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ABSTEACT

Markcv chains witk large transition probability matrices
cccur in many applications such as manpower models. Under
certair corditions the state space of a stationary discrete
rarameter <inite Markov «chain may be partitiored into
subsets, each of which may be treated as a single state of a
smaller chaian that retains the Marxov property. Such a chain

is said to he'"lumpatleﬁwénd the resulting lumped chain is a
special case of more gemeral functioas of Markov chains.

There are several reasons why one might wish to lunmp.
First, there may be aralytical benefits, including relative i
simplicity of the reduced model and development ¢f a rew

N

nodel which inherits known or assumed strong properties of

4

the crigiral model (the Mdarkov froperty). Second, there nay
te statistical benefits, such as increased robustness of the
smaller chain as well as improved estimates of trarnsition
protatilities. Finally, the identification of lumps may

e L

provide new insignts about the process under investigation.
However, a problem that arises in connection with frac-

]

tical agplications c¢f Markov chain 1odels is to deteramine !

whether the chain is lumpable. This is especially difficult 5

when the matrix P = [pgir ofi transition probabilities 1is i

estimated from transition data. 1In this case, 1t is desir- 3

r‘ avle to find bounds ¢r A, the largest error, ?y- F}j s, 1in !

-

estimating Fy o for all i and j.
[ - This thesis examrines the sensitivity of the luzping

conditicns ,Lased on f, the estimate of P. In gemneral, it is
R found that the classical 1luaping conditions are extremely
sensitive to the estimation error waich can be expectei to
cccur even with large data sets. Thus, these conditicrs nmay
.- te of limited value ir many actuai applications.
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I. INTBODUCTION

Markcv chains with large transition probability matrices
occur in many applications such as manpower models. Under
certain conditions thke state space of a stationary discrete
parameter finite Markov <chain wmay be partitiored into
subsets, each of which may be treated as a single state of a
smailer chain that retairs the Markov property. Such a chain
is said to te "lumpakle" and the resuliting lumped chain is a
special case of more general functions of Markov chains.

Ccnsider a Markoev chain {{:t = 0,1,2,...} with finite
state space S = {1,2,...,n}, stationary transiticn fprob-
apility matrix P = [pg}, and a priori distribution of
"initiali states", po = (R°,pf,...,33). Let S denote a
nontrivial partitior of S into wm< "lumps", say
5= {I(),1(2)s-.asL(m}. If {Xg} is lumpable with respect
to 5, denote by (%} the lumped chain with state space ¥ and
transiticr protability matrix T.

A well-known characterization [Ref. 2] is that ({X,} is
lumpatle to [X.} if ard only if there exist matrices A and 3
such ttat

BAPR = PB (1.1)

where B consists o¢f m nonzero ortnogonal n-dimensional
column vectors whose components are zaeros or ones, and A is
E' with rows normalized to probability vectors (i.e,
A = (E'B)ytB'). The fcsitions c¢f the 1's in each column of 3
corresyond to states in S that together foram a lump ir 3.
It fcllows that if BAFE = PB is satisfied, then P = AFB3 as

is shcwn in Chapter 2.




Many of the mathematical Juantities associated with {X

e}
can ke transformed directly to corresponding guantities for

(X7}, using the lumping matrix B. IL Chapter 2, for exarmple,
we show that if an original Markov chain {¥X,} is lurpable to
{f:} ani {?;} is furrther lumpakle to [fz}, then {X,} is
directly lumpable to {X,}, and we give the lumping matrix
for {?i} in terms of the uanderiying two lumpings.

There are several reasons why one might wish to lump
[Ref. 1]. First, there nmay be apalytical benefits,
including relative =simplicity of the reduced model and
develcrment of a new molel whkich inherits known or assumed
strong properties of the orijinal model (the Markcv fprcp-
erty). Second, there may be statistical benefits, such as
increased robustress of the smaller chain as well as
improved estimates cf transition proktabilities. Firally,
tle identification of lumps may provide new insights about
tae prccess under investigaticr.

dfowever, a problem that arises in connection with frrac-
tical arplications c¢f Markov chain modeis is to deteraine
whether the chain is lumpable. For chains with large state
spaces 5, 1t is practically impossible to use an exhaustive
search to determine whether liumpapility conditions such as
thiose given in equaticn (1.1) are aet for some matrices B,
tecause cf the large rumber of ways partitioning S, i.e, the
larje ruarter of candidate B matrices. For example, if S has
1) elements, there are 115,975 partitions of S.

Ancther problem is to estimate the aatrix P = {F.} of

transiticn probabilities and to £ind bounds on A, the
largest errcr of ﬁg- 55 ror ail i and j. We shall investi-

Gate the sernsitivity of the lumping conditions in equation
{1.7) <fcr wvarying A. 1f {Xy} is lumpable with lugping
gatrix 2, 1s coeonditicn {1.1) satisfied with P replaced Ly

. . ~
the estigate P?

bt e

A9




This thesis will attempt to e€xaamine the sensitivity of
the lumping conditions based on reasonable estimation erzcrs
/N wvhen P is not kncwn and must use estimated by 3. Ae
lescribe these facts about lumpakility using eigjenvalues and
€eigjenvectors, 1irncluding the theorem mentioned Lty D.R.Barr
and M.O0.Thomas [Ref. 3]. We do not review elementary
concepts of Markov chains here; the reader may wishk to
consult [Ref. 2] and [Ref. 4] for review of tasic facts ard
specific terninologies such as lumpability, regular ¥arkov

chain, etc.

10

o .. . ) N - P N " N N A P LA PO




Tr~' p— - ——— - rus . - ‘.YAF - - R I S i - i . A ESASETA MR A ]
g .
{ .
' (
ﬁl . II. JHEORY OF LUMPABILITY (
This chapter will cover generali facts about lumping such
as, corditions for 1lumpiny, the nuaber of Fpartiticrs
fossitle for any given size of state space 5, and thecreas |
associated with eigenvector conditions for Markov chain
lumpakility.
A. CCNDITIONS FOR LURPING |
Ccnsider a HMarkcv chain [X:t = 2,1,2,...} with finite
state space 35 = {1,24--.-4:}, statiorary transiticn fprcb-
ability matrix @2 = {pg}, and a priori distributicr of .
"initial states", ¢ = (Ho'Pf'°“'EP)' Let S denote a
nontrivial tartition of S into o < r "lumps", that 1is
T = (L(1), L)y «-., L(m}. If (X} is lumpakle with
resgect to T, denote by {f;} the lumped chain with state .
space S and transitior probability matrix 7.
%€ ncw show that if the conditiom (1.1) for lumpability
with respect to the lumping matrix B8,
®
BAPE = PE (2.1)
is satisZied, then tre lumped transition matrix P is given .
- k},
[ P = ap3 (2.2) ,
e
g
i Ercc:. :; is the sum Z:p“ , woere L(j) is the partition
! S . kely R .
! subset cecntaining 3 e S andﬂl is any element of L(1). By
.
9
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the lumpabilbility condition, this value is the same for any
i € L{(i). But the product PB sums the columns of P ir accer-
dance with the partition subsets indicated by the columns of
E. Hence, PB is an n x m ®atrix with rows repeated in acccr-
dance withk the partition sets I(1), L{2), ... , L(m); the
effect of ypre-multigplying by A = (B'B)"13' is to "averagye"
these commcn rows yielding ap m x m matrix P without the
repeated rows. But such "averages" are just the common rows
reing averaged. Hence, T = APB is the m x m transition
matrix of the lumped chain with State Space
{(2(1) ,1(2) yeaesl(m)}.

Exacple 1. Consider a trapnsition probability matrix P
with 4 states which can be partitioned into
5= (011,{2,31, {91 = (L(N,L(2),L(3)}. Let

w4 1716 3,16 172
P = 0 W12 1712 5/6
0 1712 /12 5/6

7,8 1732 3732 2 .

Then

c 1 9 0 0
0 and A=1(0 0.50.50
¢ 0 0 0 1J .
1

O O O
O e ma O

Ve krnow eguation (2.1) 1is satisfied with partitioning

S = {1(1),L(2),L(3)}. Thus, the lumped t insi*icn matrix is

0.25  0.25 0.5
AP = T = |0 0.167 0.833
0.875 0.125 b .

Many of the mathematical cuvantities associated with {Xt]

can te transformed directly to corresponding guantities for

12
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(f;}, using A and B cf equation (2.1). For example, since
AB is the m-dimensioral identity matrix, it follows that for

s a positive integer,

L T . ‘?

|

3
;
'td
i
o
.’}
}

(B} = (apsf = A(PE)A(PB)...A(PB) = AP%3 (2.3)
We now show that (Bf = ap®s
(Y = (APB) (APB) (APB) . . . (ADB)
= AE(BAPB) (APB) . . . (APB)
= AP (PB) (APE) . . . (APB)
= AP2 (BAPB). . . (APB)
= AP2PB. . . (APB)
3 = e e e
q = aPSB .
.
_ mut A:%8 = PS, since
g BAPB = PE
Tr‘ EBAPB = P2B R
3 BAEBAPB = P2B R
% EAP2B = P2B
e o o e o 4
F‘ EAPSB = pSp , %
so 2% is lumpable with the same matrix B and ;{ = apS3, F
{ This inmplies in turn that if {X;)} has steady state distribu- j
; tion T, then [X,} has steady state distribution T = WB.

Theorem 1. The steady state distribution T of the

e

3
¥
r
»
H
¥
in
¥

I BRI

g lumped ctain {iz} is B where T = Tp.

Froof. T3 = (wp) B ®
f = Ta(ap3) )
g = (T8)7? :1
; Therefore, T\" = TrB. .i
f -1
' 13
L-
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Similarly,the a priori distribution 63 of the initial
state of the lumped chain corresponding to that of the orig-
inal chain p9, is given by DP9 = poB, since by equaticns
(2. 1) and (2.3),

pOPSB = pOp ... PB
= pOP ... P3APB
= po2 ... PBP

poBPT.

Note that p°P B 1is the distribution of lumped states cccu-

Fied ry the 1lumped chain after s transitions. Since this
egquals p°E§§= 555{, it follows that 53 = pOB.

Q) B. PABTITIONS OF A SET OF STATES

S The matrix B consists of m nonzero orthogonal

: n-dimensional column vectors whose components are zeros and
cnes which determine a specific partition of
S = {1,2,0..,0}. Example 1 illustrates this, where ‘the
state space S = {1,2,3,4} is partitioned into

S ={{13,02,3}, (43} = {L(1),L(2),L(3)}, and

0 o0
1 0
1 0

OC O O -

0 1l.
Permutations of these <cclumns give a matrix which also
lumps ({X,}. In order to see this, let B™ be B with cclumas

v

rermuted in some order. Then g = BI®™, where I is the iden-

tity matrix with its columns permuted in the same crder. Now
if BAFB = PB, then

14
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B* N pEX = p*(p*r¥r15¥pa®
= BIT* (T*B'BI*)11¥B'pPRIY
- = BI* (T*y (B'BY? (I*)2 *¥BrpRTY
= B(B'PEY)B'PBI¥*
= papBI¥
= pBI¥®
= ps% ,

so it follows that {¥;} is also lumpable with respect to the
matrix 5%,

Now, how many candidate lumping matrices are there? This
would be the number of partiticns of S. [Ref. 5] gives a
recursion relation for the number Ay of ways of partitioning
a set S = {1,2,...,N}:

N-1 i
N-1
Ay = Z ( > Ag N 21, A, = 1) (2.4)

Kz=0 K
From this relation we find A, = 1, A, = 2, 44= 5, A*= 15, etc.
The sizes of the entries in Table 1 show that it would be

FNINT T

impossible to use a trial and error approach to finding
lumping ratrices B for lumping a «chain with larger state

spaces, say with 10 or more elenmerts. Values of A for
larger ¥ are shown in Table 1.

15 g
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TABLE 1
Partiticns of a Set of N States

N Partiticns N Partitions

€ 52 20 5.172415 x 1013
6 203 30 8.467490145 x 1023
7 8717 40 1.574505884 x 103s
g 4140 50 1.857242688 x 107
S 21147 60 9.769333075 x 10%9
10 115975 70 1.80750039 x 1073

It is of interest to be atle to systematically prescribe
alterpative lumrings Lty generating matrices B for a given
transiticn matrix P, using some method other than trial and
error. In the next section, we describe an approach to
finding E matrices using the eijenvalues and eigenvectcrs of
E.

C. AN EIGENVECTOR CCHKDITION FOR MARKOV CHAIN LUBPABILITY

flany probleas in science and mathematics deal with a
linear operator T : V—V, and it is of imfportance to deter-
mine thcse scalars for which the eguation Tx = AxXx has
nonzerc csolutions Xx. In this section we discuss this
groblenm and its relationship with finding matrices B.

Theoream 2. The value 1 is always an eigenvalue fcr any
Markov clain transiticn probability matrix.

?Proof. Let P be any n x r transition probability matrix
¢ [Xg}, X e a left eigernvector in R", and A be the ccrre-
spondinj eijenvalue ¢t 2. Then xP = x)A which is equivalent
to

16
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X(P -AI) =0 (2.5)

For A to ke an eigyervalue, there must e a nonzero sclution
x of eguation (2.5). Equation (2.5) will have a nonzero

solution if and only if

det(P - AI) = 0 . (2.6)

This is callel the characteristic eguation. 7To show that
A = 1 always satisfies eguaticn (2.6), we need only show
that the <columns of the pmatrix 1in egquation (2.6) are
linecarly dependent.Ncte that

(F-I) =[P [ .« « « D 1 0. .. 0
L « « « P 9 1. . .0
LP E L] - L ] p O O - - - 1
= rp -1 p e e o . .« o 9
P p -1 ) . - . .
- - - - L) L] - - . . (2.7)
Lp p ® ® o e o o .p -1-4
n
Since X;PU = 1 for Markov chains, it follows that the rows
J=

in eguation (2.7) sum to zero, so the determinant in egyua-
tion (2.€) is zero with A = 1. It follows that A = 1 is an
eigenvalue of the Markov chaia (X, }. We'd next like to see
rroperties of eigenvectors corresponding to the eigenvalue

A= 1.

Theorem 3. TFor any regular Markov chain, comfponents of
the eigenvector corresponding to A = 1 are proportional to

the steady state distribution of {Xt}.

17

PR S AL YU RUUL N




—— BNl Jad andma e TR S T WL LT TR TRV T

Ercof. Llet x be a left eigenvector of P, and A be the
correspondin. eigenvalue of P, such tnat xP = XA, anli
assume ), x;= 1. For given A = 1, xP = x. The steady state
distribgéion of {Xt] is unique [Ref. 4]. Therefore, x aust
te the steady state distributicn T since x.= 1.

\
\
The following example demonstrates Theorem 3.

B e WL

_ Zxanple 2. Llet
| 4
;' 4 1716 3716 172 ‘
‘ p=| 0 112 1712 5/6 -
3 0 1,12 1,12 56 o
E /8 V.32 3732 0 1. 1
' The eigenvectors corresponding to the eigenvalues of F are P
displayed as colunn vectors below: B
9
Eigenvalues : 1 0 -0.25 =0.333: ]

C.7367 0 10.5 0.8247

Eicenvectors : 0.09209 -0.7201 -0.375 -0.034236
C.2236 0.722% -4.125 -0.28405
0.6315 0 -6 -0.54¢%¢ J.

Note that -n- = | -“.‘ P T ’ -“-3 ’ -“.4.)
(0. 4375, 0.0547, 0.1328, 0.375),

1}

' 0.N361 :
where T = ¢ Stc.
0.3 4 + 0.09209+0,23%+0,636

P | AP

Theorex 4. Eigervectors corresponding to e€igjenvalues
cther than 1 are orthcgonal toe = (1,1,...,1).

[

Froof. xe' = x(Pe') = (xP)e' = xAne'. Therefcre, xe'
' pust le zerc for A ¢ 1.

R,

¥e are alss irnterested in finding the relaticnship
tetween eigenvalues cf P and those of lumped transition
! prokbakility matrix B, where T = APB as described above.

18
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Theorenm S. Suprcse {X,} with transition matrix F is
lumpakle to [iz} with transition amatrix P. The eigenvalues

. of P are eigenvalues cf P.

Proof. let (i(N) =0 be the (n* degree) characteristic
ecuaticn of P. By the Cayley - Hawmilton theorem [Ref. 6],

Q(E) = QnP ¢ Buad™ . . . ¢ O + QI

H

0,
which together with eguation (2.3) imgplies

a“?" GH;"-:‘l' e o o ¢+ QQI

B X RO

AQ(P)B =

= &(?)

=0 .
Since T satisfies E's characteristic equation and since R
eigenvalues of Q(g) are of the fornm OCK), it follows that é
Q('}‘\) = 0. Thus all eigenvalues X of 7 are also €igenva-

lues cf P.

We next examine the eigenvectors of P and P, with the Q

aim cf identifyiryg luspings of {X,} directly in terms of the
eigenvecters of P. We have seen that 33 is obtained directily

as pOt; a similar relationship holids with eigenvectcrs cf P.

Theorer 6. Surpose x is a left eigenvector of P ccrre-
sporlinj to eigenvalue A, and sufpose {X,} is lumpatle to a
chain with transition matrix P = APB. Then x3 satisfies the
ejuaticn (x®)P = (XB)A .

Troof. 3y equation (2.1), (xB)? = xBAPB = xFE. fut
X2 = XA, and the result follows.

We ncte that xB is not necessariiy an eigenvector of 7
tecause it may Le zero. In fact, it easily follcws that
XxB = 0 if A is not an eijenvalue of P. But xB may be null
ever if A is ar eigenvalue of P, in cases of where A is a

- . . ~ [
repecated e€ijenvalue cf P more times than of 2.

19
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[Ref. 7] pointed out some other useful properties asso-
ciated with eigenvalues and eigenvectors such as : 1) if the
matrix P is symmetric , then eigenvalues are real and eigen-
vectcrs are different for repeated eigenvalues, 2) 1if the
matrix is nct symmetric, then the eigenvectors are the same

for repeated eigyenvalues.

Theorem 7. If (2.3 with transition matrix P is lumfpakle

to (¥,} with transition matrix P, and (X} is luzzable to
{?i} with transiticr wmatrix B, then {Xt} is directly

——

lumpatle to [fi} where {?i} is the lumped chain of { -

Froof. Let [xt} be lumpable to { Y and {X_} be
luazpakle tc {fz} by matrices B,and B,, where B, and 8, are
lumping matrices in which the dimension n x m of 3, 1is
greater than that of 3;. By eguation (2.1), T = A PE, and
T = A,_?E,_. Thas,

T =A,PB, = A (A, PP,)B,= (A,A,)P(B,3,)
To se€ that ByBy is a lumping matrix ard AzA, is cf the
required fornm, we need to show that (A;A ) (B;B,) is the

idertity matrix as mentioned in Section A. 3ut

(A;A,)-(B;B8,) = A, (A;B,)B, = A,;I-5, = a,;B, =1 .

2 ~a ava

Also, rnote that B¢B, is 3, lumped ty B,, so E;B, has columns
cf the required form. Trerefore, (X,} is directly lusmpatle
to {f;}, bty the lumpirg matrix B = BB, .

20
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Example 3. Consider a Markov chain with 5 states, and
transiticn probability matrix

0.3 0.1 0.2 0.1 0.37
0.1 0.3 0.1 0.3 0.2
0.5 0.1 0 0.1 0.3
0.1 0.5 0.2 0.1 0.1
0.5 0 0.1 0.2 0.21 .

i}
i

First, «consider s = (1,2,3,4,5} which can be partitioned to
S = ({1}.,0(2,4},{3,5}} = {L(}),L(2),L(3)}. The correspcnding
lunping matrices are

r10 0
010 0 o 0
B,= |00 1| and A= |0 0.5 0 0.5 0
10 o 0.5 0 0.5,
L0 0 1

ard the lumped transition prolkability matrix is

T = A FB, = [0.1 0.6
0.5 0.2 0.31.

Secondly, consider S with 3 states which can be partitioned

to s = ({1,3},{2)) = {L'(1),L'(2)}, with matrices

10
3, = |0 1| and A, = [0.5 0 o.s]
10 o 1 o 1.

The ccrresponding lurped transition matrix is

r~

? = 2,F3, =[0.8 o.z]
o.u 0.6 L

Finally, consider lumping the transition probability matrix

directly. For partiticning,

21
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= {{1 3,35}, (2,4} = (L"(N,L"(2)}, and

F1 07 1.0 07

01 010|110

1 0)=BeB,= |00 1|10 1}, A;A,=T1/3 0 1/3 9 12
01 21010 [01/201/20],
[ 1 0. Lo 0 1

anl thke directly lumfped transitior probability matrix is

5 =r0.3 0.2
[0.4 O.GJ.

Theorem 7 shows that lumping is "-:-ansitive", in tae
follcwirng semnse. Define two transition matrices P and Qo to
ke egquivalent, (P 2 Q), if Q = P for a lumping matrix B
whose cclumns are thcse of the identity matrix, in scme
rerauted order. (Thus the chain {X¢} and (Y,} differ only in

the labels associated with their states). Define a relation

" < W between transition matrices as follows: Q <€ P if and

cnly if ¢ =7 for =scme lumping matrix 3. Then theoreum 7
siows that {Q £ P, R < Q 3 kR £ P. This reiation " < " ig

reflexive, since ¢ < Q using the lumpirg matrix I (iden-

tity) . Finally, " <" is antisymmetric since Q < 2 and i
F<Q = F =). Thus, the set if all transition protability ?
{ matrices 1is partially ordered bty the ‘'"lumping" vpartial j
E crder, " < ", j
F i
- ;|

T

v Y v v ¥,y

22
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L I III. BOUNDS CN THE LARGEST ERROR, A, IN P

s In this chapter we consider three procedures to find

tourds on A . first, we use the central limit thecrerx for

given i and j. Secondly, we use a binomial approximation on
the ‘lasis of the first procedure. Finally, we get the
§ largjest error A, usingy the asymrtotic extreme value distri-

tution. These three agproximations are only designed to give
l] a rouch idea of the relationships between A and the numter
M of e€lements in tke state space, the total number of
cuserved transitions K,,, and the probability o£.

' A. APPRCACH USING CENTRAL LIMIT THEOREM

¥e€ are interested in the sizes of the errors between the
estimate ? and the unknown P, where 2 is the transition
‘ rrobability matrix cf {X,}. We assume tue transiticn prob-
ability matrix P is of size Y x M.

Let Kg be the number of observed transitions of (X}
from state i to state j, and let K. be the nuamkter of
observed transitions froam state 1i. Similarly K.j 1s the
nuncer of ofserved transitions into state j.

Let ;ﬁ te an unkncwn transition probakility from state i

—— r'vH"
()

to state j ard ﬁg te an estimate of Pjj based on K,, otserved

i' transiticrs. Then the usual estimate ﬁg of Py is the ratio
3 of KB to Ki.. Now, as a rough approximation, imagine that
- Kw is fixed, and the pumber «c¢f transitions from state i to
A state j, Xy , 1s Finomial (Kb,pg). Then by the central ;
‘ limit theoren, ;
1
- ;
;' 1
g 23 '
-
' ®
¢ 1
]




td..

.

: k.. Py (L= Py)
. ~ .

, ©. 1s approximate by Normalf p.. e
:‘J S app Yy LP‘J ’ (Kiy® .

since

1]
[&]

A . . Ko
ELpy (-l xp; » and

[
<3
Iy
(2]
~

K}’K
| S}

~
Var[pg] =

~ VNar(kyl
~ (ki)™

ki Py (V- P5)
(ki)

We want to Jind a bound A on the estimation error |f§- ;5'

wnich occurs with prcbability at 1least o(; that 15, the
larjest A for which

PC‘?;_; P;)'I 2A)]l 2 & -
- Kow
[
® ~
—
- Pu: A
t ?Zlf;,'- pgl 24} =K Py-by 2 ] (3.2)
f ki Pi; (=Py) [Py (=)
y (ki) (K.Y
. ~
:' Iet L = .—.P.Llh__ . tnen
- [k a-py)
- (ke)*
@
24
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Z i35 apyroximdate by standard Normal. Rewrite egquation (3.2)

as

. JOEERA

A
(12 2 —————— ] 2 ; J <X< 1
_\/ Ki: Pij (1= P5;)
(kY .4
ol
Equation (3.2) 1is aprroximately 9
2
E[Z 2 R
[Z 2 L |

(k)

since the Normal Jistribution is symmetric. Solving for A,

WS nave

A <1 - =2 [ - p) ——

Ki-
where N1 (1 - 0 ) is the (1 - 3 ) guantile of the stan-
dard Normal Jlistribution. Suppose the steady state frcbh-

avility Tr, of state i 1is 7%— based on the ejually likely

case, ard surpose the worst case in wnich

f |
P..(1 - p) = — .
LJ( FL)) 2

Tnen an apfroximate value for A 1is given by

y Y UV IOV

25
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l,

) (0.3)

Nt (1 -

—) (0.5) \/—ﬁ,

X 1 ]
N (1 - —— 0.5 e
( ) )W"'

™M
- _ X M
= M1 - } (0.5) K.° (3.3)

Equation (3.3) ccncerns the error lﬁ-- p'tj' for fixed i l
and 7. We'd now 1like to firnd an error bound A overall i
ani j. That is, we wish to find the largest A for which

PP

Y

J

which is rcughly the same as

E(15;- pyl 2 A for some i and j] 2o, i

< {

P[fg— Py 2 A for some i and j) 2 — (3.4)

We arrly the binomial approximation in eguation (3.4), so ;

that
P[%- Fij 2 A for some i and j]
=1- P[’%-p;}- < & for all i and j]
KL Mt
=1- (00 --—=). 3.5
( 1) ( )
- d M.t . .
:_ Iet 1-(1 - —;) =P fcr some 0 <P< 1. Solve for o, which
L gives
S Ip—
=2‘2\/1'P . (3.5)
@
3
p
{ 26
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Substitute the value c¢f o in equation (3.6) into ejuatiorn
(3.3). Finally we get the approximate bound A for all i and

js

Azn-t(MW -B ) (0-5)w/—-KM- . (3.7)

Egquation (3.7) gives an approximate expression for A, using

btinomial approximaticn.

X

B. APPRCACH USING ORILER STATISTICS ?
Assume Z,, 2,, eee o Zp are independent ccntinucus i

.Y

random variables, e€ach with density function £ (2) and )
distribution Fp(2). Now let Z, , 24, ¢ «ve & Zmy dencte ﬂ
-

their ordered values, from srallest 2,, to largest Zy, ;
these are called the order statistics of 200 234 oee 4 2y

We ncw consider the rrobability law for (Ref. 8], the

Z(m)
largest cr maximum value.
The event {q")

(2, £z, 2,% 2, e+ 4+ Z, £ 2z} occurs, since if the largest

€ 2z} occurs if and only if the event

A is smaller than 2z, all M of the random variabtles must be

U a'a e e 2a"c" 2" .
WP R NP 4

smaller than 2z, where 2z is any fixed real number. The
distribution functiorn for Z(M)is
= r <
Fa"fz) PLQM’- z ]
= P[2) $2, 2,22, eee 42,5%2]

o

n

P{2, < z) BlZ, £ 2] ... P[2,% 2]

‘o la g

since 2,42, 4e-+42%y are assumed independent. But each of 2, .2,

reeeoly has the same distribution Fz(z). So

). =

- M
OO

I DN

ikl

27
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The density function for 2 then is

_ . d
£z (2) = g7 Fg l2)

M) 3
- M
= dz [FZ(Z) ]
= % [F,(2) ]"'"fz(z)
_ dﬁl(l)
where fz(z) g .

Consider the 1lipiting distribution fuaction of the
maximum Z,, as n tends to infinity. [Ref. 9, 10] show this

_ e-— J.QoaM (z - VZQOJM)

. M
lig{F_(2) = (3.8)
Me£ 2 : S

distribution is

if 2,4 2,4 eee 4 Iy is a random sample from standard Ncrral
populaticno. We want find a bounl A on the largest of M2
errors tetween estimates in ? and the unknown components of
P. The random variatles ﬁg- B:e

Y

are very rougnly Normal with
rean 0 and variance ;ﬁ:— which 1is derived from e€juatisn
(3.1) fer i,j = 1,2,0.4,M. Recall that K, is the total
nunber oi transitions observed.

et Xy = ﬁg- P where ¢ = 1,2,...,%2. Then we know the
random variable X is approximately egqual to -%Tfag; Z, where
2 has a standard Norral distribution. Let the random vari-

able X . te egual to maxlﬁ%- E;l. Then

M)

lim P[X
M0

<A

M->00

cpsmallest of Py-py > -a

[ omdl J .
largest of P‘;j -py €

28
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¥ow X ,, and x(w)are asymptotically indepeandent, so for large

¥,
lim P[X, < A ]
M- M9 :
Ml
= {P(X, 2-A) «e. B[Xu2-48] }-[Fy(a) )
M -m*
=1 -7 (-a)ir(a):™
ml
= [F, (a)] . (3.9)
Frow eguation (3.9) we derive an expression for a as

follows. 1let A be the largest value for which

P[X . €als1-« .

(M)

This is the complemerntary prcbakility because we wish to
have P[]fi’.- Pyl 2 & for some i and j] 2 & , as in the
Frevious section. The limiting distribution function of the
raximum X(w)is the sarme as

a a

. M . Kes M
linfF lin[F _ (2AY ===
[P (T = lin[F . ~) ]

o= Valogutt (28YF5 — Valgrt

€
Then, approximately,
~ fatogamt (28 L= — \algart*
log(1-o) o - V9 M -

and
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log{-leg (1 - )} = -y2log2uz (2 &K -\21og2m?).

Finally,

Qoa Qoa "_‘T

\/29032M" )

Equation (3.10) is an approximate expression for A tasei ou

A = (0.5)\[—;-’!— t/zlog2n2 - (3.10)

the asymptotic distritution of the extreme order statistic.
Yie will ccapare the central 1limit theorem A's with those
cbtained with the extreme value distribution, in the rext

secticn.

C. COMPABISON OF THE THREE EXFRESSIONS

Tre three exfpressions for A obtained using the certral
limit theorem and order statistics have been developed under
approximations such as: V) the steady state distribution

of {x.} 1is A (equally 1likely), 2) the variances of

- M
6= Byl have i
all transitions are irdependent. Information about {X,} is

as a maximuw value (worst case), and 3)

from the estimate P because we don't have informaticr abcut
the upkncwn P. In a view of the above approximations and
computations, our exfressions for A are very rough. Hdcwever
they dc frcvilde some insight 1into the occurrences and sizes
of estipmaticn errors in P.

Figure 3.1 contains 3 graphs showing A as a functien c¢£
K,, and M for fixed oA = 0.90 Lased on the three expressions
(3.3), (3.7) and (3.10).
The first graph shcus error becunds using the cerntral iimi+
theorem cr ﬁb- pg feor fixed i and j. The second c¢ragh is
given Lty the same approach as the first gyrarh, except
overall estimation errors are considered, for all i and j.
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The third graph is tased on the asymptotic distrifrution of
the largest value of |§§- pyl over all i and 5.

From Figure 3.1 we see that the largest estimaticn error
depends very much on the number of transition observaticns

and matrix size, but not so ruch on the o value as seen
from Figure 3.2 .
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Graphs 2 and 3 in Fiqure 3.1 are very similar even though
they use Jdifferent approaches. They give an idea of how
large likely values c¢f A are for given K, and M, in the
"worst case'.

I1f we consider a Markov chaim ({X,} with M = 20 or 30
states, and we have observed K = 5000 tramnsitions then,
roughly, it is 1likely (probt = 0.90) that at least cne
element of P is in error ty at least 0.1, In general,

expressicns (3.7) and (3.10) may be useful for Markov chains
Yy} with M = 20 or 30 states and large numbers of observed
transiticns.

D. SENSITIVITY OF LUEPING CONDITIONS

We have developed expressions for A, using the central
limit theorem and order statistics. He want to examine the
sensitivity of the lumping conditions applied to ?, the
estimate of P. TIf equation (2.1, which is a necessary
condition for lumping a Markov chain with transition matrix
?, is =satisfied, then the 1lumped transition matrix ‘§'is
given Lty eqguation (2.2). However, even though P satisfies
the lumping conditions, it is extremely unlikely +that its
estimate ¥ will also csatisfy these conditions, as we shall
now Jemonstrate.

In crder to simulate the difference between ) and p,
consider a matrix of errors KA, where R is a random matrix
with dinension thke same as P, whose components are 1's,
-1*s, and 0's where the sum of each row is zerc. Now
consider the lumpability of the simulated estimate ?*, which
is constructed by taking P plus the random matrix & times
A, that is, P®¥ = p + R.A.

7c show the sensitivity of the lumping conditicns, we
assume tre unknown P is lumpable with lumping matrix 3, and
consider the difference (BAP*B - P*B). If equation (2.1 is
satisfied ty P¥then all >f these components must be zero.
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Theorem 8. The difference (BAP*3 - P*B) is a linear

function of A.

Proof. let R be the randow matrix as defined atove and
let ¥ = P + R.a. Then (BAP®B - P*B) is given by

[}

(BA(E+F-A)E - (P+RA)E} (BAEE + BARAB - PB - Ra&B)
(SAPB - PB + (BARB - RB)A )
(BAEB - RB).a

= cA.

Therefore the difference of EAP¥B - p*B is linearly depen-
dent cn A and P™ is not lumpatle unless BARB = RB (i.e., R
is "lumpaktle"), which is not 1likely to occur.

Since ¥ is likely to have elements differing aprreciatly
from the ccrresponding elements in P (errors of size a ), it
can Lte seen that tlke 1lumpability conditions will not be
satisfied (not even ©pearly so) by @, even though {X¢d is
lumpatle. We conclude that attempting to check the lumpa-
Eility of the estimate P when P is not known is not useful.
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Iv. SUMMARY AND CONCLUSIONS

We have given several theorems associated with eigernva-
lues and eigenvectors for lumrpaltle Markov chains {xt} with
finite state spaces. We have derived rough, approximate
pathematical expressicns for the largest error made iL esti-
gating P by P based cn transition data.

Both exrressions (3.7) and (3.10) are very similar even
though the estimated A 's for the first expression are
slightly less than those in the second expression. Tnese
expressicns show that the largest estimation errors Jdepen?
very much on the numter of transition observations ard on
the matrix size, but rot so much on the o value.

Since P is likely to have elements differiny appreciatly
from the ccrrespondingy elements in P, it is of interest to
examine wkether the equation BaAPB = PB is likely tc be
nearly satisfied with ?, i.e., will (BA@B - 38) be neariy
zero? This is examined by simulation of "estimates" p*¥ of
F, wusing random perturbations of elements orf P of sizes A&
whichk are likely to cccur as errors in B.

This shows that the classical lumping conditions are
cxtregely sensitive to estimation errors which <car be
expected tc occur even when a large number of transiticns
Lave teen observed. Thus, the classical lumpinj corditicns
may te of limited value in many actual applications.

As further research, it is recommended that scne
constructive approach to finding matrices B3 for 1lumfing a
lumpaktle Markov chair {X;} be developed , perhaps along the
lines of the theorers mentioned in Chapter 2. It is horged
that the fresent study will be useful to those who 2ight
cthervwise have endeavored to check the «classical ccndition
for lumpability of a Markov chain (X, } when the transition
matrix ? has beern estimated.
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