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V-.0EO TRACKER MODELS

* This preliminary report considers modelling of two classes of viceo
trackers from their algorithmic and measurement aspects. Because they are
widely uýsed and easily implementable in hardware, the classes chosen were the
binary centroid tracker and the binary ccrrelation tracker, Many variations
exist even irn these classes; their value in the preent setting is to
demonstrate the modelling aspects and the salient features that may be derived
from an analysis of the behavior of thfse systc:ms in the presence of noise.

The models predict tracker offset errors (mean error) and track point
"jitter" (the standard deviation uf the error).

Track performance, in ceneril, is dependent on the character of the
object pattern being tracked and on the distribution of the noise associated
in the formation of the array of pixels which represent the pattern. In the
analyses which follow, a simple square pattern is used an,! Gaussian additive
noise is assumed. The models per-iit any geometrlc patteri as input and the
question uf noise distribution is answered by the specification of the
probabilities of detection and false alarm, in the forniation of the binary
pattern from the linear data input. ./ , / - ', 1

Data is presented scaled by the pixel dimensions. Additional errors
occur due to spatial quantization which, based on the assumption of
uniformity, adds a variance of 1/12 pixel to each computed answer. This
factor is included in the curves of rms error versus SNR; further, the curve
data is the root sum square of the individual channel errors.

The salient features of the analyses are as follows:

0 o For the binary centroid tracker, the bias error is proportional to
the track error.

o For the binary correlation tracker, the bias error is a function of
the correlator search pattern.

o The correlation tracker is generally better th'an the centroid
tracker. A curve of the RSS errors is shown in Figure 1.

BINARY CENTROID TRACKF7

The analysis that. follows provides an estimate of the error in the
centroid measuremen of a target pattern due to the presence of additive
noise. Certain approximations and assumptions are evoked in order to ensure
tractability of the mathematics.

* The input to the tracker is assumed to be provided by a thresholded
n by n matrix P of pixels derived frorm the imaging sensor output data. Fur a
threshold level, T, the binary tracking pattern is defined as follows:

B B Pij 1> T ; i,j: ,..,n
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The "one" values of the pattern result from two sources:

1) Target pattern dettections with probability, Pt; and,

2) False alarm or background detections with probability, Pb.

RPow and column vectors are formed from the binarj matrix to compute the
centroid.

Ne.fine

n
xj Y nij (2)

Yi =Bi (3)4 j:1 J

S L • B (4)

i j=1

Given these forms, the centroid is defined as follows:

= wixI

n
i: 1  i (6)

rl•--'i(6)

y = -

where

The values xi, yj, and S are random variables which are assumed to result
from a series of independent Bernoulli trials. The number of "ones" that
occur (or the integer value given) is described by a binomial probability law:

Probability [n=k] = m p, ((8))mk
k

which is the probability that exactly k ones occur of the possible m ones
present. For this law, the mean is mp and the variance is mp(!-p). Now ed(t,
element of the x vector is formed from target and background detections.

Let

tj number of target elements in column j (9)
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A Then

0 n - tj number of possible false alarm or (10)
background detections

We will use the notation E(.) as the expectation operator. The variance
Var(x) is defined as

Var(x) E(x ) - E 2(x) il)

For the binomial law

E(xj) tjPt + (n-tj) Pb (12)

and

Var(x ) P t (1-P t) (n-tj) Pb (1-Pb) (13)

Let

SO = t = target sum (14)

so that

E(S) S 0oPt + (n2-So) Pb (15)

Var(S) S0 P t (1-Pt) + (n2-So) Pb ( 1 -Pb) (16)

(NOTE: Although there is partial correlation in forming the sum, independence
is assumed.)

The centroid error, Gx, is defined by

C X -X x0  (17)

where

n
i 

tx0 - 0 (18)
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Sand

E(-×) E(X-)- 0  (19)

SThe computation of E(WX') involves the ratio of two random variables U and V,
where

n
U -= w X (20)

i 1

and

V S (21)

Assume that

U U0 +

and (22)
V S0 +

I
where

E(n) = 0, Var(n) a2

E(O) = 0, Var(O) = 2(23)

and

E(n.0) E(n)E(O) 0

* Define

x 77 (24)

We invoke the approximation,

xu0  (25)

I

" I



Then,

E (50 + -uE( • ()) (26)

o r

E(x-) U0  (27)

and

Var(x) = 2 E 1 " )() (28)

J

2 2 2 (29)
2n U 2 nU 20 + 2
00 0 0

From Equations (23)

Var(7) ) au + Va (30)

0 01

2 s P (i - +Pt (n 2 -S_ Pb (l-Pb) (31)

v 0 Ot t 0b
V 0  SoP t + (n2-SO) Pb (32)

n
UO i1 L wi E(xi) (33)

n

.i

E wix U2
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SBy independence,

2 n 2 n 2

U(-P) t + Pb(-Pb) " (n-t) w36)U* p i i i b Ii

4 n ni

E( . x) i=1 (37)

"In [So0 witiP t + n - So 0 b (n ti WPb -O n2

X S P + (•- 2_S P
Ot0 b

[w pb + Siti

E~ (39)X S0ESPt + (n so-) Pb]

or

S_ n2 p x

E( n) - b7 (40)
SoPt + (N 2 -So) Pb

This result indicates that when a centroid error results (i.e., 76 is not

equal to zero), the process produces a biased answer which is proportional to
the error and the probability of backgroun---tection.

From Equation (34),

U0  = So (ptPb) 7 0  (41)

Now, to simplify examination of the variances, consder the 50 percent
detection case with Gaussian additive noive.

Define

(-)w x e dU (42)
/2;-7



Let the target have an amplitude A above the background and the
background be Nornal with mean 4 and variance 2. The threshold is defined
as

T = . + A/2 (43)

4 From these definitions,

(x-k-A) 2

P - e dx (44)

/7-,• ji+N 2

and

2(x-P)

-t e 2 dx (45)

from whic"i,

' A (46)

P t =(47)

but since

Si-x) = -'Tx) (48)

P =(1 A/2 = p (49)

For this case,

Pt (l-Pt) =Pb (1-Pb (50)

so that from Equation (31),

2



and" .4

2 n 2
au nP t (1-Pt) wi (52)

S2 n+= - 2  = i (n+i) i + 2+(

n 2= n(n+l)(2n+!) n(n+l)2 n+I 2
i=1 .....W + n JF(54)

= 7Z (4n+2 - 6n. 6 + 3n+3) (55)

2 n(n-1) 2

Swi --I (56)

From Equation (30)

2 2 2Va Ci cU +UOav
Var(F) = -- 0 +O (57)

0 V0

and

2 n2 (n-1)2
-- Pt (1-Pt) (58)

U0 S670 (2Pt-1) (59)

V 2 (1-Pt) + S0 (2Pt-1) (60)

r 2-2 2 )•
a W'r( n2 P ( I- (n-1)2 + So 0(2P t-1) 1Ve ~~ ~ (- rX) n2tlP) lt)+S0(2Pt~) I nt2(1--Pt)+S0(2Pt"

0 0 -I t j

Let the target to gate area be given by

SO
R -(62)

n



L u.nd let n bc large so that (n-) 2  n

Var(c) Pt(1-Pt) L + Rk (2Pt- 1) (63)1211-P t÷R(2P t-l)I JI-P t+R(ZP t-I) 4

For the tracking case, xo is driven to zero so that the residual tracking
noise approaches,

Var(7) Pt (Pt) 2 (64)
12[1-P t R(2Pt )

Assuming that the detection DrobabFity > 0.5, the form of the equation
indicates that the variance decreases for eitlier an increase in the detection
probability or an increase in R. Since the detection probability is limited
by Ognal-to-noise ratio, the result suggests that the gate be adjusted to
accommodat, the target and that the best result is obtained when R is
maximized.

The modelling equations are summarized below:

n
=1 I Iw t4 n - ; wi(n1 (65)

4 U = (P-t - Pb) S X'o (66)

V0  = SoPt + (n 2 _-SO)Pb (67)

2 2 (82 (1-P t. + (n2-So0)Pb (1-P b) (68)

Z ~ nn

FIr

,-= P t L t + P -- " (n-t-) W. (69)
I°U = Px X0 ' i' l ii I( 9



Elo (70)
X (n 0 )P b

2

V • TU V (71)
V0

A Monte Carlo experiment was conducted using a 200-sample pattern of
8 by 3 squares in a 16 by 16 sample matrix. The signal-to-noise was
etab~shed at the values shown in Table I and the statistics were compiled
anti tabulated (the pattern was shifted one pixel to the right and down).

Using the measured values of Pt and Pb and xO - !, the
Equations (66) through (71) were used to compute the bias error E( ) and
the standard deviation of the centroid error,

ar x
These data are shown in Table II and indicate excellent agreement.
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A ?YPE. BINCENU OR

P1 I ENS !ON 1 2 6 1(, ) 1U Q 16 t 6 ) CTATS I)( q

D)IMENSIO)N INO ISE 20'46,

4 LO&'CAL ILILTNE( 12) CUD~

COMMEON P1
PI-=1 *ATANII~
NPTS= 200
PI'St £LOAT(NPTS)
C LS3= 2 6
JR I TE (5. -99 )CLS

FORM-AT( IXAl)

1 PI. NE (I) =

DO 1 0 1 = 1 1 6

DO Q 1 J= 1 1 64p 1P .0)=
IF((I GE 6) AND (I LE 13) AND (J GE 6) AND.(J LE 13))
SP ( .I , J=64

.3 C CNT INU E

DO 95 ISNR=1,10

DO 086 1-I=, NPTS

STATS(1,3) =0

D3TATS(1,4)=O

SNR=FLOAT(ISNR)/2 +1

SIGM1A=64 /SNR

DC= *SIG.MA

SIGNAL=(SNR-.3. )*SIGMA

CALL GNOISZ(DC,SlGMAIN0ISE)

iTr= 0(-'+.SI CNAL/2.

0O 80 NPIX=1,NPTS

DO 20 T=1,16

Z)O 2 0 J I .1 6

IF ( P( I ,JY.-IGAUESSINOISlE) ) GT IT) 10(1, J)=1

I F (IT0( J EQGU) GOTO 20

I F( I P( IJ NE 0 ) STATS (NP IX 2=STATS (NP 1X ,3 + I
I F e I P I J .) E0 0 ) ST.ATS NP £X ,4 )=STATE (NP IX ci).. I

CONTINVE

X c0

y u

SUM= 0

DF~(I3 0(J DOTO

X -X 4FLOAT J )

Y-'4-FLQAT I)

XBAR=X,'SUT1-8

YBARýY/SIJM--8 5
W R I-,E '5 ,9 9 )C L S

STAT3(NPIX.l)=X8AR-1

3TATý'ýNPIX "RRi

IdR 1TE Z ,0 0 X8AR .YHAHq

- 3FO)PrIAT 4X Z 0 3~
\JR I TE ( ¶. '-50 N NP I X

SCFORMA- / 2 X 'BI NA13Y I MA E: N141 2 EH f13



A ~DO 15 J=, 16

IF LINE C J 1) =

I F( [Q0(I. ,J) L:, 0 1PLI NE J I )'X

4 C ONT 1 NUXIE
V0 'JRITE(5,300) IE3 ~ 24 80 OUT 1 N U E

PTh- 0

1' B 0

DJ G 60 1= 1 ,NPTS

PT = P TI+ST AT-S (I 1 3)

P B = PS+5TA TS I 4)

XI=X1+STATS( I, 1)
XZ=X2+STATS(1,1)**2

Y11=Y I+,STATS ( I, )

60 ~Y2=YZ*STATS( I,2)
PT=PTI(61 *23T5)

?9=P9/((256.-64 )*p'r5)

XBAR=XI i'TS

SIGCtAX=SUýRT( X2 /PTS-X8AR* *2)

SICMAY=SLRT(Y2/PTS-Y8AR**2)
S4RITE(5 .4o0) XBARSICMAX

'VR ITE (5.41 0) YBAR,SI ONAY
\JRITE(2,420) SNR

j \RITE(2,400) XBAR,SIGNAX

WRITEZ AlO0) YBAR,SIGNAY

S4RITEC2 .430) PT.PH

CONTINUE

400 ORMAT(2X.'XBAR-'tFS 3,2XSICMAX=',FS 3)

410 FORMAT ZX ,'YBAR.=' ,F8 3, 2), 'S ICMAY= . ES 3)

* 470 F R A ( X 'N = ,8 3

* 430 FORMIAT(2X, 'PT=',F8.3,4X, 'P8=' ES 3)
300 EORMAT( 21, 32A1)

END)

SUBROUTINE CNOESE(DC,SICMA, INCISE)

DIMENSION S(256),INOISE(2048)

COMMON PI
P1=i./SQRT(2.*PI)

x=- 5

f8= 5/SIGMA

030 10 1=1, 25e,
AI=(X-D)C)/SIGPIA

AZ=(X*- 5-DC)/SIG1MA

F1=EXP(-(A1*A ) /2

A3 = (X + 1 -DC,) 731 CMA

F3=EXPV(-.(A3*A3) /2

VC0 2 0 1 =I, 2 5 6
>4=2048 TsC I)

M2 =Ml +-N
!F(M?2 C' 20 48 Ml2 2 048



Do 30 J M21 ,M2
I0 INO I E S L J I - 1
NI ::M,M 4.

"CUNT I N, U E
R I•:'rUR •1N

E ND

FUNCTION IGAUSS'INOIFE

DIMENSION INOISE: 20,48

M- 2048 * RAN( I. +
I CAJSS. INO ISE (m)
R ETURN

END

41
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A> 'TYPE~ 1. [) 1I :SE'Tl FOP,

P 0 .,R A M C 1 5 PRi

CI ME NENS 1 C)N 1 P AT 1 6 V VA L 5 Z

( I0 1 M[:NS I ON V I ( 1 0 ' V 2 K10)

COMMON PI
IDA TA V I/.7 4S, 82 3 -. 88 7 -9Z2 . 9 51. 97 1,. 98?, 993 -'997?/

D ATA V 2 / 1 8 '1 , I2" 7 ,. 0 83 0412 . t3 0 0) 2 0 0 0

DATA I PAT/ S *(0 8*1 2 *C)/

P1 -4. *ATANC I

D0 9 8 I SN= I1 9

ba 1 SNR!1 2

PT=VI (1'3N)

PEL=V2 C ISN)

DO 9? NC:ASE= I, 2

IF (NCASE.ECI. 2) H=O.

AM= 1 6

S=.6 4
AMX=I4*PT+(AM-H)*PB

SIG2X=H*PT*(1.-PT)+,(ANll.H)*PB*(I -FE)
AIIY=PT*S+(AM*x2-S)*PB

S1C2Y=S*PT* ( . -PT)+( AM* 2-.S)*PB* 1. -PB)
5Z X=SQRTCS (si2 x)

S 2Y=sQRT *(SI (32Y)

R=AMX /AMY
RSS=R*SQRT(,SIC2X/(AMX*AM.X).-SIG2Y/(AMY*AMY))

VALS (1 NCASE) =R

VALS(2,NCASE)=RSS*RSS
91? CONTINUE

s2=0.
* DO 20 1=1,16

A=FLOAT(I) -8. 5

IF(IFXAT( I) EQ. 0) J=2

5!=S1+VALS(l,J)*A
20 S2=SZ+VALS 2, J)*A*

4R I TE(2. 100) SNR,5SI, 52

* 100 FORNAT( IX, 3F6 3)

9 9 SNR ---SNYZ

250 FORMAT(IHI)

W.R ITE ( 2 ,2 50
END

C

FUNCTION GAUSS(X)

DOUBLE PRECISION B(5),PTT1,5

COMMON Pl
DATA El/ 3 1933 81 53 , - 35 6 563 7 82, '78 1 7 7 93 7

1 -1 821255978, 1 330214-129/

P= 23 164 19

Z=EXP( -(XIX) /2 ) /SQRT(2 *PI,

T-~1 /(I +P*DBLE(AB3S(X)))

T TI=



*00 1 0 I1 1
S=S+T1 *B ( 1

U -SNOL S
I F( X IT 0) Q=1I -U

G GA USS= I -Q
RETURN

END

C

SUJBROUTINE PRTVAL, LVAL)

LOGICAL LVAL

10 1EIF((INP(X EES )AND 1) NE.0 ) COTO 10

CA~LL OIJT(X'EC,LVAL)

CALL ouTr( xEF',14

CALL OUT(X'EF',15)

R ETURN

* END



'rv E h 0 1 S F1 -OR

P I M EN S I N I FATr 1. S V ALS~

COMMON PI

DATA IPAT/ 5 * Q 8 '*1 '3 k /4 ~Pl= * ATAN (1.)

DO 9 8 I SN= 1 9

PSz42, -CAS SSI

F-B=1 -GAUSS(S1)

DO 99 NCASE=1,2
H=8.

IF (NCASE. EQ. 2) H=O,

AM= 16
S=641
AMX'=H*PT.+(AT1-H) *PB

SIG2X=1H*PT*(1.-PT)+(AM-H.*iPB*(I -PS3)
AMY=PT*S+(AM**2-S)*PB

R=AMX/IAMY

RSS=R*SQRT(SIGZX/(ANX*AMXY,+SIG2Y/(AMY*AMY))

VALS( 1,NCASE)=R

VALS(2,NCASE)=RSS*RI33

CONTINUE

0o 20 1=1,16
A=FLOAT(lI) -8 5

TF( IFAT( I). EQ. 0) J=Z

31=31 +VALS (1 J) *A&

20 S2=S2+VAE.S(2,J)*A*A

5Z=SQRT(SZ-Sl*Sl1

\dIRITE(Z, 100) SNR 31352
100 FORMAT(1X,3F6.3)

913 SNR=SPIR4- 5

750 FORMAT(IH1)

JR I TE(C2 ,2 50 )

ENID

E'UNC'T1(,N GAUSS(X)

[VOf-JLf PRECISION E(5),P.T,T1,S

COMMNON PI

DATA B /,31 "38 153 ,- .35656378 2,1 79131 7?793?

1 -1 821255978~,?3J0271lq29/

P= 2316,119

Z=EXP(-(X*X)/Z ')/SQ0RT(2 *Pl)

1=~1 / (l+P*DfBLE(ABSiX),

DO) 0 1 1 ,5

u Sll, L- f : I
109
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SUF3R UT0 ` E PHTVAL (LVAL

L.DG I-AL LVAL
0 i F( T NP(X' E E ND 1 NE U COTO 10

CALL OUT(X'ECLVAL)
CALL OUTlX"(XIEUt 14)
CALL OUT( X •EF 15)
RETURN
E N D
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BINARY CORRELATION TRACKER

The correlation tracker to be analyzed below assumes the following form.

The tracker is a "searching type" wherein a reference is taken in one
video frame and a picture sample is search in subsequent frames to determine a

4 location where some sub-matrix in the picture sample best matches or maximally
correlates to the reference. Errors are determined by-noting__were in the
raster the picture sample is taken and where in the sample the best match
occurs. The above description is served by an example which is used in
subsequent experimen 's.

Suppose the picture sample is a 16 by 16 birary matrix and tnat at the
initializing time, the reference is a centrally located 12 by 12 matrix within
the picture sample. The matrices are shown 4n Figure 1. In subsequent frames

S

R

___

............. ... ....

Figure 1.

the reference matrix is placed in the upper left hand corner of the picture
sample, performs a correlation an;d is then moved one pixel to the right for
the next correlation, etc. as shown In Figure 2.

In all, 25 positions of the reference will cover the picture sample. The
resultant correlations are given in a 5 by 5 matrix C. The boresight position
corresponds t' C33 . Suppose maximurr correlation occurs at Cij. The
errors are then given by

... .. ... ..

-x (1)
. . . ...



IF

* ~II

I I

Figure 2.

(For this example, the dynamic range is + 2 pixels although practical systems
are designed to have a much larger dynamTc range, typically + 8 pixels.) The
binary correlator produces true correlation measures with reTatively simple
processing as is shown below.

Suppose we are given two n vectors u and v. The correlation between u
and v, p(u,V) is defined as

n

o(u,v) = 1=1 (2)

/,,-L u. 2

This calculatvron is rather formidable for real numbers; however, for the
Sbinlary case we may assume that each number assumes only two states. For

convenience, let

ui, vi - , } (3)

-

0

0



!ren

u (4)l 1

and

4n 2 2
ui # vi n (5)

\ i1 i l

Now suppose that m of the elements of u match m of the elements of v one for
one with m < n. Then,

n
V u v = - (n-m) (6)
i=1

That is, the remaining n-m elements have opposite sign. Consequently,

p(u,v) =2m - n (7)n

If all of the elements match, the correlation is one and if none of the
,lements match, the correlation is minus one. Now, working with conventional
binary numbers; i.e.,

ui, Vici

n
uivi = n - 2 1 i (8)

where the symbol G implies the "exclusive or" function. Then,

p(uv) 2 * number of "matches" (9)n

The "exclusive or" truth table is as follows:

U V U ( V

0 0 0
0 1 1
1 0 1
1 1 0

Now given the matrix R, we form a reference vector r as follows. Let

I{-



k j + (i-1) r,

and

rk Cij (10)

; k=i,2, ... ,n

Similarly, define a sub-matrix of S as follows

ii S i+k-l~j+X-I

, = , . (12)

Then

t (,.) = Tk{ S (13)
ik1,,j '-1

where

m = j + 12(1-1) (14)

Then

Ck• = p (r,t~k,Z)) 15

The best correlation implies that

Ck*,* > Cke for all k;=1,2,...,5 (16)

and (k*,ý*) is the track point.

The basic correlation mechanism is rather straigatforward; the analysis,
however, is quite tedious. The search process produces a decision tree which
must be evaluated to determine the estimated best point. As will be shown,
the best point determination is biased according to the order in which the
points are searched.

For the example given, 25 points must be searched. Let

Pk Prob 1position k is chosen ; k=,...,25 (1;)



Further, let

R(m,n) = Prob Icorrelation at position m

> correlation at position ný (18)

At the start of the process,

PT R(1,2) (9

P2 , R(2,1) 
(19)

and

R(2,1) i - R(1,2) (20)

with n = 2

The conditional probabilities can be computed by the following iteration:

n
nn+1 R(n+li)Pi (21)Pn~l i=1

Pk R(kmn+1)Pk ; k=1,...,n (22)

n = n+1 (23)

Equation (21) is interpreted as follows:

The n+1 state is chosen provided that the probability of the n+1 state is
reater than some state i given that the state i had been previo:usly chosen.
quation (22) implies that state k is chosen provided it indicates a greater

probability than the current state and the probability that it had been
previously chosen as the optimum state. The process stops when n+1=m (or 25
in the current example). At any stage j in the process, the probability of

choosing one of the states, P j is given byT

Pq= Pi¾ (24)

T

R(j-ii)P. + ; j > 2 (25)

Pi P.[P(j-1Ij) R(i,j-1)] '' P1 i (26)
Ti1



s since

R(k,n) I - R(n,k) (27)

partial diagram of the selection process is helpful. Consider four

C 0 REST STATES

12 R2

1 2
N• STAGE 1, n= 2

R 13 31 R 23

_- 3 STAGE 2. n =3

R1 R41 R R34R2

f4 Fi gure 3. 3 2

Prob 11 chosen = Pi = Rt4 R1 3R12 (28)

Prob 12 chosent = P2  = R2 1R2 3 R2 4  (29)

• Prob 1,3 chosený = P3 = R3 4 (R3 1 R1 2 +R3 2 R2 1 ) (30)

Prob 14 chosent = P4  R41R13RI2 + R4 3 (R3 1 R1 2 ÷R3 2 R2 1) R4 2 R2 3 R2 1 (31)

SPT PI + P2 P3 + P4 (32)

PT R1 2 (R1 4 R1 3 +R3 4R3 1 +R4 1R1 3 +R4 3 R3 1 )

+ R2 1 (R 2 4 R2 3 +R3 4 R 3 2 ÷R4 3R3 2 +R4 2R2 3) (33)

0 

t



--- r+ r'

+ PT =R 12 R13 Rz1 4 +R4 1 )+R3 1 (R3 4 +R4 3 )

+ R?I R23(R 2 4 #R4 2 )+R3 2 (R34+R 4 3 ) (34)

,) = R )(R +R3 1 ) + R2 2+R2 (35)

PT R + R 1 (36)

None tVwj to search out this tree,
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probabilities have to be determined (although some symmetries reduce this
number).

The problem is to determine the probability that one position is better

than another; however, this problem is complic+ated by the fact that the data
in nearby positions is highly correlated. The algorithm used to compute the
probabilities is shown in FORTRAN code i-n Figure 4, i.e., SUBROUTINE EVAL.
The parameters ki, k2, k3, and k4 are refereu:ce position offsets. A diagram
of the matrix positions is shown in Figure 5.

The algorithm computes the difference between the correlation values
produced by the two reference positions CAM) and the variance of the
difference measure (VAR). The probability that one position is better than
another- is the probability that the normalized difference vdlue is greater
than zero. The assumption is that

(~2kx-AM)2

P(x) 1 e - -- VA- (37)

00 (xAMjv) 2

PROB IxO} -> O e 2VAR dx (38)

PROB x>O = e du (39)

/77 AM
4.1
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IP(I, J)

IREF(12JJ2)

4\

Figure 5.

and for

2

Sx-- e du (40)

PROB lx > 0l 1-~ tt (41)

The results of these computations are shown in Table III. The strikiny result
is that the errors are biased according to the path taken by the search
pattern; i.e., to the right and down.

To test the theory, a Monte Carlo test was run using 200 samules at
various SNR. The results are shown in the following figures. The binary
pattern shown corresponds to the initial reference. Data indicate that the
errors are indeed biased. A 5 by 5 error matrix is also shown which indicates
the number of times over the 200-+ample run that a particular error position
'ccurred (when divided by 200, this matrix approximates the probability
rn:ttrices shown in Table Iil). Although the analysis is somewhat pessimistic,
thŽ agreement is good and the implied data trends are apparent. Another
-interesting result is that for rather moderate SNR (-" 2.5), the correlator
essertially makes no error- and can always correctly identify the correýct
target position: a signiff,¢:ant error is made with the centroid measure for the
same SNR.
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