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STATISTICAL EFFECTS OF IMPERFECT INSPECTION SAMPLING:
I1. DOUBLE SAMPLING, LINK SAMPLING AND GRADING

by

o Norman L. Johnson
[ University of North Carolina at Chapel Hill

Samuel Kotz
University of Maryland, College Park

- and

Robert N. Rodriguez
SAS Institute, Cary, North Carolina

ABSTRACT: This paper, the second in a series of three,
utilizes the basic distributions established in the first
paper to assure the effect of inspection errors in double
sampling, link and partial link sampling, and in grading
acceptance procedures.

The numbering of sections, equations and tables follows
- from that of the previous paper in this series
! (Johnson, Kotz and Rodriguez (JKR) (1985)).
¢ - |
KEY WORDS: Acceptance Sampling Plans, Binomial Distribution,
L Compound Distribution, Double Sampling, Link Sampling, Hyper-
! geometric Distribution, Inspection Error Tables. A
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4. Double Sampling

A double sampling procedure is defined by the values of five parameters:

nysny - sizes of first and second stage random samples, respectively
a),3, - acceptance numbers at first and second stage, respectively
ai+ 1 - rejection number at first-stage.

Letting Zl’ Z2 denote the numbers of items classified (rightly or
wrongly) as 'nonconforming' in the first and second stage samples, respectively,

the procedure is as follows; -

(i) Take a random sample of size n, and record the (apparent) number,
Zl’ of nonconforming items.

(i1) If Zl_<_a1, accept. If Zl>ai. reject.

(iii) If a, < leiai, takes a further random sample of size Nys and record
the (apparent) number, 22, of nonconforming items.

(iv) If Z1+-Zz< a,, accept. If Zl+-Zz> CPY reject.

(Commonly, though not necessarily, n, = 2n1 and a2==ai.)
The probability of acceptance is

Pr[21_<_a1] + Pr[(a1<21§ai) n (21+ZZ_<_a2)] (15)

We will suppose (as in JKR (1985)) that sampling is without replacement. The
probabilities in (15) depend on p (probability of detecting a nonconforming
item) and p' (probability of incorrectly describing a conforming item as
‘nonconforming') as well as the parameters of the sampling procedure, N

(the size of the lot) and D (the number of nonconforming items in the lot).

The first term in (15) is evaluated by summing (4)' (with suffices '1' for

- L) S, . -
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h and z) over 0 < z < ay; the second is evaluated by summing (8)'
(with k=2) over (3) < 7 j_ai) (z1 + 25 < ay).

Table 3 was constructed in this way. It gives acceptance
probabilities for some procedures defined in Table III-A of Sampling
Procedures and Tables for Inspection by Attributes (1981), for N = 100,

200; D/N = 0.05, 0.10, 0.20; p = 0.75, 0.90, 0.95, 0.98, 1.00; p' = @,
0.01, 0.02, 0.05, 0.10. Figures 3a-c, 4a-c, 5a-c and 6a-c provide
graphic representation of these values. In each set of these figures
there are presented results from those double sampling schemes
corresponding to average quality levels (AQL) 1.5%, 4% and 10%

nonconforming items respectively.
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5. Link Sampling

As an alternative ton double sampling, it has been proposed to use
results of routine samples from neighboring lots in production sequence
for the second sample, when needed. Harishchandra and Srivenkataramana (HS)
(1982) describe the following 1ink sampling' procedure, based on random
samples (without replacement) of size n each from out of a sequence of
lots of size N. We will denote the actual number of nonconforming items
in the i-th lot by Di’ the actual number in the sample of size n from this
Tot by Yi’ the actual number in the sample of size n from this lot by Yi’
and the number classified as nonconforming in this sample by Zi‘ The

Tink sampling division rules for the i-th lot are:

(a) If Z;<a; the lot is accepted

(b) If Z.i>»a2 the lot is rejected

(c) If a, < Z]._<_a2 and 21_1+Zi+zi+1§aé the lot is accepted

(d) If a1<Z1._<_a2 and Zi_1+Z].+Z].+1>aé the lot is rejected
The Zi's are mutually independent; Zi has a distribution of form (1)

with D replaced by Di‘ The probability of acceptance for the i-th lot is:

a
2
Pr[Zi_<_a1|Di]+ i ) Pr[Zi=z|D1.] Pr[21_1+21.+15a'2-z|0,i_1, D1'+1]
z-a1+1
3 a, 525 87247244
=Z ZO P(ziIDi)a-Z Za +1 P(Ziloi)z Y . ) _ P(Zi-1|Di-1) P(zi+1|Di+1)
i il i+1=0 “i-1
where P(zJ.IDj) =Pr[ZJ.=zJ-] (16)

-1 D. N-D., Y z2.-u y-u n-y-z .+u
= N J = ] [
W L0 b QL% 7 (1p) (1-p")

(cf (2))
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In order to reduce the time needed to reach a decision, two alternative
methods are suggested (in HS (1982) as possible alternatives.
(1) In (c) (and (d)) replace Zi_1+-Zi+-Zi+1§_(>) aé by
Zi_1+Zi§j>) ag
or (2) If ay < Zif_a2 then take a second sample of size n (not 2n) from the
i-th Tot, and replace 21.+1 (in (a) and (d)) by Zt, the number of

i
items classified as nonconforming in this second sample.

Method (2) is termed ‘partial link sampling' - it saves some sampling effort

as compared with regular double sampling, and avoids the need to wait for
results of sampling the next ((i+l)-th) lot. The analysis is a bit more
complicated than for link sampling because Zi and Z% are not independent
(though they would be for sampling with replacement, or for N infinite).

The joint distribution of Zi and Z% is, symbolically

Z. Bin(Y. * Bj -Y.,p'
) {.’} r\{ inl 12p) fn(n P )} A Mult Hypg(n,n;Di;N) (17)

Zi Bin(Yq.,p) * B'in(n-Y_i,D ) Y.I,Y.I

(Y% denotes the actual number of nonconforming items in the second
sample from the i-th lot, and the joint distribution of Yi’Y% is given by
(8)' with k=2, n1=n2=n,)
The expected number of items inspected in the i-th lot is n{1+Pr[a1< Zig_aé]},
while with regular double sampling (with ny=n, n2=2n) it is n{1+2Pr[a1< Zif.aé]}.
Link sampling decisionprocedurés are useful only if Di does not change

too abruptly from one lot to the next. For N=~ (or sampling with replacement),

if Di-1=Di=Di+1(=D) the acceptance probabilities for both 1ink and partial

Tink sampling are the same as for regular double sampling. Although this is
nearly so for finite N (and sampling without replacement) it is not precisely

e so, because the convolution Hypg(n;D;N) * Hypg(n;D;N)
;i_ is not the same as Hypg(2n;D;N) (or Hypg(2n;2D;2N)),

A
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Tables 4 and 5 contain values of acceptance probabilities for

1ink sampling and partial link sampling, respectively, for the same

values of p and p' as in Table 3, for a few sampling schemes chosen

for illustrative purposes.

Tables 4-1 and 4-2 are comparable with 5-1, and Table 4.3 with

5.2. Table 4-4 can be compared with 5-3, and Tables 4-5, 4-6 and
4-7 with 5-4.

Figures 7a-c give some link sampling acceptance probability
distributions. They can be compared with Figure 7d which gives
the distributions for double sampling with the same sample sizes
and with the same number of nonconforming items (D=20) in the lot

under inspection. For this lot size (N=100) the differences are

minor, but for lot size 70 (see Figures 8a and 8b) the discrepancies

between double sampling and 1ink sampling with the same (constant) D

values become much more marked. (Note that if the second sample is

used then 60 out of the 70 items in the lot are examined, so this

is a rather extreme case.

.........




6. Grading

Sometimes inspection does not lead to the simple all-or-none decision
'conforming' or 'nonconforming' but rather to assignment to one of k
possible categories Cys v C o It is convenient to think of these
categories as corresponding to 'quality' and the decision process as
‘grading’.

We will denote the probability that an item which really belongs to

cj will be classified as bi by pij' Of course,

. pij =1 for all j.

Ho—1x

i

In this section Yj will denote the number of items in °j in a random sample of

size n from a Tot of size N containing Nj items in category cj, and Zij

will denote the number, among these Yj, classified as ¢;(i,j=1,...k).

k

k k
Clearly, § N.=N; § Y.=n; J Z..=Y.;
j:l J i=

; Y=(Y., ..., Y ) has a multi-
[ SRR U A L k

variate hypergeometric distribution with parameters (n;N;N), so that

~

]
—~—
=

Pr{Y=y]

n

—
=

—
=]
—
=

[ 4]
~
&«
=

(18)

h N ( j - N 1 - 1
e'e . . e LAY : -' .

Given Y, the vector §j= (le, cees ij) of numbers of ¢; grade items in the
sample classified as grades Cys wrer & respectively, has a multinomial

distribution with parameters (yj, P.) where P = (P]j, cees ij), so that

~J J
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k zij k
=z.ly.] = y.! . L) =Y.
PriZ;=z;1y;] = ¥; I (Py5 /2454 (_Z 235795
i=1 i=1
Zl’ cees Zk are mutually independent so that
k ;
Pr{Z=2z] = Pr{Z=z|y] Pr[Y=y] = [ I Pr[Zj=zj|yj]] PriY=y] ]
- D b j=1 ~v =" - ‘
4
-1 k (z .) 2.
= (N *J 1] !
=Ny 1 N, n (P, .'/z,.1)} (19) X
"oy =1 W1 :
g i
where z,. = Z...
R E i

(Note that since the values of y are determined by the values of z, there is

no need to take expected values with respect to Y.)

Symbolically
Zn 5 Multinomial (Y., P.)/\ Mult Hypg(n;N;N) ]
~ j=1 J ~J Yj ~ J
koko_(Yy) ‘
The mixed factorial moment u, (Z) = E[ T 1 Z,. "] b
(r)'=< AP ]
~ i=1 j=1 b
k k ri.) R
=gl 1z, VYl
~ Jj=1 j=1 ‘
k (r..) k .
=gfnm vy, 3 1 op,.. "] ?
Z j=1 J =1 1J ]
(r..) k (r..) k i
=N J 1]
- m {N noP.. } (20) ,
N(r..i =1 U j=p 19 i
i
k E k -
where r . = r..or..= ' 4
‘ J 1-.2-1 1 i=1 jé N o
Some further topics in grading will be discussed in the next paper E

in this series.
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