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The Generation of Three-Dimensional Body-Fitted
Coordinate Systems for Viscous Flow Problems

*
by Z.U.A. Warsi

} — Abstract
o ‘

/’ The main aim of this research has been to develop and implement
a technique for the generation of spatial coordinates in 3D regions
enclosed by arbitrary smooth surfaces for ultimate use in the
numerical solution of the Navier-Stokes equations. 1In this regard, a
mathematical model based on a set of elliptic PDE's. has been

developed, which has been used to generate smooth coordinates in the

region formed by arbitrary inner and outer surfaces of known shapes,
around multibodies, particularly around a wing~body combination.
These equations have also been used to generate surface coordinates
in arbitrary surfaces and are also capable of coordinate

redistribution in any desired manner both in 3D regions and in 2D

surface regions. -fi)7
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Introduction

\_;7The problem of numerical grid generation in sgiii%e?; %Pg&mj?ivn
three-dimensional configurations through ellipticV‘PDE‘gf\has been
pursued under this grant Lperiod.~ Various reports and journal
publications produced under Xthe present grant have explained the
mathematical model‘in detail, | (Refer to a 1list of publications
produced in the grant period). ¥ The developed mathematical model has
been programed on CRAY-1 and has been tested for single and two-body
configurations enclosed in a single outer boundary (refer to Appendix
C) and for generation of coordinates in a single surface, (refer to

Appendix B). The main elements of the mathematical development are

contained in Appendix A.
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oLy 1983

A NOTE ON THE MATHEMATICAL FORMULATION OF THE PROBLEM
OF NUMERICAL COORDINATE GENFRATION®

By
Z U A WARSI

® Mussissipp: State University:

Abstract. A set of second order partial differential equations for the generation of
thrce-dimensional grids around and between arbitrary shaped bodies has been proposed.
These equations basically depend on the Gauss equations for a surface and have been
structured in such a way that an automatic connection is established between the
succeeding generated surfaces. '

The vanishing of the Riemann curvature tensor has been used 10 isolate those funda-
mertal equations which every coordinate system in either two- or tlyee-dironsional
Euclidcan space must satisfy.

1. Iatreduction. The problem of generating spatial coordinaies by nueicz! mothadeis
a probiem of much interest in practically all branches of engineering science and ph sics.
At present a number of techniques are under active development for the generation of
two- and three-dimensicnal coordinates around apd beiween bodiec of arhitrary shapes.
Among these efforts two easily discernable groups can be formed: (i) the meth.ads based
on the solution of certain PDE's, preferably of the elliptic type, and (i) the alicbraic
methods. In a large number of metheds in the first group a set of inhom ~genvous Laplace
equations is taken as the basic generating system. These cquations are then inveried and
solved for the Cartesian cocrdinates in the transformed plane. Based on this line of
approach which started with the work of Winslown (1] some very practical recults,
particularly in two dimensions, have been obtained by Thompson et al. [2] and others.!
For the generation of plane cunilinear coordinates some authors have also used hyper-
bolic and parabolic sysiems of equations, {3). For the methods in the second greup. e,

o the algebraic methods, refer to [3).
In this paper we have first considered the formulation of a 3D grid generation scheme

,,. which is basically dependent on the Gauss® equations for a surface. In this scheme a senes

o

- *Rece’ved May 10, 1962 This rewarch has beez cupporied by the Air Force Office of Scientific Rewearch,
under grant AFOSR 83-0185 The material of ths paper is based ob an exicnded paper subm:tied at 2

NASA AFOSR sponscred confe,ence on pumernical gnd generaton beld st Nashville, Tennessee  Apnl 12-16

1982, |6}
"Refer 10 [3] for ap extensive bib'iography on the subject. o83 B v .
: owp Lnoemty
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322 Z U A WARSI

of surfaces are gencrated based on the given data of arbitrary shaped inner and outer
surfaces. The method has also been structured in such a way that the variation of the third
coordinate from one generated surfice to the next is fully reflecied in the sysiem of
generating equations. It has been found that these generating system of equations are
simple to implement numerically. In particular, the solution of the proposed eguations
tends to the solution of the Laplace eguations in the transformed plane in case the surface
becomes a Cartesian plane. An exact solution of these equations for the case of three-di-
mensional curvilinear coordinates beiween a prolate ellipsoid and a sphere has been
obtained.

In a plane, or a surface, or a 3D space there are endless possibilities of introducing
either orthogonal dr non-orthogonal coordinates. This realization imparts a sense of
arbitrariness to the choice of the methad to be used for coordinate generation. If it is a
priori decided that the method should be based on sclving partial differential equatioans
then the arbitraniness in the selection of the approprate equations for the generation of
coordinates becomes a prohiem to be resolved. In Sec. 3 of this paper it has beer shown
that despite this arbitrariness it is possihle to uncover certain sets of equations which must
invariably be satisfied no matter whick equations or methods Lave been used to generate
the conrdinztes. For a detailed discussion of the methods discussed here and or some

2y s memma . . . ., . .
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-
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numencal results refer to Warsi [4-7].
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2. Generating system baced on the Gauss® equations. In the process of formulation of a
3D cowordinate goneration problem it is helpful to imagine the coordinates of a point in
space as the intersection of three distinct surfaces on each of which one coordinate is held
fixed. Using the convention of a right-tanded cunvilinear coordinate system x', x2, x* or
¢ n. ¢ (sefer to Fig. 1) we introduce the coordinates in the surface x” = const. throogh the
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PROBLEM OF NUMERICAL COORDINATE GENERATION 223
Thus the vnit normal vector on the surface x* = const. is
o= (r,X15)/|r, X 14| (1)

where
»r=1a=2,8=3, »r=2:a=3,8=1; r=3a=18=2 (2)

From elementary differential geometry [8] we have the result that the rectangular
Cartesian coordinates r = (x, y, 2) or (x;, x3, x;) of any point on every surface em-
1.2dded in an Euclidean E, must satisfy the equations of Gauss. The Gauss equations for a

surface x” = const. are given by
. Top = Tty + b gu”, 3)
where all the Greek indices except » can assume only two values. The values of a, 8 and
the range of & with » follow the scheme given in (2). In Fq. (3),
or 3

v

=, Fop = ———=,
R U 2 axtax?
Té op are the surface Christoffe] symbols of the second hind,? i.e.,
7.
- = g**[aB. 0], (4a)
.._ _ ] Bg" " agﬁo agaﬁ
h [aﬁ,a]——z(a, T axt x|’ (40)
and b, are the coefficients of the second fundamental form. Since on the surface

= const. the vector 0" is orthogonal to the surface vectors ry,

- by =" 1., ()
P For the purpose of a clear potation we denote the space Christoffel symbols as

¥ I, = g4, k). (63)
Efj where

b 1= )[38s, 38 _ %,

F [, k] = 2\ ax/ * ax'  ax*/’ (6b)
r’ Using (€a), we have

. az 7

: r,= YW =Ty, (M

where all the Latin indices assume three values. .
To fix ideas, we envisage a surface which is formed of the surface coordinates (€, ) and |

[} ,

- on which { = const. Drupping the index » in Fq. (3), the three equations for the second
. derivatives of the Cariesian coordinates are

w=Tho+byn, 1, =They+ bn, 1 = Thr + bz, (8a,bic)
P In Egs. (8) o is orthogonal 1o both r, and r, and the coefficients of the first fundamental
[ € ]

N ?Refer tc Appendix A for a collection of other formulae
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..
form g,), 8,2, 82, are assumed 10 have been evaluated at § = const. Obviously
= -
- “Cgn=xity i, gu T xx tynt oz, 8n = Xyt )y + 2. )

C = Muluplying Eq. (8a) by g,,, Eq. (8b) by -2g,,. Eq. (8¢) by g,, and ad ng the three
" equations, we get

& +[(8;6)r + (A )]G, = nR, (10)
where
£= 8123“ — 28,0, * £118,,, (11a)
4, =[3‘{(gz;3‘ - 3123-)//6;} + aq{(gnaq - 8»:85)/)/—6—3}]/\/6;. (11b)
G; = 8.8 _(812)2- (11¢c)
n=(XY,2),
X=(y2g = 22 )NGs. Y = (xy2— x,2)/VGy. Z = (x5, — x,3)/(G,
(11d)
®
R = (8330, — 28,3012 + g11by) = Gy(k, + k3), (Yie)

where k, + &, is twice the mean curvature of the surface.
The cperator A or simply A, defined in (11b) is the second crder differential ope:-ior
of Beltzams [B], for the surface § = const. For any surface x” = const. and following the

scheme (2), we have

A(;) =[ao{(gﬁﬁaa - gaﬂaﬂ)//—cj} + aﬂ{(ganaﬁ - gcﬂaa)//a}]/"rd-y ()2)
where G, are defined in Eq. (A.9). It is easy to show by using the surface Christoffel
symbols T2 that

8;¢= (28|2T|'2 - SzzTuln - Sn'r;z )/Gs' (13a)
A= (2g,,Th - 8T8 - 8.TS )/G;. (13b)

where the metric coefficients g_g are those as defined in (9). It is interesting to see that
when the Laplacian coperator w2 for a two-dimensional Cartesian space is applied to the

™

[’ cunvilinear coordinates (§, ) in an Euclidean plane, the resulting expressiont are exactly
of the same form as (13a,b), that is (refer to Eq. (A.13)),

t?f v = (22,7 - guT)) — 8uTh)/ (), (14a)
o 2

4 vin= (28,0 - 82T ~ 80 TR)/ (J), (14b)
where now

:f: T x" + )’¢2v BT xgxygt ) ¥y 80— X: + )’:- J =Xy = X

- Though the rnght-hand side tesm R defined in () ie) has the necessa~y extrinsic effects,
[ - nevertheless we must have an explicit dependence of ¢ = (x, p, 2) on the third coordinate
- {. Thus using Eq. (A.11) we bave

Raa A
W,
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PROBLEM OF NUMERICAL COORDINATE GENERATION 225

te =Thr+ Tar, + Thrg, (15a)

e = Dot + Thr, + Thirp, (15b)

Ty = Iihrg + Tare, + Trp, (15¢) |
and we evaluate each of these derivatives at { = const. Taking the dot product of Egs. (15) "
with n and comparing with Egs. (5), we get €

b, = AT}, b, =ATY, b, =AT3, (16a) !
where .
) (16b) ‘,

A =05 =X+ Yy + 2z,

Thus, the expression (11¢) for R is replaced by
R=A[g,T - 28, + g, 7). an
2.1 Fundamental gererating sysiem of equations. We now impese the following differen-
tial constraints on the coordinates £ and n: i
Azfzo- AI"' :0' (18) ;

and take them as the basic generating equations for the covrdiraies in a surface A
comparison of Eqs. (12) and (14) has alicady shcwn that 4 is not a 2D Laplace opcrator
except when the surface degenerates into a plane having no dependenie on the :-coordi-

pate.
It is a well-known result in differential geomeiry that the isothermic coovdinaies ip a

surface satisfy Egs. (18) identically. The iscthermic cocrdinates § and n are those
orthogonal coordinates in a surface which yield g,, = g,,. The situation bere is parallel to
the choice of the Laplace equations v =0, vy =0 for the gereration of plane
curvilinear coordinates {2], which are also satisfied by the conformal coerdinates 4n a
plane. The important point to note here is that the satisfaction of the Laplace equations is
a necessary but not a sufficient condition for the existence of confurmal coordinates.
Similarly, the satisfaction of equations (18) is a ne..exvsary but not a sufficient condition for
the existence of isothermic coordinates. It would, therefore, be more meaningful if we
interpret Egs. (18) as providing a set of differential constraints® on the metric coefficients

811, 812, and g,; defined in (9).
Having chosen Egs. (18) as the gcnerating system, the equations for the determipation

of the Cartesian coordinates, viz., Eq. (10) becomes

£r = nR, . (19)

where £, n and R have been defined in (11a), (11d), and (17) respectively. The three scalar
equations in expanded form are now

BuXge ~ 2812 %¢q + 811 %4 =

82V — 28:2)’(., + 81V = YR,

et
YA manifestation of the many possibilities for introducing coordinates in a giver place.

SR MR PN dOORa

XR, (20a)
(20b)
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guz“ - 2guz" + 8“2" = ZR. (2&)
For a plane z = const, R = 0 and the Egs. (20) are the inversions of the Laplace

equations in the {n-plane.
It can be shown that Eqs. (20) can be combined to obtain the equations of a surface

z = z(x, y) in the well known form,
az,, — 2Bz, + vz, =2HM, (21)

where
2H =k, +k;=R/Gy,, M=14+p*+¢, p=1:.9=2,

a=(1+g)/M, B=pe/\M. v=(1+p)/W.
Using the following definitions and identities
Gy =882~ (£:)', X=-p/\M, Y=q/M, Z=1/M,
Afx,x)=(1-X)G,, A(x,y)=-XYG,, A(y.y)=(1~- Y?)G,,
where
Afa,b) = gyya;b — g12(ah, + a,b;) + g,,0,8,.
calcu'ating zge, 2, 2,, from 2z, 2 and substituting these expressions in (20¢) while using

Eqs(20a,b), »e get Eq. (21).

We ncw use the result that if (§. ) is a permissible system of covrdinates in a surface
then so is (£ 7), where § = &(& n). 7= 7(£, m), provided that the Jaccbian of the
transformation does not vanish. It is a straight forward matter to show that on coordinate

transformation, Egs. (20} become

£x = XR, £y = YR, £:= ZR, (22a,b,¢)
where
L= g8 — 28,00, + £1:3;; + Po + 08, (23a)
P=g,P|, ~28,P), + §,P}, (23b)
Q—‘—‘S-uplzl "2§12P|22 +§“P222, (23c)

Lo 9t axf 3
* T 3x* 3x° 31%9xP’ (23)
and X, Y, Z, and R are exactly the same expressions as given in (11d) and (17), in the X
cocrdinate system. It is preferable to solve Eqs. (22) with Pgy as abitrarily prescribed
functions of the coordinates. This aspect of the formulation therefore provides a capability
to redistribute the cocrdinate systems in the surface in any desired manner.

2.2 Example of a solution algorithm. The discussion that follows pertains to the case
when it is desired to generate the 3D cunilinear coordinates between two arbitrary shaped
smooth surfaces. Let the surface coordinates ({, §) of the inner body 4 = 5, and of the

———

4For » limiting form of Eqs (22) refer 10 Appendix B.
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outer body n = 5 be the same coordinates. Thus ]
=t =6 8);  mEagr=r(68) '
are known functions (either analytically or numenically) and hence the needed partial ]

derivatives with respect to § and { are directly available at the surfaces.

3 For the computation of r; in the field one must first note that the coerdinate { may not,
& ' in general, satisfy the equation A9’$ = 0. Consequently, r; must satisfy the equation 1
\:': £ 4 GZ(AQ){)I’, Gz(km + km)nl!) (24)
From this equation we devise 2 weighted integral formula®
r= [ A(n)rg)y + fi(n)(ry) ] 8. 25a)
where
h ' G, 2¢g g
3 . r = k(Z) -+ km n;z. |3r - __;_3',
. (")B“ gll( ) g ¥ & «
_‘[E; 9 ( g.. ) 8 _§'_3_) r. (25b)
g | % %\le /5] :
and
f(n) =1, fi(ng)=0. filng) =0. filn.) =1
There is no difficulty in the numenical evaluation of (25a) in an iterative cycle after the
weighting functions f; and f; have been prescnibed a priori.

Referring to Fig (2a). we now solve Egs. (20) or (22) for each { = const., by pre&cnhmg
the values of x, y, 2 on the curves C, and C; which respectively represent the curves on B
and cc. In Fig. (2b) G, and C, are the cut lines on which penodnc conditions are to be

imposed.
2.3 An exact solution of the proposed equations. The following example demonstrates that

the proposed set of generating equations (22) are consistent and provide pontrivial

solutions.
We consider the case of coordinate generation between an inner body n = ng whichis a

prolate eflipsoid and an outer boundary 7 = 5, which is a sphere. The covrdinates which
vary on these two surfaces are { and §. A curve C, on the inner surface for { = const. is

x = rcoshn,cosd, y = rsinhngsinfcos§, z=rsinhn,sinsin§, (26a)
where 7 and n, are the parameters of the ellipsoid. Similarly t* = curve C, corresponding to
the same ¢ = const. on the outer surface is

x = exp(n, Joost, y = exp(ng )sin ¢ cos £.

z = exp(n, )sin{sin§. (26b)

.y

P A

. e —— s —-
v 3 The discussion given bere is direcied 10 the situation of Fig (20) For other situations. € g, simply-con-
. pected domains or multibody problems the method of calculating r; must aluays be devised separately Note
$' also that Eq (24) reflects the condition A% =0
0
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F16. 2. (a) Topology of the gisen surfaces.
(b) Surfaces 1o be generated.

In order to generate surfaces on which § and n are the coordinates and in which the
n-coordinate can nonuniformly be distnbuted (co-traction or expansion in the n coordi-

nates), we assume
E=¢(8)., n=a(7)+n,. (27

where £ = 0 corresponding to § = 0 and 7 = 9, corresponding 10 7 = 7. Thus §(0) = 0
n(715) = 0. Under the transformation (27), the only nonzero components of £, are J 2

and P}. Writing

we have
1 dA 1 4¢
! = _ - X P2 = = ——
Py A at’ n 0 diy - (28)

Based on the forms of the boundary conditions (26a,b) we assume the following forms
for x, y, z for each §{ = const.:
x = f(7)eos§, y=e(q)sinfcos§, z=¢(7)sinlsiné. (29)
The boundary conditions are
J(7p) = 7coshmy,  f(9,) = exp(n,.),
¢(7ip) = rsinhny,  &(7,) = exp(n,).
Using the expressions of (29) we calculate the various partial derivatives, metnc coeffi-

cients, and all other data as nceded for Egs. (22). On substitution we get an equation
containing sin*$ and cos?{. Fquating to zero the coefficients of sin’{ and cos?$, we

(30)

obtain

e T
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I/ =6/8+¢/¢, (31)
/¢ =0,/8 + ¢ /¢, (32) i
where a prime denotes differentiation with respect to 7. Op direct integrations of Eqs. (31)
and (32) under the boundary conditions (30), we get
f(7) = Aexp(Bn(ii)) + C, (33a)
¢(7) = Dexp(Bn(7)), (33b)
where
A = r[(exp(n,) — 7coshn,)sinhn,]/ (exp(n.) — sinhn,),
B = (m, — In(rsinbm,))/(n, ~ ma),
C = r[exp(n,, )(coshn, — sinhny)] /(exp(n, ) ~ 7sinh7,),
D = 7sinh,.
As an application, we take
§€)=ak. (7)) = b(T - kT, (34)
where a, b, and k are constants. Thus
(i) = (n. - ﬂn)(’l - ﬂa)k(., -ie) (35)

N -7)3
By taking a value of k shghtly greater than one (k = 1.05) we can have sufficient
cantraction in the f-coordinate near the inner surface. For the chosen problem since the
dependence on § is simple, we find that the generated coordinates between a prolate

ellipscid and a sphere are
x =[Aexp(Bn(7)) + Cleost,  y = Dexp(Bn(7))sin¢cosé.

2z = Dexp(Bn(7))sin {sin ¢.
This example also shows that the chosen generating system of equations (20) or (22) are
capable of providing non-isothermic coordinates t<tween smooth surfaces.

(36)

MIRARASRAC
L S

3. Differential equations baced on the Riemann tensor. In any given space there are
endless possibilities for the introduction of coordinate cunves. Each chosen set of curves
determines its own metric components. For example, in a Cartesian plane besides
introducing rectangular Cartesian coordinates x, y, we also have endless possihilities for
introducing either orthogonal or nonorthogonal coordinate curves. However, as is well
known, there is a basic differential constraint on the variations of g, *s irrespective of the
coordinate system. Since the curvature of an Euclidean two-dimensional plane is identi-

4
E- cally 2ero, the basic differential constraint on the g, s is

/’r,,) at('[’rJ=o. (37)

1,2
(GJ) RIZI) an ( 8“

where €, n are any arbitrary coordinate curves in the plane. Thus no matter which
coordinate system is introduced in a plane, the corresponding matrics g,, must satisfy Eq.
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(37). Equation (37) has also been used as the basic generating equanon for the generation
of orthogonal coordinates in a plane [9]. In general, the Riemann cunature tensor R, ,,

defined as,

R = 1 azg,, + azgjg_ __328"- - azg”
a2\ ax’9x®  Ox'9x?  3x/9x? dx‘ox"
+g"([jn.s)lrp. 1] —Lip.s}{m,¢])
defines the components of the curvature tensor of any general space. If the space is

N-dimensional, then the number of components R, ,, are given by N*(N? — 1)/12. Thus
for N =2 there is one distinct surviving component stated in, Eq. (37). However, for

N =3, it has six distinct compenents R, Ri3p3. Riszss Ryzise Ryzsan Risys. If the
3D-space is Euclidean, then its cun ature is zero, so that the six equations

R22=0, Ry;3=0, Ry;y;»=0,

Ry =0, Ryp=0 - Ryu=0 (39)
defermine the differential constraints for the six metric coefficients g, in any coordinate
system introduced in ap Euclidean space. These equations in the expanded form have

(38)

been given in [5] and [6).
Equations (39) are those consistent set of partial differential equations which must

always be satisfied by the meiric coefficients g, . In the 3D case Egs. (39) are six equations
in six unknowns, and, therefore, they form a closed system of equations. In contrast, for
the 2D case there is only one equation (Eq. (37)) and three unknowns g,,, 8,2, 8;; and
therefore some constraints are needed to turn Eq. (37) (such as orthogonality {9]) into a

soh able equation.
To obtain the Cartesian coordinates on the basis of the available g, ’s, we intraduce the

unit base vectors A, as
A, =a/)/g,. nosumoni. (40)

Let the components of A, alung the rectangular Cartesian axes be denoted as u,. ¢, w,, S0
that
A, =(u,0,m),
where
u, = X¢/t[8¥n‘- o, ")’(/\/871—' w, = 2¢/)/8_n‘v
u = x‘/‘rg—;. v =.Vq/¥/:!Tz- ", = z./;[g;.
Uy = ’://8—;' 12 2)':/'[8—;2—- = 2‘/\/8;-
If the components u,, ¢, w, become hnown by some method then it is pessible to cvaluate
the Cartesian coordinates through the line integrals

'=I(A|JE|T“ + AﬂG;dﬂ + AHE;“)'

(41)

(42)
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The determination of v,, €,, w, is a separate problem which we now consider. First of all
using (40) in Eq. (A.11), we get a system of first order partial differential equations

/2
(8“) +Az(8ul‘ 1-3

a l 8“ Il
53] 3 _ ._A_'_ a_g,_,
A (x,.) L 2z, ax’’ (43)

where there is no sum on the repeated index i. EqQuations (43) form a system of 27 first
order PDE’s in nine independent variables w;, v,, w,. This system of equations is
overdetermined and thus its solvability should depend on certain compatibility conditions.
According 1o a theorem on the overdetermined system of equations {10], if the compatibil-

ity conditions bold then the solution of Egs. (43) exists and is unique. The conditions
3?A /3x™3x’ = 3%A, /3x’ax"™ (44)

- for all values of i, m, and j are the compatibility conditions. To prove (44) we use Eq.
t—.! (A.11), which on cross differentiation yields
: 3’a 3%
= ——t— - ——'- =Rl _a (45
& ax"3x/ ax’ax™ e (45)
- where R/, is the Riemann-Christoffel curvature tensor and is related to the Riemann's

=0, since the space is Fuclidean.

tensor R, o Evidently in our present case R .
Inserting (40) in (45) we find that Eq. {44} are identically satisfied.
It is interesting to note that for a two-dimensional cunvilinzar coordinate system there is

po peed 1o solve the system of equations such as (43). In this case the single diffesential
equation withG, = g

2 f‘
3 vl d [veTial| _
Ry = ix[an(‘""”“) 35(8“ ”-O

implies the existence of a single function a(§, n) such that

-

—JE "'8 I
--—T3, = —T2.

% gy " T &n 2 ‘

Consequently
=cosa, v, = -sira, u,=cos(a —#0), v,=-sin(a - §),

where a is the angle made by the tangent 1o the coordinate line y = const. in a clockwise
sense with the x-axis, and

cos 8 = £,,/{81182
is known The angle a becomes kncwn since g, , are known, e.g. [9].
3.1 Case of vrthugunal coord nates. For orthogonal coordizates since the cosines of the
angles betaeen the coordinate curves are 2¢ro, we have

8128 =8n=0. (46)
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Consequently,

[12,3] =(13.2] = [23,1] =0, T =T} =T} =0, g=8,,828x.
The equations for the metric coefficients, viz. Eqs. (39) under the constraints of ortho-
gonality (46) simply reduce to the Lame’s equations. They can concisely be wntten as six
equations by dropping the summation convention in the form

(1 ah,) ) (1 8h,) 1 9k, 3n,
—f=-2l+ = =)+ 2L 2=, 47
axf(", ax/|  axt\{h ax*/  h? ax' ax' (47a)
3 1 3k, 3k, 1 3h, 3h,
S 2 Ty T 47
. ax/ax* Kk, 3x’/ 3x* h, 3x* ax’ (47b)

where (i, J, k) are to be taken in the cyclic permutations of (1, 2, 3), in this order, and
b, = /ET. hy = V[Szz' }’3:/833-

To obtain the differential equations for the Cartesian coordinates x, = x, x, = y,
x; = 2, we first proceed from Eq. (A 13) and have

d 9 d
V‘EVZ& = 5&(”2"3/"!)- V’8—V2ﬂ = ‘a’;'("nhs/"z)- VE vi= gf(hnhz/hs)- (48)
where
',g_':h,h,h,. V’=3"+a”+au.

Proceeding directly from Eq. (A.14) and using Egs. (46) and (4R). the equations for the
Cartesian cocrdinates are
=0, m=1.223, (49)

g

‘:-_—-g.(fz.’il __a.) + _a_(f.'hl i) + 9 (!.’!1’.2 _3_)
= o\ A, d¢ en\ A, On o\ Ay 3/
Note that the operator = and the Laplacian v 2 are related as

Z¢ = hh AT,

where

where ¢ is a scalar,
Fquations (47) and (49) are those consistent set of equations which every orthogonal

coordinate system must satisfy.
3.2 The case of isothermic coordinates. Ysothermic coordirates in a surface embedded in a

3D Euclidean space are those coordinates in which the metric coefficients g,, and g,; in
the surface 5 = const. are equal. That is, the element of length ds on n = const. is given by

(d5)3 - com = £0[(a€) + (d5)],
where ¢, { are chosen to be the surface coordinates. Using (46) and setung
£ =8, and g, = F(n)

M- w8 & &




P a s A st Sl gt ¥ S "R i e s A T e Haglh B £t S T Sl e A R T T S T Vg Ui Ty T T T Ty, 1 iy T T e e Y

PROBLEM OF NUMERICAL COORDINATE GENERATION 233
in Egs. (39), we obtain the basic equations for g,,, whick are
a (1 9, e ( 1 38, l (alnr
L 2uh gy S + =0
ae (8“ ae a; b 1Y) a; zrg“ aﬂ ' (50.)
9 l 98, )
al =2 1|= 0, (50b)
ay vF8u L4
3 (1 98, )
—_— — — - 0'
i (lu on (50c)
. a (1 38 }
=1— =—1]=0
ae(ln o7 (s0d)
Tt can easily be verified that the only solution of Eqgs. (50¢,d) is
&n =[a + P(n)]zf(f, $). a = const. (51)
Thus from (50b)
F(n) = (aP/dn)". (52)
Substituting (S1) and (52) in Fq. (50a), the differential equation for f(§. {) becomes
91 a/) ) ( 1 9f
=2+ =l-=x]+2f=0. 5
ailyae) talrag) Y (53)

In Kreyszig [11], we have the result that if in a portion of a surface isothermic
coordinates can be introduced then that portion of the surface can conformally be
mapped onto a plane. Thus in effect the solution of Eq. (53) provides that mapping
function which conformally maps a surface onto a plane. As a verification of the above

conclusion, we verify that the function
J=4e%/(1 + e¥) (54)
is a solution of Eq. (53). This function is related with the isothermic coordinates op &
sphere. Using the parametric equations of a sphere
x =[a+ P(n))cos8, y=[a+ P(n)]sinfsing, 2 =[a + P(n)}sinBcos ¢

and writing

i

§=¢, {=Intan

where 0 < ¢ < 27 and 0 < § < #, we obtain

- g =8, =9%(a+ PYe¥/(1 4+ e%)’.
Thus the equations
x=(a+P)1-e¥)/(1+e¥),
L] y=2(a+ P)etsiné/ (1 + e¥),
2=2(a+ P)efcosé/ (1 + e¥) (s5)

D!
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1 represent a sphere of radius a + P(w) io terms of the isothermic coordinates £, { in the [
1 surface Since P(n) is an arbitrary function of n, we pow bave the capability of prescribing .
5 a suitable function P(3) to achieve any sort of contraction on expansion in the field. It is
i expected that the representation (55) should prove useful in the computational problems :
¥ associated with a sphere. :
. (
4. Conclusions. In Sec. 2 of this paper a set of second order PDE’s have been obtained :
which generate a series of surfaces between the given inner and outer arbitrary shaped :
bodies. The necessary mathematical apparatus which connects one generated surface with

its neighbor along with the curvature properties of each surface has been incorporated in
the right band side terms of the equations. (Egs. (20) or (22)). By changing the computa-
tional techniques these equations can also be used to generate the 3D coordinates when
more than one inner bodies are present in the field.

In Sec. 3, based on some basic differential geometnc concepts, @ number of field
equations have been isolated which must always be satisfied by any coordinate system in
an Euclidean space. Efficient numenical methods are 10 be developed to solve these

quasilinear equations (Egs. (39)) on a digital computer.
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Appendix A. In this appendix we collect some useful formulae which have been used in
the main text.
As poted in the text, a general cunvilinear coordinate system is denoted as x', i = 1,23,

or as £ 1, §, while a rectangular Cartesian system is dencted as x,,, m = 1,2.3 or as
x, y, 2. Since r is a position vector in an Euclidean space, the covariant base vectors a, are

St ‘.‘i&""l

a, = Or/3x/,

given by
(A1)

while the contravariant base vectors # are given by

¢ = grad x'. (A2)
The covanant and the contravariant metric components are respectively given by
g,=18,a, g/=122. (A3)
Both metric coefficients are related through the equations
8"8. = 8, (A4)
where 8{ are the Kronecher deltas. Also
g =det(g”), gE=1 (A.S)
Based on (A 4), we also have
¥ =g, (A6)
(A7)

=e/(a, X0, )22,

where, bere and in all the expressions a repeated lower and upper index alays stands for
a sum over the range of index values. Also
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£g= dﬂ(&,) = 8363 + 81305 + 8,56,
= 8230 + 8,56, + 823G = £110, + 81264 + 8,3Gs. (A8)
where
G, =88~ (lza)z' Gy =88 — (Su) = gnu8n ~ (812 )2- ‘
G, = 8385 — 8281, Gs = 81282 — 8138 G, = 812813 — 8n8&u- (A9)
Note that
II =G /8' 822= G;/g. ‘33 = G,/g.
8°=G/g. 8" =Gi/8. 8”=Gy/¢. (A.10)
The derivative of a covariant base vector is given by
(A.11)

3a,/9x’ = 3%r/3x'3x’ =T,
The Laplacian of a scalar ¢ in a curnvilinear coordinate system is
3% 39 )
1 —_ r v
v¢=g (a Py l‘,,ax, , (A.12)

where I have been defined in Eqgs. (6).
If ¢ = x™ is any cunvilinear coordinate then from (A.12)

vixm = g T, (A.13)
If ¢ = x_,is any rectangular Cartesian coordinate then from (A.12)

2 4 (o ')a = = 0. (A.19)

y
8 o

Appendix B. In numerical computations it is desirable to solve Eqgs. (22) in their limiting
forms on certain special Lines in the field. Referring to Fig. (2a), let the x-axis be aligned
1o pass through the inper body from two of its points, which, when extended in bdoth
directions meets the outer body at its two coresponding points. The portions of the lies
between the inner and the outer bodies form the right and the left segments. On each
segment y = z = 0, and according to the adopted convention §{ = 0 and { = = on the night
and the left segments respectively for all values of €. With this choice of the axes only Eq.
(22a) is of interest. Taking the limit of Eq. (22a) as { = 0 or { — #, we obtain

x3 + Phx; = Lim (RA2Th/Bn)- (8.1)
or
i<
where the control function P} bas already been chosen a priori. The terms on the right

hand side of Eq. (B.1) are difficult to assess for their imiting behaviors. However, some
guidance can be obtained fiom the exact solution discussed in Sec. 2.3. This approach

suggests that in any case, the following estimates can be used.
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_ X=1)E0)" " xy K= £(5),
o3 B =AGENEDN" 8a=xd, for{ ~Oorn, (B2)
> where f,, £, f; are functions of 7. Using the estimates (B.2) in Eq. (B.1), we obtain
where .

Na)=Pa- F(#), F{)=N1h
The scheme now is to solve Eq. (B.3) by prescribing T(#j) # P} arbitrarily to achjeve the
desired control pf points on the segments. Since P2 has already been chosen in advance
this approach produces those values of F{#j) (though they need not be calculated) which
are consistent with the basic equation, viz., Eq. (22a).
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ABSTRACT

In this paper a set of second-order partial differential
equations for the generation of coordinates in a given surface have
been developed and then solved numerically to demonstrate their
versatality. The proposed equations are not some arbitrarily chosen
equations but are a consequence of the formulae of Gauss and thus
carry with them an explicit dependence on the geometric properties of
the gliven surface. Furthermore, these equations are easy to solve
and require only the specification of the bounding curves to provide
the Dirichlet boundary conditions for their solution. Results of
coordinate generation both in the siImply and doubly-connected regions
on scme known surfaces, with the option of coordinate redistribution,
have been presented. Extension c¢f this technique to arbitrary

surfzces seems to be straightforwar:z.
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I. INTRODUCTION
The problem of generating spatial coordinates by numerical

methods through carefully selected mathematical models is of current

interest both In mechanics and physics. A review of varfous methods

of coordinate generation in both two and three-dimensional Euclidean

spaces is available in [1], and reference may also be made to the

proceedings of two recent conferences, [2], (3], on the topic of

numerical grid generation.

This paper 1is exclusively directed to the problem of

generation of a desired coordinate system in the surface of a given

body and thus, in a basic sense, it is an effort directed at the

problem of grid generation in a two-dimensional non-Euclidean space.

The mathematical model selected for tnis purpcse is based on the

fcrmulae of Gauss for a surface and nas been discussed by the authcr

in earlier publications, [4] - [7]. The resulting equations are
tiiree coupled quasilinear elliptic partial differential equations
with the Cartesian coordinates as the independent variables. These
equations are nonhomogeneous with the righthand sides depending both

on the components of the normal and the mean curvature of the

-~

surface. These equations therefore reflect the geometrical aspect of

the surface in an explicit manner.

The proposed equations have been used to generate
tnree-dimensional coordinates between two given surfaces by using an

extrinsic form of the mean curvature, [7], (8], [9]. However, if the

purpcse is to generate the coordinates only ‘n a given surface then
A the intrinsic form of the mean curvature has to be used, as has been
[ ) dcne in this paper.
X 1

[
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Previous work on the subject of grid generation {n surfaces
has been done by using either the algebraic techniques, [(10] - [12]
or using the PDE approach, [13] - [16]%. All these methods depend
very heavily on the use of highly accurate interpolating schemes. On
the other hand, the method proposed here depends only on the
availability of the surface equation in the cartesian form and on the
prescription of the data on the bounding curves in the surface which
eventually form the Dirichlet boundary conditions for the proposed
equations.

Numerical solutions éf the proposed equations for the
coordinates in either simply or doubly-connected regions of some
known surfaces have been obtained and shown in Figs. (1) - (12). It
has also been shown that any desired control on the distribution of
grid spacing can be excerised by a preoper choice of the control
functions, cf. Figs. (7) - (9). Extension cf the proposed msthod to

arbitrary surfaces is purely formal.

* It has been shown in [16] that the equations proposed in [13] can
be directly obtained by using equations (4.10) - (U4.12) cof sect.
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II. NOMENCLATURE o
:
byg = 2}“).g’u8 : coefficients of the second fundamental form i
in the surface v = const. !
D second-order differential operator; (Eq. 3.3) E
g = det (gij) 2
G, = €1abgp ~ (808)2; ve1,2.3 o
gij or gaB covariant metric coefficients éi
gij or gaB Contravariant metric coefficients ;
J, = /G, Surface Jacobian g
(v), kg;) Principal curvatures at a point in the ’
: surface v = const. _
L  Second-order differential operator; (Eq. 4.13) g
g(v) Unit normal vector on the surface v = const. -
P, Q PgY Control functions
xi 3D Curvilinear Coordinates i}
x® 2D Curvilinear Coordinates ‘
xi 3D Rectangular Cartesian coordinates X, =X, X, =Y, x3 =z ?
(v) Rectangular components of g(v); xgv) - X(v). ;‘
xév) -y xév) . 2V !
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Tﬁs - 1-3’6 ( :a + Be _ uB). the surface Christoffel
2 ax ax% ax?
symbols of the second kind.

ag 98 . g
rfj l.gk! ( ig + J? - 1%). the space christoffel of the
2 ax ax x
second kind.

Aév)xu - ,ra » Beltrami's second-~order differential
parameter
(1) Notation For Partial Derivatives:
Prg = 3L ; Lrng = L :*p.a = Efg etc.
ax® ax%axP ax®

{(ii) Note On The Use of Indices:
The Latin indices i, j, k etc. are used when the index range is

from 1 to 3. The Greek indices a, B, Y, etc. (except v, see

)
below) are used for the cases when the indices assume only two ‘
5

integer values,
v =1 a,8 etc. a2ssume integer values 2 and 3

ve=2: a,B etc. assume integer values 3 and ? (2.1)

ve=3": a,B etc. assume integer values 1 and 2.

(iii) Summation Convention:

indices is

In this paper the summation convention on repeated

the same index appears both as a lower anc¢ as an

: implied when
Thus the summation convention is implied in T:

upper index.

but not in Tua' The summation convention is also suspended
when one repeated index is enclosed in the parentheses, e.g.,

A e AR Yo v v . -

as in T(a)
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III. THE MATHEMATICAL MODEL
The mathematical development of the model equations used in
this paper has already been published in [5], [6], [7]. However, for
the sake of clarity of exposition we list here only the core steps
leading to the final form of the equations. For the ensuing
development we shall constantly use the conventions and symbols as
stated in Section II of the paper.
The formulae of Gauss, (ef. [4), [17]) for a surface v =
const. are written compactly as
. as " Taal,s * 20y (3.1)

a8

Inner multiplication of (3.1) by Gv g =~ then yields

(v) (v}

Dr+G(A x%) Ls= 1 ‘R, (3.2)
where
D~ g%, (3.3)
and .
R=cg* b =0 CIRI N (3.4)
Equation (3.2) provides taree second-order partial

differential equations for the de:-ermination of the Cartesian

coordinates x1.x2, x3 or X, vy, 2. Hcwever, before we impose any

restriction on the Beltramians A2V) 6 for the purpose of ccordinate

control, it is instructive to state the following results:

T . - »' . . . - - . " . - .
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(1) All the terms in Eq. (3.2) depend only on the surface
coordinates x®, (Refer to the scheme (2.1) for the

variation of a with v).

(11) For any allowable coordinate transformation X°, i.e.,
x* - X%,

the form of the equatien (3.2) remains invariant, i.e.,

RT3
Dr+G(A(v) x%) r =2 R (3.5)
where now
- 3'
5 r = — etc.,
5 $ xS
) (v)
s = =T )
( R =G (kp +Kkep')
, (iii) It is important to note that both Q(V) and
(v) k(v) (twice the mean curvature of a
II
surface) are coordinate invariants, viz.,
iv) —(v)
n (%) (3.6a)
MON (v) e
1 Kr1 1tk (3.6b)
- From Eq. (3.4).
3 (v) | (v) aB
. kI II =8 baB’ (3.7)
: which is the intrinsic form of the mean curvature. To have an
'
( extrinsic form, we consider the formula of the second derivative of
the position vector r in a 3D Euclidean space given as, e.g., €73,
e N R R

T

pe

[
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l:vU 13~k (3.8)

For the surface xV « const., Eq. (3.8) is rewritten as

! (3.9)

where the derivatives with respect to xV appearing in F:B are assumed

to have been evaluated at xv = const. Taking the dot product of

(v) (v)

(3.9) with n and observing that n is orthogonal to any two

vectors among {_‘k.we get

(v) - v (V) _ j

L T I (3.10) ;

where I
A(v) = n(V) . r ‘

n T v
Thus, the extrinsic form of (3.7) is g
(v) , (\)) aB_.v (v)
I II =€ FGB A ,3.11)

By using the form (3.11) in Eq. (3.2), we get the model
equations for the generation of znother surface from the dats of x,
Y.z, x.v. y.v, z,v of a given surface. This scheme eventuzlly forms
a method for 3D coordinate generation between any two (or mcre) given
surfaces. For more details and cormputational results on this aspect

of the use of Eq. (3.2) refer to [7], (8], [9], [16].

Since the subject matter of the present paper is confined to

the problem of generation of surface coordinates in a given surface,

(|

o

; it is sufficient for us to keep the intrinsic form (3.7) in Eq.

t (3.2). q
4 ;
.
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IV. THE GENERATING SYSTEM

The model equation for generating the coordinates in a given
surface is now taken as the equation (3.2). To be specific, we take
the surface x3 = const. (i.e., v= 3) as the given surface. In

! 3 the three

expanded form, taking r = (x,y,2), x = §, x2 =n X" =g,

equations are ‘

L rea(3) (3) - (3 |
Dx [(A2 £) Xe * (8,""n) anG3 X' R, (4.1)
(3) (3) - (3)
(3) (3) L, (3)
Dz + [(A2 £) zp ¢ (8,7 n) zn] G3 Z'°’R, (4.3)
where k
D=g..9 - 2g8,.9 * 8, 3__,
22 °EE 12°€En 1 nn (4.4)
and
8 - ['gg (8557/53) - 2812 703)) /g,
an 3 (4.5)
- (28,7, - &g ', - '1‘1)/0
12h12 7 ByqTaz ~ 8201, /63,
(3)  _r 2 _ 3 (g,,//G )1 /G
3 a;"'n [an (311//53) 3 12 3 3
3 2 o 2 o
= =(28,,T 1, = &1yl - 85,14 )/63- :
4 3 (4.6)
We now suitably restrict the distributicn of the Beltramians
E‘ 80 as to have available a sort of flexibility in the choice of the
U coordinates £, n in the surface. The most general form which can be
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chosen (cf. [6], is ‘
(3) aBpl f
£ = P ., :
o (4.7a) l
(3) - g8 p2 Z
2N BT Fap (4.7b) -
where PQB' PiB are symmetric in o, 8 and represent six arbitrary ;
;T chosen control functions. Using the summation convention in (8.7) .
and the formulae %
‘ 1 12 22
- B = 8,,/C3. 8 = < 8,/03 8 &1 /%3
S
f‘ we have
-
é (3) (3) ( )
1 -7 . 4.8
- O3 8776 =7, Ghan =0
where
T g, P, -2 +g P ! 6a)
22511 812512 * B2 (4.9a)
- 2 2 2
Q = 8Py 7 2815P 5 * 8y9P5p- (4.9b)
The final form of the eqs. (4.1) -~ (4.3) is now
- Lx = X(B)R (4.10)
H (3)
5 Ly = Y'°'R, (8.11)
> L (3)
t_. Lz =Z'°'R , (4.12)
‘) where
"-': L= 8y03¢ ™ 281209 *9)9p, +
\ 6faider, « (ai¥ma 3 (4.13]
9 13 n
~
b
)
h
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" 8309 " 2813, * 811y * Po, * W, (4.13b)
Equations (4.10) - (4.13) are the basic generating equations

for the curvilinear coordinates in a given surface. The function R

appearing on the right hand side of the Eqs. (4.10)- (4.12) is given
by

(3)
11 )G3.

R = (k3 ok
The quantity in the parentheses is twice the mean curvature of the
surface and as noted in Sect. III is invariant to the coordinates
introduged is the given surface. Consequently k£3) + kgg)
reflects a basic geometrical aspect of the surface and is a function
of the coordinates x, y, z. Since the Cartesian form of the equaticn

z = f (x,y) 1is assumed to be available for the surface under

consideraticn, it 1is obvious from elementary differential gecmetry

that

k(v) k(v)

2
1 tkgpoo [(1 + zy) zZ.x = 22, zyzxy +
2 2 2.3/2
(1 + z) zyy]/(l vzt zy) ) (4.14)

For arbitrary surfaces, it 1{is always possible to generate the
Cartesian form z = f(x,y) of the surface by least square data fitting
thus having kI + kII as a function of x and y. It is also possible
to solve only Eqs. (4.10) and (4.11) while calculating z from the

given equation z = f(x,y) of the surface. All these aspects have

been discussed in Sect. VI.
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V. GENERATING EQUATIONS BASED ON THE VARIATIONAL PRINCIPLE

Two attractive features of the chosen equations (4.10) -
(4.13) are their simplicity and their explicit dependence on a basic
surface~- geometric property, viz., the mean curvature. Any other ad
hoe¢, though consistent, set of equations can also be used to generate
the coordinates but then it will be extremely difficult to isolate
those basic surface-geometric properties which distinguish one
surface from the other. In this connection the variational approach
is also a possibility which has been used by Brackbill et al [19] for
coordinate generation in a flat space, i.e., a 2D plane.

Generally, let us consider the surface functional

-[/5 :
I =JvG3 ¢ dedn (5.1)
Then 81 = 0 leads one to the Euler-iLagrange equations
3(/G e
2 (/63¢ ) - 2 3) ¢ '
ax, aXB axr,a (5.2)

where, referring to Sect. II we have used the summation convention,

xr (r = 1,2,3) as the rectangule? Cartesian coordinates, and

ax A
xr B = 8", xr B - 3 Xg
' 3x @ ax%ax

With these notations, it is a direct algebraic prcblem to show that
Lx = _/_G-:é _a_ —l aG3
r 2 Y /53 axr.Y

),
(5.3)

where the operator L has earlier been defined in (4.13a). Let 9% be a

function only of X then expanding (5.2) while using (5.3), we get

8'
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Lxr L -M ’ (5.4)
where

3G
ox

3 2, 99 aG3’)«9»6.3.‘1(9—- )
reax® Prp oaxB ¢ axBlax g
(5.5)

Thus the generating system {5.4) is of the same form as originally

M=2
5 {

Q

proposed but it 1looks to be a formidable problem to select that ¢
which yields the right hand sides of Eqs. (4.10)-(4.13). One simple
result for the case when ¢ = 1 is obvious. For, in this case the

minimization of I in (5.1) implies

and these are the equations for a minimal surface. Another case in

which ¢ = F/G3 with F still as a function only of x yields the

r,8

Euler-Lagrange equations as (5.4) with M defined as

we 103 ok 3 o
2F axr.B BxB axs axr,e
g 3G 303_E§i(af)'o
263 axr.B axB F axB x
r.8 (5.6)

The above case of ¢ = F/G3 is of interest because the choice

Fzg #g'
1 22 (5.7a)

or

o =gl +g? (5.7b)
is equivalent to the "smoothness" problem in 2D plane coordinates as
shown by Brackbill ([19]. It must, however, be stated that

"smoothness" of coordinates in a 2D plane problem is due to the

12
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satisfaction of the Laplace equations. No such criteria is obvious

by using (5.7) in (5.6), though it will of course yield a consistent

set of three equations for the determination of x1, x2. x3.
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VI. NUMERICAL IMPLEMENTATION

>

The numerical solution of Eqs. (4.10)-(4.12) can be obtained

by any suitable numerical method of solution which has proved useful
in any elliptic grid generation problem. In this paper the equations
have been discritized by using central differences for both the first
and second derivatives and then solved iteratively from an initial
guess by using the LSOR. The main difference between the coordinates
in a flat space and in a surface is the appearance of the right hand

side terms in which the quantity R can be established a' rpriori. .

This requires a knowledge of the equation of the surface z = f(x,y),

which when used in (4.14) yields R as a function of x and y. For

3 L B an o 4
PN e
s v .
. PR P

arbitrary surfaces the equation z = f(x,y) can be established by the

least square method, [18].

To demonstrate the potential of Egs. (4.10)-(4.12) as a viable
set of equations for the generation of surface coordinates, we have
selected three well known surfaces for the purpose of introducing a
desired system of coordinates in them.

a. Coordinates In An Elliptic Cylinder Forming A

Simply-connected Domain.

This problem is a prototype of coordinate generation in a

given piece of a surface. The region under consideration forms a

simply-connected region bounded by the space arc n =n°,n = n. £ =

£, and § = 51. Here n =n,,n, are the elliptical arcs in the

= Xy-plane, and g = 50,51, are straight-~lines parallel to the z-axis.

14 l
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VI. NUMERICAL IMPLEMENTATION

The numerical solution of Eqs. (4.10)-(4.12) can be obtained -

by any suitable numerical method of solution which has proved useful :
in any elliptic grid generation problem. In this paper the equations
have been discritized by using central differences for both the first
and second derivatives and then solved iteratively from an initial
guess by using the LSOR. The main difference between the coordinates

in a flat space and in a surface is the appearance of the right hand

side terms in which the quantity R can be established a' rpriori. .

This requires a knowledge of the equation of the surface z = f(x,y),

which when used in (4.14) yields R as a function of x and Y. For

B 9 ; afonilion

arbitrary surfaces the equation z = f(x,y) can be established by the

least square method, [18].

To demonstrate the potential of Egs. (4.10)-(4.312) as a vizble

set of equations for the generation of surface coordinates, we have
selected three well known surfaces for the purpose of introducing a
desired system of coordinates in them.
a. Coordinates In An Elliptic Cylinder Forming A
Simply-connected Domain.
This problem is a prototype of coordinate generation in a
given piece of a surface. The region under consideration forms a

simply-connected region bounded by the space arc n =no,n = n, £ =

Eo’ and g = 51. Here n =ng» N, are the elliptical arcs in the

xy-plane, and § = 50.51. are straight-lines parallel to the z-axis.

....‘\-_,_
2 s ST,




R e e
DL S 0 gt 20 rer g o re
- . - Ny Ll 4ar)

R
1]

N T T YTy
T s T RTINSO

k.
a
" 2

T Fr

g
8

The equations are:

A

2

X Y
n=mn , =+ = 1, 2 =2,
a b2 o]

2
- X y
n n ¢ = 4 — .= ‘|' = R
b2 LA (6.1)

5=513x=avY=O'Z'SZSZ,-

LIRS P ¥ esemman - .

The Dirichlet boundary conditions are providec by the datz of (56.1)
] for tne solution of Egs. {(4.1C)-(4.12),
ﬁ b. Cccrdinates In An Arbitrary Ellipsoid Cut Zy Tne Planes z = Zo»
: z=2z,.
b - . ) : . .
- Tnis case is of ccocordinatns goneration in u doubly-connzcosd -
- "

regicn >oundel by Iwo closed space curves on zn elliivsoid. ne spale

curves n o= no and n = "y, Are given %y

x2 2 z2
. U N X; + 5 = 1, 2 = 2,
o b~ c

7 2. 2 .2
- n=on,ocox_ x: +z =1, 2 = zq -
, Z 2
g a b c (6.2)

#e now imagine a cut joining the curves n "Ng» N = m wnilss still

remzining in the surface. As in <he 2D 2zse nc bcundzry candi-icrs
. can be prescribed on the cut line. However, sinoe the v oluis o oY :
[} , N 5 . : :
P X,¥,z2 above and belew the cut should be wh» s3vg, W imDdose o :

periocicity conditions:

.« e
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"(51.n) = X(Eo.n). y(€1uN) - y(Eo.n). 2(51' n) = 2(50.0)- (6,3) At

The Dirichlet conditions (6.2) and the periodicity conditions (6.3)
yield a unique solution to the set of eqﬁations (4.10) - (4.12).
C. Coordinates In An Arbitrary Elliptic Parabolid Cut By The Plane

Z = Zo. Z = z1.
This 1is again the case of coordinate generation in a

doubly-connected region bounded by two closed space curves on an

elliptic parabolid. The space curves n = no and n = n,, are given by

- x2 2 z =z
x - . y - ’ = Zo»
X nen, it 3 z ]
..-. b {
N 2 2 i
. = . 6.4 5
% nemy s Sedyez 0BT 5 (64) :
- a b

% Under the boundary data (6.4) along with the periodicity conditions

(6.3) the equations (4.10) - (4.12) have been solved.

In all cases (a) =~ (c¢) the control functions P;B and pza

(3)
have been set equal to zero, i.e., A(g)n = 0, A2 n =0, and the

results are demonstrated in Figs. 1 - 6 and Figs. 10 - 12. Figures

7 -~ 9 show the results of a coordinate concentration near the curve 2z

=z, - 0.9 of case (b). 1In this case we have taken

2 2
PuB =0, P P

1" 12

)

b

-

3 ,
3

v,

"
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P32 = =(2.0 + (n=n)Ink)Ink/(1.0 + (n-n )Inw), (6.5)

where K = 1,1 {s a constant.

The computer programs which have been developed to solve the

equations (4.10) - (4.12) have been used successfully for all the
cases enumerated above both with and without coordinate contraction.
Also each case was repeatd to determine whether it is necessary to

solve the z-equation too along with the x and y-equation. It has .

v TP v
. v e
- ot e

been found that solving all the three equations (4.10) - (4.12) or .
solving only (4.10) and (4.11) while taking the z i{teratively from 2z

= f(x,y) produces almost the same results.
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V. Conclusions

A set of second order partial differential equations have been

developed and then solved numericaly to generate the coordinates in a

given surface. The proposed equations are a logical outcome of the

formulae of Gauss and thus explicity depend on some basic

differential-geometric properties of the surface in which the

coordinates are to be introduced. The proposed method of surface

coordinate generation is simple to implement and is capable of .

extension to arbitrary surfaces.
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} Figure 1. A simply-connected region on the surface of an elliptic cylinder;

f data: a = 1.0, b =05, and z =2 =2.0,2=2 = 0.0. Viewed after a 20° ;

c¢lockwise rotation about the x-axis,
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Figure 4, A doubly-connected region on the surface of an ellipsoid;
a=5.0,b=3.0,c=10, and cut by the planes 2z = z2, = 2.9, z = z; = 0.

Viewed after a 20° clockwise rotation abcu the «-axis,.
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data: a

Viewed after a 20° rotation about the x-axis.
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A doubly-connected region on the surface of an elliptic paraboloid;

2.0, b = 1.0, and cut by the planes z = z, = 0.01, z = 2 = 1,96.
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Figure 11. Data same as in Fig. 10. Viewed after a 20° clockwise rotation

about the y-axis.
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Figure 12. Data same as in Fig, 10, Viewed after a 20° clockwise rotation

about the z-axis.
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) Department of Aerospace Engineering
Mississippi State University
- Migsissippi State, MS 29762
o ABSTRACT
n This paper is devoted to the numerical solution GCauss for a surface. In this scheme an fnner and
- of & fet of second crder elliptic partial differential outer boundary surface is assumed to be inirially
r. equations for the generation of three-dimensional given. The inner bodies investigat¥d are those of
:z curvilinear coordinates between arbitrary shaped bod- various sizes of ellipsoids, fuselage shapes, two

- ies. Starting from the given data on the inner snd
and outer surfaces, 8 series of surfaces are generate
which are connected with one another in such s manner
that a sufficiently smooth three-.imensional coordi-
p2te nat is raealized. A rumber of cases pertaining
to the numerical grid generation between two given
surfaces have been discussed.

INTRODULTION

Grid generation by computer simulation through
carefully seiected mathematical models has become a
useful toul in many branches of engineering and phy-
sics. Although the developments in grid generation
are mos:ly due to the problems in computational fluid
dynamics, the techniques developed are also appli-
cable to all those areas where field equations are
tv be solved on complicated domains. The main idea
behind grid generation by computer simulation is to
have a well structured mathematical mocel which 1is
solved for the physical coo:rdinates (the Cartesian
cocrdinates) as functions of the curvilinear coordi-
nates und2r the constraints of the specified bound-
aries on which the physical coordinates are known in
advance.

In the generation of two- and three-dimensional
cocrdirates around and between bodies of asrbitrary
shipe there exists two main approaches: (1) alge-
braic methods {f methods based on solutions of
parcial ¢ifferential equations (Preferably elliptic

F" partial differential equations). The present method
,,-'f, is concerned with the second class, that is, on solu-
h- tions of elii;tic partial differential equations.

b} Refer to Thoapson, Warsi, and Mastin (1) for more

;:, information on algedbraic methods.

L € Elliptfic grid generation systems have some ad-
b vantages which seem to make thema better approach to

' tike (2). The resulting grid is naturally smoother
and there is less danger of overlapping of the grid
linas. Because of the elliptic nature of the equa-
tions boundary slope discontinuities do not propagate
into the field. Grids generated by sclutfons of
eil.ptic equations are relatively essy to adapt to
gerral boundary configurations and they have the
ébility to fncorporate features such as concentration
~f yrid lincs, smoothness, and orthogonalicy.

Thir work is devited to the generation of three-
dizersicnal grids between two arbitrary shaped
bodies. The method has its origin in the formulae of

T ——— . s
*ow ot Rocwetdyne Division of Rockwell International
Cotporation, Canoga Park, CA 91304.
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intersecting spheres or ellipsoids, and a wing-body
combination. In all cases the outer surface {s
either & sphere or an ellipsoid. A serfes of sur-
faces are generated between the inner and outer
boundary surfaces in such a way that only two coordi-
nates vary in each surface. The equations solved
(Eqs. (4)) are structured in such a vay tha: there is
an sutomatic connectjon between succeeding generated
surfaces. The result is a sufficiently differenty-
able three-dimensionsl coordinate system in the en-
cloged region. Provisions are made for contraction
of coordinates in the generated surfaces and results
are shown for contraction near the inner body.

In the case of a wing-body combination being the
inner body a set of partial differential equations
(Eq. (6))are sclved vhich transform whatever coordinate
system is initially given on the body to one in which
one of the coordinate lines is the trace of the wing
and body intersection. This new coordinate system
allows for a smooth matching of the wing with the
body. With this now as the coordinate system on the
inner body the equations are solved to generate the
three-cimensional coordinate system between the wing-
body and the outer boundary surface.

MATHEMATICAL MODEL

The basic mathematical development of the method
to be discussed is available in Warsi (3), (4), and
the details onthe computer simulation are availabdble
in 2{ebarth (5), and Tiarn (6). Belov we shall
briefly state the essential structure of the proposed
wmodel.

As mentioned in the introduction, the present
model has its origin in the formulae of GCauss for a
surface. The formulae of Gauss are essentially a set
of compatibility relations connecting the second
derivatives with the surface Christoffel symbols, the
coefficients of the second fundamental form, and the
unit novmal, all evaluated in the surface. Denoting
the three Cartes{an coordinates {n space by r = (x,
y.2) and the curvilinear coordinates by xi ~
(£ =1,2,3), the formulae of Gauss for the surface
xV = const. are

L .8 () (V)
Tag " Tos S5t Pag? o
where repeated lower and upper Indices imply summa-
tion, and 2
r ar
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In Eq. (1) T8. are the surface Christoffel symbols

defined as
3 g 3
76 - ¥8q£( :o + —B3 ':3>_
a8 x a® o’

where g,q are the coefficients of the first fundamental
form. The coefficients of the second fundamental
fornm, bas , are defined as

)
~ g "B 7 " Ty s
(v) v
where the unit normal n on the surface x = const.
is
. (V)
| v (g x gl x gl -

It must be mentioned that the range of the Greek
indices is only on two values. Thus, for v= 3, the
index range s from 1 to 2. From (1), writing the
equations fora=1, 8= 1, a= 1, 8=2 andaw= 2,
8 = 2, and multiplying the equations respectively by
820 8, and 81 and adding them together, we get

DE + [(A2€)f€ + (A.‘,n)fnlt::3 - :.m. (2)

where these equations are for the surface { = const.
on which £ and n are the current coordinates. In
Eq. (2) a variable subscript implies a partial deriv-
ative, and

® D= 832%; - 2812%n * 811%y

1,93 1 -
A2 /FJ- [ac /‘g (82235 8lzan)

2 1
Vi (8,2, - 8,%)
3

2
Gy = 8,8 - (8))
a = (X,Y,2) ,

Re= (kl + kz)cs ’

vhere + h2 is twice the mean curvature of the
surface at any point. The quantities 4, and 8,0
ere the surface laplacians or Beltramians.

A set of generating equations can now be obtained
by setting .

A, = Pg,,/G
2 22'73 ¢ )

8,0 = Q;u/c3 R

vhere P and Q are arbitrary specified functions which
exert the desired control on the distribution of
coordinates in the surface to be generated. Substi-
tuting (3) in (2), the ellfptic partial differentisl

A
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equations for the generation of surface courdinates
are

L

Dr + Pgypf; * Qgyyf, = oR . A

Referring to Fig. 1, let the given inner and outer
body surfaces be given as n= n_and - = 1, on which
the values of r » (x,y,z) are kacwn. Since the coor-
dinates  anld ; have been chosen in these surfaces,
the derivatives r; on the inner and outer surfaces.
denoted as (r,) "and (r;/)_ are known. To connect

one generated surface through Eq. (4) with the other
we specify

ro= £0(r )y + () ()
vhere f (n) and £,(n) are suitable weights which are
1 2
such that

‘1("3) -1, fl(n_) -0, t‘z(ns) =0, f,(n) = 1.

(s) ()

Fig. 1 (a) Topology of the given surfaces.

(b) Surface to be generated.

The set of Eqs. (4) essentially complete the
development of a consistent mathematical modei for
the generation of surface coordinates, where the
weans of proceedings from one generated surface to
the other is provided by Eqs. (5).

SURFACE COORDINATES

Equations (4) can also be used in a strafight
forvard wmanner to yield surface coordinates based on
prescribed data on certain contours of the surface
itself. These equations, (7), provide a means of
introducing a8 new coordinate system based on the
data of an existing coordinate system, e.g., from a
polar coordinate system of Craidon (8) to an D-type
coordinate system in the surface, which mey be needed
in certain wing-body combinations. These equations
are stated as follows.
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.UCC - 2bu“ + cu‘c

2
+ Pug + ou‘ = JzAzu .
(6a)

av - 2bv

2, .
+ + + - [
113 T TR o M
where u, v are the parametric coordinates in the sur-
face which are to be transformed to the new coordi-
nates (§,£), and the coefficients a, b, etc., are

- 2 - 2,,=
- (gnvE + 2313u£v£ + 333“;”“2 .
b= {Ellv ve Els(u‘v€ + uCVC) + 533utu€)/52.

:
c= (g vi 4 33 uv +g uz)/(.:
812 T TBys¥Ye Y8330 g

f(';--uv-uv (Gb)

T 1 3 [

and 2,u, 4,v are the Beltramians defined earlier.
An overhead bar meanr a metric coefficient in the u,
v Sysied, e.g.

- 2 2 2
By "XtV t e, ete.

Equations (6a) and (6b) have been programmed in
Refs. (5) and (6). 1In (5) these equations have been
used to provide those coordinates which are such
that the inner O-type coordinate conforms to the con-
tour created by the intersection of a wing with the
fuselage. Equations similar to Eqs. (6a) and (6b) have
been derived by Garon and Camarero (9) and Whitney
and Thomas (10), the later reference has followed a
very tedius procedure.

NUMERICAL SOLUTION OF 3-D EQUATIONS

The systexr of partial differential equations,
(Eqs. (4), for the generation of a three-dimensional
coordinate system between two arbitrary shaped bodies
has been solved by finite differences using point-
SOR. 1Initially the coordinates on the two boundary
surfaces must be prescribed by some method. In this
research these coordinates were prescribed analyti-
cally for sirple shapes or were calculated by a com-
puter subroutine of Craidon (8). Although the choice
of an ouvter boundary surface is arbitrary there must
be a one-to-one correspondence between points on the
twe boundary surfaces. In addition, these points
need to be chosen so that the lines joining the
points cn the inner and outer surfaces do not inter-

sect.

Regardless of the method chosen to correspond
points between the inner and outer boundary surfaces
(see (5) for a discussion of these) it has been
found to be a shape dependent mechanical exercise.
For example, Figures 2 and 3 show the correspondence
between points on the inner and outer surface for
the case of intersecting ellipsoids. Although in
both cases there is a one-to-one correspondence be-
twcen points cn each surface, when the correspondence
cof Fig. 2 is used the solution will not converge,
while that of Fig. 3 does yleld a solution to the
differentia. equations. There are two main problems
with the correspondence of Fig. 2. The lines near
the right end are close together and appear to be
parellel. This is believed to be the reason for the
divergence of the solution since the computations
stopped in this region. Another probler with the

| Zudt hall ek e ke L g .

gt aewil gpe
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Fig. 2 Correspondence of points which does not allow
convergence of the solution.

-

Fig. 3 Correspondence of points which allows conver-
gence of the solution.

correspondence in Fig. 2 is that the correspondence
line labeled A in Fig. 2 is not vertical. This line
should be chosen to be along the y-axis (x = z = 0)
so that it 1s not permitted to change from a quadrant
where x is cegative to one where x is positive. This
second correspondence problem was found to cause even
the solutioa, for a simple ellipsoid as the inner
body, to diverge.

Rung were made with both an ellipscid and a
sphere as the outer body. No advantage was found in
taking the outer body to be an ellipsoid so a sphere
was used in all other cases.

In conclusion, the correspondence between the
inner and outer body is important for the solution of
equations (&) to converge. There does not seem to be
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a general method which works for all inner body
shapes, therefore, the =cst useful way scems to be
a geometric manipulation which is dependent on the
inner body configuration.

Once the correspondence has been established
between the inner and outer bodies an initijal guess
sust be made for the values of the Cartesian coordi-
nates in the field. In all cases linear {nterpola-
tion between the points on the inner and outer sur-
faces was used successfully to accomplish this.

Fig. 4 Lines £ = 1 and [ = 3p.x for a prolate
ellipsoid surrounded by a sphere.

Before a solutior algorithm can be applied to
equations (4) appropriate boundary conditions for
§ = 1and { = g,,, (Fig. 4) must be deter=ined. For
the case of a prolate ellipsoid surrounded by a
sphere an exact solution exists and is used to cal-
culate these boundary conditions. The solution is
given by, (4),

x = [A KL cicossg )

where n

B
(e © - cosh,a)sinhnB

n
e B - sinhnB

n
] L
] n

ln(!sinhn’

n. L]
e (coshn‘ - sinbn.)

Ce= P

® h
[ ] - sin ’\'

D= oinhn’

and n(7) may be taken as
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where < = 1.0 implies no contraccion . 4r the inner
bz2y and « slightly greater than 1.0 (c.g. 1.05 or
1.27%) isplies contractisn. Here ° js enumcrated as
an integer.

In the case of mcre complicated z-apes such as
in:ersecting ellipsoids the exact szlution ray not Y¢
r.own between it and an outer surface. However,
fcr certain lines in the field equations () can be
scived in their limiting fcrms. One such line jg
the line A'B' in Fig. 5. Wwarsi (%) has shown that
along this line the expression for x can be written'
as (

Fig. 5 Intersecting ellipsocics surrcunded by a
sphere.
X - x -
- » B. _S(-) v

x(n) xp + —:—:—I—(e - 1) (8)

where _ n . -
- neng N
(1) = ——— « (9
Na = Mg

and the subscripts B and = refer to the {nner and
outer body respectively. The expression for x in
(8) has been used in the case of intersecting sphere
and ellipsoids to evaluate the boundary conditions
on the right segment (AA'in Figure S5). A value of «
slightly larger than 1.0 is required in (9) to pro-
duce coordinate systems which are s-ooth near the

right segment. Because of the oricntation of the

irtersecting bodies with the Cartesian coordinzles
the boundary conditions for the left segrent (38’

in Figure 5) can be determined by an expression like

(7.

Once the coordinates on the inner and outer
bodies have been specified the {-derivatives on the
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‘u;{:ces can also be calculated by second order finite
dyfierences. These need to be calculated on both the
wnner anc outer surfaces for all values of K from K

« 2 to K = KMAX-1 and for all values of 1 from 1 = 1
to - = IMAX (Fig. 6). The ;-derivatives are not
required at K = 1 and K = KMAX since these are bound-

ary conditions.

Special care must be taken at locations where
therz exists & mathesatical discontinuity (e.g., at
tke intersection point K = K, in Fig. S). A sisple
sveraging of the ;-derivatives thrcugh this region
wus found to adequately smooth out these derivatives.

Two mcre concerns need to addressed before the
¢iifcrential equations can be solved. The first s
the specificazion of the functions fl(n) and f,(n)
aprearing in equation (S5). In this Fesearch f; was
taken t¢ be a linear function of z where

i - n
-

an¢ £,{z) = 1 ~ f1(z). The second concern is the
specification of the redistriburion functions P and
¢ in eguation (4). In this work only contraction of
the --lines near the inner body was considered,
therefore, cnly the function Q was specified and P
wa2s Se€t equal to zero. Based on earlier two-
dizensional work (11), (12), Q was prescribed as

_ g2+ (¢ - 7 )inx]in«

1+(?—3Qm‘

NIMERICAL SOLUTION OF SURFACE EQUATIONS

In the case of a wing-body conbination equations
(%) are solved, but only after a transformation of
the zoordinate systec on the body is made. The dody
is inizially covered by a cocrdinate system (u,v).
By initially solving equations (6) the (u,v) cecordi-
nate system is transforced into a (3,3) coordinate
syez:z on the same dody. The (£,1) coordinate sys-
tex will cover only half of the original bedy, but
it ras the advantage of having one of its coordinate
lires a2s the trace of the intersection between the

body and the wing, Fig. 7.

In order to solve the differential equations (6)
bcundary conditions need to be checsen on the surface
of the body. Although the method for picking peints
is arbitrary they need to satisfy a few basic re-
quirements. The inner boundary is to be the trace
of the intersection line betweer the body and wing
(lire labeled A in Fig. 8,. The outer boundary
{line B in Fig. 8) should be very close to the line
which cuts the body into two similar halis (line C
in f1g. 8). It can even be coincident with part of
this curve as shown in Figure 8 However, the outer
boundary should not be taken to be entirely on this
line since 1t needs to have a variation over the
surface of the body, i.e., a variation in all three
Cartesian cocrdinates x, y and z.

When picking the points on the inner or outer
bourdsry 1t is necessary to be atle to find both the
Cariesian coordinates (x,y,z) and the (u,v) coordi-
nates for points within any patch. This is accom-
plisted by censidering rarameters . and . whick vary
froo 0 tc 1 within any patch. Here » varies ir the
direction of the u coordinate and . varies in the
dirccefon of the v coordinate. Obviously since u

-®
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Fig. 6 Norenclature for ellipsoid as an inner
boundary shape.

Coorcdinates ¢, §, rn on the wing-body combira-
tion.

Fig. 7

Fig. 8 Choice of boundary curves on inner body.

varies from O to r then

=) (10)

~le

where .
STy
NPU = nuzber of patches in
U direction

and
(11)
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NPV = nunber of patches in V
direction

Based on the parameters . and v a blending eguation
can be defined for these surface patches similar to
the one used by Craidon (8). This bicubic surface
patch equation has the form
x_'(u.V) = Fl(")rl(")fo,o + Fl(“)FZ("’)rO,l
+ rl(J)FZ(L)fl'o + I~‘2('.)I»'2(.)x_'1.1
+ F.(J)F (Ir + Fo(WF, (),
R N X I ST

+ F(WVF,G)r + F(V)F, ()
Py o T ATy

+ F (L)F,(V)r + F,(LF,(v)r
1 3 Yo 0 1 4 -¥o

+ Fz(u)FJ(v)fvl 0 + Fz(“)Fb(V)fvl .

+ F3(L)F3(V)Suvo . + F3(U)F4(v)f‘v

0,1

+ FJ(V)F4(L)fuv1 . + Fa(“)ra(“)fuv (12)

where the blending functions can be taken as

F. (2) = 26% < 382 41

1
2 3
F2(5) = 397 . 2% (13)
rs(e)-e3-2ez+e
32
RO RE N L

and @ is a dummy variable. The mixed second deriva-
tives of r were dropped from equation (12) in all
calculations. As was discussed earlier in this
chapter r and also the derivatives of r with respect
to u or v can be calculated at each corner by finite
differences. Thus, equations (14) can be used to
fird r at any point {n any patch {f the value of
and v for that point {s known. Note that in equation
(12) the two subscripts of r, r,, and 1, refer to
particular corners of a patch as shown in Figures 9
and 10.

As was stated earlier not only are the Cartesian
coordinates r = (x,y,2) required for any point of a
patch but also the (u,v) coordinates of that point
are required. These can easily be found from equa-
tions (10) and (11) 1f we know which surface patch
the point 1is in and the values of ,and v for the
patch.

Once the boundary points have been chosen and
the blending equation (12) has been defined the
differential equations (6) can be solved by some

Q
(1.0 0,0
a.n (0, 1) .
(0,0) .
1,0
0,1
., (a) (b
Fig. 9 (a) Two of the surface patches h ladeling
of corner points, (b) Isolsted surface

patch {,§ showving parameters . and ..

Fig. 10 (Z,8) coordinate systen on surface.

[ 2]

numerical scheme, in particular, poin! successive
over relaxation (SOR) was used. The iritjal guess
for the solution was taken as a simple linear inter-
polation between the values on the inner and outer
curves. For the evaluation of the terms in the dif-
ferential equations, 1.e. to evaluate the coefficients
a,b,c, JZ' Azu, and &,v in (6) the blencding equation
which already has been defined is used.

RESULTS AND CONCLUSIONS

Results are shown for prolate ellipsoids of
various thicknesses surrounded by ejthker a sphere or
an ellipsoid, Figs. (1) and (12). Alsc, considered
as an inner body 1s a thin circular cross section
fuselage, Fig. (13), intersecting spheres or ellip-
soids, Figs. (14) and (15), and a wing-bedy coztina-
tion. For the prolate ellipsoids and the fuselage
results with and without coordinate concencration are

shown,

The equations presented for generating a three-
dimensional coordinate system between two arbitrary
shaped bod{es (or boundary surfaces) can be sclved
numerically and give good results for all cases
attempted in this research. Inner body shapes which
are simple (e.g. ellipsoids, fuselages, or intersect-
ing spheres and ellipsoids) can easiiy be comhined
with an outer body to yield a very smcoth coordinate
system between them.
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-* For the wing-body combination these same equa- Coordinate Generation,' MSSU-EIRS-81-1, Mississ-
tions very easily adapt and generate a coordinate ippi State University, 1981.
system as shown in Figures 16a and b. This applica-
tion requires that the coordinates on the surface of 12. Warsi,, 2. V. A., and Thompson, J. F., "Machine
the body be transformed by equations (6) to a system Solutions cf Partial Differential Equations in
where one coordinate line is the trace of the wing the Nuzerically Generated Coordinate Systems,"
and the body. Engineering and Experimental Research Statijon, t
Mississippi State University, Report No. MSSU- !
At this time the most imposing problem in the RS-ASE-77-1, 1976. :
solution of equations (4) is the coorespondence of ARkANRkRAAER '
the points on the inner and outer boundary surfaces. 1
As was discussed in reference to intersecting ellip- T T T YT T vV rTrTOTTrTT Y
soids (Figures 2 and 3) this correspondence may
dictate whether ornot the solution converges. The i
"gap" near the wing in Fig. 16 is due to the method | :
used to correspond the points on the body to those | . H
on the cuter boundary surface. Although conceptually L 4 . -
it is not difficult to izagine various correspon- 4 4 |
N dences of the points on the two boundary surfaces g b .
:,' it canbe quire difficult to generate this correspon- F 1 l' i
o dence th:rcugh a numerical algorithm : ] b AT
L. !‘ . 3
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Fig. 13 Inner body a thin prolate ellipsoid with d
major axis 2 and minor axis 0.13 surrounded o
by an ellipsoid with major axis 3 and minor uF
axis 2.4. (a) Coordinate contours for a o':
section £ = constant (I = 1) for all (n,Z) 't -
N or (J,K) values; (b for a section g = const
(K = 13) for all ({,n) or (1,J)) walues. In g
-1

both cases no contraction inn, K= 1,
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Fig. 15 (a) Coordinates on surface of tw> intersect-
gt t ing ellipscids. (b) Coordinate contcurs
between interc::ting ellipsoids ard a i
sphere for a sectjon { = const (I = 1) i
for all (n,7) or (J,K) value:. Nc con-
traction in ~, K = 1.
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Fig. 16 Wing-body combinati»a where wing is gen-
erated by extending lines from center of
body through points on surface of body to
Fig. 14 (a) Coordinates on surface of twc inter- outer shpere. A represents surfaze coardi-
secting spheres. nates on wing. B re;resents surfaca coordi-
(b) Coordinate contcurs between intersecting nates on body. C re;resents three-dimen-
spheres and an outer sphere for asection sional coordinates between wiug-body with x
§{ = const (1 =1) for all (n,3) or (J,K) y, & z coordinates. (a) tcp view of wing-
No contraction in n, K = 1, body combination. (%) view from the frent

values.
of wing-body combinazion.
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