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Abstract

W give a parallel RAM algorithm for simulating a detenmninistic pushdown automaton. Onan
input of length nea DPDA will use time Own): our simulation requires time Otlog n) and only

puly nomidlly many processors. The algorithm can be easily adapted to accept the 1.R(k) languages as

well An casy generalization of the algorithm will simulate a deterministic auxiliarly pushdown

automaton that uses space s(n)2>log nand time AOM. (e simulation then requires time O(s(n)) and
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\bstract

We givea parallel RAM algorithm for simulating a deterministic pushdown automaton. On an
mput of fength noa DPDA will use time O(n); our simulation requires ime O(log n) and only
pebynomially many processors. ‘The algorithm can be casily adapted to accept the 1 R(k) languages as
wolll An casy generalization of the algonithm will simulate a detenministic auxitiarly pushdown
automuaton that uses space s{n)>log n and time 20(4M). e simulation then requires time O(s(n)) and
2064y processors. This simulation is nearly optimal for parallel RAMs, since we show that the
Linguage accepted in time T(n) by a parallel RAM is accepted by a deterministic auxiliary pushdown

IRy
autematon with space ‘T(n) and time 20( I(n) ).

Introduction

I'his paper assumes the parallel random access machine model P-RAM as defined in [Fortunc and
Withe. 78] which consists of a collection of synchronous deterministic unit-cost RAMs with shared
mamony locetions indexed by the natural numbers. Simultancous reads are allowed: on each step, any
given memon location may be read simultancously by any number of processors. However, no two

distinct procesors can attempt to simultancously write into the same memory location on the same step.

A fundamental question, which we address in this paper, is the time complexity of the P-RAM: that

15. what class of languages can be accepted by the P-RAM within a given time bound?

Previoush [Fortune and Wyllie, 78] showed that an: language accepied by a deterministic Turing
machine with space bound s(n)2log n is accepted in ime O(s(n)) by a P-RAM. Alsc [Ruzzo, 80}
showed that any language accepted by an auxiliary pushdown machine with space s(n)>1log n and time

20640 4 accepted in ime O(s(n))2 by various parallel machine models including the P-RAM.

The form of the paper is as follows: in Section 1. we wilt describe some assumptions we make of
the simulated deterministic PDA in order to simplify the presentation of the algorithm  In Section 2, we
introduce the notion of a surface configuration, and rephrase some of the assumptions of the first

scchon as propositions about surface configurations. In Section 3, we introduce some notation uscful in
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the proot of the algorthm, and state some lemmas concermng tis notation. In Secion 4. we desenbe
the algonithm. and. in Section 5, give ananductive proof of its correctness. In Section 6. we point out
that the algorithm may be used to simuolate i space-bounded auxiliany pushdow n automaton. In Section
7. we gine s complementan result concerning simulation of P-RAMS by deterministic auxiliary PDAS

I Section 7, we meation some related work, and i Section 8. we mention alicinatis e models of paralicl

computation.

Section 1: Basic Assumptions

We denote the cardinality of a sct A by |A). and the length of astring s by |\] - We denote the
empty string by €. We denote the concatenation of strings s and S2 by §pess.

We will simulate a deterministic PDA M with input alphabet I, state set Q. and stack alphabet S.
We will for technical reasons assume that M's transition function is a mapping from (q.«.e.y) 10 (q'.5).
where q is the current state and @' is the next state, w is the input symbol currently scanned, o is the top
stack symbol (if it cxists). s is a string of stack symbols of length at most 2 that will replace o is the stack,
and y is true ifY the stack consists only of s. Thus M’s next move may depend on whether the stack has
onhy onc symbol. Note that standard technigues allow this assumption and those described below, and
furthcrmore that any DPDA in the form defined in [Hopcroft and Uliman, pp. 253-255] may be

wransformed into one in the form uscd here without changing the language accepted.

For a fixed input w...w, € Z". we can write cach configuration of M as (q.i$)€Q X {0. ....n} X S*.
where q is the state of the finite control. i is the position of the input head (i.c. the number of symbols
that have becn read). and s is the stack (with the rightmost symbol being the top of the stack). Let = be
the next move relation, and — and * be its transitive and reflexive-transitive closures, respectively.
For any non-negative integer a. Jet =2 be the a-fold composition of = i.e. reachability in exactly a
sicps.

We assume of the PIDA that cach push and pop changes the stack height by only onc. that each
push is accompanicd by an advance of the input head. and that cach advance of the input head is
accompanicd by a push. Any DCFL. has such a PDA, which is cssentially a shift-reduce parser for the

DCFL. (see Hoperoft and Ullman, pp. 253-255). It follows that the height of the stack never grows by

morc than n. the length of the input.
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W also assamic that M never changes more than the top symbol of the stack: ic., for s.5'€S®, g €S.

i ygasea) = (gL N) then V= s for some s™,

We assume that there are no eycles (q.i.s) — ¥ (q.i.s) of length more than one. Exery such cycle
can be replaced by g evele of fength one: (Q.is) b= (qas). We let 1 OOP(g.1s) be the predicate that s

truc just in casce (q.1.8) = {q.Ls).

W assume that M's stack initially contains a special symbol. and this symbol is never popped (M
accepts by final state rather than by empty stack). We may therefore require of M that when started in a
configuration with a stack of sizc one. M will never pop that one symbol, but will loop instead. We have

therefore

if (q.1.500) = (q'.i".8") then [s'[> 1.

Morcover. we assume that M never loops unless the stack has at most one symbol (i.e. M pops all but

one of the stack symbols before looping):

if L OOP(q.i.5) then [s|=1.

We assume that the accepting configuration (x,,.....¢) is a looping configuration.

acc
Finally. we assume that if not [ QOP(q.i.s) then the next move from (q.i.s) depends only on the top

symboi of s:

for any s5.5,€5* 0 €S, if ot LOOM(q.isje0) and (q.isje0) (q'.i"sp05).

then (q.isyed) b (Q'i'spes).

Section 2: Surface Configurations
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Instead of manipulating complete configurations of M the dgonm manipalates surlace
conhigurations. A surface configuration does not specity the entire stack. only the top symbol. We alse
include in our surface configurations i stack height paraimeter. giving relatin e stack height infonmation.
In panticular. fora fixed input @ .., € EM we write cach surface configuration as (g.1.0.MEQ X {0, ..
A XS X o where gos e staie ot the e control, 1is the position of the mpat head. o s the
top symbaol of the stack. and h s a stack height parameter. 1ot X be the set ofall such surface
configurations for input w}...wp. and note that IN[= ()(n:). W ¢ eatend the defimton of = 1o apphy to

surface configurations as follows it (guise o) b= (g 8 0a™). then foruny lhwe may wite ((g.i.o.h)s) =

((q'.1.0".h").s). where h'=h+ |5} Because thisis true for amy h. we hase the following proposition:

h-Independence Proposition: if ((q.i.e.h).s) - ((q".i".0".h').s"). then for amy 8. ((q.i.o.h+ 8).5)

((q'.i.0" h" +8)s).

Wedefine h:X = {0, ... .n} by h(g.i.c.h)=h. By asimpleinduction. we obtain:

Stack Height Proposition: For any x.x"€X and s.5°€5* if (x.s) —* (x".¢) then |- |s| = h(x"h(x).

Define p:X — {0, ... ,n} by p(q.i.c.h)=i. That s, p(x) gives the position of the input head in surface

configuration x. Because the input head is one-way, we have:

Hcad Position Proposition T: 1f (x.8) =2 (x".s") then p(x)2> p(x).

Because we assumed cach push is accompaniced by an advance of the input head. we have:

Hcad Position Proposition 11: if (x.8) F* (x".s7) and |s'Pls|. then pOy'Pp(x).

We extend the definition of the LOOP predicate so that for any h. } 00 q.0.6.h).5) iff . OOP(q.1,500).
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Suppose Moasan the configuration (as), where y s g surface configuration. Because M nevef

changes more than the top svmbol af the stack. i M does not pop. then s remuains intact. Because M's

nevt mose depends ondy on the op sumbot of the stack, x determimes the next state. 1M does not pop.

then v alse determumes the new top stack symboland henee the neat surface configuration. We have

therefore:
Stack Proposition: if {x.8) = (a8 and |81 N then
(D)8 =ses” fursome s"€S*. and
(2 tf not 1 OOPs) then for any s1€S'.(x.SJH— (x'.s]os").

Recalling that Moorhy loops if its stack contains exactly one svmbol:

1 OOP Propaesinon: 1if LOOP(xs) thens=¢.

By induction, we obtain:

Presen ation of Time Proposition: if (x.e) k=3 (x".s). but there is no b<a such that (x.¢) b (x'.s),

then for any s, (x.5) H3 (x'ses").

Combining Computations Propositions:

(Difxey b2 sYand (x . e) =2 (x"s7). then (x.e) —* (x".s7es").

i) 2 (x.e)and (x"s) =" (x"s7) then (x.s) F* (x"s").

Scction 3: Notation
We now introduce some notation that will be uscful in prosving the algorithm. We first need to

prove aclaim that will ensure the well-definedness of the notation:

claim if (u.e) H* (x.s) and (u.e) = * (x.5)) then s=¢ (i.¢. s is uniqucly determined by u and x).

proof Fither () = (a s or (V8) 2 (cs). Suppose without Toss of generahity that (x8) —*

e et RO PSP P ST S P U, SR SRR VP ST T e T e -

’

[ U B S

,
« .

.
i



hiw>hiu) = hiv).

lemma 17 Suppose a2} and {25777 )

. Iy ify2 L
lety' = J
|y else B
hen {xy ™74,
preof Smee [x/], and [2.27] exist. so does [x.27];- ]
case Dy# L. Then foreveny w €[\._\]u such that w#u and w#y_ h{(w)>h(u). Since
Y€/ clearly [y.77], exists. We conclude {xy.2'4,,.
case ) y = L. Then forcveny w€[x /] such that w#u and w2y, h(w)>h(u). Suppose
v # L (the case in which y = L is analogous). Then for every w€[z.y'], such that w#u o
and w2\ " h(w>hu). In summary, for every w€[x,y'}; such that w#u and w#y",
h{w»htu). Wealso have that [y 2], enists. so £x.y".2 . .
) 1
lemmua 18 1f {u], . h(u)>h(v). and [x.y] , exists, then {x, L.y}, :
proof Suppuse w€[x.y],. Then [w],,. so by the stack height proposition, h(w)2h(u)>h(v). By -
lemma 1. [x.y], cxists, <o we may conclude that {x,L,y},. :
1
]
;
3
)
1
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case 2) h(y)<h(y ). Inthiscase y "=y, It foliows from the hypothesis that if()‘,/]U Cxisls
and w€|y".7] . then htw)dhiy ). Teatso follows from the hy pothesis that [».7],, and
[75°]y exist so Iy, exists. Suppose w€]x Iy then either w€|ar}, or welsa], I
\x€|x.7]u then h(w)>hiy ) >hiyv). lfw€|/.,\']u. then again h(w)>h(y'). We may

therefore conclude <x.)'.7'>u.

lemma 7 If [u],. <x.y.alz],? - and h(y Ph(u). then xy.alz), >y
proof By the definition uf(x.)’.alllu>u. hals] )2 h( ). s0 hta7}, Ph(w). so al/], = af/], by lemma

3. Wetherefore have <a.y.als], > . But then by lemma 4. <xy.afs .

lemma IS IFh(wDhix) for evers w€[xy ], then [y],.

proof Since h(y >h(x). clearly y#x. Since ["‘-"]u exists, (u.e) —* (x.5) =2 (y.s) for some s.s'€S*,
and some minimal integer a2 1. We prove the lemma by inductics on a. Consider the case
a=1.s0(x.5) = (3.8 Suppose (x.e) = (v .s™). Since [x.y7], exists, by lemma 1
Doyl = Dol Clna )y se hty hin). so v #x. Then there 1s no b<a= 1 suck that (x.e) °
(y".s™). s0 by the preservation of time propostion. (x,s) b= (y".5057). s0 in fact (y.5) = (y".ses”).
We conclude that [y],.

Now assume the lemma holds for a> 1, and supposc (x.s) 2 (x‘,sl) F (y.s'). By the
inductive hypothesis. [x'],.. so [x.x’], exists. so h(x')>h(x) as above. Since [x]y. we have (x.e)
-3 (x.sy) for some 57€S*. Since h(x"P>h(x). by the stack height proposition $9% €, 50 by the
LOOP proposition. not L.OOP(x",55). Supposc (x',59) = (y's7): we have that (x.¢) pa+l
(>'.s™") but there is no b<a+ 1 such that (x.¢) b (y.s7)(else (x's9)=(y's7). 50 LOOP(x‘,sz) ).
Then by the preservation of ime proposition, (x.5) pat+l (y'.ses™). 50y =y, and we conclude

that [y],.

lemma 16 If [u}, . h(u)=h(+). and fx.v.7),. then {xyaj,.

proof Suppose y = L (the casc in which y# L is analogous). Then [x.7], exists. and i w€lx.7],

then h(w Ph(u). Butby femmu 1 [x.7], exists and [x.7), =[xs], soif w€x 7], then

ot - A N .. Mmoo e St N T e L T Tttt ool ol e
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femma 4 1 fuly and <oy then <xyzd

prowf By Temma 1 [ay ], existsand [xa ), =[x ], Then since htw)>hey) for cach w€fny], it
follows that htw) > hey ) for cach w €[xa ] Similarly. by lemima 20 (2], exists. then (3.,
exists.and (3 .7), =0/, Henee it w€v], . then w€y /] oso hewPhiy). We conclude that

<xy.22,.

lemma § 1 (ue) F* (s ) = (3 .85) and for cach w€[x.y] . h(w)2>h(y). then s =505 for some
s'€S*.
proof The lemma follows from the following claim:
claim if (u.e) 2 (x.s5)) =3 (y.57) for some a. then for any h such that hiw )2 h2>h(u) for
every w€[x.y] - there is a string of length h-h(u) that is an iniual substring of s and sy
proof of claim by induction on a. The case a=0is trivial. so assumc the claim is true for a,
and suppose (we) =* (xs)) = (x"s)7) -2 (y.59). By the inductive hypotheses, there is
astring s of length h-hu) that is an initial substring of 5y and s5. Consider the move
(X sy
If the move is a pop. then sy s an initial substring of sy hence sous s Therefore,
assume the move is not a pop. so by the stack proposition. s;"=sjes™ for some s”€S*.
Now by the stack height proposition, Isll =h(x)-h(u). Since clearly x€[x.y],,. we have
h(x)>h. Therefore, h-h(u)<h(x)-h(u), so s is no longer than S1- Since s 18 an iniual

substring of s1"=5yes", s Is an initial substring of s;.

lemma 6 Suppose <x.y.7>, and <zy".2'> .
Lety” = {y"ifh(y)<h(y)
{y else
Then <xy™.2'>,.
proof
casc 1) h(y'h(y). In thiscase, y”“ =y. It follows from the hypothesis that [x.y},, exists and
h(w)>h(y) for every w€[x.y},,. Suppose (y.z}, exists. and w€(y.z},. Eitherw€(y.z],
or w€[z.7),. If w€ly.z]; then h(w)h(y) follows from the hypothesis. Ifw€[z.2],,.

then h(w)>hiy Ph(y). Since in cither casc h(w)>h(y). we may conclude <x.y.z'>.
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Appendin

temma 0 Suppose (x.e) k= (x.87). but there is no b such that (a.¢) P O0s) Then forany ~€8°
and cach 0<b<a.
(@ if(x.e) P (x"s7) then (a.s) P (x"505"). and
(i) if (x.5) 2 (x"5y) then (x.6) P (1757) with sy = 5057,
Presen ation of 1ime Proposition. Now suppose (X.8) b (x"59). Choose (x5.87) so that (x.¢)

b (x9.57). Againnot 1 OOP(x5.57). s0 (x.5) b (x3.5087). 50 (x3.5087)=(2".57).

Jemma ) If [u,.. and [x.y], exists. then [x.y], exists. and [x.y], =[xa,

proof (+.€) —* (u.s) and (u,e) =* (x.51) F=* (3.5,) for some 5.51.59€8* Hence (v.e) —* (us) F—*
(x:505]) F=* (y.5059). 50 [x.y], exists. Morcover. if w€[x.y], then (x.5)) F=* (w.s3) B=*(y.5,) for
N 53€S'. S0 (x.5053) F=* (w.5053) * (y.5055). 50 W €lx.v],. Now.letabe minimal such that
(u.€) =2 (y.59). and suppose w€[x.y], . Then (u.s) b (w.53) =€ (3.505,) for some s3 and
somc b.c such that b+c<a. If (w,s3)=(y.sesy). then w= y€[x,y]u. Otherwisc, by lemma 0,
(u.€) b (ws) withsy= ses”. Because (u.e) —* (x.sl)'. cither (x.s]) =*(ws)or(ws) +
(x.51). In the former casc, wE€[x,y],. In the latier case, (w.s3) + (x.se5]). contradicting

choice of w.

lemma 2 If [u], and (x,y},, exists, then (x.y), exists. and (x,y}, =(x.y),.

proof immediate from lemma 1.

lemma 3 If fu], and h(afx};)>h(u), then alx), =alx},,.

proof By definition of afx],,. (u.e) =2 (x.57) 2 (alx];.s7) for some sy 5,€5°. Because h(alx], >
h(u0. |s,)-lel= Is51>0 by Stack Height Proposition, s0 sy # €. 50 not LOOP(a]r});.55) by the
1.0OP Proposition. Then by Preservation of Time Proposition, (1.5) F=* (x.$es}) -2

(a[x],-ses) for any s€S*. In particular, if s satisfies (v.€) * (u.s). then (v,e) b=* (x.505)) F2

(a]x];.50s7). 0 by definition. alx], =alx],,.

......................................
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OCLeny. Fhus endy L) space s required by our sunulating determinstic APDA.

Note: [Ruzzo.82] has abso proved this result independently by combining some known complexity o

bounds for vanous paratlel machine models,

Scction 8 Further Work ;
The ' Roby grammars considered in [Knuth, 65] are frequently used in practice for programming )
fanguages. The k-symbaol lookahcad required for recognition of an 1.R(k) language by a DPDA may be
meorporated into stage 0 of our algorithm, using only O(k) extra time.
As menuoned at the end of Section 4, our algorithm for DCFL. recognition requires time O(log n)
and 0(1‘4) processors. s casy to show that in fact only O(n3) processors are necessary, after a minor

modificaton of the algorithm.

Scction 9: Aliernative Parallel Machine Models
{Ruszo. 80] gave an aliernating machine algorithm for recognition of context-free languages in time
O(]ngzn) and simultancously polynomial tree-size. As he points out, this algorithm can casily be -
simulated in time O(log n) and a polynomial number of processors by aralle]l machine models which ‘
allow resolution of both read and write conflicts. It is also casy to show that Ruzzo’s algorithm can be , j
simulated by a depth O(log n) circuit with a polynomial number of logical elements but unbounded I
degree. (See [Stockmeyer and Vishkin, 81].) ‘
However, Ruzzo's algorithm requires Q(logzn) time on the usual models of parallel computation
that disallow write conflicts. It is an open question whether general context-frec recognition can be
done in ime o(logzn) onaP-RAM. Also, it is open whether circuits of constant degree and depth S
o(lugzn) can rccognize the class of languages accepted by deterministic TMs with space O(log n). g
g
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‘Theorem 2 Fetl heaccepied by a DPDA. ‘Then 1 is accepted by o P-RAM with nme Olog n)
and O(n%) processors.
proof The theorem follows from Theorem 1 and comments at the end of section 4,
Scction 6: Simulation of a Deterministic Auniliary Pushdown Automaton
Consider now the simulation of an s{n) spacc-bounded. t(n) time-bounded deterministic auxiliary
pushdown automaton M with a stack disciplinc satisfying the assumptions of Scction 1. Fach surface
configuration for such a machine will contain:
(i) the current state of M (in the finite control),
(ii) the position of the input head,
(iii) the contents of the work tapes and positions of the work tape heads, 3
{iv) the relative height parameter, which may be bounded by the time bound Un).
For a; fixed machine M. the number of such surface configurations is bounded by 20(5(")) : l(n)o(l). :
The simulation algorithm is exactly the onc given in section 4. except that the number of stages is .
now Mlog t(n)1+1. Thus. ifn)= 20((M) the algorithm requires time O(s(n)) and 20(s(n)) 1
processors. Thus we have B ?
1
Theorem 3 Let L be accepted by a deterministic APDA with space s(n) and time 2000 Then L ]
is accepted by a P-RAM with time O(s(n)) and 20((") processors. - %
1
Scction 7: Simulation of P-RAMs by Deterministic APDAs ]
We show here that our P-RAM algorithm of Scction 4 for simulating deterministic APDAs is nearly N
optimal, since there is 2 complementing simulation of P-RAMs by deterministic APDAs.
Theorem 4 Let 1. be accepted by P-RAM with time T(n). Then L ts accepted by a deterministic ]
APDA with spacc T(n) and time 20(T(“)2). 1

proof [Fortunc and Wyllic, 78] prosc in their Lemma 1b that L is accepted by a deterministic TM

(my2
with T(n)2 space, and time 20(T(n)") we yse exactly their algorithm, but implement iton a

A,

deterministic APDA. Their algorithm is recursive and requires a pushdown stack of size at

o 1 e
a'ale o

most T(n). where cach element on the stack can be reprsented by a bit sequence of length

A ata a




Y _—v,:—uv-.-\-vv—‘—‘vﬁw—vﬁvwﬂrvvq

.

1

conclude <,\‘/'.(2k+ ]){‘Ix)x' R

lemma BH<CPL Ly [xbya >, then < PREDICT, | ]lx._\l.(lk+ ])‘-‘lx)x' (Correctness of

PREDICT, 4 ). ]
prooffetx®* =R fx}. .
casc 1) h()‘)Sh(x‘).. In this case. PREDICTy 4 4Ixy]=HOPy o [x.y]. [sce figure 12a] By - j
corollary to lemma 10, <PyIxEL 1Py 4 lx]>,. and we assume <Py [x]y.y?,.
Since h(y)Sh(x*)=h(l,[x*]). by lemma 6. <Py[x].y.y>,. Then by lemma 12,
G HOP | jlxal2k+ iy,
case 2) hy Phix*). We are given <Py o 1IxLy.y>y. Choosc bso that y= b[Py ¢ 1Ix]),- *
Recall that Py 4 [x]=Pylx*). so [Py 4 1[x]lys. and let y' =b[P, 1[x]};+. We have ]
h(Py  [xD2h(yP>h(x*). s0 by lemma 3. y'=b[Py 4 q[x]lys=b[P 1[xll=y. Then
[Py 4+ 1Ix).y)y s exists. so by lemma 1, [Py 4 yIx).y) e =[P} 4 j[x].y],. Now suppose 1
wE[Py 4 IxLvIe: then we€[Py . Ix)yly. so h(w)2>h(y) (since we have
<Py +1lx).y.¥>y) We may then conclude <Py[x*].y.y>ys (recalling that
Py[x*]=Py , |[x]. Letz=HOP, _ j[x*s]. By lemma 12. ¢y.z2¥ + 1)y}, o>, e. -
case A) h(z)>h(x*). [see figure 12b] In this case, PREDICT} | y[x.y}=z and by o 1

lemma7.< y,z..(2k + l)[y],‘>,‘.

case B) h(z)=h(x*). In this case, PREDICTy  [x.y]=HOPy __,[x.z]. [see figure
12¢} Since <Py . 1[x].v.y>, and <y.z.z>,. by lemma 6 we have
<P 41[xlzz>y. Letz =HOPy | jlx2). Bylemma 12, <2z (X +1)z) >,. 3
Then cerwainly <z,z'.(2k + 1)[-"]x>x and so, by lemma 6, (y,z‘,(2k + ])[Y]x>x' : _ 1

lemma 14 <P, | ][x].Rk+1[x].(2k+1)lPk+1[x]]x>x. (Correctness of Ry 1)
proof By definition, Rk+1[x]= PREDICT, l"“Pk+l["n' Trivially,

Py 4 1[x}Pg 4 1[x}Py 4 1[x]>,. 50 the lemma follows from lemma 13. |

Theorem 1 follows by induction on k.

T
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corollany <PL L IR INLE 4 g 1x]2y.
proofletx®= Rklx]. By correciness of R <Pelxla®a® o By lemma 10, <P kl‘.l",kl"'px'

Recalling that Py | 1[x]=Py[x*]. we arc donc.

femma 1 <xdy 4 y(x)Py 4 yix]>y and hily 4 jixD=h0). (Correctness of 1y 4 )
proof see figure 10 Clearly bl . yIx])=h(x) by the definition of Ly 4 11x). By correctness of
by <xld k1PIx)> . By corallary to temmit 10, <P UL IR DY JIx]> . Then by lemma

6.<x.ly 4y IxEPy 4 {{x]> 4 (sce definition of Ly 4 yfxh.

lemma 12 1f <P [x).y.y> then <y.HOP, , 1xyb2¥ ¥ D)y,
proof Let z=PREDICT k[x‘y]. Since <Py [x].y.y>. by correctness of PREDICT. <y.z( 2“){)-]x>x.
It follows that <y.z.2>,. and that [y.2] exists. Let 7* =R;lz). By correctness of Ry.
<P ldz NP,
case 1) h(z*h(z). In this case. HOP  [x.y]=L;[7]. [sec figure 21a) By lemma7,
<Pl o ZR){Pk[l]]x>x. Since <y.z.z*,. we may apply lemma 10 10 obtain
<y.Lk[z]Pk(z]>x. Hence, by lemma 6, since h(l.{z})= h(zXh(z*). we obtain
<y.Lk[z].(2“)[Pk[z]]x>x. By correctness of Py. Pyl7)= az}, for some a22k. Since
h(Py[z])=h(z*)>h(2). by lemma 3 we obtain afz], = a[z],.. hence P lz)=a[z],. Since
[y.z],, exists, z=bly], for some b2>0. so (2k WPyl = (K+a+ b)lyly. Since a> 2K,
(Zk)[Pk[z]]x =(2k+ 1 +c)yl, for some c20. so we may conclude
< x.Lk(z].(Zk + I)Mx)x'
case 2) h(z*)=h(z). In this case. HOP, | [x.y]=PREDIECT ([x.2*]. [sce figurc 21b] We
assumed (Pk[x].y.w x- By correctness of PREDICT. <y.2.2>. By the stack height

proposition, <z.z*.z*>, so by lemma 4, <{z2.z%.2°>,. Then by lemma 6. < y.7%.2%>,. and.

by a sccond application of lemma 6. <Py [x]).7*.2*,. Let? =PREDICT[x.z*]. By
correctness of PREDICT,. <z'.z'.(2k)lz‘]x>x, Since <y.7*.7°>,. by lemma 6 w¢ obtain
<y (25020,

If z'€(7~(2k){y]x]x. then 7* would contradict ().7..(2" Ay}, > 4 because h(z*)=h(z).

Thus 2* = aly], for some 2>2¥. 50 (2%)[z2°] = bly), for somc b2k +1 50 we may
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hold for b+ 1. Then byanduction, "I’Ing 1 Nsties s correctness Bypathesis. In particular. '“iml 15
. T M » ) i t S
the intial surface configuration for mput @y | Flog 0] Wil give the final surface

contiguration. and thus the final state of the PDAL The proof follows:

I'heorem | (x.¢) D--a(Prk)g TAkSPI0g D for a2 T.

lemma 8 Lot a®=Ry[x]. Then (x.edb=* (x*.sy [x.x*)).
prouf fsee figure 17] By correctness of Py, (x.e) F=* (P {x]sy[x]). By correctness of Ry, (P [x].sy[x])
F* (x*.s) for some s. and if w €[P} [x].x®], then hiw)>h(x*). Hence by lemma . s is an initial

substring of s [x]. Since by stack height proposition. |s| = h(x*)-h(x). we conclude s = s, [x x*].

lemma 9 (x.e) =2 (P, , 1Ix)sy , 1[x]) for some a>2¥+1 (Correctness of Py . 1)
proof Letx* =Ry [x]. By correctness of Py. (x.€) 2 (Px)syIx)) and (x*.¢) b (PIx*}sy[x*]) for
some a.b> 2k,
By lemma 8. (x.e) F=* (x*.5; [x.x*]). so by combining computations. (x.¢) b-*
(Py[x*)sy[xx*Tosy [x*]). and (Py[x*]s, [x x*Josy [x* = (Py + l["]'sk +1(x] by definition of
Pytrandsyg iy
case 1) h(Py[x*])=h(x*). (sec figure 18] By correctness of Ry if w€(x*(2K)Py{x]],], then
h(w)>h(x*), so we must conclude that Pklx‘lé(x‘,(zk)[Pk[x]]x]x. 5o (Py[x)sy [x]) =<
(PyIx*].sg 4 1[x]) for some ok,
casc 2) h(Py [x*]>h(x*). [sce figure 19] Then by lemma 3. (x*.sy[x.x*]) b
(PeIx*)syix.x*Josy[x*]). so again (Py[x].sg[x]) FC (Py[x*}s; o 1[x)) for some >b>2k.

We conclude in cither casc that (x.e) =2+¢ (Py 4 1[x]sg 4 1[xD with a+c22k+ 2k=gk+1

lemma 10 If <x.y.y>, then <x.Ly [} Ply]>,.
proof Lety'=1[y]. [sce figure 20} By correctness of Lg. <y.y‘.Pk[y]>y and h(y")=h(y). Since
[¥],. <y.¥".Pyly]>, by lemma 4. Then by lemma 6. we conclude <y Pyly>,. since

h(y')=h(y)..
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Section S Proof of Correctness

We introduce variables denating the contenis of the simulaed stack. Thair values are never

compuied: they exist only to make the proof casier. We define sy and sp[xs]inductinely as follows:

if (x.e) b= (y.8)
then et sglx]=s

Fork=0....llog 17-1.
let sy 4 1Ix)=splxx*losy (2]
where x* =Ry [x]
and for all y€X with h(y)>h(x).

sylx.y] = the lefumost h(y)-h(x) symbols of s [x].

The values of the arrays Py[x]. Ly|x}. HOP,{x.y]. PREDICT[x.y]. and Ry {x] will be inductively

shown to satisfyv the following correciness hypotheses. for each k:
Correctness of Py : (x.€) -2 (Py[x}s [x]) for some a_>_2k. [see figure 13]

Correctness of Ly - <x.Ly[x].P[x}>, and h(Ly[x])=h(x).
[see figure 14]

Correctness of PREDICT) : if <Py [x].y.y>, then <).PRF.D]CTk[x.)'].(Zk)()]x>x.

[sec figure 15)

Correciness of Ry : <Pk["]~Rk|"]~(zk)[Pk["l]x>x-

[sce figure 16]

It can casily be checked that the intial values satisfy the above hypotheses. for k=0. Assuming the

correctness hypotheses hold for Py. Ly PREDICTy. and K. we show the corresponding conditions
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For cach x.y €N such that h)Sh(y) Sh(Py[x])).
[PREDICT[x./*] ifh(+*)=h(z)
et HOPy 4 lxy):=
I14l7) clse .

where 2= PREDICT [xy}and 2* =R [7]

[sce figure 11)

For cach x.y €X such that h(x)h(yi<h(Py 4 1[x])
| HOPy 4 l[x.)] if h(y)<h(x*)
ket PREDICT) , qlxy]:= :HOPK+ 1Ix.z] ifh(y)>h(x*) and h(z)=h(x*)
z else

where x* =R [x] and z=HOP, __;[x*y]

{sce figure 12]

A2 a.a A o

For cach x€X,
let Ry 4 1[x]:= PREDICT | 1[x.Py 4 |[x]] s
i
y
We shall show in the next section that Py{x] gives a surface configuration reachable from (x,e) .
in at least 2K steps. In particular, if (x;p;,.€) is the initial configuration and (x,...€) the accepting
configuration when the input is “’l"""nezn' then Pl’log TXinid = ¥ace 1ff M accepts the input .
(recalling that we assumed (x,..€) to be a looping configuration). *
o
Fach of the Mog T+ 1 stages requires constant time on a P-RAM. if we assign a processor to cach
pair x,y of surfacc configurations. Recalling that T=2|Q||S|(n+ 1) and that the number of surface y

configurations is | X| = |Q||Sin + 1)2. we see that, for a fixed DPDA, the algorithm requires parallel time

Oflog n) and O(n4) Processors.

----------------------------------------------

......................................
............................

-------------
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reader scan the inductne corrective hypotheses and the corresponding figures (found in the neat
section) in order o better understand the algorithm,

‘The initialization s as follows.

For cach x€X,
if (x.€) F (y.s).
{ ket Pglx] := y

- et lgix) : = Polx]  ifh(Pglxh=0
k‘ X else

For cach x,y€X such that h(x)<h(y) <h(Pyix]).

?. if (x.¢) b= (x".5"), s is the initial substring of s’ of length h(y)-h(x),
4
¢ and (y.s) = (z5") for some s™ h<h
’. let PREDICTgxy}:= }* (D)<h(y)
y else
[see figure 8)
For cach x€X,
let Rglx} : = PREDICT[x.Pglx]]
:‘j' The algorithm proceeds in stages k=0, ... Flog T7. Atstage k+1. we assume that the values of Py. L.
; PREDICT,. and R have been stored. and compute Py 4 1,1y 4 1 PREDICT, | j.and Ry | as
follows:

[ For each x€X,
@
i let P, 1Ix1: = Py[Ry[x]

[sce figure 9]

LR Ix]) if h(Ry [x])=h(x)
let l'k+ I{X] 1=

® LyIx) else

(sce figure 10)
;.

'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''
..........................................................




emmia 1]y and P, exmiscthen oy ]y ensis and o], =],

Isce figure 2]

{

lemma 21 fu]; . and Oy ] eximi then Oo ]| exsts and Oy | =0,

lemma 3 If Ju),.. and b(ajx],,>h(u). then afx], =alx],.

|see figure 3)

lemma 4 If [u}, and <x.y.7> . then <x.y.7> ..

T

[sce figure 4]

lemma $ If (u.e) =2 (x.5)) B=* (v.55) and for cach w€[x.y],,. h(w)>h(y). then $] =$y0s’ for some

s'€S".

P ——r Y

[see figure 5]

lemma 6 Suppose <x.y.2>, and <zy'.2’> .

{y' if h(y')<h(y)
Lety” =

y else

Then <xy".2'?,,

[see figure 6]
.
- lemma 7 1f [u],. <x.y.alz];>,. and h(y)>h(u), then <x.y.alz}, » .
;. [see figure 7]
[
[ Scction 4: The Algorithm
[. We now describe the algorithm for simulating T = 2|Q]IS|(n + 1) steps of M. (An argument like that

S found in [Aho and Ullman, p. 396] will cstablish that if M accepts an input of length n, it docs so in at
P

g most T steps.) The data structures used arc arrays indexed by surface configurations and having surface
%_' configurations as their clements: Pyix]. 1. [x}. HOP {x.y]. PREDICT, [x.y}). and Ry{x]. for k=0, ... .l log
¥

[

3

T7. The algorithm is relatively short. but its proof contains a non-trivial induction. We suggoest the

.................
..............
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(x.8). By the stack height proposition. 8] = s 1 any intermediate configuration (v .87 had
P then pO)2pty Ppr). a contradiction. Stmilarly. if [s"KIs = 8] then pOO)>pay 1> pix)
Hence [ = I8 ie. every intermediate configuration has stack height equal to 8], But since M

never changes more than the top symbol of the stack. we may conclude $'= s,

Lt [x], denote the proposition (u.g) H=* (x.5) for some s.

H(u.e) =2 (x5)) 2 (3 55) for sume $1.53. then we shall suy lx.;]u exists. and denotes the set {7kx.sy)

F=* (153} =2 (y.59) for some s3}: otherwise [x.v], does not exist.

If [x.y], exists. we let (x.y],;, = {z)z€[x.y], and 2#x}.

Note that [x.y]u and (x.y]u are intended to suggest closed and open intervals, respectively.
. If (u.e) * (x:51) -2 (y.59) then a[x]  denotes y.
Let <x.y.z», denote the proposition:

(1) [x.y], and [x.2],, exist;

and  (2)if w€[x,y], then h(w)2h(y),

and  (3)if(y.z], exists and w€(y.z}; then h(w)>h(y).

Informally, with respect to computations starting at u, either y occures between x and z and has minimal
stack height of all such intermediate configurations (and is otherwisc latest), or y occurs after z and has

minimal stack height of all configurations between x and 2. {see figure 1)

Note that it follows from <x.y.z>, that <x,y.w> , for any w€[y.z],, (and in particular that <x.y.y>,)).
and that <w.y.z> , for any 'v€|x,y]u (and in particular that Y.
L We state cight lemmas whose proofs may be found in the appendix. We suggest the reader try proving

onc in order to become familiar with the notation.

R
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