. _

The above stated condition is also known as New Better Than Used,
Strictly (NBU(S)). This is a weaker condition than IFR or IFRA.

Derman et al., also consider optimal periodic schedules, where
replacements occur after equal amounts of time. 1In this case, a
schedule is determined by one number, the inter-replacement time. Two
results from periodic schedules are of particular interest to us here.
Let Ya be the optimal schedule witt n spares, and let 4, be the

optimal expected system lifetime.

P <H: =
Proposition 2.6 limn‘ v, limn o and

-] -~

lim t = lim

n+*® n n-+o yn
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Thus periodic and nonperiodic schedules have the same limiting
properties, both in expected lifetime and in the actual scheduling of

the replacements.

We will now give a computational example from Derman et al,

Examole 2.1: Let £(t) = 2¢, 0 < ¢ < 1. Then F(t) = t%, u = 2/3
2
and r(t) = 2t/(l-c¢”). Since £(0) = 0, limn*a v, = = Further, since

F is strictly IFR, it follows that t* = 0 and the equality

r(tn) = l/vn L determines t uniquely. In the notation given above,

¢v2 + 1 - v, and
u(%(v2+1)3 - v3) .

tF(V)

hF(V)

Thus, Vn and :n mav be calculaced recursively according to the

formulas, v = hF(vn) and ¢ = cF(vn), with the iaitial condition

n+l a+]

that VO = 0., Some actual values will be given at the end of Chapter 4,

along with similar values for other models.

This concludes the exposition of the results of Derman et al. \Note
that no general closed form solution for the v and tn is given.
However, if F 1is of one of the types described above (IFR, unimodal,
"bathtub shaped”), then it is quite easv to find Vo and .- A more
critical problem with the Complete Information Model is that the

lifetime distribution of the spares must He known. 3Since it is our

inctent that the Basic Model be easy to implement, we will relax the

e AR i AW AP € g

e AP e
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assumption that the complete lifetime distribution be known and move to
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the Minimax Model.
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Chapter 3

Single Spare Minimax Results

In the previous chapter, we explored how to solve, at least in
principle, the problem: maxt Lv(t,F). Suppose, however, that we do not
know the actual distribution, F, of the spare lifetimes, but we do know
that F lies in some class of distribution functions, D. Then we
define hD(v) = sup, ianeD Lv(t,F) as the minimax solution for a
single spare, or the minimax single spare return function. 1In Chapter
4, the full Minimax Model will be considered, with multiple spares.

The idea of the minimax approach is that we try to do the best that
we can assuming the worst outcome of the information which we do not
know. This approach is commonly used in game theory, and in a class of
optimal inspection problems. Note that, assuming the supremum and
infimum are attained, hD(v) - Lv(c*,F*) < Lv(t*,Fo), where F° is any
distribution in D. Thus, if F° is the actual lifetime distribution,
then the predicted expected lifetime is a lower bound on the actual
expected lifetime, given we use the schedule, ¢t*,

Before gzoing on to prove the main single spare, minimax results, we
will define the class of funczions, H. This class of functions
contains all single spare return functions, both for completely known

and partially known lifetime distributions.

13
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3.1: h:R + R, is a member of H provided:

Definition
1. h(x) > x, x>0,
2. h(x) < h(y), y 2 x>0, and
3. h(x) - x> h(y) - vy, y2x2>0.7
Thus, a function in H 1lies above the line, y=x, is nondecreasing,

but is always approaching the line, y=x. Henceforth, we will use the

following notations:

t u = h(0),

4 a = sup{x | h(x) = u}, and

-

, ® v = infl{x | h(x) = x}.

r”; It is possible that o =0 and/or v = =, But, 4 < u < Vv since

. h(x) = x implies that x > u, but h(x) = . iamplies that x < u. We

N will now give one example of the usefulness of H. Suppose, vl =y

R = £ = 2
and Vel h(vn) for h« H and a l, 2, 3, ««. . Then Vowl P Voo
v -v v -y for n =2, 3, 4, ... and lim v = vy. These
n+l n— n n-1 n*= n
first two results are just the first two ra2sults of Proposition 2.2,
adjusted to allow NWUE distributions, and cthis third result is analogous

° to Proposition 2.4, and will be proven in Chapter 4,

' Before proving that all single spare r2turn functions belong to H,

we will define the class of lifetime distridutions from which all

‘ distributions used in this thesis will be chosen.

-

Definition 3.2: C = ‘distribution finccisns, F ; F(J ) = 3},

- I

is the class of all lifetime distribution functions.

That is, C
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The next order of business 1s to prove that the single spare return

functions do actually belong to H.

Theorem 3.1: hF and hD belong to H for all FeC and D<C.

Proof: First we will consider h

D’ taking the conditions one at a

time.

L. LV(O,F) v for all F, so hD(v) > v,

2, If u > v then Lu(c,F) > Lv(t,F) for all t and F, so

h
D(u) > hD(v).
3. If u > v then Lu(t,F)-u < Lv(t,F)-v for all t and F, so
hD(u)-u < hD(v)—v. ‘
Now if we let D = (F}, then we can see that hF = h and the

D

theorem is proved.

ARl

We will now consider the case of distribution functions with a
<nown percentile as a simple application of the minimax concept.
Suppose that D = {FeC | F(s_) = p}. That is, D 1is the set of all

lifetime distributions which have their pth percentile at time s.

-

Then the minimax return function is quite easv to compute.

(v), where

Proposition 3.1: sup, ian‘D L,(e,F) = h

AERE e hendnln s,

p,s

ﬂ; ‘ (s+v)(l-p), J (v <s(l-0)/p,

8 h  _(v) =

= P»S ( v, v > s(l-0)/p,

X

T and é
¢ - 4
. s , 2 < v < s(l-0)io, ]
- ‘ 1
. t (v) = .
- P,s ( 0, v > s(l~p)/p. 1

w
a

b:‘{(?



Proof: No matter what value we choose for t, the distribution, F*,

minimizes Lv(t,F), where:

‘ o, t <0,
P» S
l l, s < t.

Clearly, there is no advantage in choosing t strictly between

F*(c) =

and s. Thus, we either choose u, v or let t approach s from

below. A simple calculation gives the stated value for h s(v)’
’

including the fact that :p (V) =0 when v > s(l-p)/p. G
, 2

= - 0 = b = - /
Thus, by s s(l-p), Bo s 0, and s s(l-p)/p for

distributions with their pth percentile at s.

Kaown Mean and Variance

The most interesting minimax case for our model is the case in

2

which we know the mean, u, and the variance, 3¢, of the spare lifetime.

Let C, 5 be the set of all lifetime distributions with mean, u, and

standard deviation, 0. More precisely:

: C = {FeC | [ xdF(x) = u, " x“dF(x) = ¢~ + u” },
- u,q ! . .
g 0 0
] Theorem 3.2: sup inf L (t,F) = h (v) = max‘u,v, sup B(%)*,
————— t FeC v U,
4,0 ')S-’.S..

————

W R,

s sy g 2




0 , h (v) = v,
K,0
and t = argsup B(t) , b (v) > max{u,v},
byt o<§<up By 9
® ’ hu'c(v) =y,
2
where B(t) = ¢ + _.L(i-_g_. R

2 2
¢ + (p-t)

This theorem zives the single spare return function for a spare

with xnown mean and variance. YNo explicit solution for sup, B(c) is
given., However, it turns out that this problem is quite easy to solve.
it will be seen in Theorem 3.3 that any one-dimensional search may be
used to solve sup, 8(t), Further, the maximizing value of ¢t 1is the
optimal replacement time for this spare with reward v.

The proof of Theorem 3.2 will require three lemmas which will be

described briefly here, then proven, and finallv combined into the

complete proof of the theorem. The first lemma will show that we can

. , . 3
reduce the class of distributions, Cu 5 to Cu 5 the class of
’ ’
“three-point™ lifetime distributions with xnown mean and variance. An
n-point distribution is a discrete discribution with na ooints of
increase. The second lemma will attack the problem:
inf 3 L (t,F). Finally, the third lemma refines the result
F€Cu’o v
of the second lemma, to reach the desired resul:.
Lemma 3.l: inf L (e,F) = inf_ 3 Lo{(z,F).
—_— FeCu,s FeCu s v '
Proof: This follows from a result due o Wassilv Hoeffding [19335°'.

The following definitions will be used in this oroof:

17
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d(F,G) = sup |F(x) - G(x)]|, )

4

o {x{= J

= \

o - n \

= . \

u,a n=1 y,o 4

Thus, d4(F,G) is a norm in the space of distribution functions, and

d: 5 1s the class of all discrete discributions with given mean and
variance.
We must check the following four conditions:
1, There must exist K (x) so that L (t,F) = fK (x)dF(x).
c,v v t,v
X, x<¢t,
K (x) =
t,v
L +v, X t.
= [Fe ! = i = V.,
2. CJ,J FeC | gi(x)dF(x) ¢ i 1, 2}
2 2 2
gi(x) = X, c =u, gz(x) = x", ¢y = uT + 0
3. Lv(c,F) aust bhe continuous in F under the norm d.
4(F,G) < 5, implies that
t- - - -
L, (e,F) - L (e,0)] & Pl (F(x)=G(x))dx + v(F(t)=G(t))|
)
< (e + V)8,
Thus, Lv(t,F) is continuous in F.
4. For every FeC aad 5 > 9, there must exist F* ¢ ¢’ . so
Hy “sy -
that d(F,F*) < 5.
Hoeffding showed that this condition is satisfied in the
, i -
case

ZL\K) = X o o
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Before going on to prove the next lemma, we will pause for a look
at the properties of two- and three-point distributions with given mean
and variance. These results are all given in Huang [1983], and are

restated here without proof.

L}
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f Definition 3.3: An n-point distribution will be denoted by

[ - (yl, cens yn), the n points of increase. The oprobability of the ith

! outcome, yi, is pi' =

) € Ci o’ the pi's are

For a three-point distribution, (yl,yz,y3 )

s determined as follows. This follows from solving: Zpi =1, Zpiyi = u, >

¢ 2 ~
T = .

f and _piyi au g

(y3 - u)(y2 -2 )

TR

P = -
l (y3 - y{)(y2 yl)
-y, -vyy
27y,

(y3 - yl)(y2 - yl)

y

(y3 - u)(Sy3 - yl) .

P = — - 3

2 (y3 yz)()'2 ) )

(o - ,\'l)(y3 - By )

1 ]

(73 - v0(y, = v) i

R

p = - = - N .:
3 (,»'3 y:)(y3 yl) :
[

(u - }11)(.‘3),L - yz) 3

Cry = v)(vy = v -:

1

9

‘ 0

19

-
b
]
]
.
lllll NP WU Py Wi WP S L. . P L T O T T W T R L I e P




gy >
A

v U", ‘ g

Gam e o caen e
o

.*772-1"-7.-'
. o

i OM

_.7,'1.1.'; OO

—r v
1

b i A soms ot SAdn ol g

r

I o
»

T T T g ————

|
|
i
where %
!
(

B _p(a-g)
y by 7 :
2 2 :
and o = & + C . :
" i

In order for a three-point distribution to have mean, 4 and

"
"
’
L]
.

variance, 02, the yi's must satisfy a set of inequalities.

. 3
Proposition 3.2: For (yl’yz’y3) € Cu,c’ the following
inequalities must hold:
0 S_yl < 5y3 <uw<cag Syl < ¥3 < =,
3 < < 3y,
3572 Ty
if y2 < u then y3 < Byz, and

if y2 > u then y1 > Syz.

In the case of a two-point distribution, the situation is much

simpler, Given (yl,yz) € Ci s P and P, are given by:
?

In addition, yz = Syl, y, = 377' and ;
- '|
0« y1 < u< 2Kl yz < =,

We now have the necessary Information on two- and three-point

distributions, for the statement and proof of the second lemma.

20




Lemma 3.2: ian€C3 Lv(t,F) = inf ‘SCA(y), where

0<y

2
( -
Aly) = €+ - g (v +t y) ’

) 2
(bW =-yv)" +o0

A

provided,

(*).

¢ V+ v
u € 3+ /3 o

Note that (*) requires v > 20,

Proof: Given that F is the three-point distribution (yl,yz,y3):

t+v , t < Yo

Py, + (I-p)(t+v) , y, <t <y,
L (t,F) = 171 1 1 2

N

plyl + sz) + P3(C+v). Yz Lt < Y3’

“

u , y}_<_ te

Since we may choose t to guarantese h, G(v) = max{u,v}), we area
’

not interested in how much ian LV(:,F) can be reduced below u or

v. Rather, we are only interested in values of t which ensure

ian L,(e,F) > max{u,v}, There are four cases which need to be

analvzed.
Case l: t < Y1

Since t+v > PVt (1—01)(t+v) if and only if t+v > v and we

1

can never guarantee ¢t < A with our choice »f <, case | is dominacad

bv case 2. That is, the distribution, ¥, will alwavs “choose” v { =,

21
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Case 2: A e« Y,
In this case, Lv(c,F) =Py, + (1-pl)(t+V) = t+v - Pl(t‘yl+v),

recalling that P is a function of vy v,, and ¥qe Since

1 72

bpl/by7 20 and t+v >y, it follows that aL/3y, < 0, so we must
increase y, as much as possible. This leads to v, = Byl' forcing

p, = J. Thus, we drop v

3 and are left the two-point distribution

3
) 2,, 2 2 . )
(yl’y°) with Y e« Voo and pp =9 /(o +(u-yl) ). Substituting P,

into Lv(c,F), given above, yields the function A(yl).

Case 3: y, <t < Yq

Ia this case, Lv(c,F) =Y, * Py, * p3(c+v) = u + p3(t+v—y3).

Thus we must choose t to easure that t+v—y3 > 0. The only upper

hound on vq applies when 1y, < u, so we must choose t < u. In this

&

case, v, <2, < St' so we impose the condition SC < t+v o guarantee
that ian L,(c,F) > &, The condition ec ¢ t+v 1is equivalent to (*).
Assuming (*) nolds, it is easv to see that 3L/5y3 < 0, so we incresase

V3 as much as possible, which again leaves us with a two-point

distribution as Yo 0. Since the two-point distribution is (y,,y3

and v, <t < LY the situation is the same as in case 2.

Case 4: y3 Lt

It cannot be the case that vy

we amust choose t { u, while y3 > u.

Thus, case | and case 4 will never acctuallv haopen, and case

< £, since we have already seen that

S ong

W

3 give the same value for {nf_ L (c,?), assuming (*). We have 1il.s:

seen that if (*) is false, cthen inf_ . iz2,7) = max‘.,v'.

T N T T Y, U T ———
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- Lemma 3.3: (*) implies that: y
' 4
2 |
L (t,F) = ¢ + vip - c) = A(t). '
v 2 2
o + (g - t) X
Proof: In order to prove this, we will see that A'(y) 1is negative é
on the interval [0,t]. Through fairly simple algebra it can be seen ]
that: .
R
d
—(u—y)2 = 2(v+c=u)(u-y) + 02 2 "
A'(y) = 5 5 g,
(p=y)" + o~

The sign of A'(y) depends only on the sign of its numerator, i
q |
L

-(u-y)z - 2(ver-u)(p-y) + o = a(v), since the denominator of A'(y) 1is

nonnegative for all feasible values of y. The function a(y) is

simply a parabola in (u-y) with maximum at v = v+t. Thus, a(y) 1is g
b
4
decreasing over the iaterval {O0,t] = [J,t+v]. All that remains to be )
seen is that A'(t) < 0, which would implv that A'(y) < 0 for all v K
in the interval [0,t]. 1In order to determine the sign of A'(t), we :
< |
need onlv determine the sign of a(t). j
If we consider a(t) as a function of ¢, it can be shown that if ‘
:‘1

t satisfies (*), then a(t) < 9. Since a(t) 1is a parabola openinz

q
upwards, if a(tl) <0 and a(tz) <7 then a(t) < 0 for all
t < [‘1'“21' By evaluating a(t) at tne 2ndpoints of the interval in .
1
; (*), we find that a(t) < 0 when (*) holds. Thus, A'(v) < 0 fsr ‘
5

—

y € [0,c], so aA(v) 1is minimized 5y choosiag v = t.

23




We are now in a position to give a complete proof of Theorem 3.2.

Theorem 3.2: sup, iansC Lv(t,F) = hu’c(v) = max{u,v, sup B(t)},
H,0 0<t<u
0 , h (v) = v,
NN
and ¢ (v) = argsup B(t) , h (v) > max{u,v},
L,a 0<t<u b,
= , b (v) = u,
e {
2
where B(c) = ¢ + _3Z£&:£l__7 .
o~ + (u-c)”
Proof: By choosing t=0 or ¢t=®, we can guarantee h (v) =

h,0

or v, respectively. Lemmas 3.1 through 3.3 prove that if hu c(v) >
]

max{u,v}, then h, c(v) = sup, B(t) as stated. O

The next theorem gives some details of the solution of the problem:

Theorem 3.3: dB(t)/dt 1is stricctly moncrone decreasing on
(0,u=0/¥3}. 1f B'(t*) =0 for t* < [),u-0//3] cthen sup, B(t) =
nax{B(D),8(u),B(t*) . 1f B'(t) has no zer> for t € [0,u-a/v3], then

sup_ 8(t) = maxfB(0),B(u)}.

Proof:

7 -
B'(t) = | - > T . ind

Bl B

[ pp—

PP
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Thus, B"(t) <(>) 0 when o? <O 3(u-t)2. A relative maximum, if

one exists must occur in the interval ([0,u-9//3], because that is

where the second derivative is negative. Since B"(t) 1is negative on

: (0,8~0/¥3), B'(t) must be strictly monotone on this interval. _

bf Bounds and Parameters

P-‘ h
P . 9
- Now that we have seen how to compute ¢ and v , we will 1

4,d 4,0 <

» ive the equations for & and v _. ,
b g q uu,o_, d v“'c ]
3

] Theorem 3.4: If u > 20 then EJ g = 20 and

g T ———— - ! 9y

"¢
}
2 e
5 v = Efaf=y o3+ 22 -6/l - 32T

X 4,3 27- "o c g

z otherwise, n = v =u.

v u,g 4,0

Proof: If v < 20, then (*) cannot hold and hy c(v) = max{u,v'.
»
i Thus, uu,c = vu'c = u, since for v < u, h&,c(v) = u, and for
_.~ v>u, h j(v) = v. The fact that ':u = 23 follows from the fact
Uy 3]

that (*) requires v > 29, and if 4 > v > 2c then we can guarantee

h, 4(v) > u = max{u,v} by choosing ¢t = . - 5.

To get v we find the largest v so that, for some =,

w,o’

b A R

v = B(t). Simple algebra shows that

2
v(u-t) -
4 V_(_ t+_7______—-7 if

: g7 + (a-t)”

W
)
(o8
“
3
[
2
ey,

h X e i

2 3 2 2 2 .
ve© < tT = 2ue” + (97 +u)e T oa(ny.

Mmoo s




By solving g'(t) = 0 and checking the second derivative, we can see

that g(t) is maximized at:

2
[s} = E‘( _ _O' 1/2\
t 3 2 - (1 3—7)

"

o 2 . C e -
Now, = g(t)/s", which, after a significant amount of algebra,

) v
S u,g

vields the stated resulrt.

>

_-A__l

LA R o

This oroof gives the following useful corollary.

———

Corollarv 3.1: ¢t 3(; o= .

-y y -

A bee aaa

- ) . - -
"¢ Proof: t~ solves the equation 3B(t) = v , for v =y , SO
3 I hyJ B,0
. it must be an optimal <t <for this value of v. J
;
P .
[
] The following theorem summarizes some bounds on tu s which are
1
useful, both theoretically and in the actual computation of h; 5 é

y

since the »ounds reduce the size o>f zhe iaterval over which we =aust

search for the optimal t.

) ._"K

Theorem 3.5: If v ¢ (:u W ) then

~J

52
s vt d(v) Lu-=-o,

(ad
Q
o~
<
S
(8%
»
]
<
w
]
a.
(ad
v
(al
.
A R

Uy

[l

Proof: Choose (0,z) as a two poiat distridution. then o, = .. =

) )
= u'/(u2 + 37) and LV(E,F) = 5> (t+v) Ior all the reasonable F's. In

order to assure p,{Ct+v) > ., we Zet = > x - v {which may be

) Al
negative), The inequality, pz(:+v) > v, Zuarantees that ¢ > vaT/uT,.

- .
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hat ¢ -0, we first noti h t 2 = - g,
To see tha “.o <p , otice that “’c( c) = u-g
This may be checked by substituting v = 20 and ¢t = u - ¢ into the
expression for B'(t) given in Theorem 3.3. Then we use the fact, to
be proven in the next chapter, that ¢t U(v) decreases as v

’

increases. The final inequality also follows from this fact, along with

-

Corollary 3.1.

This completes the single spare minimax results. The most
important result being the derivation of the minimax schedule and
expected lifetime for distributions with known mean and variance, given

in Theorem 3}.2. This and the other results will be the basis for the

following chapters.
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Chapter 4

Identical Spares

In this chapter, we will consider the problem of scheduling

- Je

multiple, identical spares, under both the Minimax and Complete
Information Models. The focus will be on restating the results of

Derman et al., as given in Chapter 2, for the Minimax Model. This

chapter will be presented in three parts. The first will consider the
case of a finite number of spares. The next section will be concerned
with the calculation of limiting values as the number of spares
approaches infinity. The final section will be an example of
computation and a comparison of schedules and expected lifetimes under a

variety of assumptions on the amount of information known.

Finite Spares

Before considering the Minimax Model with xnown mean and variance,
we will return to the example of distributions with known percentile.
Once again, let D = {FeC | F(s ) = o}. For the remainder of this
thesis, we will assume 3 < p <1 and 3 < s < =, The values for
h (v) and ¢ (v) are given in Chapoter 3. The transition from a

P,s p,s

single spare return function to an optimal schedule for mulctiple,

28
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identical spares is actually an easy one. Let Vg = 0, vy " hp,s(vn-L

(

and t_ =

t ,a=1 2,3, ... . Now v_ is the minimax
n - p,s n

vn-l)

expected lifetime with n spares available, and €, is the miniaax

replacement time of the ath spare. As might be expected, v and t

n .
mav be calculated explicitly in the case of a known percentile. !
Proposition 4.1l: Given v and t, as detined above, %
= - - n - / = ::
v s(i=(l-p) )(l-p)/p, na =1, 2, 3, «o., and o
- )
t =35 , n=1, 2, 3, cee
n
Proof: This proof will be by induction. VNote that v] = s(l=-p),
and assume v, = S(l-(l-p)n)(l-p)/p. Then ‘
v = fs(=(1m) MR L gy 2 s(1-(1ep HEER) ’
a*l P VTP TP P - :
4
Since v < s(l=p)/o, t_ = s for a> l. " P
n-1 n - )
Proposition 4,2: Given Vo and t_ as Jefined above,
Vn+l > Vo Ve T Vasl < vn*k = and cn+1 = tn, a2 L. g

°roof: Using the facts that 2 < » <!, aad ) < s < =» and .
substituting the values from Proposizion +.. sields the desired

results. _

One of the themes 9f this secziim will =e -onotonicitv results Iosr

ey o L

|
' v‘_1 and Cn‘ 1ot only as 1 wvaries, Sut 15 The darametars definiag the 1
Y e ..

' . . . - . : . ‘ [
f class of distributions change. Thus, 27 Z7is Zi-e, we ira interested in 3
| R
: the way v and - behave as o5 and < ir2 varied. p

) » ,

| L
‘»' a
s .Y
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Proposition 4.3: vn is increasing in s and decreasing in p,

a
)
]

while tn is increasing in s, but is unchanged by changes in p.
Proof: That Vo and t, are increasing in s 1is obvious from
i Proposition 4.1. It is also clear that tn does not change with p.
B To see that v is decreasing in p, note that dvn/dp <0 1f and only .
[ if (l—p)-n > (l+np). But 3
i 1
! (l-p) a1+ P+ pz T L I np. :
1 >
4
' Thus the final assertion is proved. C
b <
Now that we have seen the ease with which a known percentile may be
»
handled, we will move to the case of a known mean and variance. Once )
again we define vy = 0, Vel - hu,c(vn)‘ and Coel = tg,c(vn)’ n > 0. &
In this case we give no closed-form expression for Va in terms of . 1
>
and gz. However, as was shown in the previous chapter, the recursive 1
calculation of the vn’s and tn's is not hard. Even without an
1
explicit expression for v, or t, we may still recover the :
interesting monotonicity results given for the other models. ﬁ
A
We are primarily interested in how v and t, Vvary with o, -7,
and n, but we will prove slightly more general results in the next 5
J
theoren. 3

Theorem 4.1: If b, J(V) > max{a,v}, then,

’

o

l. cu,c is increasing in .,
2. +-¢ is constant in .,
a4y T

3. tu,d is decreasing in v,
4
. X
R ?
30 p
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4, t + v 18 increasing in v,

u,o }
5.t is decreasing in o, [y
B, 1
6. t“ s + o 1s increasing in o, 1
7. hu s is increasing in 4, and R
8. h is decreasing in o. q
u,0

Proof: To prove the first two assertions, note that u and ¢ -
only appear in B'(t) in the form (u-t). Thus, if v and :2 are f
unchanged, then (u-t) must be constant to insure that B'(t) = 0, i
1
The third and fourth assertlons are proved as follows. The ]
equation, B'(t) = 0, is equivalent to the equation, i
i
o . e o) 1
20%(u - ©) ]
We can now compute dv/dt and see that dv/dt < -1 if and only if ‘
da < 3(u—c)A. But this follows from t < u - o, which is guaranteed by 1
"

Theorem 3.5. This proves both assertions.
The next assertion to prove is that t 1is decreasing in 32. The ig
equation B'(t) = 0 is equivalent to the equation, X
{02 + (u—t)2)2 = 2v02(4—t). ’
é
Considering t as an implicit function of s and differentiating, we 1
2

find:

de by u-t) - &0(52+(u-t)2\
3
vg” - A(H-t)fcz + (a-t)

[y
—
.
I SR \._ S
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Using the fact that u - t > o, as proven in Theorem 3.5, and
substituting v out with B'(t) = 0, it can be seen that the numerator
of this fraction 1s positive and the denominator is negative. The proof
of the sixth assertion uses the same equation for dt/dg, once again
substituting out for v, to see that dt/doc > -1,

The proofs of the last two assertions are quite easy. Considering
B(t) as a function of o, we can see that, for fixed t, B(t)
decreases as o increases. Thus, it must be that sup, B(t) also
decreases as o increases, Similarly, when B(t) 1is considered as a
function of 4, 1it can be seen that for fixed t, B(t) increases as

o 1increases. _

This lemma is necessary for the proof of the next theorem. We
already know that 0 < dh /dv <1 since h ¢ H. Now we will also
H ~y

see that hu s is convex.

*

Lemma 4.1: dh_ c/dv is nondecreasing in wv.

b4

Proof: For v e (b ,v ), let c(v) be the minimax
— haa’ i,

replacement time considered as a function of v. Then h¢ 5(v) =

’
B(t(v)) = B(v,t(v)). Now dB/dv = 3B/3v + (3B/3t)(dt(v)/dv), but one
condition defining t(v) 1s that 2B/3¢, evaluated at t(v), is equal

to 0. So, dB/dv, evaluated at t(v), is equal to 3B/, evaluated

at t(v). That is,

4,2 - (u - t(V))2
S T

32
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But this is increasing in v since ¢t(v) 1is decreasing in v, and 02

is positive. When v < I, hL Sv) =0, and when v > ¥,
y

h; c(v) = |, which completes the proof that hL 5 is nondecreasing

-

{n v. _

We are now in position to prove the monotonicity results for the

vn's and cn’s. These results will be contained in the next two

theorems, the first of which deals with the variation of n, and the

second of which deals with the variation of . and 52.

Theorem 4.2: Given Vo and tn as defined above, 1f v, > v

then Vol > Var Vas2 ~ Vasl < Vel - Var and €l < ty 0 > 1.

v <

Proof: Since h _ < H, we know v > v, and vn+2 v &

u,C n+l — n

Vael = Vqo O > 1. All that remains to be seen {s that the inequalities

are strict. Suppose Yorl = a > Vool Then hp,c(vn—l) =V and

h (v. +2) = v , where L = v -v > 0. Thus by the Mean Value
4,37 n-1 n n n-1

Theorem, h' (v) =0 for some v ¢ [v

,Vv 1. But this contradicts
4,0 n-1"n

Lemma 4.1 since v2 = h;,c(vl) > vl.

Similarly, if Vaer ~ vn+1 = Vel " Voo then hJ,j(vn+1

) -

h“j(vn) * Vel " Va implies, by the Mean Value Theorem, that

h' 3(v) =] for some v ¢ [ ], but this is a contradiction sinace
hadi )

v v
n+l’' n

v < v and h' is increasing.
n+l ,d €, 3

The fact that t < ¢t follows from the facts chat v > v
n“'l n 1 n_[

and that t _ is strictly decreasing in v.

-y
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This theorem 1s the same statement as Proposition 2.2, applied to
minimax schedules with known mean and variance. Notice that the proof

uses only the facts that h € H, h is convex and that ¢ is
u,d U, By &

strictly decreasing in v for v ¢ (gu oV 0). Thus, parts or all
’ “y
of this theorem can probably be proved in a more general setting. The

next theorem gives monotonicity results as . and 2 vary. VYNo

analogous result exists in Derman et al,

Theorem 4.3: If v2 > v1 then vn increases with u and
decreases with 7.
Proof: By induction, v1 = 4 which is fncreasing in .. Assuming

\4 has increased with the increase in ., v = h (v_) must also
n o+l dy, T N

increase since h 3(v) increases with v and u. The proof for
=y

changing - 1is similar. _

Thus, va behaves as we would expect. When the spares have a
larger mean and/or a smaller variance, the minimax expected lifetime is
longer.

The situation with tn is somewhat complicaced bv the fact that,
since L, = ¢t 3(vn), . is affected bv =he change in . or = as
well as the change in v It i{s not the case that . is monotone in
3, as we can see from the following counteraxample.

Consider two spares, both with mean egqual %o |. 1If the first spare
has a variance of .., while the second spare has 3 variance of .24, then

t is larger for the first spare, but = s larzer for the second
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spare. The actual numbers are: for the first spare, t, = .55, ¢t

4

while for the second spare, tz = ,50 and c4 = .49, The question of

whether tn is monotone in 4 1s still open.
Once the optimal or minimax schedule has been computed, it is
possible to calculate the cumulative distribution function of the system

lifetime, Ts. Let F, be the distribution of the ith spare and ¢t

i i

the replacement time with 1 spares remaining. A total of n spares

are available and we assume t1 = o, Define (t) ¢ {l,...,n} so that:
n n
Dog e e, 0<e e
1=k(t)+1 i=k(t)
no _ n
Then P{T_ D> t} = | T F,(t,):F (- ot 0< e =
s 1=k(t)+1 1 k(e) 1=k(e)+1 t

We use the convention that if the lower limit of a sum (product) is
smaller than the upper limit then the sum (product) is O (l). The first
term in the product is the probability of successful replacements and
the second term is the probability of the newest spare surviving long
enough to bring the total system lifetime up to ¢t.

In the Complete Information Model, the lifetime distributions are
identical so Fi = F for L =1, ..., o, For distributions with a
known percentile, all of the minimizing distributions are also
identical, as given in Chapter 3. In the case of distributions with

known mean and variance, three cases must be considered. If O < :,l <L,

the minimizing distribution is the two-point distribution with y, 6 = ¢
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and y, = Bti. In the case, € - 0, Fi can be any distribution for

which Fi(O) = 0, In the case, L, = H) we set ¢, o= and any

distribution in C“ s works as a minimizing distribution for this case,

»

so one can be chosen arbitrarily for computing P{Ts > th.

Limiting Results

Ty
.

ST

RAR O\ E

As the number of spares goes to infinity we will be primarily
concerned with relating periodic schedules to general schedules. Before
presenting the actual results, we will give the definition of the
minimax periodic expected lifetime and schedule for multiple identical

spares, The first step is to provide an analog of L (t,F).
v

Definition 4.1: Ln(t,F) = the expected lifetime with n spares

using the periodic schedule t, under the lifetime distribution F.

1 - n+l - -
That is, L (t,F) Lo(t,F), L “(t,F) LLn(t,F)(t’F)’ n>l.,

Definition 4,2: Let YD(n) = sup, inf Ln(t,F)

FeD

and tD(n) = argsup, inf L"(e,F). 3

FeD

Thus, YD(n) is the minimax periodic expected lifetime and tD(n)
is the minimax periodic replacement time, both for n spares, for
spares with distributions from the class, D < C.

It is quite easy to compute Ln(t,F).
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Proposition 4.1: For n = 1, 2, 3, ...,

t_ n-l_.
LMe,F) = ([ F(x)dx) § Fi(o) .
0 j=0

Proof: This is evident from backsubstituting into the equations

given in the definition of L™(t,F). O

Proposition 4.2:

t
[ F(x)ax, F(c) >0
lim L%¢,F) = ;F(C) 0

L™ (e, F)
o
m) F(t) = 00

.

Proof: This is evident from Proposition 4.1. O

Derman et al. prove two limiting results, given in Propositions
and 2.6. The analogous results for the Minimax Model are: limq*@ v

v, limn*w v, = 1imn¢° vD(n) and limn‘a €, = limnOc rD(n). The

first result can be proven for all classes of distributions D = C.

Theorem 4.4: Given h e H, define v, =9, Vel = h(vn), for
n=1,2,3, ... . Then limn‘c v, o= V.
Proof: Let VvV = llmn*c Vo which exists since vy, 1Ls an increasing

" a m ———

sequence. Suppose v < v, Then h(v) > v. Let A = (h(v)=-v)/2. Then

h(v=-4) > v, since h(v) - h(v=A) < A byv condition 3 of the definicion

of H. But there exists an n so that v > 4 = A, which implies znat

vn+l > v, which is a contradiction.
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v >V,

<1

Now suppose that Then there exists an n so that va <

and h(vn) > V. But this is impossible since for v = ( +v)/2,

v
n+l

h(v) = v, but v > i and h(vn) = v > v = h(v), which contradicts

n+l]

the monotonicity of h. (I

The formulas for v and Gu s have been given in Chapter

’ »

3. When D 1is a single distribution function, v = lim v, can be

n+o

finite or infinite as stated in Proposition 2.4,
Our analog of Proposition 2.6 must be proved on a case by case
basis. As usual, we will begin with the class of distributions

determined by a known percentile. Let D = {FeC | F(s ) = pl. As wmight

be expected, everything is easy in this case.

Proposition 4.4: Given D as defined above,

YD(n) =V and TD(n) =t, o= 1, 2, 3, «oe

for v and t, 3s given {n Proposition 4.1l.

Proof: The minimax schedule given in Proposition 4.1 is actually a
periodic schedule, since tn does not depend on n.

From this, it is trivially true that lim_ __ v = limn‘o vD(n)
and limn*a ty = limn¢° tD(n).

We now return to the case of known mean and variance. In this
case, the computation of yD(n) and tD(n) is difficult. This is

because Hoeffding's result, as used in Lemma 3.1, cannot be applied

here, since there is no function K_ which satisfies condizion !

-

(x)
v

given in Lemma 3.l. Thus we cannot resotrt to three-point distributions
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in order to solve this problem for a finite n. However, in the limit,

we can use three-point distribution results.

Theorem 4.5: limn Yu,c(n) = v

> 'J',O'.

This theorem not only gives the minimax periodic schedule lifetime,
but states that it is the same as the limiting lifetime for nonperiodic
schedules. So, once again, we obtain the result that, in the limit, it
is no worse to use a periodic schedule. In order to prove this theorem,
we will need two lemmas, which are now given. These will calculate the
limiting values for periodic schedules under different assumptions. We
will then show that the value of interest 1s bounded by these two

values.

Lemma 4.2: limn¢m sup, ianECi,c Ln(t.F) = V“’c.

Proof: We will first see that the limit may be pulled past the
supremum and infimum. Since ianGCi,c Ln(t,F) is increasing in n
for any t > 0, the limit and supremum may be exchanged. The
interchange of the limit and infimum can be justified by noting that,
for fixed ¢, Ln(t,F) converges to L7t ,F) uniformly in F, provided
we add the restriction that F(t) > ¢ which can be done without loss of

generality for small enough €. Thus we are left with the problem:
sup, inf 3 L’(C,F)

FeCl 5

If we let F be the three-point distribution (yl'y7'y3)’ then
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@, t < y].
® (y,p, + (1-p)t)/p,, y, <t <y
L (t,F) = 171 L L 1 2

(ylpl + y2p2 + P3t)/(P1"’P2), y2 _<_ t < y3

By y3 i t

As in Lemmé 3.2, four cases must be analyzed.

Case 1l: t < Y

As in Lemma 3.2, the distribution, F, will always “choose” Y
to avoid the high expected lifetime afforded by case 1.

Case 2: ylls t < Y,

In this case, Lm(t,F) = (Yl-t) + t/pl. Thus, 5L/6p1 <0 and

apl/by2 >0, so bL/by2 < 0 and we must increase y, as much as

possible. This leaves us the two-point distribution (yl,yz) with

© 2
vy LeXl Y5 and Py = 62/(02+(u-y1)2)- Thus L (t,F) = yl+t(u-yl) /02

for this case.
Case 3: y, Lt < Y
Now L“(t,F) = ((t-y3)p3 + u)/(l-pB). In order to ensure

ﬁ”(t,F) > u, we need p + t - y3‘Z 0 which is true if and only if

te%:' %—-02 (*")

As in Lemma 3.2, aL/ay3 < 0 so we increase Yy as much as

possible, forcing v, * 0 and leaving the two point distribution

(yz,y3). Since y, <t < v

3’
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Case 4: y3<$ t

This case can never apply since we have already seen that t < u
is forced by (*') and Y3 > M.

2,2 2, 2

We now see that infy<t {y + t(p-y)°/0"} = t + t(p-t)“/c". Notice
that d/dy =1 - 2t(u-y)/c2 is negative when (*') holds. Since we have
the constraint, y { t, the infimum is attained at y = t. Thus,
inf 3 Lw(t,F) = t(c2 + (p—t)z)/c2 when (*') holds.

Now that all the cases have been considered, we need only one more

step. Notice that sup, t(c2 + (p.—t)z)/c2 is the same problem we

solved to find Vu s in Theorem 3.4. Thus,

sup, ianECi,o L (t,F) = Vo d

Before proving the next lemma we need to make one definition which

will be used in the lemmas to follow. Let uO(t) =0, un+l(t) =

inf )(t,F), and u = sup, un(t). Thus uy is the

L
FeCy o ug(t

minimax expected lifetime for a slightly different interpretation of a
periodic sc.edule. 1t is not required that the spares have the same
distribution, only that all of the distributions have the same mean and

variance.

Lemma 4.3: limn*g u = vu,c'

Proof: Since un+1(t) 2u () for n> 1, t>0, it follows that

limn sup, un(t) = sup, limn un(t). Thus, lim u, = sup, lim u (t).

If we choose a t such that ianeCu’c LJ(t,F) > u then un+1(t) > un(t)

for all n, so, for such a ¢,
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un(t)(u - t)z

02 + (u—t)2

un+1(t) = 1ane (t,F) = ¢t +

L
Cu,c un(t)

By induction, un(t) =t(l + a + 32 + oo+ a" 1), where a =
-0/ (PP, Thus, lin | u (2) = t/(1-a) = (o™ (w0)H)/ L.
But now, sup, (1imn*@un(t)) is the same problem as in Lemma 4.2 and

Lemma 3.4, so this lemma is proved. O

We now have the necessary results to prove Theorem 4.5.

Theorem 4.5: limn Y (n) = v .

o 'u,o O

Proof: We will see that:

- ) n .
v = 11mn sup, inf i L(t,F) > 11mn Yu,d(n) Z.limn U = Vot

The first and last equalities are proved in Lemmas 4.2 and 4.3. The

inner inequalities are actually true for every n, not just in the

limit. The left-hand inequality is easy to see. Since Ci s € Cu s
’ ’
inf,_ 3 L"(t,F) > iaf L™(t,F)
FeCu,o = FeCl, o ’

Now we take supremums on both sides and the right-hand side becomes

The fact that Y, S 2 u ~follows from the fact that each of
the n spares represented by u ~may have a different distribution,
while all n spares must have the same distribution in y“ d(n).

’

Thus, the minimization of u is done over a larger space. o
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Since the same limiting optimal replacement time results in Lemmas

4.2 and 4.3, it is strongly suggested that this should be the limiting

1
"

value of ru O(n) as n +» @, But no proof of this proposition is given.
y

Further, this limiting replacement time in Lemmas 4.2 and 4.3 is equal

>

to lim t .
n n

Computational Example

Now that we have successfully treated the finite and infinite case

of multiple spares, we will give a numerical example comparing all

models discussed so far. We will give v and t, for selected values

of n for three different spares.

Example 4.1: The first of the three spares is the one used in the

example in Chapter 2. It has a known distribution with density,

SN,

f(t) = 2t, 0 { t < 1. The second spare has known mean and variance
which correspond to the mean and variance of the first spare. The
second spare has an expected lifetime of 2/3 with variance 1/18. The
final spare has a known percentile, corresponding to the first quartile
of the distribution of the first spare.

The information assumed about each of the spares 1is presented in
Table 4.1 and the schedules and lifetimes are given in Table 4.2. For
the minimax spares, the predicted lifetime (based on the information

assumed) is given in the column labeled Vo The expected lifetime

which would be realized if the actual lifetime distribution is that

et SO e L A

of spare | is given in the column labeled L g

P Yy

- 43
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Spare # Spare Type Information
1 complete information f(t) = 2t, 0<t<&1
2 minimax, known mean and variance p = 2/3, & = 1/18 .
3 minimax, known percentile s =1/2, p=1/4 i
-
N
Table 4.1 Spare Definitions ]
Spare 1 Spare 2 Spare 3 E
n v t \4 r t 4 T t |
_ n n n n n o n n -
1 0.67 1.00 0.67 0.67 @ 0.38 0.67 ©
2 0.96 0.54 0.78 0.92 0.36 0.66 0.96 0.50
3 1.19 0.43 0.85 1.14 0.33 0.87 1.18 0.50 ]
4 1.38  0.37 0.90 1.33 0.3l 1.03 1.3 0.50 U |
5 1.55 0.33 0.94 1.50 0.30 l.14 1.46 0.50
10 2.20 0.23 1.01 2.17 0.27 1.42 1.75 0.50
20 3.14 0.16 1,03 2.94  0.27 1.50 1.83 0.50
40 4,45 0.1l 1.03  3.48 0.27 1.50 1.83 0.50 '1
b
3
Table 4.2 Optimal Schedules and Expected Lifetimes A

Notice that the first spare has the longest expected lifetime for
every n. This is because it has the best information available on the
actual distribution of the spare lifetimes. The schedule generated by

spare 2 gives the next largest realized expected lifetime for n > 5

even though 1t predicts a smaller expected lifetime than the third spare
for n > 3. Also note that the realized expected lifetimes for the

minimax spares are quite a bit larger than the predicted expected

i
%
)
3
A
L

lifetimes. This is because the minimax approach 1is conservative,

I\ S

2’ e

44
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Chapter 5

Different Spares

In the previous chapter, we treated the case of multiple, identical
spares. Since the spares were identical, we did not have to concern
ourselves with the problem of deciding the order in which the spares
should be used. 1In this chapter, we will allow the spares to be
different from each other and consider the sequencing problem.

Since we are now capable of computing hD(v) for a variety of
classes, D, we could always check all of the n! possible orderings;
computing the expected lifetime of each and simply choosing the sequence
which provides the largest expected lifetime. However, since na! grows
so quickly, this would limit us to solving problems with only a small
number of spares. Two improvements on this total enumeration scheme
are the topic of this chapter.

The first improvement is based upon a sufficient condition for an
optimal sequence to exist in which a particular spare precedes another
spare. Before discussing this in more detail, a formal definition of

the optimal sequencing problem is given.
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Definitions

Definition 5.1: Given a set of functions, h h

10 Bos eees hn ¢ H and

a permutation, w, of {1,2,...,n}, let
P(n,v) =h_(h_( «.. h_ (v) ... )).
oM Tn
The optimal sequencing problem is

max P(n,v). O

Notice that we have defined the optimal sequencing problem without
any reference to actual spares. This is because the spares are now
represented by their single spare return functions. For example, if the
third spare in our list had a known lifetime distribution function, F,
then we would have h3(v) = hF(v). Further, P(n,v) 1is the expected
lifetime with the permutation = and reward v.

The sequencing problem is defined for functions which belong to H,
but this is done only for simplicity. This problem could just as easily
be defined for arbitrary functions. However, all of our single spare
return functions do belong to H, and later in this chapter, it will be
important to restrict ourselves to the class H.

As noted previously, only n! distinct permutations, =7, exist, so
the optimal sequencing problem may be solved by computing P(=n,v) for
every n  and choosing the permutation yielding the largest value.

While our algorithm will be based on this idea, two ways of reducing the
number of permutations to be checked is discussed.

Before describing an lmproved algorithm, some additional

definitions are provided.
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Definition 5.2: If n-l(i) < n—l(j) then we sav “i precedes j in

n,” or "hi precedes hj inn." O

For example, for n =3, if n =2, n, = 3, and my = I, then
P(n,v) = hz(h3(hl(v))) and 2 precedes 3 which precedes l. This

corresponds to using spare 2 first and spare 1 last, after which we

receive v if all replacements have been made successfully.

Definition 5.3: Given g,h ¢ H, if

le g(v) > h(v) for all v > 0, and
2. g(v) - g(u) > h(v) - h(u) for all v > u > 0 such that

h(v) > v, then we say “g is better than h" or g » h. T

-

Note that if g = h, then g » h and h » g. A function g is
“strictly better” than h 1if g>» h and g # h. Also note that » is
transitive, so the relation, », defines a partial order on a set G = H.
The relation, "better than” will form the cornerstone of the
improved algorithm to be presented. For now, we will pass over the
question of how to determine if a particular single spare return
function is better than another in favor of presenting the main theorem

of this chapter.

Sequencing Theorem

Theorem 5.1l: Suppose we are given hl’ cen, hn ¢ H and v > 0. If

h1 > h2’ then there exists an optimal permutation in which h precedes

l

hZO
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This can be stated roughly as "always use the best spares first.”
Thus, if we are given a list of pairs of functions which are ordered by
», then many permutations can be ruled out, and the expected lifetime
calculations may be carried out for a smaller number of permutations.

Before giving the actual proof of this theorem, we will prove two
lemmas. The first lemma proves that H is closed under composition.
The second lemma is essentially a proof of Theorem 5.1 for n = 3.
Finally, these two lemmas will be combined into the complete proof of

the theorem.

Lemma 5.1: Given g, h e H, heg ¢ H.

Proof: This will be done in three steps, one for each condition
which heg must satisfy.

1. g(h(v)) > h(v) > v.

2. v > u implies that h(v) > h(u) implies that
g(h(v)) > g(h(u)).

3. v> u implies that h(u) - u > h(v) - v, while h(u) < h(v)

implies that g(h(u)) - h(u) > g(h(v) - h(v). Adding these two

inequalities proves that g(h(u)) = u > g(h(v)) - v as required. _

Lemma 5.2: Given f, g, he H with £ » g and v > 0, then
either g(h(f(v))) < f(h(g(v))),
or g(h(f(v))) < h(f(g(vI)).
That is, there exists a sequence in which [ precedes 3 which gives a

hetter expected lifetime than the sequence with g preceding h

preceding ¢f.

. . .
i
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Proof: Let A = f(v) - g(v) >0 and u = g(v) so f£(v) =u + A.

Since h € H, h(u+td) < h(u) + A. Thus, g(h(u+td)) < g(h(u) + 4)) <

b
=

g(h(u)) + A, If g(h(u)) > h(u) then, since f » g and h(u) > v,

.A_ .AA,' 4

f(h(u)) = g(h(u)) > f(v) = g(v) = A. From this it follows that

g(h(£(v))) = g(h(u+a)) < £(h(u)) = £(h(g(v))). On the other hand, if

L9}

g(h(u)) = h(u), then g(h(f(v))) h(f(v)) < h(f(g(v))), which completes

the proof.

R._J Y

Corollary 5.1: f,3 ¢ H, £ » g implies that

£(g(v)) > g(f(v)) for all v > 0.

Proof: Take h 1in the previous theorem to be the identity

o,

function, h(v) = v.
We can now give a complete proof of Theorem 5.1l.

Theorem 5.1l: Suppose we are given hl’ ey hn € H and v > 0. If

h, » h,, then there exists an optimal overmutatioa in which *h precedes

1
h,.

)

1

Proof: We will see that, ziven any permutation = 1in which h7

precedes h,, we can find a permutation, 7', which is at least as good

. 1
L as m, in which h1 precedes h,.
, 2
- ; s . . -, )
! First divide the permutation T 1into five (possibly emptv)
3
I subpermutations. These five subpermutations are: the functions which
F precede hz, h,, the functions which precede hl Sut are preceded bv

[ a, hl’ rthe ‘unctions which are preceded bv h . 8v Lemma 5.!, each o7
- L
1

these tive groups is equivalent to a single function in H. If a group

- .o .
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N
is empty, then represent it by the identity function g(x) = x, which is

1 in H. Thus, we now have
4
<

= y

; P(r,v) = g (8,(8,(8,(g5(v))))),

b _ _

ki where g8, = h2 and g, = hl' %

Et Since these functions are nondecreasing, if €(v) > gz(g3(g4(v))) k

Py

then gl(f(gs(v))) > P(w,v). But by Lemma 5.2, since g, > g5 either

]E ;

[ 81(8,(8,(v))) > 8,(g4(g,(v))), or i
g,(24(8,(v))) > g,(g,(g,(v))).

[

h. Thus, for any v > 0, there is a permutation, n' with h1 preceding 1

h, so that P(n',v) > o(=m,v).

Corollary 5.2: If h1 > h2 Do D hn’ then T i 1is an optimal

=

sequence for any v,

Proof: By Theorem 5.l, no other sequence could be strictly better.

t1

Thus, Lif the set of functions is completely ordered, then it is
trivial to find an optimal sequence.

The following definition gives a name to the permutations which do

e

not violate the result of Theorem S.1l.

Definition 5.4: A permutation will be called feasible if no

function precedes a strictly betrer function. _

Lk o Bl
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In light of this definition, a shorter statement for Theorem 5.1 would

be that the best feasible permutation is an optimal permutation. The
next proposition provides a bound on the number of feasible

permutations.

Proposition 5.1: Suppose {hl’ h2,...,hn} can be broken down into k

disjoint sets, 1., ..., Ik’ such that each set is completely ordered and

1

set Ii contains 0y elements, 1 = 1,2,...,k. Then at most

n!

! ! !
nl. ['l2. e [‘Lk

permutations are feasible.

Proof: Functions from within a set can appear in a feasible
permutation in only one order, but, in general, functions from different
sets may appear in any order. The actual result is a standard

combinatorial fact. O

Consider the following numerical example. If n = 10 and we
checked all permutations, then 10! = 3,628,800 evaluations would have to
be done. However, if two completely ordered groups of size 5 exist,
then only 10!/5!5! = 252 permutations need to be checked.

At this point, it is tempting to suggest that, for f,g ¢ H, if
£(g(v')) > g(f(v')) for some v' > 0, then £(g(v)) > g(f(v)) for all
v > 0. That 1is, 1if one spare is better than another for some v, then
maybe it actually 1s better for all v. Following is a counterexample

to this claim., We will consider two spares with known mean and
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variance. Suppose the first spare has an expected lifetime of 1| with a

standard deviation of .2, and the second spare has an expected lifetime

\_JWIN

of 2 with a standard deviation of .4. Let o= (1,2} and T, = {2,171,

0, B(m,v) = 2.22 while P(w,,v) = 2.11. But, for v =

Then, for v

fl

3.7, P(nl,v) 4,21, while P(nz,v) = 4,23, Thus depending on the value

of v, different orders may be optimal.

‘D,

Better Spares P
)
Before we can apply Theorem 5.1, we need to know when a particular
single spare return function is better than another. As an example, we ]
]
will consider known percentile minimax spares. Then we will move on to )
the more interesting cases of spares with completely known distributions k
and minimax spares with known mean and variance.
’
Proposition 5.2: hpl’sl is better than hp2’52 when Py S.pz and a
s 2_52. _
Proof: For the duration of this proof, let h, = h for -
— i pi,Si’ .4
i1 =1,2. We need to verify two conditions. j

l. hl(v).z hz(v) since (1'P1).Z (l-pz), 51.2 Sy and Sl(l_pl)/pl

> sz(l-pz)/pz.

2. hz(v) > v implies that 0 (v < sz(l-pz)/pz, in which case

Py . _J PP

brd ' 2 = - = t A
v £ v and hl(v) 1 Py 21 Py hz(v). J

(] As usual, the percentile case was handled easily. The next two

19,

theorems provide sufficlent conditions for one spare to be better

52 4
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than another for spares with known lifetime distributions and for spares

with known mean variance.

Theorem 5.3: Let F and G have continuous densities, and assume
F(t) > G(t), t > 0. If ?(tF(V)) > E(tG(V)) for all v, then
hF > hG.

Proof: First, F > G ensures that Lv(t,F) > Lv(t,G) for all t

and v, so hF(v) > hG(v) for all v > 0. Now,
h%(V) = t%(V)(F(tF(V)) = vi(ep(v))) + F(e(v)).

But, since tF(v) is optimal, F(tF(v)) = vf(tF(v)), so
' =7 ' '
hF(V) F(tF(v)) and hF(v)‘Z hG(v) if and only if

B (v)) 2 Bleg(v). &

XE .
Theorem 5 1f ul 2-“2 and dl‘i Oé, then h“l’cl > hu2’°2
Proof: Let hi = hui’ci for 1 =1, 2. 1In Theorem 4.1, it was

and decreasing in o, provided

=

proven that hu 5 is increasing in
[

£ 3 v T = { = |
hu,g(v) > v, If 2y < v, then b min.ch,u}.s 202 o and
v v = ( 1 =
v, > Vys SO that, if hl(v) max{n v then hz(v) max{uz,v}.s
y = 27
max{ul,v,. Thus, h1.Z h2' 1f i, =V, then h1 2_h2 since By )¢

To see that hi(v) > hé(v) when hz(v) > v (v 5_32), recall from

Z u

the proof of Lemma 4.1: hL’G(v) = (u—t“,o(v))z/(cz+(urt“’d(v))z)

when h v) >ve So h' is constant in ., since . -t is
u’c( ) 8,0 Hy ; 0o

constant in u, and decreasing in ¢ as required. Once again we have

used the fact that ;l > 52. z
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Thus, for spares with known mean and variance, “"better than" can be

interpreted in a very natural sense.

Eliminating Spares

One final technique can be used which may further reduce the number
of permutations which need to be checked. Suppose we were given a spare
along with its distribution., If we then discovered that this
distribution was NWUE, then, by Proposition 2.1, we would know that
using this spare before other spares could not strictly help us except

through its mean. More precisely:

Theorem 5.5: Given hl' sy h € H and hl(v) = max{v,hl(O)} for

all v > 0. Then, for any v > 0, there exists an optimal sequence in

which h1 precedes no other spares.

Proof: Suppose h1 directly precedes 1

max{h,(v),h (0)} < hy(h (v)). Thus h

o+ Then hl(hz(v)) =
1 need not precede any other

spare. _

Thus, a spare with I =V can contribute only through its wmean.
If two or more spares have this property, then only the one with the
largest mean need be used. Further, it may be possible to identify

other spares which need not be used.

Theorem 5.6: If :1 = ;l and 52 <y then no advantage may be

gained through the use of the second spare.
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Proof: From Theorem 5.5, we know that we would get no advantage in
having spare | precede spare 2. However, if spare 2 precedes spare 1,
then we also get no advantage since the reward for successful

replacement of spare 2 would be at least u1.Z 52. d

Computational Example

Example 5.1: Suppose we have five spares which need to be
scheduled. We know the distribution of the first spare, and it has the
density, f(t) = 2t, 0 { t { 1. For the second, third, and fourth
spares, we know only their mean and variance. Specifically, the second
spare has mean 1 and standard deviation .4, The third spare has mean
l.1 and standard deviation .35. The fourth spare has mean 2/3 and
standard deviation 2/3. The fifth and last spare has its median at time
1/2. This information 1s summarized in Table 5.1. Since no other

spares are available to us, we will take v = 0,

Spare # Spare Type Information
1 complete information £(t) = 2t, 0<t<l
2 minimax, known mean and variance b=1, o= 4
3 minimax, known mean and variance u=1l.l, o= ,35
4 minimax, known mean and variance u = 2/3, o= 2/3
5 minimax, known percentile s =1/2, p=1/2

Table 5.1 Spare Definitions
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;%j In deciding on the optimal sequence for these spares, three things
ﬁij should be noted. The first is that the fourth spare has 1 = v since
Ei' the mean is less than twice the standard deviation. This means that

é this spare must be scheduled last. The next important fact is that the
*ii fifth spare has ¥ = 1/2, which is less than 2/3, the mean of the fourth

spare. Thus, using the fourth spare cannot help us at all. The final
important fact to note is that the third spare is better than the second

spare, so the third spare precedes the second spare in any feasible

sequence,
Permutation P(r,0)
o= 1, T, = 3, L2 2, T, = 4 1.45
o= 3, T, = 1, Ty = 2, T, = 4 1.42
n o= 3, n, = 2, Ty = 1, n, = 4 1.33

Table 5.2 Permutation Evaluations

Thus, only three sequences remain to be checked. They are listed
in Table 5.2 along with their expected lifetimes. From examining these
expected lifetimes, it is apparent that the first sequence listed is an

optimal sequence.
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Chapter 6

Extensions

This chapter will treat two extensions to the Basic Model, which
has been the focus of our work so far. These extensions are not simply
different assumptions about the lifetimes of the spares but are

structural variations of the Basic Model. In both, it is assumed that

the complete lifetime distribution of the identical spares is known.

Spares in Parallel

The first extension to be discussed deals with the idea of using
spares in parallel. As such it will be called the Parallel Model.

Parallel Model: The spares are aggregated into arbitrarily-sized

groups and these groups are scheduled in an arbitrary sequence. The

failure time of a group is the largest failure time of the spares in the

group. As in the Basic Model, the lifetime of the entire system is the
time until the first failure of an installed group.

The first thing to notice is that the Parallel Model yields

expected lifetimes which are no worse than the Complete Information

Model because we could choose each of our groups to have only one

spare. It is tempting to think that it would always be best to have one
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large group of spares, since this would minimize the chance of a very
early failure. However, when the spares are reliable early in their
lifetimes, this would waste quite a bit of potential expected lifetime
by overlapping the reliable portions of the spares' lifetimes.

We now consider the problem of determining the single spare return
function for a group of n spares. As in Chapter 2, let F be the
cumulative distribution function of the lifetime of a single spare.

F(n)

Also, let u be the expected lifetime of a spare. Let denote

the cumulative distribution function of the lifetime of a group of n

spares. Since the group fails if and only if every component in the
(a) a

group fails, F =F . So, if hn is the single spare return

function for a group of n spares,
h (v) = sup_ L (t,F")
aty UPp Mt Es :

It is a simple calculation to find the failure rate for a group of

n  spares:

As stated in Chapter 2, the optimal replacement time, cn(v),
satisfies rn(tn(v)) = 1/v, The actual solution of rn(c) = /v to
find tn(v) and hn(V) must be undertaken on a case by case basis
depending on the spare lifetime distribution, F. If F is IFR

then F(n)

is also IFR. See Barlow and Proshan [1965] pp. 38-39 for a
proof of this fact. 1In this case, the equation, rn(t) = |/v, is easy to

solve numerically using a one~dimensional search.
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Assuming that we can solve for hn(v), the optimal grouping and
sequencing for a set of spares may be found by the following method.
Let wu be the optimal expected lifetime with n spares. Assume N

is known for 1 { k {n, and u, = u. Then u

1 may be calculated

n+l

according to the following equation.

Uil = suplﬁiﬁp hi(un+1-i)’ n> 1.

In this expression, i represents the size of the initial group,

and hi(u ) 1is the expected lifetime using a group of size 1

n+l-1
followed by the optimal use of the remaining n+l-i spares.
Thus, if W is known for 1 < k < n, then h;, must be evaluated

once for each 1 ¢ {1, ..., n} 1n order to find Yie
The next theorem says that no matter what lifetime distribution we
have, provided it is not degenerate at 0, the limiting expected

lifetime is infinite.

Theorem 6.1: limném u = provided F(0) < 1.

Proof: Since F(0) < 1, there exists € > 0 so that F(eg) =p < 1.
Let wn(m) be the expected lifetime using the periodic schedule, ¢, on
n groups of size m each. Then limn*m wn(m) b s(l-pm)/pm since
(1-pm)/pm is the expected number of groups which survive before the
first failure. Clearly, Um ., wn(m) can be made as large as

necegssary by choosing m large enough. _

We will now consider an example of the calculation of the optimal

grouping and scheduling of spares.
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Example 6.1: Let the distribution of the spares be uniform on
(0,1}, so F(t) =t, 0<t<1l. Then F(“)(:) = F(t) = tn, tn(v)

satisfies:

DN, ) VR DL .

£ (v) + vt (V™ -1 =0, .
n n
®
tn(v)n+l . .;‘
and hn(v) = tn(v) - + (1 - tn(v) Yve.

Table 6.1 lists the optimal grouping and sequencing for n up to
8. The "sequence” column is read as follows: for n = 3, the optimal

sequence 1s a group of size two followed by a group of size one. [

L . e

n sequence expected lifetime(u)

1 1 0.50

2 2 0.67 .
3 2>1 0.83 g
4 242 0.95

5 2+2>1 1.07

6 3+2+1 1.20

7 3+2+2 1.30

8 3+2+2+1 1.41

Table 6.1 Optimal Groupings and Expected Lifetimes

I O I

oy

Note that in the example given, larger groups always precede

smaller groups. It is not known 1f this is true in general. Since

?(n) < §(n+1)‘ it may be that Theorem 5.3 could be applied to

prove that hn+1 is better than hn and that larger groups would

v

1
A

|
h
b
El
4
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F(n+1)

precede smaller groups. The problem lies in proving (tn+1(v))
2 g(n)(tn(v)) for all v,
Also note that it is not true that u -u fu -u in
n+l n-— n n-1
general, since ug - ug > ug - u, . The reason for this seems to be the

integrality of the spares. Thus, if the groups could consist of a

non-integral number of spares, then perhaps this result would be true.

One More Spare

The second extension to be treated involves the idea of receiving
an additional spare at some time in the future. This might be the case
if the limited availability of spares is caused by long production
times. For instance, we might have an additional component under

construction but unavailable for a relatively long time. This model

will be known as the Additional Spare Model.

Additional Spare Model: As in the Complete Information Model, n

spares are available for immediate use, and one additional spare will

become available t wunits of time from now. The extra spare cannot be
used if the system has already failed before delivery of the extra
b
L,A spare. All other assumptions of the Complete Information Model apply.
-
- Let v(n,t) be the optimal expected lifetime with n spares
. available now and an additional spare available t wunits of time from
’ now. If t = 0, then the additional spare has alreadyv been received.
o
r Thus v(n,)) corresponds to v as defined in Chapter 2.
o
- 61
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The following equations define v(n,t) for all n and t.

[ v(0,t) = 0, t >0,

; 2

E v(n,0) = supy Lv(n_l,o)(y,F), n=1,2, ..., and
i v(in,t) = maxtsupy<t Lv(n—l,t-y)(y’F)’

suprt Lv(n,O)(y’F)}’ n=1, 2, «..; t>0.

o

The calculation of v(n,0) 1is exactly the same as the calculation
of v described in Chapter 2. The calculation of v(a,t) for t > 0

is complicated by the fact that v(n-l,s) must be known for all s 1in

-

[0,t]. Thus, numerical solution is impractical and the calculations

n ane

must be done analytically. Several monotonicity results are available.

Theorem 6.2: v(n+1,0) > v(n,t), n> 1, t > 0.

Proof: The only difficult part of the proof is to show that

LR e 4
et . ﬁ
. . .

v(n,0) > v(n-1,t-y) for 0 <y < t. This follows inductively. For

EE n=20, v(1,00) = u >0 =v(0,t). From v(n,0) > v(n-1,t-y), t-y > 0, it

L follows that v(a+1,0) > v(n,t), t > O by using the same schedule on
v(n+1,0) as 1is optimal for wv(n,t).

.

E Thus, it is better to have the extra spare right now than to wait
for the spare. As the next theorem shows, it is also better to receive

}‘ the spare sooner than later.

o

Theorem 6.3: v(n,tl) > v(n,cz), n> 1, t1 < t2.




Proof: We will refer to ¢t

ti as case i, If in case 1, we
follow the optimal strategy from case 2, then we will eventually be in
the situation that case 1 has received its extra spare while case 2 has

not. This returns us to the situation of the previous theorem which

completes this proof. T

It is also trivially true that additional spares are better, i.e.
v(n+l,t) > v(n,t), t > 0, which follows by choosing v = 0 in the
optimization of wv(n+l,t).

The final result of this section is that the replacement time
increases as the time until the additional spare is received increases.

Thus, we extend our replacement times in the hope of actually receiving

the additional spare before using up our current allotment of spares.
Let x(n,t) be the smallest optimal replacement time yvielding v(n,t),

a> 1, t>0.

Theorem 6.4: x(n,tl) < x(n,tz), n>1, 0< £ < t,.

Proof: Let x; = x(n,ti), i=1, 2. Also, for i =1, 2, let

j v(n—l,ti-y), y < Lo
vi(y) =
' v(n,0), y > ti'

Recall that vl(y).z vz(y) and v, is nondecreasing in v. Thus,
Vi(y) is the reward we receive for successful substitution after rime

y 1in case i. Now,

V(“’ti) =L (xi,F), i=1, 2.
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:i; So v(n,tl) - v(n,t,) > Lvl(xl)(xz,F) - va(xz)(xz,F)
- = F(xy) (v, (x)) = v,(x,)),

1

[ and v(n,t)) - v(n,t,)) < Lvl(xl)(xl’F) - va(xz)(xl,F)
k = F(x (v (x)) = v,(x,))

Thus, F(x)(v (x)) = v,(x))) 2 F(x)(v (x)) = v, (x,)).

We will consider three cases on the sign of Vl(xl) - vz(xz).

Case 1: If vl(xl) = VZ(XZ) then, either X, 5_x2 or x2 < X,

and vl(x) = vz(x) = ¢ for x € [xz,xl]. In this case, X, > X,

contradicts their optimality since Lvl(x)(x,F) and L, (x)(x,F) agree

2
for x € [XZ’xl]'

Case 2: If vl(xl) < vz(xz) then x1 < xz since vl Z_vz and the

v, are nondecreasing.

Case 3: Finally, if vl(xl) > vz(x7), then ?(xl) > ?(xz). Now,

if F(xl) > F(xz) then x, < x since F 1is nonincreasing. If

1 2
F(xl) = F(xz) then it is possible that Xy < X but %, < X would
contradict their optimality since X, could be increased to X

strictly improving L (x,F). C

vz(X)

Theorem 6.5: x(n+1,0) < x(n,t), n > 1, t > 0.
Proof: This proof is the same as in the previous theorem with the

appropriate redefinition of v and v

| 4+ In effect, we now have

t1=00_
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It should be noted that if x(n+1,0) > t then v(a+l,0) = v(n,t)
and x(n+l1,0) = x(n,t). This is simply the statement that, if we did
not need to wait for the extra spare then we get the same schedule and
expected lifetime; whether or not we have the spare right now.

In fact, this result can be extended to the following. If

£t < x(n+1,0) + x(n,0) + ... + x(2,0) then v(n+l,0) = v(n,t) and
x(n+1,0) = x(n,t). That is, we put together our normal schedule, and if :
4
the total time until we use the last spare is more than the time we must ?
wait for our extra spare, then we can use the normal schedule and get
the same return after waiting for the spare.
-l
The importance of this fact is that it can make determining an %
optimal schedule much easier if the time until the extra spare is
received is not very large compared to the replacement times when few 3

spares are available. %
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Chapter 7

Conclusions

In the previous chapters, we have defined and discussed a model
which is easier to implement than the spare replacement model presented
by Derman et al. {1984]. The implementation of the minimax model with
wnown mean and variance is easier for two reasons. The first is that
less information need be known about each spare. In particular, we
assume that only the mean and variance of the spare lifetime is known,
in comparison to knowledge of the entire spare lifetime distribution
required by Derman et al. Secondly, in our model it is simple to find
optimal schedules and expected lifetimes through a sequence of
one—-dimensional searches described in Chapter 3. In Derman et al., this
calculation depends on the particular lifetime distribution, and is easy
for some distributions and very difficult for others.

Not only have we relaxed the requirement that the spare lifetime
distribution be known, but the problem of sequencing different spares
was considered in a gemeral context in Chapter 5. Finally, two
extensions to the Basic Model, the Extra Spare Model and the Parallel
Model, have been presented and discussed., 1In all cases, computational
methods have been provided for determining optimal schedules and

expected system lifetimes.
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Further Research

e

Further research may prove fruitful in a number of the following
areas. The areas are divided into three categories: refinements,
extensions, and new models, which will be discussed in this order.

One obvious possibility for refinement would be an algorithm for
sequencing spares (Chapter 5) which does not rely on enumeration. The
problem with the given algorithm is that, in the worst case, n!
permutations must be evaluated. It seems that an algorithm could exist
which would have a better worst case performance than the given
algorithm. Of course, the actual performance will depend on the actual
spares which must be sequenced.

A related issue is that there may exist a better sufficient
condition for one spare to precede another than f » g. If such a
condition is found, then it could be the case that fewer permutations
would have to be evaluated, although, in the worst case, n!
permutations would still have to be evaluated. According to the
counterexample in Chapter 5, there does not exist a condition so that
Ziven any two functions, one of them always precedes the other.

However, it is certainly possible that a condition is available which is
more discriminating than f » g.

A reasonable extension to the assumption of known mean and variance

in Chapters 3 and 4 is the knowledge of additional moments of the spares

lifetime distribution. 1If, for example, we assumed knowledge of the
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first k moments of the lifetime distribution, then Hoeffding's result
could be applied to reduce the problem to consideration of (k+l)-point
distributions. It would then be possible to write equations for

in terms of and proceed as in Chapter 3.

pl es 0y pk+1 yl! A | YK+1

It is expected that all monotonicity results for replacement times as
well as expected lifetimes would carry over from the known mean and
variance model to the k-moment model. Further, once the single spare
return function is found, it is not hard to find optimal schedules and
expected lifetimes for multiple identical spares and this new type of
spare could be integrated into the framework for optimal sequencing of
ditferent spares presented in Chapter 5.

There are several classes of distributions which yield
uninteresting minimax schedules. One is the class of distributions with
«nown mean. Since the exponeantial distribution is NWUE, its single
spare return function is simply the maximum of its mean and the reward.
Thus, the minimax single spare return function for spares with a given
mean is also the maximum of the mean and the reward. In fact, even if
we require that the spares have an IFR distribution, in addition to a

given mean, we can do no better. This is because the exponential

distribution is also IFR.

The class of distributions with more than one known percentile
yields somewhat more interesting minimax schedules than the class with
o only one known percentile. These schedules are easy to find since there
is one minimizing distribution, independent of the schedule. As in the

single percentile model, the optimal schedules all involve replacement

TN Ty T T T
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times which are the known percentiles of the lifetime distribution.
Thus, by determining the specific percentiles, the optimal schedule is,

to a large extent, determined in advance.

New Models

The following three new models are useful in a practical sense,
although they are also more complex analytically than models treated so
far. The first is a model with deteriorating spares. By this we mean
that the lifetime distribution of a spare is a function of its age upon
installation. Thus, the shelf life of the spares is an important factor

in the decision about when to make replacements.

Deteriorating Spares Model: Everything is the same as the Complete

i Information Model except that the lifetime distribution of a spare is a

function of its age at the time it is installed. It is assumed that all
spares begin with the same age. Thus, any spare installed at a
particular time will have the same lifetime distribution as any other
spare installed at that time,

Let F

. be the cumulative distribution function of a spare

installed at time t. Spares which are deteriorating, but deteriorate

more quickly when being used satisfy the following inequality:

?t(S) > F_..(s) > Ft(s+ﬁ), t,s,2 > 0.

That is to say, a yvounger spare is better than an older spare and an

unused spare is better than a used one. This apparently is the only
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restriction on a family of lifetime distributions to be consistent with

the idea of deteriorating spares.

It is simple to define a recursive relation yielding optimal
schedules and expected lifetimes. Let wu(n,t) be the optimal expected
lifetime beginning with n spares each of which has age t now. Then

u satisfies the following recursion:
u(0,t) =0, t >0,

u(n+l,t) = sup {IyF (x)dx + F_(y)u(n,t+y)}, a > 0, t > O.
0 0 ¢ t = =
The problem with solving this recursion lies in the fact that in
order to find u(n+l,t), we need to know u(n,s) for all s > t. As in
the Additional Spare Model, presented in Chapter 6, this makes numerical
solution impractical. 1In fact, this model might be harder to solve
numerically than the Additional Spare Model because, in the Additional
Spare Model the reward function only had to be known for arguments in a
finite interval.
It is straight-forward to prove that u(n,t) 1is nondecreasing in
n and nonincreasing in t. That is, it is better to have more spares
and to have younger sparés, as we should have suspected anyway.
However, any other results seem difficult at best. The next step in the
analysis of this model would be to further restrict the family of spare

lifetime distributions, Ft' Presumably, the appropriate restriction

- would enable one to obtain more interesting results.
[
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Another possibility is to apply the minimax approach to this
problem. Once again, there is little hope for a good solution unless a
closed form expression (in t) can be found for u(n,t). However, it is
probably true that the general results for the minimax case are the same
as for the case of a known family of distributions.

For an even more difficult problem, the spares could initially have
different ages, which would add the aspect of optimal sequencing to the
problem of optimal scheduling. This extension of the Deteriorating
Spares Model would still suffer from the same problems of the
impracticality of numerical solution. This would be compounded by the

necessity to check a number of different permutations.

Another interesting new model is one which allows spares to be
reused after they have been replaced. Various assumptions are possible
about what lifetime distribution a reused spare would have and how many
times a spare could be reused.

The most obvious lifetime distribution assumption is that the
lifetime distribution of a reused spare is simply the distribution of
its remaining lifetime at the time it was removed. That is, there is no
penalty for removing and then reinstalling a spare. If we also assume
that spares can be reused infinitely often, then it is easy to see how a
group of spares would be utilized. The installed spare would always be
the one with the lowest current failure rate. If the installed spare's
failure rate ever rose above the failure rate of the next "best"” spare

then they would be lmmediately exchanged. Note that this could lead to

71

PR A

\. 4 SOENONAENDT A L

i
.

A

i, RN\, J

Qe e




SRR AR Pl o Sl Pl i At A Ao el At St Sl Al Ml A St M Sl il Sl A Sl Bl Aelie M Sed il P i S i e SO B S SRl i A

continuous installation and removal of spares. This is obviously not a
practical solution.

One way to deal with the problem of continuous swapping of spares
would be to limit each spare to some fixed, finite number of reuses.
Another way would be to significantly penalize a spare at the time it is
removed so that it would not be optimal to install and remove a spare
continuously. 1In either case, this problem becomes complicated quickly
since once a number of spares are waiting to be reused, they will
probably have different lifetime distributions. Therefore, an optimal
sequence must be determined, taking into account that the spares can be

reused again.

The final new model which will be discussed is actually a
generalization of the Parallel Model presented in Chapter 6. Now we
assume that spares may work in parallel, but that they can be installed

and removed independently of each other,

Super-Parallel Model: This model is the same as the Complete

Information Model, except that when a new spare is installed, the old
spare(s) need not be removed. The system fails at the first time all
installed spares have failed. This differs from the Parallel Model in
that, with the Parallel Model, a group of spares must be removed before
a new group may be installed.

The first question to be considered is whether the status of
installed spares may be used in the new installation decisions.

Presumably, the static model, in which all installation times must be
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determined in advance, is easier to solve and the solution is easier to
implement.

It is possible to define a recursion for an optimal static policy,
although it seems difficult to solve. As in Chapter 2, we will take F
to be the distribution function for the spares. Let v(n,G) be the
optimal expected lifetime with n wuninstalled spares assuming that the
currently installed group has the remaining lifetime distribution G.
When no spares are available, then the only strategy is to wait for the
installed group to fail.

[ G(x)dx, and
0

v(0,G)

t
v(n+1,G) = sup {/ G(x)dx + v(n,Ht)a(t)},
£50 0

_ G(e+s) - G(r)
where Ht(s) = 1-6(0) F(s).

Thus, H is the remaining lifetime distribution of the newly

t
expanded group, conditional on the old group surviving to t. Once
again we find that the reward, v(n,Ht), is a function of t. Thus,
numerical solution is impractical and the recursion must be solved
analytically.

We now consider the problem of determining an optimal dynamic
policy: a policy which can take account of the fact that a certain

installed spare has failed. An obvious strategy in this case is to

initially install two spares and then install a new spare each time an
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installed spare fails. It is not clear why such a policy would be
optimal, but it has the nice property that, with probability 1, we use
all of our spares. This is not the case with any other model, except
for the parallel model in which we had the option of forming a single
group containing all of the available spares.

One other possible varia-ion of this model would be to limit the
maximum number of spares which can be active at one time. In the Basic
Model, this number is implicitly assumed to be one, but this assumption
could be modified. For example, on a multiple engine aircraft, it is
sensible to allow some finite number of spares greater than one to be

active at one time.

Further exploration in these areas would have the effect of making
the Basic Model more applicable to specific applications. Since the
Basic Model, and especially the Minimax Model, were developed with the
objective of being easy to implement, it is hoped that any extensions or

variations would also pursue this objective.
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