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Preface

The purpose of this project was to develop a numerical method capable

of calculating the laminar flow about a two dimensional accelerating body

using the incompressible Navier-Stokes equations. This problem arises in the

calculation of the dynamic stall of an airfoil and in the calculation of pitching

and heaving stability derivatives for an isolated airfoil. It is also a first step

toward solving the three dimensional flow about a complete wing undergoing

arbitrary motion at high angles of attack, including departure, spin, and

post-stall maneuvers.

The contravariant form of the momentum and continuity equations are

derived and a finite difference approximation developed. The contravariant

velocity formulation is based on the use of both inertial and body-axis

velocities to achieve a form for the momentum equations that has the

potential for improved numerical characteristics for rotating coordinate frames.

Numerical calulations to date have not been satisfactory. Test cases

presented are Stoke's first problem, a circular cylinder translating at a

Reynold's number of 20, and a rotating stationary circular cylinder.

I owe a great debt of gratitude to all those people that assisted me in

this project. Especially my advisor, Maj James Hodge, for his many hours of

help and advice, and my wife, Tamia, for her loving support throughout.

Special thanks also go to Mai Dave Maunder for the use of his computer to

prepare this document after mine was stricken.
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INTRODUCTION

The aerodynamics of aircraft in steady flight at low to moderate angles

of attack are veil understood. However, the viscous flow about vings and

bodies undergoing arbitrary unsteady motion is not. This is especially true for

wings at high angles of attack. There is a serious need to be able to predict

the performance and flying qualities of aircraft maneuvering at high angles of

attack, and to be able to predict departure and spin behaviour, and to exploit

post stall maneuverability. These predictions require an accurate calculation of

the nonlinear forces and moments that are associated with the separated flow

under such conditions. A basic requirement is to be able to calculate the flow

about an isolated ving, and the analysis of a simple airfoil is the first step.

d The aerodynamics of an airfoil which is pitching are influenced by the

fact that the local velocity of different points on the airfoil is not the same as

the velocity of the reference center. This has implications for both the flow
outside the boundary layer and the resulting pressure distribution, and for the

velocity profile within the boundary layer itself. Vortices that are shed into

the flow are swept downstream and cause unsteady effects if their production

is not continuous and constant. In addition, large separated regions exist

vhich may vary with time. The convection of vortices and the unsteady

separated regions cause time lags in the dynamic forces on the airfoil, even

for incompressible flow, due to the time required for vortices to be convected

away from the vicinity of the body. The flow at the body surface must follow

the motion of the body in order to satisfy the no slip bounday condition.

Thus, for even a steady external flow that is similar to the unsteady flow, the

boundary layer vill be significantly different, because the flow must transition

from the external conditions to the new unsteady and spacially varying

... ...- . -. .i - . .. i i1 . i~i -' , i .' i , i~ i i , i , " "' ~i-



conditions at the wall.

The complexity of these unsteady phenomena provides a strong

incentive to use numerical methods to predict these flows. A full simulation

of the three dimensional unsteady, viscous, and compressible effects is beyond

the capability of the currently available methods and computing resources.

Therefore, the scope of the problem has been reduced for this project by

neglecting the effects of compressiblity and turbulence, and by restricting the

analysis to two dimensional flow.

Several investigators have used numerical methods to calculate the

unsteady flow about bodies. Hodge (Ref 1) considered an airfoil in steady

motion at high angles of attack. The flow under these conditions (ten degrees

angle of attack, a Reynolds number of 200000, and laminar flow) was

unsteady, with separation bubbles forming and collapsing on the upper surface.

The numerical technique used was vey similar to the present method.

Primitive variables were used. The finite difference approximation used a first

order backward difference in time, three point one sided upwind differences

were used for first derivatives, and central differences were used for second

order derivatives and pressure gradients. The equations were solved through

successive-over-relaxation (SOR). The Poisson equation was used for pressure

calculations. The rate of convergence of the calculations was driven by the

convergence of the pressure on the wall at the sharp trailing edge. This

experience provided the motivation for the present cell centered pressures.

Hegna (Ref 2) extended Hodges work by adding a turbulence model and

considered a pitching airfoil. Fictitious body forces were used to account for

the accelerations due to the rotating reference frame. Constant, linearly

varying, and sinusoidal pitching motions were considered.

Mehts (Ref 3), used a stream function-vorticity formulation to solve for

the flow about an airfoil oscillating in pitch. The vorticity equation was based

on the body-axis equations with fictitious body forces.

2
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More recently, Tulim, et al. (Ref 41 calculated the flow about a circular

cylinder and a 10% thick ellipse in pure rotation and combined rotation and

translation. Their stream function-vorticity formulation was based on the

inertial velocities which were convected with the body-axis velocities in the

body fixed reference frame. Their calculation used an explicit method based on

computing one velocity component at a given point by integrating the

contributions of the vorticity in the exterior flow, on the body surface, and

inside the body. The other component was obtained through continuity.

Pressure gradients at the body surface were obtained from the tangential

component of the momentum equation. Two point differences were used in

time, upwind differences were used for convective terms, and diffusion terms

were calculated from central differences.

The approach taken in this work is similar to that used by Galloway

(Ref 5) in simulating the free flight of a flat plate. Galloway used the

contravariant velocity formulation and the same numerical method as Hodge.

This technique was used to calculate the trajectory of a flat plate in free flight.

The free flight trajectory was a marked contrast to the other works above,

which all ued a prescribed trajectory for the body. Galloway derived the

contravariant velocity relationships by starting with the equations written for

an inertial control volume. He then expressed the inertial quantities in terms

of the time varying transformation from the inertial to the body frame, and

applied the chain rule to obtain the derivatives in the body frame. This

resulted in equations that are identical to the present method, but did not

provide any insight as to the physical meaning of the different terms. The

Poimn equation for pressure was used, and free stream Dirichlet boundary

conditions were employed to simulate the far field.

The present work differs from that of Galloway in several respects. The

governing differential equations for the rotating coordinate system are derived

from first principles, rather than starting with the differential equations for

3



the unaccelerated cue.

The present numerical method differs from Galloway's by using an

arbitrary grid about a thick body, and in its treatment of the viscous and

pressure terms. A generalized transformation on an *O" type grid is used

instead of the orthogonal H type grid that Galloway used to represent the

flat plate. The pressure and viscous calculations are based upon a four point

"X" configuration central difference operator. The exterior boundary condition

is also treated differently so as to attempt to allow the disturbances in the

wake region to exit the computational domain. The final difference between

the present work and Galloway's is the use of cell centered pressures, rather

than collocating the numerical values of the pressure at the same grid

locations as the velocities. Chorin's method for solving the pressures is used

throughout the domain, instead of just at the wall as was done by Hodge,

Hegna, and Galloway.

The principal objective of this work was to demonstrate the use of the

contravariant velocity formulation for an arbitrary body and arbitrary motion.

The cell centered pressures were selected to avoid the difficulties experienced

by the previous investigators in calculating the pressures at the wall. Chorin's

method was selected over the Poisson equation for its simplicity in calculating

the pressures at the cell centers from velocities known at the corners of the

cell. The differencing scheme for the viscous terms was an outgrowth of the

differencing used to calculate the pressure gradients, and was motivated by the

desire to calculate the momentum equations in the strong conservation form.

Subsequent results showed that the nonconservation form of the convective

terms gave better results, and so the strong conservation form was used for

only a minority of the cases. Finally, the inviscid boundary conditions were

selected in an attempt to model the wake region more accurately than the free

stream boundary conditions used by Galloway.

4



CONTINUUM EQUATIONS

The momentum equations used for this investigation were the

contravariant, or *mixed" form of the incompressible Navier-Stokes equations.

The traditional approach to computing the flow about a rotating body is to

express all of the equations in terms of the velocities written in terms of the

rotating, body fixed reference frame. This leads to the introduction of a

number of additional terms in the momentum equations because Newton's

Second Law is only valid for velocities and time derivatives taken with respect

to the inertial reference frame. These additional terms are often represented

as fictitious body forces (Ref 6), so that the conservation of momentum can be

expressed in the same form as for the non-acelerating case. Even though

represented as forces, these terms can be handled as part of the momentum

flux and are treated as such in the present numerical study (c.f. below).

A purely inertial description of the momentum equations is not

convenient because the position of the body is constantly changing in the

inertial frame. This would preclude the use of a fixed grid in a numerical

calculation. The contravariant velocity approach uses inertial velocities which

are resolved in the unit vectors of the body fixed coordinate system. This

affords a considerable simplification of the equations, as they are very similar

to the momentum equations for the non-accelerating formulation. The

fictictious forces of the traditional approach do not appear explicitly because

they are implicitly contained within the inertial velocity components. Galloway

derived the equations by expressing the inertial velocities in terms of the time

varying transformation to the body-axis orientation, and substituted them in

the conventional Navier-Stokes equations written for the inertial frame. The

approach of the present investigation was to express the momentum using

inertial velocities and describe the momentum transport in terms of body-axis

velocities. The resulting equations are equivalent to Galloway's, and provide



considerable insight as to the physical meaning of the acceleration/rotational

terms and the eigenvalues of the momentum equations.

Kinematics

This section defines the notation used to describe the position and

velocities of points on the body and in the fluid. It is important to distinguish

the difference between the rotating body fixed reference frame, and the

unaccelerated inertial reference frame when differentiating vector quantities

with respect to time. The notation and kinematic definitions are taken from

Likins (Ref 2). The notation indicates the relative relationships between points

and the notation for time derivatives of vector quantities explicitily indicates

relative relationships between different coordinate frames. Superscripts to the

left of the variable name indicate that the time derivative was computed as

seen by an observer in that reference frame. Subscripts to the right of the

variable name are used to indicate relative relationships.

For example, let 0, P, and Q represent points, with 0 being fixed in

inertial space, Q fixed to the body, and P located anywhere in the fluid, as

shown in Figure 1. The position of P relative to Q is denoted as rp1q. This

position vector may be resolved into components which are parallel to the

instantaneous unit vectors of any frame of reference without regard to

whether the unit vectors of that frame are rotating with respect to another

frame. The velocity of P relative to Q relative to the inertial reference frame

is the time derivative of rp/q:

dr2X= 1Vp/Q
dt ( 1)

The velocity of P relative to Q relative to the rotating body reference frame



- U 'uplojYt ('uPoRY-'uQIo) -- X( 'vp 1o-RX-'VQjO)J

= U a_ - l'pj

S8_..{ Y,.R . Y -- &upBX. .+,'g} + {R 'Vp/o)

8J 84 a 817 48)

_{J'vplo} + L__{ 'vpjo[Y- ('upjo RY-'uqjo) - Xl (rpjo-RX-'vqo))
at at

+ 8 { 'vp/o[Y ({up/o RY-'uqjo) + Xt ('vp/o-RX-'vqo)j}

878

at p j at 817

8 (_ -X1 I[-#_ 7r'vj]} - {R 'up,o}
a7 p 8" 81 ( 49)

Notice that these equations may be written in the form

8. 1) + MffI+ = 84h) +840_-+ {k}
at a (, Ot 87) ( 50)

in which the quantities {u), {fl, {g), (h}, {i), and {k) are column vectors

representing each of the terms in {}, in turn, for both equations above.

These equations have substantially the same form as those written for

a control volume fixed in the inertial coordinate system. The difference are

the (k} vector, which results from differentiating the time derivative in the

body frame, and in the mix of velocities in the convective terms. For the

inertially fixed control volume ' Vp/Q is a constant, and therefore may be

taken to be zero since it will affect none of the. terms in the differential

20



be represented as

JIOC = jYPC)- .YtC) ]
ax at 45) A

jC = -_(X C) + xf C)

ay at 7 46)
When these relations are substituted into J times v times the Laplacian, one

obtains the result

Jo (v W + j 8 (v )
ax ax ay ay

at J at 81) 87 J at 81 ( 47)

p) with:

a = (XI)2 + (YII).

=X X'9 . Yf Y11

= . (YO-

J = IX Y9 - X9 YfI

Notice that no cross derivatives appear explicitly.

The final step in the derivation of the continuum equations is to apply

these results to the momentum equations after multiplying them by J (which

is fixed with respect to time) and dividing by p:

8J'upto} U __ 'tuo/oYq ('upjo+RY-'ujo) - X, ('vpjo-RX-'vq/o)I)

at

19



S- -8 2 uV!ua2 'u, -#- R 'vp1o

pax ax aY 2  411

& + _jiup/oivp/o-'vpjo(RY-'uqo) + _j'Vp1 o2+ vp/o(-RX-'vQJo)l
at ax aY

- -1 n+ Y2' 1v'jW f +p +a o,) - R 'uplo

paY ax2  aY2  ( 42)
In the equations above, abliXbVpiq has been moved to the right hand side as

the source terms R'vp1o and R'up1 o. These equations are identical to the

equations derived by Galloway.

General Coordinate Transformation

The next step in the development of the continuum equations is to

dl apply a general transformation from the physical domain to the computational

domain. t represents the ordinate and l) the abscissa in the computational

domain. The continuity equation is easily transformed using the chain rule

and the inverse relationships, Y9/J=tx, X,/J=4y, Yf/J=11x, Xf/J=I7y, as:

'u.__t' - a.W Yf - A X'+v2X Xf = 0

a7)atr a(1  44)

Xf, Xjj Yf, Y,1 indicate the partial derivatives of X and Y with respect to "

and i).

In order to put the momentum equations in conservation form, the

chain rule and inverse relations above are first applied. As shown by Viviand

(Ref 8), the Jacobian, J, times the derivative of some quantity, C, can be can

18



'rXY = !fIOVi=n
ax a

Ty 1  = _______ + O_____

ay az

'xz - A(6 + v_8Z 8 XV, In
az ax (38)

For incompressible flow in which the viscosity is assumed constant, the

right hand side of the momentum equation becomes:

RHSx = ff1 - , u a+ AuwUBl dV
ax aX X2 8y2 8Z2

RHSY - 11 Aft + AgLva 8 ' Y v, + 2 vg;nl dV
CV 8y 8X2 aY az

RHSz y-p + l(e 'wpm + w dV

, az 8X2 aY' a ( 39)

The integrands on both sides of the equations are equated for each component

in turn, as with the continuity equation, to obtain the differential equations.

For two dimensional, incompressible flow, the flow will be assumed to

lie in the X-Y plane. Therefore, P - Q = 'wpjo = 0. The angle * will be

used to represent the orientation of the body axes relative to the inertial axes,

as shown in Figure 2, and its rate of change is 1R. Under these conditions and

the continuity and momentum equations become:

~ff+a', 0
ax aY (4)

&I=+ 4j'up/o ''upo(RY-'uo)j + _Jupjo'vpjo 'up/o(-RX-'vQo)I

at ax a
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I f jip'up,o)p(Q'wp,o-R'vp/o)
OVat
VfPlUP/Od'VPIO-obiXrp/Q-'VQIO)I I dV - R.HSx

I ( Jp~vpjo)-#p(R'up/o-P'wp/o)

-~VlPiv V0., bXrp -V)I ~j dV - RHSy

I U.P'wpio)-+P(Pvp/o-Q4upo)

+qp V p 'Vpo-.bjXrp/Q-VQjo)jI JdV =RHS 1  35)

The forces consist of pressure and viscous forces The effect of gravit-y

on the fluid will be neglected. These forces are typically represented as

(Ref 7k:

RHSX (a ch a rv -#- 8-rr.)I dV
'V ax ax aly az

RHSy - I-h+ (8 rv*y + 8 Oy'v + 8LrY2 I dV
Cv ay ax ay az

RHS -112 1- (arxz+ a r7 aje- 11dV
'C' az ax ay az (36)

with

t7ex - -1 1A V.'Vpj 2&0 A
3 ax

a'y = -2 1A *7'Vl + 2Ad_

3 a

V=V-lo + VA'Viy.Bx
3 az (37)



becomes:

If I e(pIJP1o) + / X (pVpo)I dv

+ I piVp/o,('Vpo-WbXrpjq-'VjoI dA = RHS
C (33)

This equation can be derived from the conventional fictious body force

formulation as given in Shames (Ref 6). This vector equation can be

expressed in terms of its components.

1i -L.p'upjo)+p(Qivpjo-R'vp/o)j dV

+ # p'upoI(iVplo-r-%,iiXrplq-'V'Qo)-nI dA = RHSx
as

P §Jpivplo)+p(RUpIO-PVPio)I dV
CVt
+ S p'vpIo('Vpo-abiXrlq-'Vqlo),nI dA - RHSy

11 !.(piwpIO)+epP~vP/O-Q UPjoIN dV
CV at
+ # p WPioL(VP/O-GbliXrplq'Vlo),nI dA = RHS%

Cs (34)

where 'Upo, 'vpO, wplo are the inertial velocity components in the X, Y, and

Z directions; P, Q, R are angular rates about the X, Y, and Z axes; and RHSx,

RHSy, RHSI are force components applied in the X, Y, and Z directions.

When the Divergence Theorem is applied to each component, in turn, the

following result is obtained:

15
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acceleration of the body-axis reference center, Q, does not affect 'Vpjo. The

other two terms represent the net momentum flux out of the control volume.

If one describes the inertial velocity vector field using the time varying

position vectors of the body-axis system, the integrals for region III and

region H may spin be combined by recognizing that point P is being used as

a dummy variable and evaluating the integrands at the same position in the

body axis coordinate system. Once again, the difference divided by At is

represented as a partial derivative, because the position in the body-axis

system is held constant. The rotation of the body frame with respect to the

inertial frame is still important, however. The momentum flux through the

surface of the control volume is handled as with any other extensive property.

Again, there is no flux for particles in the flow which appear to be moving

tangential to the boundary in the body-axis system.

Applying the above relationships, as with the continuity equation,

results in:

f i_ (piVpo) dV pVpo(bV p-n) dA

- f. dA Ifb dV - RHS
CS C, ( 32)

f. is the net force per unit area acting on the surface of the control volume

and fb is the net body force per unit volume. RHS simply refers to the right

hand side (force terms) of this momentum equation. The time derivative of

the momentum within the control volume taken with respect to the inertial

frame (which has unit vectors in the inertial frame), can be expressed in terms

of a derivative taken relative to the body frame (which has unit vectors in the

body frame The body-axis velocity may also be expressed in terms of

inertial velocities. After applying these changes, the momentum equation

14
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" i- -differential element in turn.

The impulse applied to the system between t and t .At is:.

I =I p "VPodV - if p1Vp1odV
Ill II

+ f pVplodV - " p'Vp/odV
IV I (27)

The impulse is the integral from t to t At, taken with respect to the inertial

frame, of the forces applied to the fixed mass system:

I = fFdtl1 (28)

Differentiating the impulse with respect to time with respect to the inertial

frame recovers the force acting on the system:

F ( (29)

To first order, the derivative above may be calculated s.

F - MIt-i-Atl - MNO
at k(301

Applying the above relationships to the integral expression for the impulse

results in:

F = ([jpVpjodV-fp'VpjodVt/At ( .f p'VplodVVAt

I II IV

-I'poVpjodVl/At }L
(31)

The first bracketed expression represents the time rate of change of the

momentum within the control volume, differentiated with respect to the

inertial frame. The distinction that the momentum is differentiated with

4 respect to the inertial frame secounts for the changing orientation of the unit

vectors of the body frame with respect to the inertial frame. The translational

13
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form of the continuity equation is also the same is for the non-rotating case:

7. v -1 0 1 21)

Conservation of Linear Momentum

The derivation of the expression for the conservation of linear

momentum for an accelerated control volume proceeds in a parallel fashion to

that for the the conservation of mass. Consider again the fixed mass system

which occupies regions I and II at time t and regions III and IV at time t At.

The force acting on a particle at a given time is equal to the mass times its

acceleration relative to the inertial frame. Thus the force acting on a particle

containing a fixed amount of mas, din, and located at point P is:.

dF = dmi rp/o = dm 'd 'Vp/o
dt dt 122)

The linear momentum of the particle at point P is defined as the product of its

mass and its inertial velocity-

dM = dm iVP10  23)

The force acting on the particle is the time rate of change of the momentum

of the particle, because the constant mass can be brought inside of the

differentiation. The momentum of the system at time t is obtained by

integrating the momentum of the patticles througout regions I and IL

p i'Vpo dV + f" Vp/o dV
I II 1 24)

The momentum at time t At is given by:

.'Vpo dV . p Vp/o dV
IV ( 261

Point P is used as a dummy variable in these integrals to indicate each

, --- 12 
I
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Integrating the efflux around the entire control surf ace and putting it

into the expression for the conservation of mas for the fixed mas system

yields the integral statement of the conservation of mass for the accelerated

control volume:

jp dV = pbvpqn dA
CVat Cs (16)

Or, expresing the velocity in terms of inertial quantities:.

S_ p dV = -f p('Vp/o--wb×Xrp/Q-'Vo)*n dA

Cv at, ( 17)

Applying Gauss's Divergence Theorem yields.

" 4 p dVr -1 V.p('Vpo-ob,/Xrpq-iVqlol) dV
Cvtat CV 18)

This equation must hold for all control volumes with a fixed volume, even as

the control volume is shrunk to a differential sise, therefore, the integrands on

both sides of the equation must be the same, which leads to the differential

form of the conservation of masw.

( - V fp('Vpjo - Cb,, X rplg - 'Vgo)l

at (19)

The divergence of 'Vq1o = 0 since it is constant throughout the entire control

volume and only varies with time. The divergence of wb# X rpjq is sero,

because bji is also spatially constant throughout the domain. Thus the

divergence of the mas flux is the same, whether expressed in terms of the

body-axis velocity or the inertial velocity., and

- - V • (P'VP 0)

at (20)

which is the same as the classic result derived using a control volume fixed in

inertial space. For incompressible flow, the density is constant, and the final

11
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as At goes to zero, yields:

lim I I1t-*At) - oftll dV f _p dV
At-4O 1v At CV t ( 13)

where the partial derivative has been used to represent the instantaneous time

rate of change at a given point fixed in the body-axis coordinate system. This

is appropriate because the density at a given point in the body fixed control

volume can be written as a function of its position in the body-axis system

and time, ie, p(rsit). It is rslq which is being held fixed for this partial

derivative.

The net mass flux out of the control volume can be obtained by

integrating the efflux through each element of the control surface. The

position of a particle in the system can be written using its position relative

to the point on the control surface by:

rp/o = rpls + rsiq + rqJo ( 14)

The inertial velocity of the particle then becomes:.

'VP1o M 'VP/s + 1VS/Q + 'VQjo
1V = bypls + wbjjXrp/s + rWblXrs/q + '~Q/0 ( 15)

The efflux from the control volume at point S consists of the particles that are

crossing point S at time t. The efflux though the differential element of the

control surface located at point S is pbVpis-n dA, where n is the outward

normal unit vector to the surface at S. This expression is the result of the

simple observation that a particle located on the boundary at time t which

does not cross the boundary must be stationary or moving tangent to the

boundary, as observed from the body frame. Note that rpls = 0 at time t for

those particles on the control volume boundary, and bVsq = 0 by the

definition of the body fixed control volume. Thus, bVp/s bVp/Q.

10



body-axis system, ie,

bVSQ =0 { 8)

and there is a one-to-one mapping of all points on the boundary of region II

to the boundary of region IMl, regions I and III may be regarded as defining

a body fixed control volume. Note that this also results in a one-to-one

mapping of all of the points within the two regions as well as the points on

the boundaries.

The mass in the system at time t is given by:

ffpdV + * pdV
I II t 9)

and the mass at time t At is given by:

paV + J l pdV
III IV (10)

Since the system has the same mass at both times, there can be no difference

between the two expressions:

I payV - ff p dV + I pa -V f pa =V 0
III II IV I ( 11)

The difference between the first two integrals above indicates the total change
in the amount of muss contained within the control volume between time t and

t At. The second difference represents the net mass flux out of the control

volume over the time interval. Because of the one-to-one relationship of the
points in regions II and III, the first two integralsi may be combined:

p dV - I p dV ="[p(t At) - p(tl dV
III II ( 12)

provided that the difference in density at the two times is evaluated at the

same point in the body fixed axis system. Dividing by At and taking the limit

9
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relative to the inertial frame, will be termed the "inertial velocity" of a particle

in the flow. This may be regarded as the 'absolute" velocity of a particle in

the fluid, byp1 q, the time rate of change of the position of the particle relative

to the body-axis reference point Q an seen by an observer rotating with the

body frame, will be called the "ody-axis velocity.'

The body--axis velocity is calculated from the inertial velocity by:

IVp/q M 'VP/O - Ib/i X rpQ - 'VW0  ( 6)

This quantity is seen to vary with the translational velocity of point Q

relative to 0, with the angular rate of the body frame relative to the inertial

frame, and with the position of point P in the body-axis system. The inertial

velocity, iVpjO is utterly independent of any motion of Q or rate of rotation of

the body frame.

The only quantities which will be referred to as forces in this paper are

those forces for which Newton's seeond law, F - m a, holds in an inertial

reference frame. Thus, the sum of the forces acting on a particle of fixed

mass m at point P is

F = m 'd rpl = m i'd 1Vplo
dt2  dt ( 7)

Conservation of Mass

The derivation of the relationship defining the conservation of mass for

an accelerating control volume begins by examining a fixed mass system of

particles, as shown in Figure 2. The fixed mass system at time t consists of

the particles in region I and region II (regions I and II are mutually exclusive,

as are regions Ill and IV). At a later time, t+At, the fixed mass system

occupies regions III and IV. Let point S represent any arbitrary point on the

boundary of region IL If, at t At point S maintains its position in the

4 -



* is expressed as:

bdrpg= by ( 2
dt ' ( 2)

The rate of rotation of the unit vectors which define the orientation of the

body frame relative to the inertial frame is denoted by nib,1 , and the velocities

relative to the inertial and body frames are related by:

1 PQ d r~M = -. ob/ji X rplq = bppQ C Xr

dt dt ( 4)

Note that the unit vectors which define the orientation of a reference frame

are not bound to any point. Thus the only time rate of change of the unit

vectors is their angular rate, w. Translational velocitites are handled by

explicitly noting the points at the head and tail of the position vectors. Thus,

.+ the inertial velocity of P relative to 0 is related to the velocity of P relative

(0 to Qby:

'VPjO -YP" Q + - 5)

For the rest of the paper, the points P, Q, and 0 will have a special

significance. Point 0 will be taken to be a point which has no acceleration

when viewed from an inertial reference frame. Thus, there exists some

Galilean transformation for which the point 0 may be considered to be "fixed.

-* Point Q will refer to the reference center of the body fixed axis system.

Positions in the body-axis system will be measured relative to point Q. Point

P will be used to designate the location of a particular particle, having a fixed

* mass, in the fluid. rp/0 is the position of point P measured from the

unacelerated point 0, and rp/q is the position of the particle relative to the

accelerating body-axis reference point.

*~ 'Vp 0 , the time rate of change of the position of the particle relative to

the unaccelerated reference point as viewed by an observer who is not rotating

i" 7

r . . . . . . .
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equation. With 'Vp/q 0 0, 1Vpl0  iPI = bVpYq. The terms in parentheses

then become equal to 'Vplq, (k) goes to zero, and 'Vpq can also be substituted

for 'Vpjo, thus eliminating the mixed use of velocities from different reference

framse. The advantage of describing the flow in terms of the inertial

velocities results from the simplicity of the terms srising from the time

derivatives. The source term, (k), is half the magnitude of the typical Coriolis

acceleration. The centripetal acceleration and the angular acceleration do not

appear explicity. This is an advantage numerically, as these terms depend

upon the magnitude of rp/q, which approaches infinity at the exterior of the

computational domain. The acceleration of the body is also not required. The

disadvantage in using the inertial velocity is a loss in the intuitive

interpretation of the flow about the body. The body-axis velocity is easily

calculated from the inertial velocity, however, and so this disadvantage is sot

great.

Convective Term Eitenvalues

The numerical approximation to the fluxes will depend on eigenvalues

of the isolated convective terms. These are most conveniently found by

considering the equations in linearized form. By applying the chain rule,

Equation 31 becomes:

U)+ FRU-1 + 4 Uh 84i) (kj
at a 7 1

ifhere:

(U) =J'Vo

F =8_f1
8(U)

G =-s1
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The matrices F and G are[ t U .'uJ X bvP X'iUp/o1

3 J J

F=

-XJVpo -Y.bu/ PI -.Wb vp/Q-'i VPIo)

SJ J j ( 53)

with

bUpQ = 'up /o*RY-'uqio

bVPQ = ivpjo-RX-'vqjo

If continuity is exactly satisfied, then the nonconservative form is equally

valid, and the matrices F and G become:

[ ybU_. X -_Xbv 0

F j
07 _14 PQ A4 XVpqj

L 54)

0 .1
G =I [X uplQ + bvp/Q 0viQ

0 -__.;bup/q + tVP/Q

L J 55)

These matrices are also the same as would be obtained by

quasi-linearizing the equations, assuming that the body-axis velocity is locally

22



constant. This assumption is better for regions of the flow which are some

distance from the body, so that the body's disturbances are small compared

with the magnitude of the "freestream" flow. Since the body-axis velocity is

the negative of the inertial velocity of the grid plus the inertial velocity of

the flow, the inertial velocities may be viewed as perturbations to the grid

velocity.

The eigenvalues of F and G (assuming continuity is satisfied) are:

I_ upiq_ -_%/

3 J

a= - U + X.4vP/Q
J 3 (56)

The eigenvalues are seen to depend upon the body-axis velocity, not the

inertial velocity. This is a direct consequence of the use of the body-axis

velocity to describe the transport of momentum through the control volume.

The sign of these eigenvalues indicates the flow of information due to these

terms. The numerical algorithm depends upon the sign of these eigenvalue

to determine in which direction the upwind finite differences will be made.

This result indicates an important rule for understanding the role of the

body axis and inertial velocities. Whenever one is using a velocity in a

context which regards the convective transport of any quantity, the appropriate

velocity to use is the body-axis velocity. If the context regards the linear

momentum contained within the flow, inertial velocity is the appropriate one.

For example, if one is calculating the stream function by integrating along a

line in the computational grid, the body-axis velocity should be used. This is

because the stream function -represents the mass flux accross the line used in

the integration. Only in this manner will the stream function have a constant

value at the body surface.

Near the body, the body-axis velocities are dominated by the inertial

23
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velocity, since at the body surface the inertial velocity is identical to the

velocity of the grid and the body-axis velocity is zero (no slip boundary

condition). Ideally, continuity should be satisfied at all times, but this may

not be true numerically as the solution is iterated to convergence at a given

time step. If this is the case, then the additional terms of the conservative

form may be a source of error in the momentum equations. Therefore, it is

useful to examine the continuity terms as they appear in the the momentum

equations. The differences between the conservation and nonconservation

forms of F and G are:

U_.iup1 -4up/o

L J J 58)
J

(C' = ILI 59)
If F' and G' are combined along with their associated velocity derivatives, the

result is {u)}V.'Vpjoj. The eigenvalues for F' and G' are:

X,,= 1'up/o - X4vp/o
3 J

AV'= 0

XG- - -Yeulo -WvP1o
3 3

0\0'2= 0 60)

The associated eigenvectors for the non-zero eigenvalues are (U} for both
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matrices. If continuity is not satisfied due to incomplete numerical

convergence, the upwind differencing of these terms must be considered,

especially if conservative differencing is used. For any area of the flow in

which the body-axis velocities are decelerated, the eigenvalues of F and F' or

of G and G' may be of opposite sign. This happens close to the body, in

separated regions, and near the stagnation streamline. These error terms viii

then be downwind differenced and may be unstable.
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FINITE DIFFERENCE EQUATIONS

The continuum equations are approximated numerically with finite
difference equations. The finite difference equations are then solved using a
block successive over relaxation (SOR) method. Each column vector in

Equation 31 is differenced so as to model the physical dynamics which it

represents. Second order spacial differences are used throughout. For the

remainder of this paper, U and V will be understood to be 'upo and 'vpo (the

inertial velocities).

A curvilinear, body fitted grid is used to define the mapping to the

computational domain. This is shown in Figure 2. The computational domain

is a rectangular area, in which the grid lines are straight, orthogonal, and

spaced one unit apart (4 1=, Ai)I}. The geometry of the body and grid, and

the velocities are defined at the mesh node points, and indexed by i in the 4"
direction and by j in the ij direction. The metric quantities Xf, Yf, X9, Y9,

and J are defined at the center of the quadrilateral cells bounded by the mesh

points. In addition to the metrics, the pressure (P), viscosity, and velocity

gradients are also defined at the cell centers. The cell centers are defined in

the transformed plane rather than the physical plane, and the geometrical

coordinates of the centers are not explicity calculated. The center points are

indexed similarly to the mesh points, ie., the point (i-#.l/2j-o.1/2) lies within the

cell bounded by (i,j), (i },), (i+1,j-l). These indices will be indicated

using subscripts, and the time level of the variables will be indicated using

superscripts. The index n will indicate the present time, and n-i will indicate

one time step (At) in the past.

Upwind Differencing

26

.'.%~~~ ~~~~~~ . . . . . ..°. . " o ." . "-. .. , _



The velocity components are differenced in time using a first order

backward difference.

-. u "- (U)J - {UYj-' )/At - ( (uN, - Wu)kj-+ )J/At
at (1)

This results in an implicit method with no stability limitations. The time step,

At, is therefore, only constrained by the accuracy required to adequately model

the unsteady flow dynamics.

The convective terms are differenced using three point one sided

differences which are differenced in the upwind direction. The upwind direction

is determined by the sign of the eigenvalue, as calculated by Equation 36. The

upwind differences are, for positive eigenvsluer

-- 13/2 {f)p. - 2 (f) _., . 1/2 (f) _,-

3/2 (g)!'. 2 {gri + 1/2 )'. 2

, 62)

and for negative eigenvalues:

. -3/2 {fNp. + 2 (f)P?.,- 1/2 (f0 ),.

O -3/2 {s)?, + 2 {,). 1 , - 1/2 (,W!p. 2

(63)

One sided differences were selected for these terms because they correctly

modelled the flow of information represented by the fluid, and because they

have dissipative truncation error characteristics that enhance the stability of

the calculation. Metric terms appearing within the flux vectors were calculated

using conventional central differences.

A nonlinear consistency analysis was performed for these terms

differenced in both conservative and nonconservative linearized form. The
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nonconservative form is obtained by evaluating the diagonal F and G matrices
at the ij location for all terms. This is in contrast to differencing them at

each point in the mesh molecule, as is done implicitly when differencing the

(f) and {g) vectors in the conservative manner above. For simplicity, the

analysis assumed a uniform rectangular grid and differencing such that AX =

a and AY = A For the conservative differencing, this results in:

__iupiobupiq) -#- Up obVpQ)at- 87)
= bUp/QUf + U(uf--Vq) + bVpIqUI

- [(2urR)uff + 1/3(u+buP/q)ufI(f )j

- [(v,-R~uj M) + u-qvj

+ 1/3bvp/QuWM, + 1/3uvMj(A7)}

8 (v.pVouPIQ) + ia',vIobvP/Q)

= bU#y + V(Uf-Vj) + bVp1 qv~

-I(vtuff + (uf+4R)vtf + 1/3vuf

.. 1/3bupIQVf#(4r')

-1(2v,-R)YvM + 1/3(v+ vp/Qv (,,,})

oI(A ) .tAi)' ( 65)

The unadorned velocities and their derivatives are inertial velocities at the i,j
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grid point. Using nonconservative differencing for the same case results in:

b b
UPQa-lUplo -* VPjQU /o,

= 1/3bup qu -,1/3

A- A4')IA' 66)

bUpIQi.'vTP/o + bPQ V1

- [1/SbUPQv .](A.)2 - [1/3bvplqqv, ,#(A7 )2  
8_

. O(A V ,67)
Both methods are second order accurate. When compared with

nonconservative differencing, conservative differencing is subject to a diffusion

truncation error whose sign depends on the sign of the rotation and the first

order velocity derivatives, and thus may be stabilizing or destabilizing in

different parts of the flow.. It also includes the velocity divergence terms, as

expected. These latter terms are identically zero in the ideal case.

Numerically, however, these terms may not be identically zero due to many

reasons. These include not solving directly for all of the points in the domain,

but updating them in a point wine or row wise manner; erroirs in the pressure

calculation; and incomplete convergence of the equations in general.

Nonconservative differencing may be expected to be moire robust under these

conditions because of the fewer truncation error terms.

Four Point Central Difference Operator

29
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The pressure gradient and viscous terms were differenced using a four

point central difference scheme. This scheme results from a continuous linear

interpolation operator, which was based upon the ideas of Walitt (Ref 5). The

linear interpolator for some quantitiy, X, with i4_;i-*l, jI7_ j+, is given by.

X1(+1-*4)(17-D .68)

This function reduces to linear interpolation at the boundaries, and at the

center, it becomes the average of the corner points. If the derivatives with

respect to f and i) are also evaluated at the center, they too become the

simple average of the central differences at the edges:

X? (4=iV-1/2,ii-j+1/2) { -X- + X , V., + X!..,., )/4

X, '=12, 7-1} , - X .+ X,.i + X. )/4 ( 69)

The operator is second order accurate, as seen from the modified equations for

the " and 17 derivatives:

Xf (t'=i-*1/2,7=j+l/2) = X f X (-)'24

xf+R Xj(1/,) 218 _ Of(4,I), (An)41

Xq X9=i+l/2,i=j I/2) = X, . X q(A7))'/24

Sxff(g) 2/8 + O((&{ 4' (An)4I I 71)

This central difference operator is used repeatedly to calculate the {hi and {i}

vectors at the cell centers by calculating the metrics and velocity gradient

terms from the surrounding mesh nodes, as in
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Ulii/q2,+2 =~* tI11+ )/4J
U;'- u'.+ up,,)/

" +,/z,-l : ( u 1 i,, 1  * ,, u?.,,,+, )/4
UQi.,li2+It/2 I= ( -I, + .

-- Y!',., + Y.4,,, )/4

,.,, = - -v - v,, + v.., .. ,5,.,. )/4 ( 72)

in order to form the {h) and {ii vectors. Once the (hJ and {i} vectors are

calculated at the cell centers, the four point central difference operator is again

applied to calculate their derivatives at the mesh node point of interest. The

pressure gradient at the node point is also calculated from the cell centered

pressures in the same manner.

Discrete Momentum Equations

When the finite difference approximations above are substituted into
the momentum equations (28-29) the convective portion becomes (for positive

eigenvalues}:

{J/&t + 3/Z(Y,j,, Y-,J bX, by11) Up. - R v..- u(.j * (XI- 111, - x,1 1bu,., 111
n. bp n ~ U

bnb
+ Y _,., ,,,., +x ,1.,., b,_,, u?1._,,,

1.1-1 ~ by ij- V!"-) n

- 1/2(Y;-2 ,i b 2j - X -121,I Vf- 2 j) u1- ,j

j I - 2  ' 1.1- 2) U.12

+ (J/t) u, RHSx

{J/At + 3/Z(Y,,., y,., bup Xi. - X,,.} bypI } *+ R u.

n bn * by.bn)n

- 1 1(' YIi-, .1 Ui- 2, - X i- 2,j - 2,1 ) V!-, 2, 1

* - Yi,,-2 b 2 + X~j- 2  2 ) Vi,'i-2

(3/At) +' + RHSy ( 73)
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with
bu , = ui,1 * R Yii -uq 1o011 ,

bn R= v - R ~ - TQ1oi,

The rotational source terms have been brought back to the left hand side

above, in preparation for the block SOR calculation. In contrast to the {h and

{i} vectors, the metric terms in the (f) and {g) vectors are calculated using

conventional central differences about the node points:

Xfjj= (Xj.,, - Xj_,,)/2

Xii, = (X,5 i - Xij_)/ 2

Yfii = (Yj ji- Yj-j,)/2

Yjjj - (Yi,. 1 - Yi,i-,)/2 ( 74)

Calculating the metrics at each ij location and differencing them with the

fluxes allows an intuitive interpretation of these terms. The centrally

differenced metrics may be considered to represent the face areas of a cell

which is centered about the grid line. Multiplying this area by the velocity at

the line is an approximation to the total momentum flux moving through that

face. These fluxes are then differenced to calculate the net flux moving

through the cell. This is analogous to a finite volume approach.

The force terms become:
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RHSx =1/24 [P/p(Yf - y~)J;I&+2 j+1j2 - [P/P(Yq+y)IPI~-/

-4 P/P(Y~j - Yf)I?..,,j2,ji/2I~ +~ (P/P(Yj +yf)I. 11i 2,+1j2 }
+1/4( UIPJ, I - Ui,12j*1/2 Oi/ 2 j+l 12 - tj-12j-112 -4+1/2,j-1/2

+2(bP 112 .j+112 -~ b. 1/2j+,112  V b 112J-112  W211J-/2
-o.12,j-qf - 9 1%+112,J-1/2 - !12-1/2112 - £i-1/2j-t21

1+j+ 4+1J+1- *jt+1 + * &-1/2j1/2
1

+ up.~,

+4+/2-j +1~ 2b;'112Jie 112 + 5ii1,j1/ - 112Js.12 -S1 l2 jL

* -j+ u., 1 [4-11~2j1/2 +212i+I2 + ?aZj. g%;Lj 2,j+,121
+ - -q1-q 14 ~ 1f,-/2--112-1/2 - 2V.i.j12 112 ,-1/2JI112

+ -I 1/4 4 2+ I-112 i4112 4+12ii2 -9;'12j-1/~I 2 l2 - 1 i B-/211

-~~ 1gPI2.+/ -+ £.112,i+12-11i12 -£q2j1 - -121/2

+ UP n
4. I V 14  I2.j+1/2 + gi4-1/2,j-112 - g?.112i 1 1I2 - 12i/2

+ ,- 1g 1 12J-11el2 -" 91/2,J.112 - 4i.112J4.1/2 4+l1/2,1/21

+Hy 1/2(~ 1Sj..pjjq1 XfI+12,j12 - [P/P(XI +1 - II12./

+ 1/v I - 4.112,i12 4 -1/2j12 -12.1-1 U 4 1/2i-1/2 75

+ =P

Again, te quatiies [t 112-1 j*1 j12 aredeine/2,te enes f hecel
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The nine point combination of velocities representing the viscous

contribution is still second order accurate. As an example, consider a straight,

uniform, but not necessarily orthogonal grid in which a, -y, and ft are constant.

For this caue, the viscous terms (RHSvj become:

RHSvj.,x S - ) u ' -t- (a - g) u 'Ij/2 -i (a - g) u?.,LI/2
(a+ g) 0-1,1/2 (a+ g) 0-- 1/2

(a - 2b +g) u , 1. 1/4 -i- (a + 2b -#- g) u .,, 1
+(a + 2b -* g) u '1-/ + (a - 2b +g) u ',,-/4 (76)

The other component has the same form. When Taylor series are substituted

into the equation above, the modified equation is obtained:

RHSvi..x =a uff - 2 b ufq + g un- + a(4), ufff/12

01(A)) 2 ufq-q-q/3 -g(Ai$ uq-qqq/12 + ~ T1A)1(j 7)

The cross derivative term has appeared implicitly even though it was not

expicitly written into the original difference equation.

Next, these equations are solved for 0~ and v?1. This requires the

solving for them simultaneously, since the rotation terms couple the two

components together. The equations may be put into the form JAIju}=jBj,

where JAI is a two by two matrix and (B) is a column vector containing all of

the terms except for the ones containing u!- and vP1. The elements of JAI and

Bf are (for positive eigenvalues):

At A22= J/At -s 3/21(Y, - ~i bu~k (Xt - X,1)11 b1~k I
+ 1/4(&Ia. 1 2,.I, 2 -" -1/2,j+112 + a10.1/2j11 2 +4 t/.-2

- i+1j+1 - b!' 1 2,~ 1 - b ,1', 1 1  bf
* g 1 12 .1 12  + gap-I,2,1+12 91+11,1~-112 + b-/,112

AM --
A 2 1 -R (78)
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CONCLUSIONS AND RECOMMENDATIONS

The objective of developing a method to calculate the laminar

incompressible Navier Stokes equations about arbitrary bodies undergoing

arbitrary motion was not completely achieved.

The derivation of the Navier Stokes equations for an accelerating

control volume was accomplished. The nonconservative and strong

conservation form for these equations, including viscous terms in conservation

form, was derived. The use of inviscid boundary conditions allowing

disturbances to exit the domain was also investigated, but not conclusively

demonstrated.

The numerical solutions have been characterized by slow convergence

and difficulties in conserving mass throughout the domain. There is some

evidence to suggest that there are long period periodic error components

which are not being eliminated by the relaxation method used to solve the

equations.

It is recommended that further investigations be conducted to resolve

these problems. Approaches which might be profitable include:

1. Abandoning the cell centered pressures and artificial compressiblity

method in favor of the more traditional Poisson equation for pressures

evaluated at the nodal points.

2. Using a different method to solve the discrete equations. Possible

candidates would include using a conjugate gradient algorithm to

minimize some measure of the residuals, and multigrid methods.

3. Investigating different boundary conditions, particularly for the cell

centered pressures.
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The pressure contours highlight the asymmetric nature of the solution.

They also indicate that there may be some difficulty in the forward stagnation

region. The change in slope crossing the periodic boundary is an indication
that a similar error to that seen in Stokes first problem may be occuring. I

The remaining two frames show the global domain. Once again, the

major effects of the solution are confined to the immediate vicinity of the

body, indicting a lack of convergence in the flowfield. j

j
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free stream condition for this case. This is also shown by the streamlines,

pressure contours, and vorticity contours.

The remaining plots show the same information, but for the entire

domain. Some pressure influence has propagated throughout the domain in a

symmetric fashion. The looping shape of the pressure contours suggests that

there may be a periodic error which has a period of one half the width of the

computational domain.

The third test case is the same circular cylinder which has been

impulsively accelerated from rest to a constant speed at a Reynolds number of

20. .At the time of the results shown in Figure 8, the cylinder has moved a

distance of 0.4 diameters Ten time steps have been used with 20 SOR

iterations at each time step. The inviscid boundary conditions have been used

at the far field.

The inertial velocity vectors of Figure 8& indicate that very little

acceleration of the flow is taking place at the midpoints of the cylinder and

the wake region shows little deceleration of the flow except in the immediate

vicinity of the cylinder. The flow is also not symmetric. These observations

are also indicated by the body-axis velocity vectors of the next plot. This plot

also indicates that the flow is attached all the way to the aft stagnation point.

The third view shows the streamlines. The stream function vas

calculated by integrating

fi = pbuPI dy - f pb;*p/q dx t93)
along the radial grid lines extending from the surface out to the exterior

boundary. The streamlines are lines of constant *. The trapezoidal rule vas

used for integration. A careful comparison of the body-axis velocity vectors

and the stream function contours shows that the velocity vectors are not

parallel to the contours, particularly in the region above the cylinder. This

indicates that mass is not being conserved in this region.
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program is having difficulty in eliminating errors in this area. During the

initial stages of the calculation, the magnitude of the velocity was seen to

decrease &cross the entire domain except at the very last point. Here the

velocity was set equal to the velocity at the other side of the domain because

of the periodic boundary condition. The error in the velocity thus had a

sawtooth pattern. As the calculation was iterated, the mean value of the

velocity at a given height increased, and the magnitude of the sawtooth

decreased. The pressure contours are reflecting this error in the velocity

calculation.

The final plot from Stoke's first problem shows contours of constant

vorticity. As expected, they are parallel to the surface. Since the ideal

pressure gradient is zero, boundary layer theory indicates that the velocity

profile next to the wall should be linear. Thus the normal derivative of the

vorticity should be zero. The wider spacing of the vorticity contours next to

* the wall indicate that this condition is being approximately satisfied.

The next case to be considered is a circular cylinder in pure rotation.

Figure 6 shows the grid used for this case. It consists of 416 points in the

circumferential direction and 41 points in the radial direction. The radial

distribution is geometrically stretched so as to maintain a constant aspect ratio

for each cell. The outer boundary is at 25 radii. The rate of rotation was

chosen to give a Reynolds number (based on the diameter) of 100 at the

cylinder wall. Dirichlet free stream boundary conditions were used again for

this case. 100 time steps have elapsed, with five SOR iterations being

performed at each time step.

The inertial velocity vectors are shown in Figure Ta. It can be seen

that the solution has hardly progressed from the region in the immediate

vicinity of the cylinder. This is also shown by the body-axis velocities shown

in the next plot. The no-slip boundary condition is enforced and the flow

rapidly transitions to the apparent solid-body rotation which represents the
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Two time steps were used, with 100 SOR iterations at each time step.

A single iteration consisted of relaxing each point along a line of =constant

starting from the wall and proceeding outward to the outer boundary. This

sweep was applied to each vertical grid 'ine, moving from left to right across

the entire domain. It was then repeated while moving the line sweeps from

right to left, also sweeping from the wall to the outside along each line. A

relaxation parameter of 1 was used. The elapsed time was chosen so that the

top of the domain at the final time corresponds to i) = 2, where 17 is

Schlichting's nondimensional height, i) = Y/(2Vi/t. The plate is moving from

left to right.

The inertial velocity vectors shown in Figure 5S indicate the unknowns

for which the equations are solved. Plotted for comparison is the exact

solution. It can be seen that the qualitative agreement is good. The flow is

parallel to the plate and the profiles at each location are the same. There is

some numerical disagreement. This may be due to the small number of large

time steps and the attendant lag caused by the truncation error. It may also

be due to a lack of complete convergence in the calculation. The velocity

profile was still evolving slowly when the program was terminated after 100

iterations.

The next view in Figure 5 shows the body-axis velocity vectors. These

show the boundary layer profile and illustrate the no-slip boundary condition

at the wall. The streamlines presented in the next view are also consistent

with the velocity vectors, indicating parallel flow.

Figure 5d presents lines of equal pressure. The spacing between the

lines corresponds to a change in cp of 1.6xLO. This verifies that for the outer

bounday conditions chosen, the pressures are essentially constant. Over most

of the domain, the pressure gradient is also zero. However, near the corners

of the domain the large relative changes in the pressure indicate that the
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COMPUTATIONAL RESULTS

The numerical experiments which have been performed indicate that the

method is promising, but not yet fully developed. Test cases which have been

tried include Stoke's first problem, a circular cylinder in pure rotation,, a

circular cylinder in pure translation, an elliptical cylinder in pure translation,

and an elliptical cylinder in pure rotation. The results from the first three test

cases will be presented to illustrate some of the problems that have been

encountered.

Stokes first problem consists of a quiet fluid bounded by a flat plate

which is infinite in extent in both directions. The plate is instantaneously set

in motion at a constant speed. This results in a shear layer next to the plate

which diffuses upward as time progresses. The exact solution for this ease is

presented in Schlichting (Ref 7). The pressure should be zero throughout the

domain, and the flow is parallel to the plate. In addition, the velocity profiles

at each location at a given time are identical. This case was selected as a

benchmark because it has an exact solution for comparison. It is sensitive to

the pressure calculation and the flow is parallel to the outer boundary, which

provides a difficult test of the exterior boundary conditions.

The computational grid for this example is shown in Figure 4. It is a

uniform rectangular mesh with 16 points in the t direction and 41 points in the

7) direction. Periodic boundary conditions are applied to the ends of the

domain (t=1 and t=16) Since this is a simply connected physical domain,

rather than the doubly connected physical domain surrounding a closed body,

the periodic boundary conditions can be regarded as simulating an inifinite

series of domains stretching to the right and left of the domain under

consideration at a given iteration. For the results shown in Figure 5, free

stream Dirichlet boundary conditions were applied to the top of the domain.

Thus this calculation is equivalent to non-steady Couette flow.
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along the entire boundary. Note that this is similar to applying Dirichlet
boundary conditions at phantom grid locations just outside of the boundary.

This had a negligible effect for translating eases, since the eigenvalues on the

dovnstream side of the grid resulted in differencing into the domain.

Pressures were assumed to be zero outside of the domain. This vw

modelled after the common experimental observation that the static pressure

rapidly returns to the free stream value s one moves away from the body.

Since the outer boundary vas typically more than ten chords avay from the

body surface, this vs judged to be a reasonable assumption. It also has the

effect of fixing the value of the pressure, since the absolute value of the

pressure is arbitrary, and only its gradient affects the fluid dynamics. The

effect of the ass;umed pressures outside the domain on the pressures inside is

felt in an indirect vay. The outside pressures only affect the velocities on the

boundary. These velocities are then used to compute the pressures at the

centers of the cell just inside the boundary.

No means were explicitly employed to ensure that the net mass flux

through the entire boundary ws conserved. It was assumed that the pressure

calculation would enforce the conservation of mass throughout the domain.

This is the principal deficiency in these boundary conditions. It is especially

apparent for symmetric eases involving flow parallel to the boundary, such as

the ase of the circular cylinder in spinning motion. Here there is no

constraint, to ensure that the velocities at the boundary are directed in a

strictly tangential direction.
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r terms. Viscous terms were neglected at the boundary since mathematically

they are elliptic in nature and require values outside of the domain. This is in

keeping with the observed fact that the Euler equations are a good

approximation to the flow outside of the boundary layer. If the fluid was

flowing into the domain, the upwind difference formula required inertial

velocity values outside. These were assumed to be zero, corresponding to

undisturbed fluid. If fluid was exiting the domain, the upwind differencing

Uonly required values inside and at the boundary itself, and no boundary

condition was required for these terms. The determination as to whether fluid

was entering or leaving the domain was made by examining the sign of the

eigenvalues of the convective terms.

Two variations were tried for the outer boundary conditions. In the

first, the eigenvalues were computed in the same manner as in the rest of the

domain, that is, based upon the body-axis velocities at the boundary points.

The second method was similar to the first, except that the inertial velocities

were ignored. That is, bVplq was assumed to be approximately -'VQo for the

purpose of determining the direction of the upwind differencing. This is

generally a good approximation, since the exterior boundary should be far

enough from the body that the inertial velocities will be small. For most

eses, there was a negligible difference between the two methods. The second

method was somewhat better in the event that the exterior flow is essentially

parallel to the entire outer boundary. An example of such a situation is the

flow about a c&,cular cylinder in pure rotation using a polar grid. If the flow

had a slight outward component, the undisturbed condition existing outside the

domain had no influence at all on the flow inside the domain when the first

method was used. There was nothing to fix the value of the flow at the

boundary. With the second method, the algorithm was biased slightly by

differencing outward when the eigenvalue was exactly zero. Thus, for caes

such as the rotating cylinder, the differences were in the outward direction
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BOUNDARY CONDITIONS

Three types of boundary conditions are required for this problem. The

computational domain is bounded at the bottom by the solid body, at the top

by the fluid outside the computational domain, and on each side by the

opposite side of the domain.

At the surface of the body, the no slip condition is applied. This

requires that

V = 0 ( 91)

When applied to the inertial velocities, this requires that 'Vpjo = 'Vqo, where

point Q is taken to be the point on the body at which the boundary condition

is being applied. In other words, the velocity of the fluid must follow the

velocity of the wall.

The periodic boundary conditon at the sides of the domain results from

making a branch cut from the ouside of the physical domain to the body in

order to map the doubly connected physical domain to a singly connected

computational domain. This boundary condition was enforced by taking points

from the opposite side of the domain when the difference formula would have

required points outside. The points at I = and " = iMAX were at the same

location, and represented opposite sides of the branch cut. For example,

*values at i-I in the finite difference stencil evaluated at i=1 were obtained

from iAX-l. In addition, the values at i = iMAX were set equal to those at i

= I as soon as they were computed.

* The boundary conditions at the outer boundary were designed to allow

undisturbed fluid ('Vpto=0) to enter the domain where the edge of the domain

is advancing, and to allow disturbances, particularly the momentum defect in

the wake, to exit the domain where the edge is retreating.

This was handled through the upwind differencing of the convective
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boundary conditions.

An alternate pressure calculation to the formula above was also

investigated. For an inertial control volume, consider the ease in which the

velocity divergence is locally constant over an entire cell in the computational

grid. For this case pJV.V represents the net mass flux out of the cell. The

equation above can then be interpreted as relating the pressure within a cell

to the net production of mass within that cell. The net mass flux may also be

calculated by integrating around the boundary of the cell. This suggests:.

AP =-2 0 (J/ IAt(a )I}A1' ( 88)
with:

Al+ pbupQ dy - pbvp/ dx ( 89)

If trapezoidal integration is used on each side of the cell, the discrete

approximation is obtained:

Ap,.,1.i.,= -Q- p Ji,112+,/ / [At(a1, 1 ,2. 1 /2 + 7.,/21,j+,2)l

1( u, .,.,-bp~ ujYi.,-Y,.,.,}

*(bun bnJ YY

i,, -vnbv )(XX), ,Y

(Iv!,.I-bv;.,.,,iX ,I.,iXii) I ( 90)

This method converged faster than the first. It was also possible io use the

conservation form for the momentum equations for this method, whereas the

original one led to instablities unless the nonconservation form was used.
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calculated (as in Gauss-Seidel iteration), and so storage at both iteration

levels is not required. The calculations above are iterated at the same time

step until sufficiently converged.

Pressure Calculation

The velocity calculations above depend upon the use of the pressures to

enforce the conservation of mass while iterating to convergence. The artificial

compressiblity approach was selected for the pressure calculation. In this

method, the change in pressure between iterations is proportional to the

velocity divergence (Ref 6). This approach has been shown by Hodge (Ref 7)

to be equivalent to the SOR solution for the Poisson equation for pressure for

inertial control volumes. Hodge also presents the optimum acceleration

parameter, 40, for this calculation as

a ,J2  [At(a+7 )I ( 85)

&P = -p4Ve1 V1 0  ( 86)

When applied to the pressure calculation, this results in:

AP. 112 ..112 = -0 Ji, ,2..l12 / [At (ai, j.11J.,12 + /i ,j1)l

S(Yi. 1121,i 112-Yfi 1121,.i 2 ) U11 1i + (Yi44l2,+,/2_Yf+.+2) u,,

+ (Xq+1. 2 ,i 112-Xci.q1 2,i+1, 2 ) uvi. - (Xfs.1 ij2 1i 2-X i1 i 2 ,ij 2 ) v1,.'1

(X, 1 .jig+ 1/2-Xfi, 2 , 11 2) vT11 + (Xq .1 2,,j,1/ 2+X, ,.1 2,. 1/2) vf.,. 1 I
(87)

at the cell center. One advantage of this approach is that the pressure

calculation itself requires no boundary conditions, since the pressure is only

calculated at the cell centers which are wholly within the control volume.

Pressure boundary conditions are still required for the momentum equations,

but these may be be easily implemented for both Dirichlet and Von Neuman
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B2 - 1/4a:-11,2,1/2 + 1 i-,/-I/2 - 4'-12,j+1/2 - ,-1/2,j-1121 v1'. .

1/4 1 -4-1~2.j-2 - .112,J-1t2 + £i-l/2,i-112 giil,2J-1 2] vj,-,i/yi ,bU( , b u v
*/Zy',,U1 2..1~ - XQi,i X2,ji v* 2 ,i

+ -2 ,ba - Xi, 2bvi, 2] .VP.

+ - '-qij,, + i,,i X 1 .1 1 q+2 )ij
bn! bnP

+ /4Ujqj.j + a.1.i 2 ii - eL.1/2j./2 - g!& 112.i-1/2)I Vj'.I~

+ [((-Yfijj bI + Xfi,i * vi?,)

nn1/4 [ I/-,1 - b-i/2je I2 + &1'.12j+12 + gi.q2, 1.2)I l'j+

+ 1/4a4-.1/2,~.+I2 - 2b'..112, 14.112 + 912j1/2
1 ViI,j-t

+ 1/4I2j.i/2~a~ + 2bkl.1 2 l/1 2 + I1112,i~qi/2 VI-j..1,*

1/4 a. 1 /2,i-/l - 2b",-,i,lt + gi-+.2,i-121 V-t I-L

*1/4a1/Z-i...112 *b112J1..112 -*'9;kj2j-qI vpj 11

+ 1/2( [P/p(Xq Xf)I1.112j+I2 - P/P(Xq + Xf)Iz2llj,.2

+ IP/P(Xf - x 1 - [P/P(X 1 +
(3/At} v -  (82)

The equations above have been grouped so that if sufficient storage exists, the

metric quantities in brackets may be calculated once during grid generation and

stored for use during the flowfield calculation.

Solving for u!,- and v!,.:

= (BI A2 - A12 B2) /(Al A2 - A12 Az)

= (B~ At, - A21 B1) / (Al, A22 - 12 A2 1) ( 8)

The block successive over relaxation algorithm (SOR) first calculates the

velocities at a point, as above. It then over relaxes the velocities using the

relaxation parameter, 0, as.

0,;" l = 0 , + (1- ).,,,

v 0 v'?, (1 - 0) vgp(- ( 84)

where the superscript (s) indicates the present iteration level, and (s-I)

indicates values at the previous iteration level. 0 must be less than 2 for

stability. The computer algorithm replaces the values at ij as they are
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j-11 - w7

For negative eigenvalues, the equations become:

At, A22= J/At - 3/%fYll - Ye)1 bu?~-4 (Xf - X,-, 6vj

41/4f6 .I.a1,q/ + 4Ui/2Ij+112 "' 12,j-if " 4-/.i2

-oI/q2.j.4,2 - bp12j12- bP Mqj-112 +i ~ /2i12

d £i112I*j2 + L-/2,j.1/2 Sf./.-/ +I-/j12

At 2 -R
A 2 1  R (30)

B1 = 1/41a-.t/2,i.12 li tj.1 2,j.112 - £?-tj2,i~tj2 - e-i-,1:I U. t4
+ 1/41-j-a 2 j.112  - 1~z./212- eiit-f 9£?+.q121 Uij...L

+ /Z i2,j zup. - X,,zb u?..2,1

+ I/2fy'q,, 2 u 1, 2 - X,,, ,1 2 1 Usp1.2

4 1/4(?.. 11...,I + ~ £?../Zjfi2 - £.j-ij2)I u?..11
E J 2t-Yf..j. 16u 1, + Xei,1,bvPj.a

41/4--hII 12j.a/ - 4-12J 1 12 91+1j12*9-12j121UP&
+ 141+11,j1/2 1+12.+12 gM+/2jj2 £.l/z~i/2i U,

+ l/4jmaI/.i + -b /,+/ 9p 1/a21+1/2 1 up III.,

+ 1/4a/..11 I,1 2 + 2b1. 112J1 2  91+1,-1/2q~ Ui+IJ44

41/4a 1 1/2.j1 /2 - 2b!..a12J.1/2 91!&./2.i-an 1/2 1 j...ji

41/24 IP/p(Yf - Y,)?.112.i1 /.1 2 - IP/P(Y'q--YAX01,-/

+ IP/p(Yq - YfJI?..a,2j...,2 + IP/P(Y,, + yf)I?..h,2,l+a,2 I

4 Jat) unj1'
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In

+ /4 (v-I2.-/zi2 + ti112J-12 - Sip-/2j1/2 94 11.iz-121 Uj II

I l 2(Y, 2 bu. 1 - X1 ~,bn .. 1
-~~~~~I I/iIjr2U . * X,,1,j- 2b U1 ,1

+ '/I4'a'jI2 j 112 .1/2 + £a1/2.j.1/2 + 9Ij+I/2,j-I/21 U.J,

+ /taIlz /2i,2 Ili- 12.j-2 -l £?q 21 - £.I22a2
+ 1/4a? -1i 2 11 2 - 4+?112 J-,112 + £.1+2j4.I2 U.9I1J-12 p,~

*1/4Ia ..Iftj+1/2 + 4b? 1/ 2 ,+1/ 2  - qi1I2j+I2I- i.aj...a ij+

+ 1/4(1a1,i2 - 2b1/2j-9,112 + St I+a,.

*1/414?..112,i11a2 - 2b?..,j2,j...q2 * SIL1.aj1/2 uf....

+ 1/2( [P/p(Yf Y,,)1'.1,2j.112 - [P/P(yq + yfA)I/2aIti 2

+ IP/p( y f Y)I. 2.j1112 + [P/p(Y~j + yf)?.1 2,,1

+ (3at) U'Il1

B2  = 2 yqi-ib I-IJ xp-JI
+1/4(a4./2,1/2 -# 4i-112J-112 - SPI-/2j1/2 - £i2.-1-/2)I V~k-,

b I2( + ifi~abu bva

+ 1/4(-s..12l../2 -a4*112,1-if12  £1I-12,-t/2 + 9p1*lj2,j-tI2)1 I v?..
- /21y,,,.. 2, %!1- 2, - Xq, I -2 ,j V!1'2,,

- l/2IY,,1, .I-u~ - X~,,1,. 2 n ?. 2
*1/%Ya4 i.1I2 2 ij a* 1 . 1 2 ?11,./ V;-2 5412i12 ,.,

+1/4(-tP.,/2.I/2 - 4-12j+1/2 + 914-112,.i+12 + Ii-112j.1/21 11+

+ 1/4(ia4j1..,,,I2 - 2bl.112,.,112 + £!.+112,i 1 /q2 V~4.,.1
+ 1/41a/. 1 /2 + 2b?.. 1/2,j1 /2  gfi/. +12 Y IP1,+

-I 1/4(4+.112,j1 /12 + 2h?, 1/2,i 1/2 +£['?..iz-1/2 Yj*1,1...

*1/414-112J-1/2.q - 2b.. 1/2,i...1 2 + g£?..12 V-,(2 J
+ 1/2( IP/p(Xq - Xf)I?..,/21*, 2 - I P/p(Xq + f112jt

+ IP/p(Xf - X,,)I?..1 2,i-.112 * P/p(Xq + Xf)1I?..a 21...a2 I
+ (3at) V" T 9)
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""-. Inertial Velocity Vectors

Figure 5a. Stoke's First Problem
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-"Streamlines

cONToUR SPAC ING IS .50000E-01

Figure 5c. Stoke's First Problem
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Pressure Isobars

CW4TOUR SPACING IS .20000E-09

Figure 54. Stoke's First Problem
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Vorticity Contours

CCN70OUR SPAC ING IS .10000OE+00

Figure Se. Stoke's First Problem
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Global View

Figure Oz. Computational Grid- Circular Cylinder
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Expanded View

Figure 6b. Computstional Grid- Circular Cylinder
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Body-Axis Velocity Vectors
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Pressure Isobars

Figure St. Circular Cylinder- Pure Translation
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Figure 8e. Circular Cylinder- Pure Translation

75

. ,; ..,:. _. -- ." ..., -. ......,- --. ,, . , .. , . .



- -
. ~-,-r'~-

Pressure Isobars

/

------. '.'

/
,--- ~ V -~

ii.7-
,- ---- 7~ ~ ii - - -/4 

N

//~ 7,/I

~ -

\\ ~T.
N. z

/
/

Figure Sd. Circular Cylinder- Pure Translatioa

74

-. .-. ** * *... * -.. .. ,.. - - .. - * - - - - ~ -
------------------------------ -



Streamlines

---------- ----

/
/

_ - .-. . -- ,-

Figure 8c. Circular Cylinder- Pure Translation

73

:i:.i';: i: i:,-'_, 'i:" ': ':-'? " ''- .. ?- i :",': -. . i :'-:' ".". .. .--. . ".- "- .. - .



Body-Ans Velocity Vectors

- -

~z-IH5
~ Z-2-

-~- -.-- -
- .. ~

~~~~-11--

- ~ -

..- -... -~. /
<b....>.) 'S..' -

-~

~ ~ -

~ -~
- * - --- ~- -

~ -------

- - .- -

Figure Sb. Circular Cylinder- Pure Translation

72

-. . - . .

.. -

- .~.. .- -. ..--. ( - S - -



Inertial Velocity Vectors

Fiur Sa Cicua Cyidr-uernlto

77



Vorticity Contours
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Figure 7j. Circular Cylinder- Pure Rotation
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