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ABSTEACT

The computation method developed in this thesis proceeds

from the theory developed by Jones (Ref. 1]. His final

equations are first rewritten in matrix format. They are

then organized into comptaticnal sequences that may be

translated into computer programming language to calculate

the aerodynamic parameters of wings of arbitrary planform.
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I. BACKGBOUND

The cvcrall research of which this thesis forms a part

has a three-fold purpose. Firstly, it is intended to

instruct the student about the fundemental equations that

govern the aerodynamics of wings in incompressible flow.

Secondly, it teaches the student how to convert the funde-

mental equations into a form suitable for numerical calcula-

tion on the digital computer and to carry out the complex

programming required for this Furpose. Thirdly, once the

first two objectives have been accomplished, the computer

program itself provides a useful i'edagogical and design tool

for illustrating the effects of various wing design parame-

ters on the final aerodynamic performance of a wing.

Lcdr. J. L. Parks made a creditable start toward the

first objective in his thesis [Ref. 2]. However, in the

limited time available to him, he was unable to make signif-

icant progress toward the second or third objectives.

It was evident early that Parks' computational technique

had some flaws. The expectation was that these would be

readily discovered and soon ccrrected and that objectives

two and three would be rather quickly and easily completed.

It has not worked out that way!

As the investigation actually developed, a whole series

of obstacles were encountered and each was in turn eventu-

ally overcome. But the process was neither quick nor easy.

In every case, it was found that the seeming obstacle was

really attributable to some ccnceptual error. Once the

error was found, the obstacle disappeared and the investi-

gator gained a deeper insight.

Among the obstacles that were encountered and eventually

overcome were the following;

7
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1) Confusion ahout the prorer type of computational

grid to use, whether staggered or unstaggered, how

fine, and so on. We have now settled, for good

reasons, on an 8 by 8 unstaggered grid over the

semi-span.

2) Confusion about how to deal numerically with the

singularity that occurs in the governing integral 5

equations. One option is to try to avoid the

problem by staggering the grid of the field pcints

with respect to the grid of the control pcints.

Instead of this, we have resolved the indeterminacy

by rigorous analysis ard as one consequence, are

able to employ a simple unstaggered grid.

3) Confusion about how to evaluate the partial

derivatives of the circulation function, whether

analytically or by finite difference formulas. It

was found that analytical differentiation is incor-

rect and that finite differences must be used.

4) Confusion about the validity of representing the

circulation by a Fourier series. While this proce-

dure is widely advocated in the technical litera-

ture, we found that a much simpler and clearer

formulation can be obtained otherwise.

5) Confusion about the boundary conditions. Special

conditions apFly to the leading and trailing edges,

the wing tip and at midspan. These quite corirlex

boundary conritions have now been fully and rigor-

ously analyzed and incorporated consistently into

ou, :ormulaticn of the Froblem.

t i'; -_'i. lent from the foregoing discussion that this

yes -i:c, i E .. , !ounted to a majcr education in basic aerody-

na. -: aAi i't numerical methods. In these respects it has

teen a deejly reuarding experience. However, in view of the

for_ JOinI tl.:: dcles and problems, the time schedule has of

8 I



course been greatly delayed frcm that which was initially

anticipated. Thus there are nc final numerical results at

this particular stage of the investigation and there is no

'nore time available to the present research team. Hence,

this final aspect will have to be completed by some suLsej-

ient investigators. NeverthelEss, what the presEnt effort

hds produced to begueath to any subsejuent worker is a

sophisticated and refined numerical method. This method has

now evolved to the point that it can be confidently expected

to produce a reasonable and accurate final result.

9
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II. INTRODlUCTION

This thesis is the develoFment of a computational method

for determining the aerodynamic parmeters of wings in incom-

Iressible flow, from the theory developed by Jones [Ref. 1].

In conjunction with Jones' theory this analysis has solved

the FroLlems requiring further attention pointed out by

Parks [Ref. 2]. Primarily a new approach, defining the

circulation directly instead of using a Fourier Scries

representation, is employed. This along with a direct

met' od of dealing with the singularities that are encoun-

ttro,,d in tie joverning integral eiluations when a control

jui it ano. fi,'Kd point coincide, allows the computatioLal

JLi ! :- t'., ;e points to be identical. This analysis is

iiit i .L cmplement that of Jones by taking his final

theoretical e,uations and, where applicable, presenting them

in :!1 trix ; :( . t. The ejuations are then orjanized into a

com-.utatioi al sequence which can be further translated into

programming language. It is expected that a program to

produce those wing parameters described by Jones will fcilow

from this development.

10



III. IATRIX NOTATION

Though e'laations using subscripted variables are a

uri rv met',d of portraying matheaatical relations, it may

-3 , ::ieL t v isualize what is happening in those equations

Kl~e" ']'7 written in matrix format. In this chanter

n of reference 1 which lend themselve to this,

type of notation are rewritten in matrix format. The

sub ;c. ipts (, n !ices) i, j,k are described for the w ing in the

5e , lane -s .thown in figure 3. 1.

It will Le convenient at many points throughout this

presentation to transform two dimensional matrices into

vectors and conversly vectors into two dimensional matrices.

For doing this the following sytolic relations are defined;

I =d ] ] (3.1)

7ij 1; 2. a7, it is drawn represents a two dimensional

mat.:i A With i lices (J,I) and the index K shows the relation

of a column vector that has been transformed into a matrix.

The inverse operation can also le deduced from this figure.

A. CIRCULATION AND PRESSURE REIATIONS

The following equations aie the general circulation

derivatives and piessure relaticns. Those equations taken

froii -ef(uL ik, I are noted by their ejuation number preceded

ItI+ y. Therefore (J6.8) becomes;

r~] ~(3.2)

Simi.arly foL (J6.9)

- " ". _. .. - _.-. . i..- --11" "



(['~ vi)V (3. 68)

By lefining two new matrices [A and LB] as follows,

[/A]- A'j 4 [V
(.40ii K6 y (3. 69)

the final wing slope functions can be written as

vr =[A] H(3. 71)

for the additional lift, or as

fv4 7 5[ F3 (3. 72)

for the Lasic lift. The additional lift e'uation can be

inv.i ted a:; .follows to be used in later calculations

25
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J- -[H ] [-E] (3. 64)

Now another matrix can be defined which shall be termed the

V matrix. Matrix V is a partitioned matrix, which is

divided into three parts as shown in figure 3.6.

I -
I

L i I

[ i!I I

Figure 3.6 Matrix V.

Therefore the final form of the integral equation is,

[v] {r](3. 65)
WV41 H'~

3. Final Wing SlcL)e Functicn

The two relations for W1' and Wp" can now bc supcr-

jm ,j. d to jive the final equation for the wing slope func-
tio :. Y :n ( 7 2}

.. ,, . * (3. 66)

'-X1

Att-r s ilstituting the relation- for Np' and Wp" and simi-

fyi ., tle ji~'itions become

Lv 3 (3.67)

24~



3nd 6q36'j 6t1j

2. Second Winq Slope Function

The integral equation for the second wiiny slope

function (J7.25) is

+ G,

jojJ~r~ (3. 59)

This equation requires only the derivative of the circula-

tion function in the e direction along the trailing edge.

Therefore a relation involving the same E matrix as before

can be utilized. By defining a function

2 e,$ -rrG + G2 (3. 59)

equation 3.58 can be written in index notation as

W1,0""00 - HC (hp, ) o, Wk (3.60),

In matrix notation it becomes

6YX) gs. 8KI

Equation 3.42 can be substituted for F.r and the equation now

becomes

OxI 6ys2 ?Afr

Then substituting equation 3.44 for rr gives

r(4q) r(s 7
H 2 2 (3. 63)

For conv , , j. ,c an additional matrix is defined as fcllows,

23
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(3.( k) (53)

The -1lcul,,tLin of [A'] and [B' then is

-T( kP, h,-) D(ka, Q )

T ( r, hQ)DE.( ,ho)

+ T ( e ~ ; ~¢

-T(k4k2- ) 1 " (-Q4Q)

-5 (k, kc;)U"(kokQ)

-S ( ,k -k2) E"(k'#4k4) (3. 54)

T~I(K, ko) Dj*(koQ,ko)

- S(kr' kQ-') £"(' -, kQ)

-S (k P ka)E" ( W, kQ)
-S(kP, kQ,I) Ekk' ,,kQ)
-(/Z Pk 0 2) E( Q,/ko (3.55)

The various factors that occur in the above equations take

on definite numerical vdlues if and only if the indices KP

and KC are first assigned definite numerical values. When

this is done the above equations define the value of a

single element of either [A'] cr [B']. The matrices [A']

and [B' ] can be stored as two 64 by 64 arrays. So the

matrix equations for the first %ing slope function are, for

the additional and basic lift cases, respectively,

[Ap' Id'f (3. 56)

22
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S( Zk -7TKL§e2  3 SINv (3. 47)

the iintegzal equation can be written in index notation as

v4 (pJ- /, f~..r~ ~I V<~T~QIJV~ 9

1 t/L~(3.143)

The atrix D* represents either Da* or Db* whichever is

approrriate. The elements of Da* and Db* are shown in talle

1 and those of E* in table 2.

To make the distinction between additional and Lasic

lift the following twc matrices are defined

(3. 49)

B'( Tkh)- ODK Q 5kk (k)(.0

The above caculation for (A'] and [B'Ji is simpler than the

64 by 64 multiplications indicated. If one uses tables 1

and 2 the iroducts are simplified to,

T(p,k)t(( - p,- ,

+ T(kpkQ(s)D(/,ikQ) (3. 51)

64

21
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T;. )z G-F (7)- T 65)] (3. 41)

Thi:s cet of ejuations can be written as a single matrix

equat ion

~, [ lE] J PT (3. 42)
80 8 e% Ip

This E matrix is the same as the one described earlier in

figure 3.4. From equation (J7. 15) at the trailing edge
.'I1f 27 (3.43)

Rewritten as a vector equation

(req)C( (s7))
C -~2 -- 4 27

!?X, Ry.1 8"'Y, 1

Notice that of the 64 elements in the r vector only the last

16 ade used.

C. .. TECRAL EQUATION FOR WING SLOPE
1. E'isi Win,1 Slope Functicn

Vie integral equation (J7.24), is restated here as

ejuation 3.45

w" IrS L 3ING' J c-r JZ("nA dodo (3.45)

By defining the following two relations

and

20



on the values +1/260 and -1/260. Likewise, there will be

two other points, at locations K=(KQ-1) and K=(KQ+1), at

which r. takes on the values +1126e and -1/2G. This situ-

atior. is illustrated by the schematic diagram in figure 3.5.

Ik= KQ-I

: - -' K : kQ *'

K:KQ-0_

IV-KQtI

Lfl(kQ+I)=+

Figure 3.5 Circulation point.

More complicated situations arise if the point Q

lies immediately adjacent to a boundary. In this case the

number of field points having ncnzero values of r and [' may

range from three to five. The details can be seen from

careful study of the matrices Da*, Db* and E.

Along the trail.ing edge a set of relations for the

circulation function and its spanwise derivative is

req-liel. From a similar analysis to that used Zor the

spa:i-ise d,:r;vative over the wing, the following set of

cquil .ion for the trailing edge is obtained.

12r~~z~~Lr(I)+fr~2)J(3. 39)

, j,2,9,...,7 (3.40)

19 -



In a manner similar to the Fo equations, equations

3.31 through 3.33 can be writter in single index notation

-3,k=1,9,17,...,57 (3.35)

.,) + k=2--7,1o--15,...,58--63 (3.36)

k=8, 16,24,...,64 (3.37)

These equations when viewed in the vector form are much

neater.

ii11:: j { (3.38)

The ..,ieraI c :nfiguratior of the E* matrix along with the

description of its elements is shown in figure 3.8 and table

2. Noticc from the figure that all of the nonzero elements

of natrix E* lie along just four principal diajor.als.

Storage can be minimized by storing [Da*] and [Db*] as 64 by

3 matrices and [E 0] as a 64 by 4 matrix, capitalizing on the

large number of zeros in each.

It is useful to consider the hypothetical case in

which the circulation function is assigned unit value at an

arbitrary joint Q (the 'circulation point') with matrix

indi wcs J32 and IQ or equivalent vector index KQ, and is

assi-ined zero values at all other points of the calculation

gri 1.

The above hypothetical distribution of r imFlies

that of the many field points (denoted by index K) there

will be certain ones adjacent tc the circulation point Q at

which tle derivatives Fr and e' take on nonzero values. In

the simFlest and most typical case where Q does not lie

adjacent to any of the boundaries, there will be two field

poi nts, at locations K=(KQ-8) and K=(KQ+8), at which ro take;

18



2. aanwise Derivatives

For the derivatives in the spanwise(e) direction a

set of relations similar to those for rocan be shown. From

(J7.17), (J7.18) and (J7.23) respectively

f( >-)A)+3f( ) (3. 31)

(~jx)~ht(;(z)~f>~0A) j=2,3,...,7 (3. 32)

So that in matrix notation the equation is,

E][r(3. 34)

and the E matrix is defined in figure 3.4.

C 0 C' 0
-~C) 0 0 0 0 0

E1 0 0 a

C 00 2 C 0 CO

o 0 o 0 2

II t,

2 o - o -0

+i 1o-2 123

17
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* - - . - - J -- - =2 3

, - i=2,3,...,7 (3.27)

Fo 13~~ (3.28)

for which the matrix notation is;

Adr T+ t F
V, L L T= LbJI (3.29)

or solving for circulation,

[ -12 [D -] (-[FI+ (3. 30)

with the contents of Db shown in figure 3.3

6 oo coo o oo

' 0
0 0 U0 0

14
0 0 0 " 0

o o o 0 o~ o;

o 0 U +1 U

Figure 3.3 1atrix Db.

"L 0Notice thai. the element of Db are identical to those of Dd

exc.2pt for t!,c' f irst two elements of the first row, which

are and 0 vice 1 and 1/3.

16
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Le 1 &nt Ll configuration and description of the
le!:4 lits ir t., e matrix aW aru shown in figure 3.7 and

table 1 ro:-tctively. Notice from the figure that all of

the r.,-nzcro k,l,.mnts of the matrix Da* lie along just three
pri:ncil:.al lidagonals.

SiLce in the basic lift case the pressure at the

lealin~j edye is finite, an additional term appears in the

equation for the circulation derivatives. That term

involves the second derivative cf f. Since ro is zero, equa-

tion (JO.28) for the iressure at the leading edge is,

Y-\L F (3.21)

Rg I

or solving for f'E0.

if X8 F-K I

By taking the elements of both [[' J and [P,} and placinj

them in the first cclumn of the partitioned matrices with

the same name thusly,

[FdL] [f 0 1" 7 (3. 23)

FPL2 EJ}J J (3. 24)
*f X'8 gX -7

the vector equation can then be written in matrix form

* [r0LJ~sc\JPL1(3. 25)
8-K fr gx S

Now the Fv ejuations, (J7. 10), (J7. 16) and (J7.14) are;

- j) f -r) (3.26)

15
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Note that this equation involves the transpose of both the r
matrix and the r, matrix. A description of the matrix Da ma.y

be found in figure 3.2.

I- : " 0 0 o o o

-1 00 V

1( 0 10 0

0 0 0 U~

o 0 0 0 )C)73

Figure 3.2 flatrix Da.

Equations 3. 13 through 23.15 can also be written in a

single index notation.

FO I~ 9: o5 5 6 (3o.18

Fo L[! FA .5))157:5k564 (3.19)

In order to get adjacent points in the chordwise direction,

the integer 8 must be added to or subtracted from the k

index describing the Foint as can be seen in figure 3.1 The

above equations now can be written in matrix notation

()_ . (3.20)

6. ordxr 6o eadjaentpoinsi the.. o... se...

theinegr mut e ddd t o sbtactd ro te4



I I . I I I ._ _ _ I I I I . .,, . , . .

At the leading and trailing edges (J6.15) and (J6. 16) are

ri .,cf, - , , (39)- R l€.

6". I,- lcdru (3 ) 4 .10)

Generally the pressure equation (J6.22) can be written;

43 C (3. 11)P F0
b or solving for the circulation derivative in the chordwise

(@} direction

[ -- 71V vj :iC1p3U%'IN1
0 gx& 8K9 8X& (3. 12)

B. CALCULATION OF DERIVATIVES

1. Chordwise Derivatives

Equations (J7.9), (J7. 16) and (J7. 14) are written in

the index notation as follows

~ P~p2)IJ(3. 13)

F0 4-LF( A-# i=2#3p...,7 (3.14)

This helps to visualize the equation in the matrix notation

below

T [r)Lj[ FrT (3. 16)

13



- - -. - - .- - - - - - -- -- - k- .

).-72 j :o ... ,5" k

Z:A 1 -4 i2 . . . . - h:60

5 5 13 61

-6 A :6 A:14 . . . . . k::6a

4:7 J -A 7 A-:5 .. ... p:63

___J

Figure 3. 1 Index notation.

J~7Ie5(3.3)
6q,(I

Along the leading and trailirg edges equations (J6. 10)

thr i!!.h (.J(.13) respectively are

Ffx)

T~r FO/r3 
(3.5)

* 8~ (3.6)

((3.7)

The 1ressure distribution (J6. 14) is

I-I~
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IV. SUMMARY OF KE7 RELATIONSHIPS

A. PRELIMINARY CALCULATIONS

The initial set of calculations to be performed by the

computer are for the values of those constants which need

only be calculated once. The following equations use only

the inFut parameters A, A, Z and the indices i and j.

A 0 7,6(4.1)

A ( r"r,6 (4.2)

C (4.3)

C 2 (4.4)

The following equations involve vectors whose indices i or j

go from 1 to 8.

(4.5)

0 (±):z1he(x-} ) (4.6)

Y& C 05 ((,j)) (4.8)

c(¢ -m ('+ -zz ))(4.9)

31

. . ...



4i~L()- 0(4. 11)

77 (4.12)

T(A)-- 0 (4. 13)

M. (4 €. 14)

Indices i and j can be obtained from the index k through the

two following integer equations

(h/) ( (integer division) (4. 15)

A. -3(-I) (4. 16)

Indices ip and jp can be obtained from kp similarly.

B. CAICULATION OF THE A AND B HATRICES

1. The A' and B' Matrices

Since the matrices [A] and [3] are the sum of the

[V] and EA'J or [B'] matrices, each of the matrices will be

computed separately and then brought together to form [A]

and [B]. Recall the equations

[4 7:LY ~~ s](*.1 (4. 17)

and

Whe-, -', jr], [D*] and [E* ] have been previously defined.

It is convenient to vake the following variable

definitions

3
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AYIGY'11p)(4. 19)

(4. 20)

2 2

2 (4.23)

F,- ZX (4.24)

F- L2X fN /, (4. 25)

T C7-) 5NefO (4. 26)

S C q)~q2 (4. 27)

T (kr') C( ;SIN~ (4.28)

A cli-cl -,;hf)uH- be madE to see whether the control point ajil

fieIC poi-nt coincide. If they do, then equations 4.28 and

4.2" shaM- !)v used instead of 4.26 and 4.27 The matrices

[A'] and (131] from eguations 3.54 and 3.55 are

+ T , C' ko) ,' (h',- kQ)
TT (r, ,Q ,) 0( ,,..kQ.

IS S(hrkQk-/) tE*(kQ -11 ko)
-5,( u) E(Q,. kQ)
-S (k, ko+) E (kcp ti, k€

S hr,k 2)E"k21kQ(4.3.
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S

13 T ( kt,, k Q ) D (Q, k Q)
T ( k, h Q) Ofb* , (k , ) 

- S(kr kQ-) EY kQ-I,kQ)
-S zP, kc) E' ( Q,hQ)
-S( hr, kQ4 ) E (kQ, , kQ)0

-S ( k, kQ+2) E'(k42,kQ (4. 31)

The various factors that occur in the above equations take

on definite numerical values if and only if the indices KP

and KQ are first assigned definite numerical values. When

thi3 is done the above equations define the value of a

sinj1c eleret of either [A'] cr [1' ]. The matrices [A']

ai] B' ] con [!e stored as two 64 by 64 arrays.

"h.h h v Matrix

Fccall figure 3.6 with the associated equation 3.64

rep,-ated htr:0 to provide clarity.

[V) [ 6 -6 (4.32)

14] [JE (4. 33)

In addition to selected definitions above these additional

definitions are made

6x +C(g. 34)

2 2

I-i , Xr (4.35.
-V7J. /Jr~ (4. 36)

G, (4. 37)
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a

rrz 14.38)

c( (L4. 39)

A c iv ,k shoul be made to see whether the spanwise coordi-

rnat . coJnci:,o. If they do then equation 4.40 shall be tised

insttd(i of 4.39 Then [Q] can be computed

Now the [V] matrix can be constructed as was shown in figure

3.6. Since the first 48 columns of V are zeros, only the

nonzero elements of V need be stored. These amount to a 64

by 16 matrix.

3. The A and B Matrices

Finally these matrices are superimposed to give the

A a:i! 3 matrices.

A(ph, k)A( k)+ v(pkQ) (4. 42)

(hp,+ V~p,,(4. 43)

This gives the complete A and B matrices, which will be

utilized in the following calculations.

C. ?.DDITIONAiL LIFT

For the -,.ecific additional lift, as explained in more

detiil by Joit s [Ref. I], setting the normalized slope to

-1, gives

35
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(4. 44)

-lih: ,:irci I ition can then be transformed by the operation 0

1escriLed edriLer to get

~F} ~fjt](4. 45)
AS

After beir.g transposed it can le used in equation 3.16 to

get the chordwise derivative

ITj FD Jr (4.46)

The correspon'ling derivative in the e direction is not

generally needed and is not shown here, but has been stated

earlier as equation 3.34. Now []]Tis transposed and suhsti- S

tuted into equation 3.11 to get the pressure distribution.

[p~r ~(4. 47)

Froi:i this Fressure distribution one can calculate the aero-

lyn~tr .c cit(r and the slope of the wing lift curve.

D. LASIC lIFT 0

.I th4 catv' of basic lift, the pressure distribution is

initidlly Ircscribed. From this distribution one obtains;

[fCj '-j F pJL s I t4] (L4.48)

and additionally along the leading edge

[ Ii I F ] [p (4. 49)

36
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where only the first column of each of the matrices and
[P, ] is nonzero. Then [r,,] and [r] are transposed and
sub:tituted into equation 3.30 to jet

(.Y'I7: ~(4. 50)

The transi.ose of [[J' is the basic circulation which after
being transformed into a 64 by 1 vector is utilized in the
following equation to get the wing slope function.

gWp37= [ FLJgrj (4. 51)
6Y K64 OId

The wing slope functicn can then be used to find the varia-
tio% ;.n t:14' leight of the mean wing surface above the refer-

37 " 7 j 1-l4
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V. CONCLUSIONS

From the equations developed and listed in the summary

of key rclationships of the previous chapter it can be seen

that they mn.y be translated into a computer program which

cal-2Iat( tlo, wing slope function and the lift distribution

of i V. dcs2:I ted wing. A further straightforward extension

of d.L- ai:il;iss (not given in this thesis) then fixes the
various aerodynamic parameters of interest such as the sloIpe

of the wing lift curve, the location of the aerodynamic

center, the pitching moment ccefficient about the aerody-

namic center, the induced drag and the variation in the

heijht of the mean wing surface above or below the reference

xy plane.
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