
RD-R752 255 PARALLEL TIME M"LG ) ACCEPTANCE OF DETERMINISTIC CFLS
(U) HARVARD UNIV CAMBRIDGE MA RIKEN COMPUTATION LAS
J H REIF ET AL. MAR 94 TR-95-84 N91914-SO-C-1647

UNCLSSIFIED F/O 9/2 ML

E mhhmhhl

Ehhhhmmhhr



-IW - -:- :r

17 1132"'2
136 -11111 ' 40 j 2.0

1~j.8jjf .25 fj I.

MICROCOPY RESL)LUTION iJST CHART

NAHIINAI lRAl*P A ,I

0

0.

0.i



~PARALLEL TIME 0 (log. N) ACCEPTANCE

OF DETERMINISTIC CFLS

~Philip N. Klein

john Reif

0__ In. r' 3 J5

O 4"

I~ i CopARALLE TIE0Teq)AcEPTANCE

Phli N.. -lein•

. . ............ . . .h Cn ryi

33OfrdSre

Cabide Mascuet623



tJ

0

0

* -.-.. - .-.-. *.. ...................-
....................................................



PARALLEL TIME 0 (loq N) ACCEPTANCE

OF DETERMINISTIC CFLs

Philip N. Klein 0

John Reif

TR-05-84

March, 1984

MOI

7.,.



0

I

4



unclassified
SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONSR DBEFORE COMPLETING FORM
I. REPORT NUMBER 2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER

4. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOD COVERED

PARALLEL TIME O(log N) ACCEPTANCE OF Technical Report
DETERMINISTRIC CFLs 6. PERFORMING ORG. REPORT NUMBER

TR-0 5-84
7. AUTHOR(.) III. CONTRACT OR GRANT NUMBER(&)

John H. Reif
Philip N. Klein N00014-80-C-0647

9. PERFORMING ORGANIZATION NAME AND ADDRESS M0. PROGRAM ELEMENT. PROJECT, TASK
AREA & WORK UNIT NUMBERS

Harvard University
Cambridge, MA 02138

i. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

Office of Naval Research March 1984
800 North Quincy Street I3. NUMBER OF PAGES

Arlington, VA 22217 33
14. MONITORING AGENCY NAME & ADDRESS(If different from Controlling Office) IS. SECURITY CLASS. (of this report)

s ame as above
ISm. DECL ASSI FI CATION/DOWNGRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

unlimited

S

17. DISTRIBUTION STATEMENT (of the ebetract entered in Block 20, If different from Report)

unlimited

IS. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse aide If necessary and Identify by block number)

parallel algorithms, deterministic CFLs, language recognition

20. ABSTRACT (Continue on raverse side If neceesery nd identify by block number)

see reverse side.

DD ,J',,M,, 1473 EDITION OF I NOV OS IS OBSOLETE

S/N 0102-014-6601
SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)



(p.JOIU3 NINO U*UA)3WD~c SIHA. JO NOIV:)1iISSV1I: A4iwflz3s

.\tsiract

!\c'~ parallel R.%% I alzorithin for simu Ltill g a dctoermin is Iic pushdown automaton. On an

input oj lenjtIl 11. a 1)t1\; Awill Use 6tie 0(n1): our simulation requires time O( log n) and only

poI% nomiall:, mfan\~ processors. th'le alcorithm can he easil% adapted to accept thc I .R(k) languages as

C!!,. An eas'\ acnc rali/ationl of thle 1conilhm wilsimuLite a deterministic auIXiliarly pu~shdown

anroWI1milon that uses space S01)> lo'- 1n and time 20("(11I)): the simulation then requires timne O(s(n)) and

001)proce'.~ rs. 'Ihi, c.;nuldaio is neryoptimol fo)r parallel RA\Ms. since we Show that the

an~u~geaccetedin nhie 1(n) I-) a parallel RAM \ i~ aocepted b a deterministic auxiliary pu~shdown

automaton withi Tpc (n) and tinic -'0 F(1.1)2)

(P*JOIU3 *)NO U44)3Od SIM,. AO NCIJVIvJISS'1) Aii-ri-'n



0

PARALLEL TIME O(log N) ACCEPTANCE OF DETERMINISTIC CFLs*

Philip N. Klein

John H. Reif

Aiken Computation Laboratory

Division of Applied Sciences

Harvard University

Cambridge, Massachusetts 02138 ".iq, -

' -. -

LI ; r -

' b .. ; t
.-- -, .

* This work was supported in part by National Science Foundation grant 
S

MCS-82-00269 and the Office of Naval Research 
contract N00014-80-C-'64-.

A Preliminary version of this paper appeared 
in the IEEE Syrnposiur or.

the Foundations of Computer Science, Chicago, 
IL, October 1962.

0 . "



%Wract

We giyparallel RANI algorithm (or simulating a dictcrminisic pushdown automaton. On an

injta of leneth n. ai I N)IDA. %k Itl use time 0(n): our sifnulation requires time 0(log n) and only

pil\ nomiaill-. man) processors. The algorithm can be easily adapted to acccpt the 1 R(k) languages, as

,cl. An Cas\ generalitation of the algorithm w ill simulate a detenninistic auxiliarly pushdown

.iiiomaion thait uses space s~n)>I og n and time 2 0(s~n))- the simulation then require-, time O~sn)) and

0N ~ pr cs-ors. This simulation is neari) optimal for parallel RAMs, since we show that the

inguage ac :epted in time T(n) by a parallel RAM is accepted by a deterministic auxiliary pushdown

a1iornaton u ith space 1(n) and time 0-rn2

Introduction

['his paper assumes the parallel random access machine model P-RAMW as defincd in [Fortunc and

\ !c.7S]. u hich consists of a collection of synchronous deterministic unit-cost RANs with shared

rnc.mor\ loc2i:ins indexed bN the natural numbers. Simultaneous reads are allowked: on each step, any

Z1 'I n MT' meu lcation ma% be read Simnultneouslh bN any number of processors. IHoWc~er. no two

distinct prucesors can attempt to simultaneously write into the same memory location on the same step.

N~ funlmental question, which we address in this paper. is the time complexity of the P-RAM: that

is. Nw1at class of languages can be accepted by the P-RAM within a gi~en time bound?

Pre% iotisl\ (Fortune and Wyllie, 78] showed that an. language accepted by a deterministic Turing

machine %k ith space bound s(n)>:log n is accepted in time O(s(n)) by a P-RAM. Also [Ruzzo, 80]

sho %cd th..- an language accepted by an auixiliary pushdo~n machine with space s(n) !log n and time

'0(4~n)) is accepted in time O(s(n)) 2 by %arious parallel machine models including the P-RAM.

The form of the paper is asfollows: in Section 1. we %ill describe some assumptions we make of

the simulatcd deterministic PDA in order to simplif) thie presentation of the algorithm In Section 2, we

introduce the notion Of a surface configuration, and rephrase some of the assumptions of the first

section as propositions about surface configurations. In Section 3. -he introduce some notation useful in



tii." ph1kl ofh d the glgtrlhnl I i llh q, lc + i,, II l 1n 11. L 'rI c II t i ,,I" i rIl t.1i 1'. In SC.O hi 4. i dc.rihc

lic ,ll-orilhm. and. in Section 5. gie an inducilil proof of it,'. orrectness. In Sectiont n b. 'AC point out

.hat the algpritht inai be L,,'d Il sirnol1ii a sp,ice-hotinded auxiliar. pulihdo- n aitomaton. In Section

7. we. gnI' c a eollplenicntai r(,;tl onginerlin lllI.iliotn of P-R AM, h) dv c.hminitic auxiliar\ Il )As.

IIt SCL I It 7. 'A i,1ncliti SOIni" rla',Itd %01~k. anId I SeCtion1 h. 'A C ljentit) ,iltiaut n iodck, it parallel

computation.

Section 1: Iaiic .4sumplions

We denote the cardin.jlht of a set A b% IAI. and the length (f a strine s b\ J.]I We denote the

empt. string b% t. We denote the concatenation of strings s] and s- b\ s] es,.

We will simulate a deterministic PDA M % ith input alphabet Y. state set Q. and stack alphabet S.

Wc will for technical reasons assume that M's transition function is a mapping from (q.w.o.y) to (q'.s).

where q is the current state and q' is the next state, w is the input symbol currently scanned. a is the top

stack s\mbol (ifit cxisLs). s is a string of stack symbols of length at most 2 that will replace a is the stack.

and y is irue iff the stack consists only of o. Thus M's next move may depend on Ahether the stack has

only one symbol. Note that standard techniques allow this assumption and those described bclo,, and

furthermore that any DPDA in the form defined in IHopcroft and Ullman, pp. 253-255] may be

transformed into one in the form used here without changing the language acceptd.

For a fixed input wl"n E C n. we can write each configuration of M as (q.i.s)EQ X {0. nj X S.,

where q is the state of the finite control. i is the position of the input head (i.e. the number of symbols

that hac been read). and s is the stack (with the rightmost symbol being the top of the stack). Let - be

the next move relation, and t- + and -" be its transitive and reflcxiNe-transit\ e closures, respecti uel.

For any non-negative integer a. let - a be the a-fold composition of -; i.e. reachabilit) in exactly a

steps.

We assume of the PI)A that each push and pop changes the stack height by onl. one, that each

push is accompanied by an ad% ance of the input head. and that each ad\ ance of the input head is

accompanied by a push. Any I)CFI. has such a PI)A. which is essentially a shift-reduce parser for de

IXCH. (see Hopcroft and Ullman. pp. 253-255). It folloAs that the height of the stack neer grows b)

more than n. the length of the input

. ,-.. . . . . . ..-

+,. ." . . - . .. ._ . - .. '... . .: . . .. . . '. . . - .. ".. ' ,. . ." . " - - . - . - . . , . . . - . . . " . . ' . ' . . . .. . .•



1.

We a,, avumc that N1 nc cr chingv in ore than the top nihol ofthc %Lck: i.e., for s.s'ES*, aCS.

I q.l oa) t'- (q.i'd then I'-O fur -sonic s".

Wc assume thait there are no c)cles (q.is) -+ (q.i.s) of length more than one. F~er) such cycle

LJal hc replaced h a c.cle ot'lCeith one: (q.i.s) A (q.i.). ,e lt I OOI(q.i.) be the predicate that is

truc Just in case (q.i.s) I- (q.i.s).

WAc assumc that NI's stack initially contains a special symbol, and this s) mhol is ncer popped (M

accepts b. final state rather than by empty stack). We may therefore require of M that when started in a

configuration with a stack of size one. M will never pop that one symbol, but will loop instead. We ha'e

therefore

if(q.i.soa) - (q',i'.s') then Is'l>1.

Moreover, we assume that M never loops unless the stack has at most one symbol (i.e. M pops all but

one of the stack s)mbols before looping):

if i OOP(q.i.s) then Is[= 1.

We assume that the accepting configuration (xacct) is a looping configuration.

Finall. we assume that if not I OOP(q.i.s) then the next move from (q,i.s) depends only on the top

s, rmboi of s:

for anN s1.s2ES*, aES, if not .OOP(q.i,sloo) and (qi.slOa) - (q',i'slOs'),

then (q.i.s-oa) (q',i'.sos').

Sction 2: Surracc (onfigurations

• "i -.. .i- . " ---.-'i ..-'-"i ".- ." .'. .'..'. -'... .- --. ' . ...'. . -':. .-. .- -. .. '.-
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Inilc.ld o I nif int i I i lInt: comiph'c Lt Infi iu1.1Ln , I 1 I . th .II Iht II11 t1.iiiitulI',, %I II.

L.onifeigralions. A %urface con figir.ititIII;I dtik- not spec it. the entire %tack. on1\ the iol s)Imhol. A c Jlk,

include in our sutrface conflvlirntion, a stack height paraumetcr. gi\ ing ealti\ c sl aA height informa.tion

In p.irictilar. for rkied inputf., I ... w n A u rile each surface cnfig urat ion as (q.i.o.h)(Q X (0.

.ll1 X S X 1Vi Icre Ni th. %Iit 01 llth " nite control. I In the positini ol ilt inpot head. a I.% the

top symbol of thi. .uck. and h is a stack height paramncter. ILet X he the Set of.aill such surface

confiPiritionS for inplIt WI ... wn and note tht 1\I = O(n. \ c extend the definition of -- to appl. to

surface configur.itions a I,,, fl.i.soo ) I- (q.Koo*). th e'fl./ 11' I " e ml\ rite ((q.i.o.h).s) -

((q'.i*.v'.h').s'). Ahere h'= h + Isi-Ihi. IecAue this i,, true for in\ h. Ac h.Ie tile follho ing proposition:

h-Independence Proposition: if((q.i.o.h).s) - ((q',i'.&.h,). then for an\ 6. ((q.i.o.h + ).s) I-

'¢ define h:X -- 0 ... n} b\ h(q.i.o.h)- =h. B\ a simple induction. we obtain:

Stack HIei~hi Proposition: For an) x.xCX and s.s'ES*, if(x.s) - (K,s') then IsLI- sI= h(x')-h(x).

Define p:X -4 0 ... n} by p(q,i..h)= i. That is, p(x) gives the position of the input head in surface

configuration x. Because the input head is one-way, we have:

Head Position Proposition I: lf(x.s) - (x,s') then p(x') p(x).

Because we assumed each push is accompanied by an advance of the input head, we have:

Head Position Proposition II: if(x.s) I- (x.s') and Is'ls, then p(x')>p(x),

We extend the definition of the 1.OOP predicate so that for an% h. 1 O0(uq.to.h).s) ifT I OOP(q.Js.o).

. . . .. . ' -.. . . . . . . . . . ......- - . '- . . '. .. .. . . °, .. • ... .



Suppose M is in 11hC coiifkur~tiOn A~. here x ka siirlice Configuration. lk'Cau"C NIne~e(

ch.ingeN more than the top %.% nihol of the ,t.tAk. if \1 does not pop. then s remains intact. lk'causc %1*s

11"\1 II)O* depcnd\ onl) on ilhe lop "I.Imhol ol theC SIAc. x deeonncs the next ,iate. If kI doe not pop

Ll I I Iak I. deterin,e, the nc \ top stai k and tii~1 ic hnce the ncxtI surtacc con tI Iur~ition. 'At Il \j~c

Uiercforc:

Si.i k Pr 'posoion: if( xs) H- i. nd 1Is]> Is Olen

(I s~ foir some s"ES*. and

(2) if not I OOI1tx ) then for anm slES*, (x.sj) (x*,slos").

P ecalilng that \1 or.V loops if its stack contains exacthN one symbol:

10OO) Prop,-'iion: if LOOP(x.s) then s= c.

B induction, we obtain:

Preser\ tion of Tme Proposition: if (x,t) I-- (x',s'). but there is no b<a such that (x,c) I-b (x*,S),

then for aril S, (x,s) Ha (x'.S@s').

Combining Computations Propositions:

(1) if (xe) H (x'.s) and (x',E) I'(C.s"). then (x~e) l-* (x-,s'cs-).

(2) if tx.e) H' (xF) and (x',s) H'(x.s*') then (x~s) I-* (x".s").

S-uction 3: Notation

We now introduce some notation that will be useful in prosing the algorithm. We first need to

pr,,\c a claim thai % Ill ensure the %ell -deft ned nes of the notation:

claom if (u.0) I-* (x.s) and (ui) H'- (x.%') then s~s' (i.e. s is uniquely detenmined by u and x).

pr4 f Fither (x.s) ) r(\.s') H'(x.,,). Suppose vithoiit lo,,, ofg'eneraih\ that (x.%) H-'
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F_____ Suppose , and 7jU

['ben

pr'fS111": 1X./1L and [juexist. so does Jxlu

case 1 ) '* -L. Then for cser\ ElC\\]u such that \A ;u and \k *h())h(u). Since

Cx/u clearl ['.iju exists. We conclude tx,y,z7ju.

-ae2) 1 hen for cmrA sj/u Sch that A ;tu and % ; i. h(vA)>h(u). Suppose

-L1. (the casc in %hich y'= -L is analogous). 17hen for cmry \kEjz~vy]U such that w~tu

and AsY h(A )h(u). In summary, fore'cry \kElxY'Iu such that A ;u and w~y',

)h( PWO. \N c js haj\ c that 1 'Yzju exists, so50 ','u

Ilem IS If JU],. h(ul)>h(\), and [x.s]u exists, then [x,1,yl.~

LELI'f Suppose \k Cjx. ]u. 'Ihlen [\A-u' so b) the stack height proposition, h(w)>:h(u)>h(v). By

lemmia 1. [xvyj exists, so we mnay conclude that fx,IL,yhv.

.. . .-.-.-.-.-.-.-.-.
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c~ic ) ~s )<(~).In ihv~casc.%-=%'. Ii follmow from the h\ podiesi thai if~y4 exist,,

aind CE[ '4./ then i 'i( )>h( '). It &wu flloA, from thc hx poilhelm that '*'hn
I I.\k exist. I I X.\ *iU eXIL SL Ippose (%ExIx L: then either %kLEx./10 w \A" Lj. I
wElx./t 1 then h(%~)>h(a )>fhEl/)\*]f . then again ( )h ).We ma\

therefore conclude <x\.f>

lemma 7 If IuI . <x.\.al/u>u. and hos Ph(u). then <~~~] ,

proof B\ thc definition of <x.\ .aji~u>u. h(a1/lu)>h(\ ) so h(al/]0 )>h(il). so alj a[]\b lemma

3. A c therefore ha' e <xA .al/]\ >U BHc (lhen b lemma 4. <x.%.af/]\ >\.

lemm., 15 If h( '")>l( x) for c\ er vCEx.{I thcn I1].

proof Since h(y )>h(x). clear1\ y* x. Since 1xsIlu exists. (uxc) H- (x~s) - (ys') for some s~s'ES*,

and somec minimal inteccr a> I V% \k prosec the lemma h\ inductio, on a. Cons~dcr thc case

a= 1. SO (X,,) H SSUPPOs (xC) H V- ' Since Ix.\J] exists, by lemmiaI

1=: I uJ.u so h(. )h(x). so s'* x. Then therc is no b~a =Istil thit (x~r) l-

(),-,so by the preservation of time propostion. (x~s) I- (y'.s"). so in fact (),s') = (Y'.So").

We conclude that (y~x.

Now assume the lemma holds for a> 1,and suppose (x's) H-a (x',,s) H- (y,s'). By the

inductive hypothecsis. Ix']x. so Ix~x']x exists. so h(x')>h(x) as abo~e. Since [xIJ,. we have (xct)

H.a (x*,s 2) for sonic s2ES*. Since h(x')>h(x), b\ the stac hcht proposition s-; t, so by the

LOOP proposition, not 1-OOP(x',s2). Suppose (x',s2) H" (Y'.s-): %ke ha~e that (x.f) 1 -a±

(.s") but there is no b~a+ 1 such that (x~c) H-b ()'-s") (else (x',s2)=(.S'). SO L-OOP(x',s2) )

Then b\ the preser~ation of time proposition, (x~s) 1 -a+ I(.s ).so V.and 'AC conclode

that [yjx.

lemma 16 If Jul,. h(u)= h(\ ), and /xJN.7 U then [x,),j 5 .

roof Suppose y = -L (the case in %hich y 1 is analopons). Ihcrn Ivilu exists, and ifA-E[XiJJ0
then h~w ))h(u). Bu~t bs lemmaj 1. Ii;1 existIs and Ix./], Ix.i]l,. so if IAE[x,71, then
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lcinnm.i 4 11 Iuj I 1i n <X~.1.>u Own <x. .>-

proo lI lema . b-, e~t~andJx~sh =Ix. LThen sincc. h(% I ( ) for echil %E b- Iu it

folo'.that lt )>h )for ca~h %E(I'LSmlr,. slma2 '. hi s.

exits an (~ h =(~j~. FIcceit Q4. he ~Et ~.soh( s )h~ ~ VAeconclude that

Ilema5 Ifu- (1.11) l H '.2 ) anld for each % C I x. h OA )>:h(s). then s1 I=S2oS' for some

s'E S *

proof ['he lemma folho"s from dhe folloA ing claim:

Clain' if (U.0 F- (xv5) Ha(x3~ for some a. then for an\ h such that h(%s ):> h(u) for

c\ er vs (Ix\. there is a string of length h-h(u) that is an in ital sub,,tring of sl and 2

proof of clajim b induction on a. The case a = 0 is tri\ al, so assume thc claim is true for at,

an11d su Irpose (u) L 1, f S I) H' ( x. s ') -a (ys2 By the i ndu ct i \e h p o Ihis is, thecre i s

a string s o,, length h-h(u) thait is anl initial substring ofs, and s2. Consider the mo\ e

(x.S1 ) H- (~s1 ').

If the moxe is a pop. then slf is an initial suhstring ofsj, hence so is s IhereFore,

assume the move is not a pop, so by the stack proposition. l f =Sos- for somle sES*.

Novs by the stack height proposition. lsji = h(x)-h(u). Since clearly x(Ix, JI, Ae have

h(x)>:h. Therefore, ht-h(u) h(x)-h(u), so s is no longer than s.Since s is an initial

substring of s1 ' =sios" s is an initial substring of sI.

lemmna 6 Suppose <x.%-'>u and <z y'.z'>U.

Let y- y' if h(y') h(y)

{y else

Then xyz>*

proof

case 1) ho)>h(y). In this ease, y-=y. It follovss from the hypothesis that Ix~y]U exists and

h(,A ) h:io) forever-, %%E[x.yJ0 . Suppose (),zJ exists, and A EO'.7'jU. Either wE(yjjU

or wE[77']. If wE[y,7I0 then h(w)>h(y) follows from the hypothiesis. If wE~z~z'Iu,

then h0vs)> h()>h(y). Since in either case h(%k))h(y). we may conclude <x~yj'>.



Appendi%

lemrnd1, 0 Slippi'se (x.t) I*-' .s). but there is no Mad such th.it (x.() I- (x*.s*. 'I hen for .10) NCS'

and exih O<b(a.

(i) if(X.E) H-b (C.s-) then (x.s) H- (x*.s~s-). and

proof 11 the hypothesis, if (xt) H b (x'-,s-) then not I-0O )x*l'). Then (i) follows b)

Preservation oflimei Proposition. NoA Su~ppose (x.s) Hh (xos,). Choose (x2.s**) so that (x.t)

b b
h ts) Again not I .OOP(x-,.s'*). so (x.s )H x.~~.ox.o"=7S

Icmmai I If Jul,. and cx%] eists. then Ix.%) exist--) and jx.y], = Jx)u

proof(0.0 H-'(u.s) and (u,t) F-* (x~sl) F-' (ys2) for somecs.sl.s,ES. Helnce (,t)H'- (u.s) H'*

(x.sos 1) I (y.Sos 2 ). so [x~yl exists. Moreo~er. ifA C[x.y]I then (x-sl) H' (As3) H' ('*s2)fo~r

some s3EIS*. so (x.sosl) H- ' . s3) ' (\.%Os-)). so \% Eix.\I%' Nov.. let abhe minimal such that

(u.i) Ha O,2) and suppose %4E~x.\]\ Then (u~s) H-b ('A,,3) Hec (,,,,,2) for some S3and

some b.c such that b+c~a. lf(\w,s3)=(y-sos 2). then w-=yE~x,yJIu. Otherv~isc, b)lermA0,

(u.f) 1-b (wk,s') with S3 =sos*X Because (u.E) H-' (x,sl). either (x.sl) H'* (Vh .s*) or (w,s) H- +

(x.sl). In thc former case, wE~x,y1u. In the latter case, (w,s3) H-+ (x~sosl). contradicting

choice of w.

lemma 2 If Julv and (x,y]0 exists, then (x~y]v exists, and (x,y]. =(x~y1u.

proof immediate from lemma 1.

lemma 3 If Jul, and h(alxlu)>h(u), then aixJ,,= a~xJu.

proof B\ definition of afxl 0. (u,c) H'* (x.sl) Ha (axU.k-orsmessES eause haxl)

h(uP>O. Is21-jej = 1s2.)) b) Stack Might Proposition, so s2t so) not l.OOP1(ahuI.s2 b. theC

LOOP Proposition. Then by Preservation of Vimc Proposition. (u,s) H'* (x,sOsI) H-a

(a~x~u-sos2) for any sES . In particular, ifs satisfies (%.c) H'* (u,s). then (1,C) H'(XsSj) H-a

(a~x),u.sos2). so by definition. aJx]v = alx1u.



(0 I (n)), I hu,, onl. I (n) ,pace is required by our simulting determinstic API)A.

N,,c. IRI,,, S21 hs,, al, pro\ed this result independent]% by combining some known complexity

hound, for %ariou, parallel machine models.

Section 8: F urther Work

lh( I K k) grammar,, considered in [Knuth. 651 are frcquentl used in practice for programming

lnguIOL'S. lhc k-s mbol Iookahcad required for recognition of an l.R(k) language by a I)PDA may be

n,:orpormcd into stage 0 of our algorithm, using only O(k) extra time.

As menoned at the end of Section 4, our algorithm for DCF1. recognition requires time O(log n)

,i:d 0(114 ) processors. It is eas. to show that in fact only O(n3) processors are necessary, after a minor

niodification of the algorithm.

Section 9: Ali.vrnalie Paralkl IMachine Models

[Ruizo. 801 ga'e an alternating machine algorithm for recognition of context-free languages in rime

O(log 2n) and simultaneously polynomial tree-size. As he points out, this algorithm can easily be

simulated in time O(log n) and a polynomial number of processors by parallel machine models which

allow resolution of both read and write conflicts. It is also easy to sho%, that Ruzzo's algorithm can be

simulated by a depth O(log n) circuit with a polynomial number of logical elements but unbounded ....

degree. (Sec [Stockme)cr and Vishkin, 81].)

Howcver. Ruzzo's algorithm requires 12(log2n) time on the usual models of parallel computation

that disalloA write conflicts. It is an open question whether general context-free recognition can be

done in time o(log2n) on a P-RAM. Also, it is open whether circuits of constant degree and depth

o(log2n) can recognize the class of languages accepted by deterministic TMs with space O(log n).

---------------------------------------------- ---
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Theorem 2 Ie i he .cepted b% a I)PI)A. Then I. is acceptcd b , P-R M iLh tIme O(Iog n)

and O(n 4) processors.

prfIlhe theorem fiolkis from Theorem 1 and comments ml the end of section 4.

Section 6: Simulation of a lDetrministic Auxiliari Pushdoun Automaton

Consider nok the simulation of an s(n) space-bounded. t(n) time-bounded deterministic auxiliar)

pushdown automaton M with a stack discipline satisfying the assumptions of Section 1. Each surface

configuration for such a machine will contain:

(i) the current statc of M (in the finite control),

(ii) the position of the input head.

(iii) the LOP tents of the work tapes and positions of the work tape heads.

(iv) the relative height parameter, which may be bounded b) the time bound t(n).

For a fixed machine M. the number of such surface configurations is bounded b) 20(s(n)) • t(n)O ( 1).

The simulation algorithm is exactl\ the one given in section 4. except that the number of stages is

nok Flog t(n)l + 1. Thus. ift(n) 20(s(n)), the algorithm requires time O(s(n))and 20(s(n))

processors. Thus we have

Theorem 3 Let L be accepted by a deterministic APDA with space s(n) and Lime 20(s(n)) . Then L

is accepted by a P-RAM with time Q(s(n)) and 20(s(n)) processors.

Section 7: Simulation of P-RAMs b. Deterministic APDAs

We shou here that our P-RAM algorithm of Section 4 for simulating deterministic APDAs is nearly

optimal, since there is a complementing simulation of P-RAMs b) deterministic APDAs.

iheorem 4 Let L be accepted by P-RAM with time T(n). Then L is accepted by a deterministic

APDA with space T(n) and time 2O ( T( n)2)

proof [Fortune and Wyllie. 78] proc in their Lemma lb that L is accepted by a deterministic TM
2

with T(n) 2 space, and time 2O (n) ). We use exactly their algorithm, but implement it on a

deterministic APDA. Their algorithm is recursive and requires a pushdown stack of siie at -
S.-most 1 (n). hce each element on the stack can be reprsenied by a bit sequence of length'-.

. -... - 7 *-*

- .



Co'Jcude A ..(k + 1

lemma 13 If < Il + II. >x fihen <x.I'RI11 kI + llx 1(2k + IX 1,j>, (Correctne.% of

PIR H: MICI k +I

nErxof Let it R~tI

case 1) h(y):5h(x*). In this case. PRIH)IC11k+ ltx.31= Hopk+ 0 1 I sce figure 12a] By

corollar) to' lcinm 10. <P'(jI 1 A~+iI~ n w sue< 1 1 [Iyy~

Sinceht1)h0x)h(I.kIxI). b) lemma 6. <Pk~xI.3.) >x. Then b) Icmmi 12,

<%.HOPk + Ix,j1(2k +I lx.

case 2) h()>h(x*). We arc gi~en<Pk 1 14y.)>x. Choose bso thai =b[Pk+ I1xflx

Recall that Pk + l[xJ = PkIxi. SO ~1 + Ikfx.* and let y' =b[P1 + ilxDlx* We have

h(Pk + ijx) !h6)h(x*). so b3 lemma 3. y'= b[P1 + ifxI.= b[P1 +lixl= . Then

[P+ iNxj~]l. exists. so by lemma 1, Ipk + 1 x1.yI,'*=1pk + lxI.y'1. Now suppose

,A E[Pk + l1xIhv]x.: then % E[Pk + Ix)yjx. so h(,A) )>h() (since we have

<Pk + lix].yy>x-) We may then conclude <PkIxi]-Y-Y>x* (recalling that

Pklx] = k ± [X]). Let7i= HOPk + [x*.y]. B) lemma 12. <y.z,( 2k + gyx. .

case A) h(7)>h(x*). Iscefigure 12b] In this case. PREDICrk+ I[x~yl= z, and by

lemma 7. <yz.,(2k + I yjx>x

case B) h(z) =h(x*). In this case, PREDICTk + 1[x,yj = HOPk + I1x,zl. Isee fgur

12c] Since <Pk + l!xi.yy>x and <3~zz>x, by lemma 6 we have

<P +lixI,z-z>x. Let z' =HOp1 + 1 x,zj. By lemma 12, <z',(2k1 +Xlx

Then certainly <zz.(2k + 1)[]x> and so, by lemma 6. <y,z',(2 +l 1)IyjX>X.

lemma14 <P + 1[xJ.Rk + I[xJ.(21 + I~p1 + lixh>x. (Correctnes of R 1 )

RL( F B) definition, Rk + lfx]= PRFDICT1 + I1 x.P1 + 1fxfl. Trivially,

<P1 + 1kI*Ipk + 1[xI.Pk + I11>x. so the lemma follows from lemma 13.

Theorcm I follows by induction on k.



n% 4<k'kI- kI1lk Ixitik + jx)>1
pRLoori' 1* = Rklxl. ify correcinfss ofRk. lIJ-XK I cu. 10. <IbkbxJ. kI4 I'-kJ>x-

Rcca11ing that Pk.+ ijxk PkIxi. *c are done.

Iemma 11 <x-l-k+ IxI.1k+ (x1>x and h1 -k+ 11x)= h(A). (Corrcnvcof "'k+ +)

grooflisc figurc 101 Clear]) h(l-klxl)=h(x)hy the definition tOf k~ -f I y correctne-sof

I'k <xl kjxl.pk1x1>x-. lly corollary to lemma 10. <l)k1%1l. kIRkllk + 1x1>x. *lhcnh b cim

6. <x.l.k + IxjIl k+ I(xP (see defin ition of Lk k+ 1(xI).

lemma 12 If <Pklx].y~y>x then <Y HOPk + Ilxy).(2,k +mX>X

proof Let z= PREDICfktx~yl. Since <PklxJly,y~x. by correctness of PREDIC Tk. <y.7-( 2kXyjx>x

It follows that <yjz,. and that Iy,?.]x exists. Let 7' =Rkj7.j. By correctnessof Rk.

<Pklzl~z.( 2)IXPk~flz>zv

case 1) h(z*)>h(z). In this case. HOPk+ltx,y]=Lk?I. [sefigure 2]a] By lemma 7,

<Pkiz.7.(2)Pk~z1lx>x. Since <y,t.>. we may apply lemma 10 to obtain

<Y,Lk(1I.pklzI~x. Hence, by lemma 6. since h(L-kfzl)= h(7z<h(z*), we obtain

<y.LkIzI.(2k)(PkIzllx>x. By correctness of k- Pkl] = alzlz for some a>2k. Since

h(Pk~z) :h(z)>h(z). by lemma 3 %e obtain a[z12z=aHzj. hcnce PklzI=alzx. Since

[y.zJx exists, z = b(y11 for some b> 0, so (2k XPkizDx= (2k +a+b~ylx. Since _2k

(2k)Ipk~zBx= (2k4+ c~y1x for some c Q,. so we may conclude

<x.Lkfz4(2k + I)fylx>x.

case 2) h(z$)=h(z). In this case, HOPk + (x.yh=PRPD',CTk[x .7*. [see figure 21b] We

assumed <Pklxl-y~y>x. By correctness of PREDICrk, <y.Zz>, By the stack height

proosiio, <~z~>~so by lemma 4, <z.z*> ~.Then b) lemma 6. <V.*.Z*>. and.

by a second application of lemma 6. <PkIXj.*Z*>X. Let 7 = PRFDICTkix.z*]. B)

correctness of PREDIC TX. <z .z.(2k)Izi>,. Since <y?,*, b) lemma 6 %%c obtain

If z*E(7,(2kgjylxJ1. then z* would contradict <y .z,2A2yjx'l> x because h(z*)= b(i).

Thus z = abIjx for some a>2k. so (2k)izSJ bly], for some b>2k + 1. so we may



hold tor k -+ 1. lhcri h% indmction. t'l1 i.lc~~Lrxns ~ot@I.I ~riu.i.~ I

IlIW 111111.11 surijice Lonitiatiion for t'ilht .. wit 1, r io I llit ill gi~c 11 fill," %urflcc

con tigura(Ion. aind thus the final st.ic of thc III M.. I be proof follows:

I'hiorrn I l'- (Pio -l1I.rlog 11k1l~) for a>l.

lemm.1 8 Let ,=Rklx4 Then (x.r) H'* (x*-sk~x-xil).

pro Ise figure 17J 1I% correctness oflPk- ("~) F-* ("klxl.skfxI). By correctness (if R. (kxikx

F-" (x*.s) for some s. and if wEl'kx.J then hWv)>h(x). Hence by lemmai 5. s is an initial

subsuing of skix]. Since by stack height proposition. Isi = h(x*)-h(x). we conclude s= skjx~xi].

lemma 9 (x.e) H-a (pk + l1xJsk + 1[14) for some a>2k + 1. (Correctness Of Pk + 1)

proof Lct x* = Rklxj. By correctness of Pk. (x.E) Ha (Pklxl-sklx]) and (0.1) 1-b (pklxi].sklxi]) for

some ab>2k.

By lemma 8. (".) I-' (x*.skfx-x*])- so bN combining computations. (x.E) ~

(PklxI]-skrx-x'loskrx*]). and (Pklx*],sklx,xilosktx]) = Pk+ 1lxI~sk + 110J by definition of

Pk+l and k .

case 1) h(Pkxi])=h(x*). [see figure 181 By correctness of Rk. if wE(x* (2kIPkfxflxlx then

h(%k)>h(x*), so we must Conclude that PklxiE((x*(2k)pklxflxlx.so(kxstI)H

(Pklx*]-Sk + 1[x0 for some 0k

case 2) h(Pklxi])>h(x*). Isee figure 19) Then by lemma 3. (x,sklx-x*J) H-b

(PklxJ]-Skix~x*]eSkfxi]) so again (PklisklxJ) H'c (Pkix'J-Sk + 1JxJ) for some c>b>2k.

We conclude in either case that (x.E) 1 -a +C c p + I114-k + I[N) with a +c> 2k+ 2 k = 2k + 1.

lemma 10 If <X.y.Y>u then <x.I-kN.lPklyI>u.

Proo~f Lect Y'= 1-k'y'* [see figuire 201 By correctness of Lk, <Y,Y .Pkiy >y adhy) ~) ic

Multi <Y .*PkyI>&J by lemma 4. Then by lemma 6. we conclude <x-v',Pklyl>u. since

h(y*)= h(y)..



Se"t ion 5: I'rof of C orr'cins.i

Wc inirsde.cc vari, bics d-)nolinr ihe conlecnl, of hw simlieIJd .lack. Their lue.', arc ncecr

compine.d: the% exist onl. to make the proofcasier. Wc deflic ,kx and %kv. :nducticlh as folloA s:

if x Fl- ( .)' .

then let 0ox]= s

For k =O . rliog -.

let sk + IlJ=Sk!xJklXx°l

where x* = Rklx]

and for all yEX %ith h(y) _h(x),

sk[x.y] = the leftmost h(y)-h(x) symbols of Skixi.

The %alues of the arrays PklX]. Lklx]. HOPkIX.y]. PREDICUklxYI, and Rk[xJ ' ill be inductiWel)

shown to satisfN the following correctness hypotheses. for each k:

Correctness of Pk: (x-C) l'a (Pklx].sklxJ) for some a>2k. [see figure 13]

Correctness of Lk: <x.l'klx].Pklx] x and h(Lklxl) = h(x).

[see figure 14]

Correctness of PREDICIk: if <Pkljx,y,y>x then <),PRFDC'kIx.)y.(2k.1]xI x.

Isc, figure 11

Correctness of Rk: <Pklx].Rklxl.(2k){Pk[xlx>x.

.sec figure 161

It can easily be checked that the intial values satisfy the abo~c hypotheses. for k =0. Assuming the

correctness hypotheses hold for Pk. Lk" PREI)lCIk. and R"k. we show the corresponding conditions

" ''S .-. - ' '" -. - ' " ' . - . " " . . ' " " " " " ' " ' . . ." " -, ( :' . . ,*
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Vot cai x.% EX such thai fit x <h( ) <h(Plk~xJ]).

lct ' 0~k ji.>! PRII)ICIklx./i] ifh(/*)=h(7)

t~hcrc t= PIRH)IC'Ikix.)J and = Rkr

Isec figure I111

For cach x.' EX such that h(x)<h(Q Kh(Pk + I),
I f1OPk + 11I if 11(y)<5h(x*)

let PRH)lI'k + I1x,yI = HOPk + 1!xz if h(y)>h(x*) and h(z)= h(x*)
Iz else

'& hcr x = Rklxl and z= "10 k + [x*-YJ

(sce figure 121

* For each xEX.

lct Rk+ I[N PRFI)ICTk+ llx.Pk+ INx]

Wc shall show in the next section that PkIx] gives a surface configuration reachable from (x,e)

in at least 2k steps. In particular, if (Xinit~c) is the initial configuration and (xacc.e) the acceptingA

configuration when the input is wl ... wnE 7n, then PrIog T-1[xinitl=xacc iff M accepts the input

(recalling that we assumed (xaccle) to be a looping configuration).

Each of the riog Ti'- + 1 stages requires constant time on a P-RAM. if we assign a processor to each

pair x,y of surface configurations. Recalling that T = 21QJJSI(n + 1) and that the number of surface

configurations is ,X = IQIISI(n + 1), we see that, for a fixed [)PIA, the algorithm requires parallel time

4
O(log n) and O(n )processors.



reader .an the indItIIc correctike hypothe,% ind the corresponding figure% (fiound ni die next

section) in order to better understand the algorithm.

Thb initializacion is as follows.

For each xEX,

if(x.e) I- (y.s).

letPXI "= y

et X= {POx] ifh(Po~xD=0

IX else

For each x,yEX such that h(x)<h(y)<h(Po[x]),

if(x,e) I- (x',s'), s is the initial substring of s' of length h(y)-h(x),

and (ys) I- (z.s") for some S'

let PREDICTOIX-y] : = (y
else

Isee figure 8)

For each xEX,

let ROdxl: PREDICToIx,PoIxD

The algorithm proceeds in stages k =0. rlog Ti. At stage k + l. we assume that the values of Pk. Lk.

PREDICTk. and Rk have been stored, and compute Pk + 1' Lk+ 1' PREDICTk + 1, and Rk + 1 as

follows:

For each xEX,

let Pk + lIx : = Pk[Rk lxD]

Isee figure 9l
lk[Rk~xD if h(RkIxl)=h(x)let L~k+ lI]N=

lkIXI else

(see figure 101

L



l'inra I Ir I .,111~id I\. ,1 cxItI. thcni Ix .. I, .u t,.,d Ix..L k . u

kee figure 21

leTni.1 2 Ifu11%. and (x.\u ex' ,, then (x,, , and ( = , u.

lemma 3 If jul ,. and h(ajxju)>h(u). then ajx v =4a[xu.

Isce figure 3]

lemma 4 Ifjuj. and <x,.'.>u. then <x.y,7>..

Isec figure 4)

lemma 5 If-()- (x.s1' ) I-* (y.s2) and for each wEix.v'u. h(w)>h(y). then s, =s2os' for some

* s'ES*.

[see figure 51

lemma 6 Suppose <x,,z> and <7y'.z'>

y' if h(y')h(y)
Lety= --

y else

Then <x,y",z'.0 .

[see figure 6]

lemma 7 If Ju1v. <x.y.ajzu)u. and h(y)>h(u), then <x,.,alz1 ,>.

isee figure 71

Section 4: The Algorithm

We now describe the algorithm for simulating T= 21QIISI(n + 1) steps of M. (An argument like that

found in [Aho and UlIman. p. 396] will establish that if NI accepts an input of length n, it does so in at

most T steps.) The data structures used are arrays indexed by surface configurations and having surface

configurations as their elements: Pk~xl1 I.kl. HOPkIX,Y], PREDICkx.yl, and RkIxl, for k = 0..og

TI. The algorithm is relatively short, but its proof contains a non-tri% ial induction. We suggest the

S0:i



(x.,'). I% the st,ck height propmithon. Is= I. IS.I intlCdi.Ic LonIigur ittin ( hA.h.d

I-'I>Il then pjx) irX)>p(x). contradiction. Smiilarl.. if VI(I,I= 1]. then px)> >rx)

Iencc Is'1 = bl: i.e. e,'r. intermediate configuration has, stack height equal to II. lBui ince M

ncser changes more than the top %% mhol of the stack, we ma. conclude s"= s.

Lct [xIu denote the proposition (u.t) -* (x.s) for some s.

If(u.) -* (x.sI ) !-* ().s-) for some s1 .s2. then %e shall sw. Ia.)a u cxists. id denote,; the t

I-* (7s) * (Y.s2) for Aomc s31: otherm ise x,)yju does noi exist.

If[x.)iu exists. we let (x.y]u = {zlzC[x,)]u and z*x}.

Note that [x.y]u and (xylu are intended to suggest closed and open intervals, respectively.

If (u.c) - (x.sl) I- a (Ys2) then aix1u denotes y.

Let <x.y.z> u denote the proposition:

(1) [x,y], and Ix,Z], exist;

and (2) if wE[x,yJu then h(w) h(y),

and (3) if (y.zlu exists and wE(y.zlu then h(w)>h(y).

* Informally. with respect to computations starting at u. either y occures between x and z and has minimal

stack height of all such intermediate configurations (and is otherwise latest), or y occurs after z and has

minimal stack height of all configurations between x and z. [see figure 11

Note that it follows from <x,y.z>u that <xy.w> u for an CjyLjU (and in particular that <x..y>u).

and that <w.y.z> for any ,Ex,Y]u (and in particular that <Y'Y,7>u)

- We state eight lemmas whose proofs may be found in the appendix. We suggest the reader try proving

one in order to become familiar with the notation.

.. .. ... . .. . .. . .. ... " " "-""-" "" " " "- " " . ...'.. .' '-. .. ".. .-. ,-.... . . . . .-. '.'-.... .-. .-. '-'.,""-. .".
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