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ABSTRACT

A new concept for the design of aeroservoelastic
systems is introduced: flutter taming by nonlinear control,
i.e., use of nonlinear terms in the esquation to ensure that
the behavior of the system beyond the flutter speed is of
benign rather than destructive nature. This is accomplished
by using a very simple nonlinear control law. It is shown
(using a singular perturbation analysis about the stability
boundary) that flutter taming is always possible for an
asroservoelastic system that can be represented by a system
of nonlinear differential equations with analytical
nonlinearities. It is important to emphasize that ¢the
control system for +flutter taming is fully nonlinear. and
therefore it does not affect the 1linear behavior (in
particular the stability characteristics) of the system.
Hence, flutter taming can bde wused in conjunction with
flutter suppression by active control (i.e., use of linear
active control to increase the flutter speed). Applications
of the theory to the case of an airfoil in supersonic ¢flow
are presented. In addition to an active control modification
(use of control surface with- nonlinear feedback), passive
modifications (e.g.., 4 " nonlinear damper) are also
investigated. '
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S8ECTION 1
INTRODUCTION

The linear description of flutter and the use of linear
active control ¢to increase the flutter speed (flutter
suppression) are assumed to be.  known and therefore neither a
description of the phenomenon nor & review of the extensive
literature " in the +#ield are provided here (see, for
instance, Refs. 1,2 and 3). Rather,the phenomenon of
- interest here is the behavior of an aeroservoelastic system
beyond the ¢flutter speed, i.e., in the range for which the
linear analysis predicts unstable behavior. The nature of
nonlinear flutter was considerably claritied by the Tesearch
on nonlinear panel flutter which includes the pioneering
works of Librescu (Ref. 4) and Kobayashi (Ref#. 5) as well as
the extensive work of Dowell (Ref., & -~ 10). The results of
this research activity indicate that the post-flutter
behavior may be characterized as follows: the amplitude of
the oscillation of the panel beyond the flutter speed grows
in time (in agreement with ¢the instability predicted by the
linear analysis) bdbut, in contrast ¢to the linear analysis
prediction, the amplitude growth often tends ¢to a finite
value; the 1limiting value solution is called limit cycle.
The above phenomenon is called benign +flutter. 1If the
amplitude grows beyond any 1limit, the phenomenon is called
destructive flutter. The  mechanism of nonlinear panel
flutter was clarified from a mathematical point of view by
this avthor in Ref. 11. Because of the considerable bearing
on the Trtesults presented here, the above work and its
extensions are extensively reviewed here. In Ret. 11, an
analytic expression of ¢the transient response was obtained
in ¢the form of an asymptotic solution wusing a singular
perturbation method (known as multiple time-scaling method)
which had been developed, apparently independently. by
Sandri (Ref. 12), Cole and HKevorkian (Ref. 13), and Nayfeh
(Ret. 14).

The vresults indicate that in the neighborhood of the
instability boundary. an approximate solution (with the
order of magnitude of the error equal to the fourth power
of the limit cycle amplitude) is obtained for the transient
response of the panel:; the nature of this solution is
characterized by one single real number (indicated with '{
in Ref. 11). I¢ such number is positive, then the nonlinear
terms have a stabilizing effect and they counteract the
effect of the linear terms (which are destabilizing above
the flutter speasd) ¢to yield benign flutter (stable limit
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cycle). On the other hand, if such a number is negative,
then destructive flutter occurs: it should be emphasized
that in this case even for speeds of ¢light below the
flutter speed,where the 1linear analysis predicts stable
behavior, the amplitude may grow beyond any limit provided
that the initial amplitude is “sufficiently" high: from a
mathematical point of view this behavior is characterized by
the presence of an unstable 1imit cycle. The mathematical
description of nonlinear +flutter is presented in detail
later in this paper. .

It should be emphasized that the results of Ref. 11 are
not limited to panel flutter: as shown in Ref. 135, the
Tesults apply to any dynamic system which can be represented
by & system of nonlinear differential equations with
nonlinear terms of analytic nature. In addition, ¢the
analysis can be extended to include the effect of fifth
order nonlinearities (Ref. 16). Finally, the same results

are obtained by wusing a completely independent technique,
the Lie transform method (Ref. 17).

Two slightly different formulation of flutter analysis
are used in Refs. 11 and 15, respectively. The first one.
presented in Ref. 11 deals with dynamic systems which can be
represented by a system of second order differential
equations. This formvlation (presented in terms vused for
structural dynamics problems) is convenient to study for
instance flutter taming of an aircraft that is not subject
to linear active control (in particular, without flutter
suppression): such a system will be referred ¢to as an
aeroelastic system, in contrast to a aeroservoelastic
system, which includes active control. Since the equations
governing active control are usually given as a set of first
order differential equations (state-variable approach), in
order to study flutter and/or flutter taming of an aircraft
subject to active control, it is convenient to recast the
mathematical model as a set of first order differential
equations. This system is analyzed in Ref. 13 (where the
equivalence of the two formulations is also discussed). This
second approach is used here because of its generality and
its formal simplicity.

The obgjective of this work i{s to show (via a singular-
perturbation analysis) that nonlinear feedback control may
be used to "tame" the phenomenon of ¢flutter, that is to
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ensure that only benign +flutter (stable limit cycle) occur
and that the limit-cycle amplitude be below any prescribe
value. The general theory of Ref 135 is briefly reviewed in
Section 2 and used to discuss flutter taming in Section 3.

* The methodology is then applied in Section 4 to the
particular case of an airfoil in supersonic flow. Numerical
results, presented in Section 3, indicate that acceptable
values for the limit-cycle amplitude may be obtained.
Concluding remarks are presented in Section 6.




S8ECTION I1I

NONLINEAR FLUTTER

Consider an aeroservoelastic system which may be
described by a set of equations of the type

dx /dt = A(A)x+ £(x,)) (1)
where x is the vector of the state variables decribing the
systems (e.g.. generalized Lagrangian coordinates and

velocities as well as control variables). In addition A(A)
is a square matrix, A is & positive parameter (e.g., the
speed of flight or the dynamic pressure) and € is the vector
comprising all the nonlinear terms which is assumed to be an
analytic function of x so that

f:gZLﬂ (A) x_x +ZC.. ) x x x,+"'} (2)
ry  "Pf L SR r-f

The assumption under which Eq. 1 provides a satisfactory
representation of a typical aeroelastic system are examined
in Appendix A. For very small amplitudes ¢the system is
approximated by the linearized equation

dx [dt = A(X) x (3)

It is assumed that, for A= O, the system is stable, in
the sense that all the eigenvalues, s, of the matrix A(O)
have a negative real part. It is also assumed that as
A increases, at A=), one (and only one) pair of complex
conjugate eigenvalues of A()) crass the imaginary axis.Let

Szlw, (8)
be such an eigenvalue: w, is called ¢the flutter frequency S
whereas )\, is called the flutter boundary or stability 1
boundary. Summarizing, we may say that for O (A <)\, all the ]

eigenvalues have a negative real part. For ) <A< )/ (where
A, is the value of A at which another crossing of the

imaginary axis occurs), one pair of complex conjugate ﬁﬁ;
eigenvalues has a positive real part and the others have a e

negative real part. For )\-.Xo one pair of complex cojugate P
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parts. Recall that (assuming for simplicity that the

eigenvalues are distinct) the solution of the linear system
is of the type .
s ¢

k3

where ¢ are constants (which depend vupon the initial
conditions), whereas s; and v; are the eigenvalues and the

corresponding eigenvectors of the matrix ACX), that is, by
definition are such that

[5.- I- f_\('\),] 4, = 0 (&)
with lu, | ¥ O. Then we may say that for 0CA <), the solution
of the linear system is stable, for AL A €A it s

unstable, whereas for .A-A. the solution is at the stability
boundary: as time goes to infinity, the contribution of the
negative-real-part eigenvalues goes to 1zero and therefore
the steady state solution is

‘oo E Wt
X =ce'"" u yc*e "y 7
where # indicates the complex conjugate value, ¢ is a
constant which depends upon the initial conditions, iw, is
the imaginary eigenvalue and v is the corresponding
eigenvector so that

[&w,l-é,]g. =2 (8)
with

A, = A(A,) (9)

In essence, the multiple-time-scale analysis vsed in
Refs. 11 and 13 consists in finding the solution for values
of )l in the neighborhood of.&, using a singular perturbation
of the steady-state solution at =), (given by Eq. 7). This
analysis is presented in simplified +¢form in the following
subsections.

Two cases are not included here. The first is the case
in which at A-A; a real eigenvalue (instead of a pair of
complex conjugate eigenvalues) crosses ¢the imaginary axis.
In aeroelasticity, this instability is known as divergence.
This case is actuvally simpler than that discussed here and
is analyzed in Appendix F of Reét. 13. The second case is

-
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one pair of complex conjugate eigenvalues. This case is of
little practical interest here and to this avthor‘s

knowledge has never been analyzed ¢rom an analytical point
of view.

2: 2 Nonlinear Flutter Solution

For the sake of simplicity, we will assume that the
N second-order nonlinear terms are equal to zero (this
-- corresponds for instance to a ‘“symmetric® system, i.e.. a
structure that is invariant to changes in sign of the state
variables). As shown in Refs. 11 and 13, the case of nonzero
second—-order nonlinear terms adds complexity to the analysis
without adding any new feature to the phenomenon. An
approximate solution of Eq. 1 can be obtained as follows.Let

32
€=]4-%] (10)
so that
| A= A+ &2\ (11)
with ° 2
A, =2l (12)

and assume that the solution for x is a function of time as
follows:

X = .’S(é,t) (13)
where
T 5‘1‘: (14)
This means that ¢time dependence appears in two different
forms: the first one is independent of & while the second
one:; the so-called slow-scale: becomes slower as & goes to
. zero. On the other hand, introducing the transformation
Y given by Eq. 14, the dependence of x vpon T is independent
of ¢, whereas, the dependence upon the fast scale, t/éd,
becomes faster and faster as & goes to zero. Note that t and
T correspond to the variables ¢, and ¢, in Refs. 11,12,14
and 15. Because we are limiting our analysis to 0(e?), only
these two time scales are needed. In this sense, the method
used here (multiple time scales) is different from the two-
time—-scale method used, for instance. by Cole and Kevorkian
(Ref. 13).
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o Equation 13 implies that Bk
Tt coe
g d.2,2 3
G TN T 2t (1) wirg
y We will also assume that A and Copgr ATE analytic functions %ﬁ?ﬁ
: of A so that = a | g
A 2A A 4 E:-":}‘
AB) = A, + 24, Ay + 0(e*) (e B
;_‘\.'_“-‘_
¥ where A, = A()) and A, -QA/JALA: whereas \ !
c"l“}" (A) = “*ri'('\v) + Ofe ) (17) &3:-?4
Consider a solution of the type e
3 2
: Xz &%, + & X, + O(e”) (18
where x. are functions of ¢t and T. Ef;j
Combining Eqs. 1 and 135-18, yields ey
R
£ [35./3‘& - 4, ’.‘c] e
: + 63[35,/31-‘-» 2x, /2t - A, X - A A, ,’_‘."’fs]
A +0C(Cef) =0 (19)
‘3 where all the terms in brackets are not explicitly functions
. of £ (it may be noted that this is the mathematical reason
" for introducing the slow time scale g) and
s = { 2 c,,”,(A.) Xip Kig xn} (20)
- rer :
« Separating terms of the same order of magnitude yields
ot - 0
] 2x, /2t Ao X, =€ (21)
955/31-'- - Ao Xy "’9’.‘;/3""' Aaéz!n + f‘ (22)
b Disregarding the terms in ¢the solution corresponding to
" characteristic roots with real parts, the solution of Eq. 22
i is s, t . ctw,t
N - = Lk €
A where 1 is ¢the imaginary eigenvalue of A, and uy is the
corresponding oigqnvoctor (see Eq. 8): the main difference —
5 f.
- o
2-4 e
RN
oY ':‘-‘.‘1
. %
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between the solution of the 1linear problem:. Eq. 7, and the
first order solution of the nonlinear problem Eq. &3, is
that ¢ is a constant whereas, in general, a is a function of
T (note that in Eq. 21 the ¢time derivative is a partial
derivative, whereas in the linear problem: Eq. 3, the time
derivative is an ordinary derivative).

LR Saics et

Substituting Eq. 23 into Eq. 22 and noting that

fs = Z ¢ (Ae) (’- “rec“”t-ﬁ- CCT)

"' np'r

(a. u"e;

o%é

“f, ceT Nau, e

+CCT)

5 o) (3w,t «) 'w, €
- f, ale " + 1 atdt ey ceT (24)

where CCT indicates complex conjugate terms and

r‘m _ { Z Cupygr () L(r Uy uy } (2%)

V) .
= 'f: ) Capgr ('\-K“r “,“r‘*”p”f“**“f“f”r) (26)
3 one obtains
Q) t3w,t
e

() tw, t
+ [.. u dafoc+ A, A ua + 'Fa' a"a*]e

The so{utton'contains “secular terms" (i.e.:, terms of
the type tet“st) unless

m
e ["-‘-‘ dafot+ A, A, uat ﬁ' ala¥]=0 (28)
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where ¥ is the left eigenvector of A, corresponding to the f@

eigenvalue i, i.e., the nontrivial solution of

) v [iwI-A]=0

(29)
v I¢ v is normalized so that
: vl u =1
¢ (30)
Eq. 28 may be written as
2a o+ yatat=0
2T (31)
where
F-’-— ’\ZVTAzg
- = (32)
)
X'-’-" '\les
(33)
By setting )
a;]o\]e"f
(34)
and separating real and imaginary parts one obtains .
3.0 -
3|a|/91: + fr ‘al"'a'tl o] (35)
alz 0
’2:,0/0': + frt ot l = (36)

Equation 3% may be easily solved by setting lal =1/¢7
to obtain

2:/2< -28,7 -2x,=0

(37)
or < e
2. "‘.':_.':
2:—1&.(!+keﬂ > o_.“
Pﬁ (38) L
(where k depends upon the initial condition) and hence ¢Q§
/2 oy
-Be / 7r / RO

|al -

{4+ k e?fert

------
................
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v Bubstitut‘lng into Eq. 36 and integrating yields
o ='.£‘(FI + 7, lal®) dx + o,
= (7, Be [9n 1) v +(0 1) dn|a] + ¢, (40

Combining Eqs. 10, 14, 18, 23, 34,39 and 40 one obtains

= 2Reak (|2-2.]" 1a] ) u )+ole

(41) Lo

with o

F 3 R

Wz w,+ o, .-.w,+',\-x°lw,_ (42) i g

’._: "< ,
(wvhere W= Uzﬂa/’n'ﬁ"“‘ b

; f =00 fap ) nla] 4, (43) o ‘1
whereas iw, is the imaginary eigenvalue (and uy the e

corrosponding eigenvector) of A, (see Eqs. 8 and 9) and lal  —

is given by Eq. 39. . R

£.3 Riscussion of Sojytion

va
- The function lal divided by lfa’h\ + i.e., (see Eq. 39) e
".: '.":..‘.J
> la| = -$9n (Br /7r) T
T /2 28, (t1-7.) S
[ ' _ fe
Pa/a‘ll | 57»»!: e (44) """‘
. where .
2 T, = - 4alk| /2 e (45) %
- is plotted in Figs. 1-4 for all of the possible combinations ,
Y of the signs of fg and 9YYgq . Only real values of lal are o
” plotted. It is worth noting that the absolute value of & :
influences only the value of Y, which in turn determines the s
- value of the abscissa that corrasponds to the time origin t=
Y 0. Note that (ses Eq. 32) R
I e
F‘ £0 4or '\z. =4 (/\ 2 )\.) (46) T
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since the linear system is unstable (i.e.. e €0} for Ay= g
(i.e.. A >2,). Consider,separately the cases jk)O and x,<o.

A

. - Case 1 (22>0)

= Consider #irst Fig. 1, which corresponds to 2_> O
- (stabilizing nonlinear terms) and A > A, (i.e., Bg< O,
N destabilizing linear terms). In ¢this case, there exist two
branches, depending upon ¢the sign of k. If the initial

conditions are such that at time T =0, lal > IBg/3x! . then k
< O and the amplitude decreases to the limit-cycle value

Lim (o] < lal, = [pn/yal™ a7

Viceversa if lal > | o/ ¥r i/* , then k > O and the amplitude
increases to the same limit-cycle value. In other words, for
7> O and A2\, (i.e.. Be<C 0), there exists a stable limit
cycle; note that the solution lai=0 is wunstable. This
behavior could have been predicted +from Eq. 31 by noting
that for large values of lal the stabilizing nonlinear terms
are dominant, whereas for small values of lal the
destabilizing linear terms are dominant.

Next consider Fig. 2, which corresponds to r?> O
(stabilizing nonlinear terms) and A< A, (i.e.. B> O
stabilizing linsar terms). In this case, real values for lal
are obtained only if kK < O and TOT,. The solution tends to

zero:

L ‘“""o

T %o (48)
i.e.:. the solution lal = O is stable. This behavior is to be
expected, since both linear and nonlinear terms in Eq. 31
are stabilizing.

Summarizing, i€ Ta > O (stabilizing nonlinear terms),
there exists a stable limit cycle for )\ D), (when the linear
analysis opredicts instability), whereas for AC‘A, the
solution la! = O is unconditionally stable.

Case @ (Ya<O)

Next consider Fig. 3; which corresponds to < O
(destabilizing nonlinear terms) and A A, (i.e.. F‘< o,

2-10
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destabilizing linear terms). In this case. I|al is real only

for k COand T<C T, . The solution tends to infinity as
s 4 tends to T :

Lo Ia-l' oo

T=2Te (49)

i.e., the solution is ounconditionally unstable. This
behavior is predictable since both linear and nonlinear
terms in Eq. 31 are destabilizing.

Last consider Fig. 4, which corresponds to <Y< O
(destabilizing nonlinear terms) and A< A, (i.e./. B> O,
stabilizing linear terms). Note that two branches exist, for
k Z O, respectively. In both cases

—&’m,“ |a] = laf, . =IF;/ZR"/2

T -

(50)
However, 1f the initial conditions are such that tal > lal -

at time T= 0O (i.e., k<O), then the solution grows to
infinity:

Lim |a] = o it Jaf, >|ale
T-»Te (91)
On the other hand, if# ¢the initial conditions are such that

iat < tal,, at time T =0 (i.e., k>20), then the solution
goes Lo zero:

T (32)
The preceeding behavior may be characterized by saying that
there exists an unstable limit cycle. The solution lal = 0
is stable, whereas the solution lal = lal ., is unstable. In
other words, the system is conditionally stable (i.e.., is
stable only if the initial conditions are sufficiently
small, whereas it is unstable if the initial conditions are
sufficiently large). This behavior could have been predicted
from EqQ. 31 by noting that ¢the stabilizing linear terms
dominate for small values of fal, whereas destabilizing
nonlinear terms dominate for large values of lal. It should
be emphasized that this behavior is very significant in
practical applications., since, if the initial conditions are
sufficiently large, instability occurs even if the linear
analysis predicts stability. The primary objective of
flutter taming is to prevent this phenomenon.

2-11
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Summarizing, if Yp< O (destadbilizing nonlinear terms),
there exists an unstable limit cycle for A €Ay (when the
linear analysis predicts stability), whereas for A DA, the
solution is unconditionally unstable.

In conclusion., the results of this section may be
restated as follows: there always exists & limit cycle given

by (see Eq. 41) .
X=2[h-0) B fyn| Reak (4 et 00e2)
(53)

where ¢, = (7, /,')-en,]e“/y,]"‘q'— g, is a constant. If 2> 0
(stabilizing nonlinear terms), & stable limit cycle exists
for X >\, (with amplitude growing like ya-2,), whereas the
system is stable for M<C Ao . This behavior is indicated in
Fig. 9 where the arrows indicate the variation with time.
Viceversa i¢f ¥l O (destabilizing nonlinear term), an
unstable limit cycle exists #for A<Ae (with amplitude
growing like Ja-,\.) whereas the system is unstable for A D),
This behavior is indicated in Fig. b.

N
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S8ECTION 111
THEORY OF FLUTTER TAMING

2.1 Introduction

. The results of ¢the analysis of nonlinear flutter

v presented in Section Il indicate .that the behavior ot the
I asroelastic system beyond the #lutter boundary (e.g., benign

versus destructive €lutter) is determined by the sign of the
real part of a complex number U defined by Eq. 33. This
suggests a simple procedure ¢or flutter taming: modify the
system so0 that the additional contributions produce the
- desired positive value for 9, . It is convenient to add the
I requirement that the linear characteristics of the modified
. system be equal to those of the original system. This is
- important in order ¢to avoid, for instance, that the

)k introduction of flutter taming decrease the flutter speed.
i It may be worth recalling that the ocbjective of flutter
. suppression by active control is to modity the linear system

to achieve an increase in the flutter speed (Ref. 3) the

above requirement that the linear characteristics before and

after the flutter—taming modifications ensures that flutter
S taming may be made on a system already modified for flutter
. suppression -without affecting the ¢lutter-suppression
P modifications.
hY
> Two types of modifications are considered here. In the
o first one (type A), the nonlinear terms of the system are
. modified ¢to ensure the benign-flutter condition. These
- modifications could be a modification of ¢the nonlinear
- elastic characteristics or the addition of a nonlinear
> damper. In the second one (type B): new state variables
- (typically active control) with a nonlinear feedback are
- added to the system (augmented system). This can be
P accomplished., tfor instance, by having a sensor (e.9.. an
N accelerator) and an actuator which controls a control
- surface, with a driving force proportional to the cube of a
< linear combination ot the original state variables.
f Whereas many different modifications may be included,
= only the above two types are considered here. The moditied ——
o system is then described by s
t -
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dx/de = A x+ 13, 0) +x'$(x,\)+BAly  (3a

dy/ak = Dy + " 2(c7x)? (59)

The term %'£/(x.2) (where . «’ is a constant and £’ is a
nonlinear vector) corresponds to the type-A modification. On
the other hand, the term §¥ (with y governed by Eq. 55)
corresponds to type-B modification. _The nonlinear feedback
is provided by the term n“;(g";)’ (where 2 and c are
arbitrary vectors and «x" is an arbitrary constant). Note
that (as shown in details later), the 1lack of linear
feedback in Eq. 99 guarantees that the linear
characteristics of the modified system are equal to those of
the original system. Note also that by setting x’ = O one
obtains the modification of type B, whereas setting B = ©
one recovers the modification of ¢type A. For the sake of
convenience, the analysis is carried out wunder the

assumption that both modifications are present at the same
time.

3.2 Elutter Tamjng Solutjion

Equations 354 and 55 may be recast as

dx* /e = A" x* + $7(x%)) (36)
where .

X’: §5 }

= M (57)
) ALY BO)

AB) - ° D (58)

TR .

faep)- )
- «z (¢"2)
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Equation 36 is formally equal ¢to Eq. 1 and therefore
the results of Section 11 are applicable to Eq. 56 as well.
Hence, the solution of ¢the linear system 1is obtained by

setting sI-A -B

Bet [s I-A’]= Jet 9- sI-D

= Bet[sI-A] M[‘I-P]=O (50)

which shows that the nigcnvaluol' of the modified system are
equal to those of ¢the original system plus those of the
actuator system.

In particular, for \=),, an eigenvalue, s = i), is on
the imaginary axis and (assuming that the actuator system
does not have an eigenvalue equal ¢to iw,) the corresponding
eigenvector g’o i.e., a nontrivial solution of

[‘.")olt'é:] -l—"

““‘)o.I."’ éo -B,
- +
s w = 0
e ww,l-D (61)
(where A = A(),) and B, = B(A))) is given by
+ u _
g = {o } (62)

(whare u is the eigenvector of A, , defined by Eq. 9). In
addition, the left eigenvector, ¢+, i. e, the solution of

o7 [;¢0‘ I-A] ]

A B I
B o iw,I-D S e
is given by
+ 4
¥ s g,\?} 68y

where ¥V 1s the left eigenvector of A, and
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3T = v"B[iwI-D]" '

(63)
The condition for benign flutter is given by
. 8;, . Real ¥t 50 (68
with .
' + + T €0
| 7t. vt 1, (671
where
[(]] )
.Fm { "'; + ¥ 'FJ
+3 T
with g? given by Eq. 26 and !gn given by a similar
expression, whereas
8 Je et U (69)
f Using Equations &4 and 68, Eq. 67 may be written as
< . "
i l=y ey +x"y (70)
3 where
-, v ¢(0
N ‘ ¥4 I (71)
_l. - . .
- is due to the nonlinearities of the original system
. (v
a ax' = .-\.’-T .{'3 (72)
k is due to the additional nonlinearities of the control
& surface aerodynamics and
B e 2 * o7 o - T T e T
g =3pp 0Tz 73)
The condition for benign flutter is
+ ' 0, " (74)
e = Yot R Pr *¥ U

which indicates that i# 22 ¥ O (or ¥t ¥ 0), it is always
possible ¢to choose %’ (or

") to satisfy the above
condition. Note that it is esasy to ensure that 3{ ¢ 0. For,
it is always possible to choose € such that

[le [T u|#0 (79
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and to choose z such that

2o = 1| Real (n¥73) 40

(76)

As a final remark, not that as wk’'sgnl y2 ) goes to
infinity, 3{ goes to infinity and hence the limit-cycle
amplitude goes to zero (similarly for «"“). In other words,
the amplitude of the 1limit-cycle can bde made as small as

desired by choosing appropriate values for the constants «’
and x".
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SECTION IV
AIRFOIL IN SUPERSONIC FLOW
4.1 Qoverning Eaquations

Consider an airfoil 4in a supersonic stream (see Fig.

B.1). Let the airfoil have only two degrees of freedom: the IONE)
vertical displacent:h = bl (where b is the semichord),of the N
center of mass and the rotation. o ,araund the center of e
mass. Let the airfoil be restrained by two springs at a [
2 paoint E (representing the elastic axis of a wing). The tirst .

; spring produces a vertical force, function of the vertical
- displacement at E. The second produces a moment function of
. of. Let the ¢two springs be of symmetric nature (e.g., the
_ same force is obtained in tension and compression) and

defined by the constants Ky ;Ke - K; ;and K; , see Eq. B. 41.
. Assume that the piston theory gives a sufficiently accurate
- description for the pressure distribution. Then,as shoun in

" Appendix B, the governing equation are given by Eq. B.Si1 e
- which may be recast as Eq. 1 with RN
T S & e
sT=l3 < 8 : (77) S
o o | 0 (0 0 0 o
B 0 0 0 | 0 0 0 0
l -ky -k, -85 €S, 0 s, 0 o
~Kin =K s, k) 0 "_Sl. 0 o
v v v y L v _j (78)
and
0
0
‘f_ ), g(A) _
L3 35 : s
Cs) (A)
du 3 (79) ol
” "

In EQq.78 v is the nondimensional moment of inertia (see

Eq. B.l?),ku are constants (given' by Eqs. B. 48 and B. 44 in o
terms of the spring constants. the speed of sound a, and the o
mass m), S; are constants given by the Eq. B.33 in the terms Ll
of Z (nondimensional location of midchord with respect to A
e
L) -'
:'.'-:_\
AL
'i'. Y
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the center of mass). In addition & is the mass ratio (given
by Eq. B.27) and

e .
vtall e
et e e
e

Az Mg = %. _4‘_,9_;__5‘ (80)

4
(where M=\,/0, is the Mach number) is proportional to the
speed of flight.

- In addition the structural nonlinear terms are given by
g (see Eqs. B. 44,8B. 49 and B. 30)

g-?(a):%ksé‘x’-k;@*g“)’

-4 k. 8% oo k3%~ ke ) ot k;f(p Su)

81) L

gf’ (x)

Finally the aerodynamic nonlinear terms are given by
(see Eqs. B.39,B.36,B.37,B.39 and B. 40

(SA)(S) == (C" s° M +Ca S. “3;. + Sy s: ’(z&) L
+%) (s,w%ss. Wik +38,wat, 3 &*) i

Aix)e & (¢, S Mad s ¢, 8 L + ¢, S «*&)
j“ That 225

3 s wat s Sl

+8X (51“’ "’35:;'“’ °l+3$, 54 ) (82)
with T
w: Mot -3 (83)
whereas (see Eqs. B.33 and B.36) sy
r—
-a/3 \ -V/2 T
C‘.u = o

v - /2 o

1/¢ / (84)
These values are obtained by assuming that the downwash used s
in the piston theory is in the direction of the n-axis. Y

Similar expressionsare obtained by Smith and Morino (Re#f.
13) by assuming the downwash to be in the direction of the
y—axis: in this case the coefficients are given by {(see Eqs.
B. 39 and B. 40)

..............................
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’* Ci2].ys o \/a (8s)

The solution is of the type given by Eq. 5, where s; and ﬁ{
; are eigenvalues and the corresponding eigenvectors of A. R
n the case under consideration here, the eigenvalues are the ﬁE;;
solution of Qﬁt-
- s o 1 0 - ‘:.._.-
E...
o S o -1
"M =0 .
ﬁ*[s 1-",‘] - K., K,-AS, s+6S, s
K KaatAS -5, S +8S; T
L v v v ] 88 r‘"‘
or,adding third and fourth columns (multiplied by S ) to ]
#irst and second columns Tespectively and multipling the o
tourth vow by v, -
S‘ + 05. S + ku -'s. S +k.,-)5° .“i
-56. $+|<n_ 95‘-'5‘5 "'k;;“"\sc
(87)
which yields
+ 3 e =
a sty a s’ +as +a, S +4,=0 (88)
with
a4= 9
4.3-.-. e(y S, + sg)
2
a2 v Ky+ kg + )\s‘ + 0"(505“ S, )
a =z 6(Sekey ¢Sk, - 28, k) (89)

d,s k" k‘.. - k.: - *(s. k'.. + SG kiﬁ)
At the stability boundary, A=A, .a pair of complex
conjugate roots are purely imaginary (s = <tiw .see Eq. Ry
4),and, separating real part and imaginary part,one obtains e

L 4 2
AW, - QA Wy +4,=0 g
3 (90} N
as w, - a, = 0 ::f:j"'
(91 ) ";: -l

or, from Eq. 91, . :
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- b e e et sam et S mags Snar-Saiv i SCE S S TR Ll e T TR Y,
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R 2 -

Wiz (S ki +S Kk - 25 k) 05+ 5)
and: #rom Eq. 90,
- Vw:’ (kll+ Vk")od.‘ “'.k‘u ku - k’: + sz.z(s‘ sa's‘)

i3+ S Ky + S, Kk, (93)

(92)

A =

It may be worth noting that.by using the expression for kes
and 8, (Eqs. B.48 and B.33),Eqs. 92 and 93 may be reuwritten
as

e [k (3-8 +4 ks + K] /04y 080

(94)

and

Ae . . (“)o" ks)(k‘-\’a).z) + J‘ks ‘Ja; ¢ 5"«},‘/3

w:- §¢ + (s-go)‘(; (9%)

in agreement with Ref. 18 and Ref. 15 (where k; =/, k =v/2],

I,= -n and J-&, =1, ;note a misprint in Eq.C16 of Ref. 13
where wf should be W2).

The eigenvector u (the nontrivial solution of Eq. 8),

. normalizedby setting u, = 1,is given by

i
u= 0
LW,
) (98)
‘), U
where
U= G-OJ,‘-tCLJ.GS,'Fku )/(1«).35. +kla -A.S.)
.‘("‘"“’o‘s.+kn)/("’“)°1""."’°5$“!+k“"’\-s') 97

S8imilarly the left oigcnvcctorag’ls given by
otz L oW, 4 -.wJ (98)
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zlwd4iwes, + k..)/(“""o"g': +kia )
g(‘ f«).'.s, "'k'l"\oso )/(‘W‘)o‘* ‘.“"'gsa +ky +A,S,)

a, ‘w, +68, -s8, |
e
A - 68, WY +§5, {u’f (100)
whereas o, is a normalisation constant such that ‘!Ui' 1 (see
Eq.30),i.e.,

(99)
and

o,z iw, (l4+uv) + t[S, +@)S +uvd ] aon

4.3 Nonlinear Flutter

Using Eqs. 20 and 24 one obtains, for the specific case
under considervation.

(o]
{. - 0
-3 3z3 (102)
wi th s/
Dy~ 7%

= Y k,é'(nue"'“"t +cet)’
- ky [a(ua'u.)e"“‘e + cc-r]"

+6 ¢, S M (au e:%e +CCT )3
+& ¢, S (aue “eoceT)(aiw, et

+& ¢, S (om et CCT)z(auiu;eM't.,. ccT)
46 LS (aid ey cer) ~
43;(_35; (aGe:"“"'e.rccT)"(au(«..),e;”‘¢+ ccr) ;
+S1 35, (m:'r C'w’e-f CCT)(a.ua'w. e'%t+ CCT‘)z

Ué-}- CC“I’)ﬂs

i (103 =
g (]
+e')($3 (au. LW, <
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7.(3 = 7- (51) ¢ é .
) ‘W,
' =l k& (a e +ccT )(ane 4 cer)
+(h kysto k) (au et yccT)
- k.S S[a(l-ré.u)g;w‘t.;. CCT}'3
+ec, S Maue ™t
+6 6 S, (an e Leet) (aiy ey ceT)
+% €4 S, (au e:’u,e-+ ccT) (au t'w,e"‘"'t...cc T)
+ GK S, (a,q:}" e'u‘t:‘, CCT')3
M"b... CCT)z(au tw, e"“"'t.;-CCT)
~ (Wt . fupt 2
+Tx3S8; (aw e Wt 4 ceT)(auaw, e +cc‘r)

R

!
}:.
:
:

g
LY
-
LY
-

+ccT)’

+6x3S;, (a W ¢

: . {w,t 3
¥ FEX Sy (auiw, e 4 cer) (104)
3 where,CCT indicates complex conjugate terms and
F P Muiiw, (103)
;2 Equations 103 and 104 may be written as
N . R
3 (3) 3wt 2 % () ‘wt
= A o + CCT
?ss ?Sa © ta ?ss
6) (3ut ) w, ¢
3 vk, 2 5 0 °
= QA CCT
Jus Jas € taa ?«s e + (106)
where
()] - 3 3u¥ ! 2 5 X
Fos 2 Ve kI 3w kg 30e 5 148 u%) S
+5 [c,, s, M3 wta® ¢ Ca S, (uur-u?)in+c, S wiut “""-] ::-'.‘.'1:?:1
~ ~ N P [ ,,.-.]
+84 [s.3w‘4'3'+35, (2w u -Gtut) v, ——
~ : 3 S I
+ 38, (0 2unk i)W+ 8 3u‘u*ch’.:' (107) S
4 i
i
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g

L P T T PO R S
k’&fﬂfl.‘:!.'\.’;.'-




¢ AWEs

R . RN

[ T AR AL TaTy v
ORI | TSR

L Do e e et e S SRS e MUt S e e Sy sots g S a4 el SR gr i At R B RO S S g A R T Sag A S A A R A S
(LA S S SO el

and
(') '/zk A'(.?““t‘+ ua)q-(/‘,‘ké‘ k')Su u“'
“kg & 3(14du)* (148 uY)
45 [Ca, S M3u u“-rc:_a,.S.(Quu";u‘) éb."’%i% uiu¥
+Sx [B 303" + 38 (oW Fru - 5t u¥) [,

+ 35 (':)‘ Quut - W u“) wre S, 3 uzu’l'w:] (108)

Similar expression for g (») and QS: are not explicitly given
here because they are noi needed in the current analysis.

The condition to avoid secular terms, Eq. 29, yiclds Eq. 31
where now (Eqs. 78,96 and 98) : -

vY o 0 o o1 (4
F:-)"‘\’TAz_‘ﬁ:& A O 0 o 0] {“
- % | 0 S, o o] /[“
o So' \
vl V«J'J SL } A (8 -v8 K/o(
o, 0 __s;/v w (109)
and ’
W, )T (o
T (" o] _ (” - ) “.
7'-'- -4 f& ';‘l " o) (753 7‘“ /
° 11
v a9 I - (110
The limit cycle amplitude is then given by (see Eqs. 47 and
80) . SRR
V2 :::-;:::f'
lal M[( Sou-ars u)/ 0(-] T
e ” e

M[( (‘; . j:;)/‘“] (111) ;ﬁ
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The numerical results are discussed in Section V.

4.4 Flutter Taming
) In order to implement the flutter—~taming formulation, the
system considered above thust be modified. Three

modifications are discussed here (the details are given in
Appendix B) The simplest one consist in changing ¢the
nonlinear~stiffness constant k2 (this case “simulates” a
' modification of the structural design of the aircraft to
| insure benign flutter). Ancother simple approach consists in
adding a nonlinear damper (this case “simulates” a
modification of existing aircraft). These two approaches may
be studied uvsing the same equations used above where now g,
is given by Eq. 81,07 I

A 4 ,.' O% | '
| §u = g. % % (112)
E This implies that ths. glvon. by Eq.70 where %"= O and
. (see Eq. 72) )
: e - v i’ 3utu” (113)
i

In a move sophisticated approach one can make use of a
control surface and nonlinear active control. The presence
of the control surface introduces forces and moments (where
O is the deflection of the control surface). The equation of
the actuator dynamic is assumed to have an {input
proportional for instance to {;i(o.y.o the doubly—integrated
signal from an accelerometer located in C).In this case the
governing equations are given by Eq. B.69 which may be
recast in the form of Eq. 54 with «'= O (see however Eq. 112)
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0 0 0 0
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_ ° 1 (116)
-k/] -r/J
2= {01
1/3
e (117)
¢c"=11 0 0 0]
(118)
This yields (see Eq. 63)
- -
= [iwI-D] By
. “ (]
[ iw,  k/3 ) (A(-sP+08)) (W
= =
-4 ,+r/3 g (- 5‘5" v S Iv ) (119
2 o

or

R Y

and a similar expression for'ﬁ which is inessential here.

The expression for 4* is given by Eq.70 where ' is given
by Eq. 113 (with x' if the damper is not added) and ¥”g9iven by
Eq. 73,0t

[} 2 v a \
e apptgTz e SpTH v (121)
v
with v given by Eq. 120 and /(given by Eq. 49 or
pe Uzt (122)

combining Eqs. 120,121 and 122 one finally obtains
8" =3[0, T C]"+ w80 )e A(- 80 4w &) 3rigret) 129

In the design of the actugtor.tho parame?ers J,r and k may
be used to insure that # O (or even m&- optimal)
Numerical results are considered in Section V.
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SECTION V

NUMERICAL. RESULTS
2.1 Introduction

In order to assess the feasibility of flutter taming
(e.g., whether the modifications may be implemented with
physically acceptable values for the constants «' and "),
: specific numerical results are presented here. All the
. : Tesults are obtained using a configuration similar to that
| of Ref. 13 and 18. In particular the following values are

used for the constants T .S, vV, Kg and K,

Z=-.2
dm —§‘~-.2.

v= 21
Kem O.

ke 0. . . (124)

DY ¥ W LI PR

8.2 Flutter Analysis of Oviginal Sustem
Consider ¢first ¢the 1linear system according to the

F analysis of Section IV the- flutter frequency is given by
Eq. 94 or, usiqg the above values for k%,v and §..one obtains

2 ! 12 o -.36.n%
N, we = - ks 5 k=36
i where (as in Ref. 13)
D, =k, /Y (126)

The flutter boundary is given by EQ. 5 and is plotted

as a8 function of ficin Figure 7 (for 1/% = 4, B, 12 and 16). s
The corresponding Mach number, M, = Xo/8 (see Eq. 80), 1is —_—

plotted in Figure 8 as a function of /i (for the same values
of € ). The above results coincicde, ‘as expected, with those

e of Ref. 19, A . ]
Dy In the nonlinear analysis ¢two formulations have been }ﬁ&h
presented. The two differ only for the direction of the ron

downwash used in the piston theory. In the first one, the fT:j

' i

NS

3-1 T




& e T TR e T T L 0 I YR 6 TR O A ot Sttt e e i~ i S A o it LA S SRl S M i s p T——T
-
-
-
-
.

1.8 4

0.5

- o

15 2
r'e‘

Figuro 7

a-l

L)
o 0.5 1.5 2

- -
Y

ARt M

|




downwash 1is in the vertical direction (akin to the
formulation of Ref. 13): T will refer to this formulation as
type V (for vertical). In ¢the second one, the downwash is in
the local direction of the normal to the airfoil surface: 1
will refer to this formulation as  type N (for normal).
Equation 83 is used for type V, uwhereas Eq. 84 is used for
type N. The value of the limit~cycle amplitude (as given by
Eq. 111), are plotted, in Figures 9-12 (for 1/6 = 4, 8, 12

and 16 respectively) as a ¢function of!E‘For several values’

ofK&values of ki in parenthesis indicate an unstable limit
cycle). The results obtained using ¢the £first formulation
(type V), shoun on the upper side of the figures coincide,
as expected, with those of Ref. 13. Those obtained using the
second formulation (type N) are shown on the bottom of the
figures and indicate that the difference between the two
approaches, while not dramatic is still significant. From an
physically intuitive point of view the second approach is
obviously more satisfactory than the first one. However 1 am
not aware of - any rigorous proof, that indeed the second
approach is the correct one. Therefore in the following all

the figures include both:, type V (top) and type N (bottom)
results. ’

8.3 Taming by Stiffening

Figures 9-12 indicate that as Kk, increases the limit
cycles tend ¢to become stable. This suggested the first,
simple approach to the #flutter taming: modify the value of
the nonlinear stiffness constant ki in order to achieve
flutter taming. The results are - shown in Figures 13-16 (for
1/ = 4, 8, 12 and 16 respectively) where the limit cycle
amplitude is plotted versus k,'('_k‘for several values oh[kl(valuos
of Vicey in parenthesis indicate an unstable cycle):: as
mentioned above the downwash expression of Ref. 13 (type V,
Eq. 83) is used for the top graph, whereas the formvlation of
type N (Eq. 84) i{s used for the bottom graph. These figures
are a different way of presenting the same data shoun in
Figures 9-12. It is apparent that positive values of kX
tend to stabilize the 1limit cycle; for instance, on Figure
13 (€= 1/4), fop_values of Ki/K, = 3 and for all the curves
except for K,.= 1.8,the "1limit cycle amplitudes are
relatively small. Note that i# lal__~ 4 ,then the value of
the solution will be of the -order <CA-2,)" This means, for
instance, that if A exceeds A, by 1% (i.e., if the flight
spesd exceeds the flutter speed by 1%):, then the vertical
displacent will be equal ¢to .1b (5% of the chord). While
this value is relatively small, it should be emphasized that
further reduction in the 1limit cycle amplitude reguire very
high values of I&Q shard to obtain in an actual aircraft
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design. In addition for &= 1/8 (Figure 14) the curves for
ke= 1., 1.25, and 1.9 are not stabilized even for kK= 3.

For &= 1/12 and 1/16 (Figures 13 and 16) only the curve for
VK= .5 is stabilized. '

Equally simple (at least #from a mathematical modeling
viewpoint) is the <taming by addition of a damper. The
Tesults (see Eq. 70 with «"=0 and 2’ given by Eq. 113) are

5 shoun in Figures 17-20 <(for 1/¢ =4, B8, 12 and 16
. respectively) where the limit cycle amplitude versus «' is
l plotted for several values ot IE; : values of WK in

parenthesis indicate an unstabdle limit cycle (type V
) ‘ formulation, Eq. 89, is used for the top of the figure, type
: N formulation Eq. 84, is wused ¢or ¢the bottom). It may be
: noted that positive values of the constant w' (i.e.,
: positive damping) have stabilizing effects (whereas this -
l might not come as a surprise, ¢this point deserves further . L5;~
. attention and points to the need for the development of a e
mathematical formulation which would didentify under what
conditions nonlinear damping terms are stabilizing). The
same comments made for the taming by stiffening: for @= 1/4 e
(Figure 17), small values of ¢the constant &’ yield a it
- stabilization and then a dramatic reduction on the 1limit
cycle amplitude: however further reductions require large
values for the constant. Far & = 1/8, 1/12, 1/16 (Figures
18-20) similar trends are observed, but stabilization is not 4 A
achieved for the higher values of LI Ry

I : 5.3 Taming by Active Control | -

The expression for the 1limit cycle amplitude ¢for a
system modified with ¢the addition of active control is
derived in Sect. IV (see Egq. 70 with %'=0 and " given by
Eq.73). The constants J, v, and k, determine the dynamics of
the actuvator, Eq. B.67, andias mentioned at the end of
. Sect. IV, they may be used to optimize the limit cycle valve.
This idea of “"optimal design” .was brought about by the first .
Tesults obtained by choosing certain values for J:, v, and k. S
v ’ The diagrams indicated very little influence of the feedback Ny
by even for k"= 20. It turned out that those values yield a St
% value of 2" very close to the imaginary axis so that -
E e ~0 (i¢ ge=0 the constant ¢’ has no effect on 3! ,Eq. 70). By

o=y . - " T

K _ ¥
PR R ]
AENLRLN

s 0y

e ¥elate’

,'.| A & _® _a_®

o
.
AP

LA A
o

changing the value of the phase angle of —w?J + fur + k., we : S
- found that a value for 2z close to the maximum is obtained T
- for v/J = .35 and k'Y = 3. In view of the fact that the Sl
> nondimensional moment of the inertia for the airfoil is o
2 Y =21, it seems reasonable to chose J = .1 and hence T = r "
.03% and k = .03. The results are plotted in Figures 21~
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24 (for 1/6=4, 8, 12, 16 respectively), which show the limit L
cycle amplitude versus «x' for several values of{K.(values of Vit
in parenthesis indicate ungtable 1imit cycle). Noté that
this time only the curve = 1.9 (for ©= 1/8, 1/12, and
1/716) is not stabilized at " =<1, Otherwise, as in the case
of the taming by stiffening and by damping, small values oF«*
yield a stabilization of ¢the unstable 1limit cycle and a
dramatic reduction of the 1limit cycle amplitude. Slower
reductians in the 1limit cycle amplitude are obtained with
further increases of the gain .k" : however, high values for
this constant may be more easily obtainable in this case

than the case of taming by stiffening or by damping. Further
Tesearch is recommended on this issve.
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SECTION V1
CONCLUDING REMARKS
& 1 Summary '

A new tool for the aeroelastician, flutter taming, has
‘been introduced. The objective of £flutter taming is to
insure that flutter is benign rather than destryctive. This
objective is accomplished by -modifying or adding nonlinear
terms to ¢the governing ‘eguations, or by augmenting the
system by adding state variables with & nonlinear feedback.

The general theory (based on an asymptotic solution cbtained
by using the multiple~time-scaling method) is applied to the
case of a supsrsonic airfoil. Taming by changing ¢the
nonlinear slastic terms and nonlinear damping terms as well
as by adding' a simple fesdback system (a control surface
with input proportional teo the cube of the vertical
displacement of the center of mass) have been analyzed.

Analytical expressions for ' the solution have been derived
and vused to obtain numerical rtesults. In many of the
specific examples considered the results indicate that it is’
possible to achieve stabilization of the unstable limit
cycle (which means that destructive flutter is replaced with.
- benign flutter). Also, a dramatic reduction in the limit
cycle amplitude is obtained with relatively small values for
the multiplicative constant available " in each case. Further
increases of these constant, however, yield only marginal
additional gains. As € decreases, however, stabilization is
not achieved (within reasonable values of the multiple
constants) for the higher values of K.. The most promising
results are obtained using active control.

6.2 Recommendatjong

In view of the positive results obtained so far and in
view of the great potential +for practical applications, it
is recommended that this work be continued by including the
influence of the other parameters (such as K& and &, , see
Eq. 124). It is also recommended that the work be continued
with a wind tunnel simulation to confirm experimentally the
results obtainaed here (in particular on the feasibility of
using large values for the gain in the case of taming bdy
active control). In addition ¢the theory should be extended
to include: for d{nstance, the possibility of simultaneous
(or quasi-simultaneous) crossing of the dimaginary axis by
two pairs of complex conjugate roots: a case that is
excluded here (see Section 2.1). Other issues that should be
addressed includad higher order nonlinear terms. more
sophisticated asrodynamic operators, three dimensional
models, and adaptive control systems.

6-1




.

APPENDIX A

LAGRANGIAN EQUATIONS OF MOTION
FOR AN AEROELASTIC SYSTEM

-p
Let the displacement J of a point of an aircraft de
represented in terms of prescribed modes., H « (such as the
natural modes of vibrations or finitc-clemont shape
functions)

S ¢) = g 7‘.&) /-"/:(E") | (A. 1)

where ¢t indicates time, Effindicatos & set of material (or
convected) coordinates. The amplitudes: q; . are called
generalized Lagrangian coordinates of the system and satisfy
the Lagrangian equations of motion

d o1 _ 21 _ oY _ Q. . A)
at 24, 24, 24: o
where T is the kinetic energy and U = U(q.) is the elastic

energy. In addition, the generalized forces Q Q ’a ®inciude
the generalized asrodynamic forces

G?“” = .\ é}‘?" p1 a5 A (A. )

L]

(where A = '3 oo U,,z is the dynamic pressure and c, is the
- asrodynamic pressure coefficients) as well as the effect of
structural damping, C&”
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is called the mass matrix. Note that ei3 1 is time
independent (because of conservation of mass): therefore.
the generalized masses are independent of the deformation.
Therefore, Eq. A.1 ensures that 9T/3q; = O.

DENEREMENUS

‘In addition, assuming that U is an analytic function of

"\ Q; and that q; = O corresponds to an equilibrium position
N (so that OU/QQ‘ = O (i=g, ..,N) for q. =0, j=1,...,N)
- yields J
| U } K “)( ) (a.7)
— - -+ .
E R A A
where g‘u ]
K = [ o¢. 2%; 1‘0 (A. 8)

is called the stiffness matrix and % is the vector of the
nonlinear torns which (because of he analytic nature of U)
is of the topc

{2;.’{ {Z Z 601'7:2’. (A.9)

[] Jcl "tJ

P I Py k??ﬁ

ast Jz! ke

For simplicity, it 1is assumed that the aerodynamic
forces are analytic functtons of q_ and i only., so that

"".: A(E }. +E2)+2(A)(x )) (A. 10)

where (A is the vector of the nonlinear asrodynamic terms

of the type . -
m) Aa) Z Z bm)
X, X,
f {tll .=' ‘-HJ ¢ J (A.11)
2V 2N
Z Z (.‘mJ X o x. X :
:0 * * +...
Lz J-I kz) "‘,/ vy Tk
where ,
(A1)
. aA-2
'5hb;ﬁ.l:$ﬁ:* *"'7+T*T*f“:"fffff*¥'"l””f“hﬁf*3&§ﬁ33”'*ﬂfﬁ?ubeﬁﬂ?lf """"




(A. 12)

Finally, the structural-damping forces are approximated

as 90)(5) - B z- " i (D)-{x)
e | ‘ an an N
2’ {3‘:)} {é Zﬂ 6(:) X, X; +2 Z‘.Z“c W XX

Combining the above equations one obtains

Mf_""p'l +kg+ AE, 1*Ei
=7 (1, q)

where CaN an

g:{?‘} {5282‘ b C\)xx

aNv aN aN

"'ZZ Z Ch:’.k(A)Xx.x -f...}

. e= J':l =)

with

(S) Oﬂ

by ()= b+ B0+ b

k(x)- ;,(‘L )(A)+ccb)

OIk
(where th and ci,

i» or §» or k groa&or than N)

(A. 13)

(A.13)

(A. 16)

(A.17)

Equation A. 15 may be recast in a form which
convenient for the analysis of Section II. Setting

o

Eq. A. 19 may be written as

Mo Ry + Kg 41 B +4E Y- g

(A 18)

(A.19)

are undorstood to be equal to zero for

is
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Yo The above two equations may be combined to yield

. % = X

i ) % = ARl x +4 (A. 20)
where

o

’
| e |
0 b
210

i Note that i the modes, ﬁc » coincide with the natural

- modes of vibration, then

- @;Fm]

- 2 | .

i K = ["‘: Wy ] (A. 22)

i where m. and w; are called the generalized masses and the

.. ' natural frequencies respectively. The modes may bLe

» normalized so that m; = 1. In this case, Jy = I and Eq. A. 20

2 is equal to Eq. 1. In general, premultiplication of Eq. A. 20
by J-' yields an equation formally equal to Eq. 1.

N .

. I# active control 1is included, the system is called

. aeroservoelastic. The control equations are usuvally cast in

X the form of Eq. A.20 so that the combined system may be

] easily recast in an equation formally equal to Eq. 1. '
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APPENDIX B
AIRFOIL FLUTTER

B.1 Formylation of Problem

Consider the airfoil shown in Figure B.1. The center of
mass.C, is allowed to move anly in the vertical direction:
hence the motion of the airtoil is limited to two degrees of
freedom: the vertical displacement.bZ, of the center of mass
C (where 5 is the semichord of ¢the airfoil), and the
rotation around the center of mass C. Let bLE and bq be the
Cartesian coordinates in a frame of reference fixed with the
airfoil (i.e., E and are convected coordinates) such
that origin is in C (center of mass) and E-axis goes through
the point E (point of attachment of the springs. 1.e..,
elastic axis).

The location of a point (.7 ) in an absolute frame of
reference (x.y) is given by

Xz b(Z cos 417 sina)

y: blEsina 4 cosa +5)
(B. 1)
The motion of the airtail is governed by the Lagrange
equation of motion .
T T 1Y)
4a (9 ) - + = &
ac ¢ 25 25

9T aT . 99U _ Q@
- <
( ) 7 T2
where o indicates difterentiation with respect ¢to a
nondimentional time '

(B. 2)

‘::d..t/b (B. 3)

(where a,is the speed of sound of the undisturbed fluid)
whereas T and U are the kinetic and potential (elastic)
energy respectively, and G, and G, are such that the virtual

Tﬁﬁﬂf‘u is given as
SWe= Qs 35 + Q, 3 (B. &)

In order to obtain the expression ¢for the kinetic
energy, note that 8

N -

We a %/b = 4, (-E #ink 1 ean) & X

~vea,y/b

»

d‘ (-§M¢ —ozsinu)o'( -»a.g' \

(B.9) .
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Hence

T= ff_p(u"-t«!")dA
.-?“ajb‘ﬂ'f{[(-g slns + '1_&0‘1"-)5/]‘

v ) 212
o +[(°§ M-L-'L*"’W-)“"’s] f d g
-} 2181 .2 . o .
4 B[ ]p (2 ont)dpdy + 208 [ g ety sinn) AL
>3
: + 2 ff?dgd"-] (B. &)
’ or noting that, by definition of center of mass. C (recall
- that =1 =0),
- c le
: [[gEasa = [[pndta
(B.7)
. one obtains the desired expression for the kinetic energy
L 2 . ‘
A T=4Lma* 2% 41 1% &2
: 2 o < p* (B. &)
! where T _
- 3 .
" mzb®ffpdid (B. 9)
- is the mass of the airfoil, whereas
2 2 :
. b*ff p(E*+n?)dEdq (B. 10)
is the moment of inertia around C.
Next consider the potential energy U. The motion is
-assumed to be restrained by two springs attached at point E.
For the first spring the potential energy U is a function of
the nondimensional vertical displacement ;g-= hg /b at E and
the second one, the potential energy is a function of the
_rotatione{. Hence the potential energy is given by
Us U (g,.) + U, ()
. s (%) * (B. 11)
:
N
B-3
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Recalling that the g-axis goes through E. so that vuf o]
one obtains

7. - L'E/bz b(§ + 3 sina )

(B. 12)
with

s=-&, (B. 13)

Next. note that if p is the pressure and § the arclenght
along the airfoil,

SW = 45(-,=.::.;§)43

=-35P(n,5x+",5t1)d3 (B. 14)
Using Eq.1 and oL
Me= ngeeda + 0, sina
ny g-ns singd +hy, cord
(where ng and n, are the components of R in the (§.7) frame
of reference) one obtains (see Eq. B. 4)

SW -t & p[(ngean +n, sinu)(- Erina furnerta Ja)
4 (-nysine +n, et )(- & entn So-n sink Fu+b3g]ds
- b2 § P[(q_ ng-gn,l)a& +(—n§50'n¢+n1md)f§]ds

(B. 16)
with ds = ds/b and

Qg =-b* é p(-ng sina + n, esdu)ds =-b‘3§.pnyds
Q‘z—baé plpng -8 n, )ds (B. 17)

(B.13)

Finally, combining Eqs. B.2, B.8, B.11 and B.12, one
obtains

(X4 av
Z + — = ¢
25 ¢
Yol + :V : e, (8. 18)
[ 4
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with -
Va U/mal
- - 2 -
: €g= Qg /mag
: ¢ = Ly [/ mad
- - 2 Lo
v=I/mb (B. 19) o
where Q; and G, are given by- Eq. B.17 and U is defined by _
Eq. B.11. T R
B.2 Aerodunamic Forces ' o
£
In order ¢to complete the formulation, we need an -
expression for the pressure distribution. We will asssume
that the air flow around the airfoil is supersonic and that
the pressurc is given by the piston—theory expression (Reéf. S
1) PE
g =(1+ :E ) = i
(B. 20)
where a, is the undistured speed of sound, & = c,/c, is the A
specific heat ratio and Y  is the normal-wash (velocity s
component in the direction normal to the surface), that is —
-»> -y - - . s : L.
qa/():(.q_; + dx/d;t)-n/l{.z-n‘ +(xn,+tynya, /b, =
- - - (nS ertol + n,L Sind )+ g (-G 3ima s 1 eedn) “,("5“““" i) i
. ' e
[( § AR - 1 Fnat) X + 5]( n sinatn cea) -
= - ¢ inal = (=N, Sinal + N Crick *-
("g cotel+ 1y 8 )+ 4 m (-ngs . )§ . b
' L (n.n-n ol .
+ M ' ( g 7 2 E) “"
where . ~—
- M= U, /doo (B. 22) S
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For the sake of simplicity, n the folliowing we will
assume that the airfoil has zero-thickness and zero-camber.
In this case, N= 0. Equations B.1 and B.4 remain
essentially the same (expect for the fact that n- 0). In
particular., Eq. B.1 reduce to '

= b§ cojol
y=-bZsinn + b3 (B. 23)
Next, note that
n=20
§
nla +1 (upper side)
= =1 (lower side) (B. 24)

Using these equations, Eq. B.19 reduces to

e. = & cHax (2 d
> % ff.. :

L
e, s f_;’f- g d& (B. 29)

where the pressure dicontinuity is given by

AP = Pupper ™ Plawer (B. 26)

the mass ratio € is defined as (recall that c:-jp-lf.)
2 a
5 = 41 b E_“ .= .i_b_ﬁ'_ (B. 27)
mad m
and the integral are understood from leading edge ¢to

trailing edge. The value of the nondimensional normaiwash
evaluated on the upper side of the airfoil is given by

'?':J— =-5:n,¢L+'_—!‘ Mdé _ﬁg&’

wpper (B. 28)

(the opposite sign holds for the lower side of the airfoil).

The pressure may be uwritten as

2 3
R e

Peo
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SRS
and (noting thaty_“us opposite sign on the upper and lower :i:;;:‘;
sides) the pressure difference is given by R
Ap/k, =-93'(M"~P'+,t M2gris...) (B. 30) i
-
with ¥ = (y+1)/2. i
Combining Eqs. B.28 and B. 30 one obtains ._';
_ _ 4 3 - e ; . C::-::—:J
Ab/pa = 23 [(- 247 )M (1-£)8 - B i
2 ‘ . . R
- —X(Mx-’-§+§o2)3+‘-':, 7_:'.14
(B. 31) s
% and, substituting in Eq. B. 23, T
: eg = % (1-8) pfEndrt-Tirpnetyed )dg
- ' +6x :'/zf(Mu-C’-f g )’dgs... j
: +cx[$,w3+3$, w‘&+3$,wa:*+s_,.731.,... =
i ]
€,= B2 f(.M.¢+§-§a'(+l/‘Md3-’/zo¢*§)§dS 7
-mg Ve [(Ma-E b B &) EdEe s
2 =5[- S _ S, g S,Mud Yy S ot Z - 7]
N ...5[ MS & +S5 8-S, +1/g S, 2 S ‘§_-l (5. 32) , S
\: - J z Y N L s ’ LR ‘.;\:.
with ex[s,«r +3SWTH + 35T 4‘(]* -
\ ar: Mot~ 3 (B. 33)
and 1+, . -
. Sn’ 3' f €n"'§. - (n> o)
..: ) -IvE, = Qe (n= ') R
= | =0 +33.%)/3 (n=2)
% = 5,430 (n = 3)p a4
< =(1+1082+5%})/5 (n = 9

where ‘g is the value 005 at midchord.
[ J
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Equations B. 32 and B. 33 may be recast as

{::}= [5‘ J Joals HfE ) @

8

6::(_J_-__.&'__.
m

where

(B. 36}

‘F

whereas

.3(M (2/3 S, Malys, «*g -y S o)
+ € (8, w3, 385w +38 wat+ 5 &«3) R
g‘i“:e('/g S Mud-2 S«*g)
-6y (S, wis+3 Szw’e't +353w&"+$4o¢

It may be noted ¢that in the formulation used by Smith i
and Morino (Ref. 135) Y represents the downwash (velocity in
the direction of ¢the y-axis) instead of the normalwash

’) (B. 37)

(velocity in - the direction of the -axis); hence the Q};
expression for f consistent with the formulation of Re#. 13 e
RS

is | |
' ' 2o
S 4 O
-,P-(sﬂ) = tamu + 2 L T o cos ]
' Mm M (B. 38) i

(see Eq. C6 of Ref. 13)

Using this expression one obtains that . and ¢ are
still given by Eq. B. 3% with "

3“’: e(e S, Ma+ '/QSd Z - S «*a)
© +5'x,($,w +.3S,w +3S«~>d + S, 3) «B.3N

and

. s(-1s S Ml Yy Sy ot &)
say (8 wte 38 0Pk +38 wa?+3, &%)

(B. 40)

respectively (in agreement with Eqs Ci2c and C12d of Re#f, -
1% i
B. 3 Elastic Forces \
For the sake of simplicity the problem is limited to the Eia
case in which the potential energies U5 and U are even ::;
R
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functions of % and o respectively (this implies

instance that the axial spring acts symmetrically in
compression and tension), and are giv:r in the forms
. 2 )
US = '/2 KS hE 4l/+ K; hE FRU
Uy = Y2 K,‘ o’ e KL"‘"""' (B. 41)
Using Eqs. B. 12 and B. 19 one obtains
i ’ 3
oV, /3%, = kg, +K 3+ (B. 42)
and ’
L
oV, /o« = k, o + ko (B. 43)
where : 2
ke = Ks b*/mag k, = K‘/ma:
k; - K; 54/'"“: ka't - KL/MQ: (B. 44)
(note that k¢ .k, .k; + and k! coincide respectively with
Qv , ) v, of Ref. "13)
Using Eqs. B. 12, B.42 and B. 43 yields ,
' .
V05 =0V, /g = K (S+ 8-ty Sate )+ K @ednren)riy o,
_ 3 3
+ [(lcs T+8u -l Jui,,,,..),,lg’ (3+8a+..) 41 -é‘,,..)-rk«a(-rlgx +.(B. 4&)
These equations may be rewritten as )
(s
aV/?S ky k'l ; } - {95 } O
2V [2u ) ko ki | (% ® (B. 47)
where
K km. kS '(SS
E—J
K, K. ked kS 4k, (B. 48)
and i -
e 3 ’
3;5) = Vg kg $o® - Ky (B +8u) (B. 49)
3
ﬁ’ = Y2 K85t + (Y ky §i_k!) e« K;5(§*5°‘) (B. 30)

in agreement with Ref. 13 (Eqs. Ci2a and C12b).
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B. 4 Governing Eguations
Combining Eqs. B. 18, B.335,and B.47 one obtains
My +Ry +(5+»\_E)_Z=Z (B. 51)
where
N - Lo
J = {“} (B. 52)
M =[ ] (B. 53)
R sS, 'csl}
3 L“‘ s (B. 54)
K, | o
K = [‘éu. J o (a..ss)
E - [o -5, ] | (B. 56)
o l
and
(A) (s)
O R I
@) ) (B. 57)
de ?.‘ + g.‘
B. 9 Modifjed Sustem

In order to achieve flutter-taming, the system may be
modified for instance by changing the design to obtain
different values of ¢the nonlinear stiffness coefficients
kz and kk . If the structure is already built (such as in
tﬁo case of existing airplane) one could add a nonlinear
damper., causing for instance a moment proportional to «?,
i.e., modifing the expression for 3‘(Eq. B. 97) as

A s) (D) g r—
Ju = 3‘ + 3. + 9. (8.58)
with
@ |
“’ z - 1<’ o? (B. 39)

A more ambitious approach (an active control
modification) may be obtained by TUsing a control surface.
Indicating with the deflection of ¢the control surface: the
normalwash is given by (see Eq. B.28)

B-10
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= -8Sin E-E&)/M <
T -sinat + (et §-8&)/ €y <80 g oo

‘ = - e (ar0)+ [crtfe0) - ~F-Fy)6l/M (B, € ¢ Era)
uhorofgts the location of the hinge line. For the analysis

F N
o' s s &2
4

. ' presented here (in which & is of the order of ‘5’ or o3) the
. above expression may be approximated by
: Ve oo sl +(E-8& -1 *3 )/m
; -H(g-gu) ) _‘R(g_g“) é‘+..- (B. 61) s
: where H(u) is the Heaviside function and R(u) =uH(u) is the e
' ramp function. The last ¢two teras yield an additional b
pressure distribution, p (due to ¢the control surface T
deflection © ), equal to Tt
Pp= -29 [MHE-§4) 0 + R(E-Ew) 8] S
. (B.&2) e
This yields an increase in q¢ and q, equal to {-ji
- ‘M g w3 AR
’ Ag = € (M.S‘ 6 +5"6¢) . i
| Ag, =-s (ns¥e +306) '
where ad
4. g"( Yd Llu"du= d (n=0)
z T2 §-%,) 45 =3
Sy o = d* (n=1)
(B. 63)
Ol and 37 . . ad S
3 (O] n - =
: S ="£J g(5-Ea) 9% - 2 Jgpu)utduz dlged) -0
- 3 e .
' " R NCTE DAY 5. 662

] where d = (E,,~ £, )/2 is the ratio between the chord of the
‘ . control surface and the chord of the airfoil.
o

The dynamics of the control surface is assumed to be to
Y irreversible (i.e.., unaffected by the aerodynamic forces)
and governed by

B ') .. (F ) :-'-: '--;.
b e s ‘.\.':-_'
2 , Jo+ro+k do (B. 67) Ry
4 -
y where. the feedback term q” is proportional for instance Pt

to the vertical displacement of the center of mass: iuﬁ
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g‘ =4"Z? (B. 68)
_The resvlting equations are
Mz +Ri: +(_K+A§)_!_=} (B. 69)
where ,
[4
2 sl (B. 70)
o
41 00
M:z=lowv o (B. 71)
- 00 3 ,
1.
[€s, -5, -65 (B. 72)
R=|ss, »3 «g
L o o r
-
k,, ki ©O (B.73)
!S =lka k2 o
L © o k
- o)
£ - o -5 ‘5(;” (B. 74)
_— - - o s‘ s‘
| © o o
A 3“, . 0 (o]
g L I
9= 2“‘ + 3"’ F + g:’) +4 0
— L3
0 0 0 N (B. 79)
with é:) given by Eq. B. 62 and g?) given by Eq. B. 70

It should be emphasized that +the three modifications
introduced in this section (a. modify k; and/or k. ,b. add
‘a damper producing a moment proportional to &d .and c.
nonlinear ¢feedback used in the dynamic equation for
deflection of the control surface) are only examples. Many
other modifications, equally valid, can be devised (such as
a damper creating a vertical ~Force proportional to Z}).
However these examples should be sufficient to give a good

idea of the flexibility available in implementing the idea
of flutter tamtng,
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