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1.0 INTRODUCTION

This is the fourth and final quarterly prog ;.,s report for a one year

study of convergence in adaptive radar. During . series of earlier adaptive

radar studies at TSC, funded by Naval Air '%-stems Command, a method

of optimizing both the angular and doppler res, ,nse in A1TI (airborne

moving target indication radars was described -nalyzed, and simulated

in some detail. These studies showed that a• o tive AMTI radar can

provide a major improvement in performance z• a mixed clutter/ECM

In the first progress report the. .sbLc adaptive AITI technique was

described, and three adaptive algorithms wcre compared. These algorithms

were sample maLrix inversion SMI, inverse matrix update MIU, and the

Applebaum loop algorithm. Both SMI and IMU algorithms are shown to be

very fast in terms of number of data semples required for convergence.

These algorithms are more complicated than the loop technique, though,

and are probably best implemented using digital techniques. Section. 2

-of this report presentsresults of a computer simulation of analogue to

digital (A/D) conversion. A theory predicting the performance loss due

to quantization was presented in progress report 3 of this contract and

is included as Appendix I. This theory is compared with simulation results

in Section 2. The program used to obtain the results of Section 2 is

included as Appendix II. In Section 3 of this report some furt.her results

are shown for the IMU technique, using the program listed in reference 3.



2

2.0 SIMULATION CF QUANTIZATION AND LIMI1TING

In this section we consider the effect uf converting the input

analogue data to digital data in an adaptive AmTI array, including the

ability to reject clatter. A/D conversion introduces two different

types of non linearity, one is quantization which produces a step like

approximation to a straight line transfer function and the other is

limitirg which renders the output cznstant after a particular input

level is reached. These effects are important, since the number of

bits used in a quantizer is 11.nited for economic reasons and must be

as small as is consistent uith good performance. The above non-

linearities are simulated separately and together using the computer

programs in Appendix II. The simulation of quantization and limiting

separately allows comparison with the theoretical results for quantization

noise given in Appendix I.

The example considered for simtlation is an AMTI radar syatem in

which the weights Wep are multiplied by the output of a number E of

receiving antenna elements on each of a number r of pulses and then

added to obtain the radar output. The non lineearities are introduced

as shown fn Figure 2.1. The weights as in earlier studies can be

nearly ortimized, using data samples collected by the r&dar. A single

sample of data is defined as the set of returns frcm a single ranLe

*in at -ach element on each pulse, so that for a : pulse MTI with 4

antenna elements, e. sample would contain eight complex values. All

weights and vultages are complex thereby preserving both phase and
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amplitude information. Each channel shown in Figure 2.1 consists, in

faut, of two quadrature channels, eue in-phase I, the other 900 out-

of-phase Q. On transmission the elements are combined with equal

weighting to form a fixed transmit beam.

In a computer simulation where the itterference or noise (in this

case distributed ground clutter and receiver noise) is known exactly,

an ideal covariance matrix M for a linear system is computed as

Hn 2 V exp (Dn j(2-1)

where
th

V m the voltage at the m element (pulse) from themj

jth scatterer

D - distance from scatterer to element
m4

X transmitter wavelength

* means complex conjugate

* For coLvenience the 4ndexing over anterua elements and pulses is combined

so that V becomes V where m - e + (p-l)E. Included in V is theep m

scatterer amplitude and any other amplitude weighting such as the trans-

mitter antenna pattern and individual element patterns.

The signal-to-c!,itter or MTI gain ib given in vector notation by

G = 1W (WW* (S/C) (2-2)

0M
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for a set of weights W, where (S/C) is the signal to clutter obtained
0

on a single pulse with uniform weighting on receive and transmit. This

factor is used for normalization.

As exý:ained in previous references [1-4] the weights that maximize

S/C or G are known to be

W 0 M-'S* (2-.,)

and

G * 1(2-4)
m Wxw* (S/C)S (s/C)(

0 0

where S is the desired signal vector. When non-linearities are present,

for example as indicated in Figure 2.1, the clutter covariance matrix

cannot always be readily calculated. Instead it can be found by using

computer generated data samples to form a sample covariance matrix (or

its inverse) as it would be done in an adaptive radar using digitel

processing. The cample covariance matrix M is given by

I *
S- , S U U (2--5)

jmj nj

where the summation is over independent samples S. The U 's are the
mj

element voltages after the non-linearities are applied. In the computer

simulation, each voltage for a given sample is generated by choosing

a different set of Gaussian distributed random numbers for a prescribed

set of scatterers. The sample covariance matrix is an approximation

t, Lhe ideal matrix for a set of scatterers. As it was shown previojsly[5]

the convergence is very fast.
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The samj-le covariance matrix can be used to compute a set of weights.

Tnus

W - s (2-6)5

The question then is how to test the weights W generated from a sample

covariance matrix. It is meaningful with a linear FV3tem to test thb

W using the ideal covariance matrix since M 4-M as the number of samples

becomes large. With non-linearities present this L, not so.

Two cases are of practical interest. In case 1 a sample itratix is

found MI and used to create optimum weights W for M. Then these weights

are tested on the same sample data used to obtain the weights. Thus Case 1

SMIS* (2-7)w1

W1 MI - I1 1 11 - (2 8G, - -;--(8 (S/C) ^ * (S/C)
1 W!MIW o

where Mls and M1 are the covariauce matrices with and without signal.

Case 2 is similar to the above except that the sample matrix used for

testing the weights W is made up of different samples. Thus in Case 2

w "Ms* S 2-9)

Iwls12
C 1 S 12 (2-10)2 W 1W (S/C)

In this formulation the signal i1 not present in the simulation and is

asbuned to bt unaffected by the non-linearities. Since signal lobs is

quite 6!-'al[ CvL1 .ith tI~Ld lh14L±L~Ig L1I1• !. a ~Lea•dnb te appnuyIniat un"
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Case 2 i easier to apply in practice. For Case 1 to be

implemented, the data from all elements is stored and used tc form a

covariance vatrix, then the weights derived are used on each range

cell individually. This requires more storage than in Case 2, where

the weights are used on succeeding range bins as the data arrives.

In practice the weights would be applied to each reage bin individ-

ually to maximize the signal-to-clutter gain. For simulation purposes

one is interested not in individual, but in average performance, there-

fore one can apply the weights to the already summed covariance matrices

M or M as in Equation 2.8 or 2.10. This is equivalent to applying the
1 2

weight to each sample individually and averaging the r,.-ults.

The relations discussed so far contain the assumption that the

signal is not present during the collection of data, i.e. that no signal

is present in the covariance matrix used to determine the optimum weights.

This situation cannot be strictly true in Case 3 or no signals would be

detected. It could be true in Case 2, !,f the data used for determining

the weights were obtained over a region known to contain no signals.

From previous s4mulations[5] it has been found that little degrad-tion

in performance occurs when signals are present. If Signals are small

the dominance of clutter which is present in many range bins compared

to the one or two for signals determines the weights as if the signals

were not present. If the signal is large detection is not a problem

anyway, so that Cabe 1 as well. as Case 2 apply .o realjz::.le cas.es.

Two types of non-linearities are explored rcte stin'tiOno

quantization which o:"urs 11 the conver:!o;v of ;•aaiog ;X to digital

as indicated in Figure 2.2, where a linear fi,,nctioii is replaced by a
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stair step, and limiting as also indicated in Figure 2.2. The limiting

can be either in the I and Q channels ii which case phase distortion

occurs, or amplitude (envelope) limiting as might be performed at IF

before the quadraLure channels are determined. In the latter case

the amplitude is limited without causing phase distortion.

2.1 QUANTIZATION

In Table 2.1 are shown results for quantization noise with no

limiting for various values of step size A divided by RMS Input voltage a.

The example used consists of a 4 element antenna with .5X spacing between

elements and 2 pulse MTI. The beam is broadside to the array and is

aimed in the Airection of travel of the radar which is moving at a rate

of .2X per pulse. Thirty scatterers are distributed uniformly over 180,

to simulate ground clutter. Under these conditions the ideal MTI gain

as defined earlier is 53.8 dB.

The losses shown are the MTI gain values obtained with quantization

divided by the ideal performance and expressed ia dB. In this Table 24 or

3N[] samples are used to form the sample covariance matrix M1 which

is used to generate the weights W These weights are then tested on M

for Case 1 and on M2 which is formed from an equal number but different

set of samples. The experiment is repeated 12 times in this Table, i.e.

12 runs and the results of the •uas are averaged. The variance as shown

ip quite small.

Some of the simulation v"Ies shown foi Case 1 are negative indicating

[l1where N is tht number of degrees of freedom wiich ý.z this cabe is

2 x 4 -8.
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Table 2.1

QUANTIZATION LOSS (dB) (NO LIMITING)

2 pulse MTI 4 elements 30 clutter scattererE. uniformly
distributed over 180"

Platform motion 0.2X per pulse Beam angle 00 from velocity vector

Ideal performance (no quantization) C - 53.8 dB

Samples used in M - 24 (3N) Runs averaged = 12

Theoretical Quant. Loss - LQLQ Theoretical Sample Loss Ls - 1.43 dB

A/c Case LQ L L +L Simulation Loss VarianceQ -S
0 1 -1.65 .034

2 0 0 1.4 1.24 .021

.01 1 .02 .073

2 1.90 3.47 3.33 2.97 .042

.02 1 3.44 .05(

2 5.05 6.48 6.586 .038

.04 1 7.873 .075

2 9.91 11.33 10.94 .126

.08 1 13.65 .059

2 15.54 16.98 16.63 .060

Case 1-W tested on M Case 2 W tested ou M2' All values are in dB (-) indicates

a gain. A/lc = step size/RMS voltage.
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an improvement over the so called ideal linear case. This is

-- possible when the weights generated from a particular set of samples

are used on the same set as in Case 1. The same weights give poorer

results when used on other sets of data generated by the same process.

Two theoretical results have been developed for loss from

ideal performance. One loss is due to finite sample size and is given
Sby [5]

s M ' logl0 ( S+2-N (2-11)

where S is the number of samples used, and N is the degrees of freedom,

i.e. E . P in this case.

The other loss due to quantization was derived in Progress Report #3

and is reproduced in Appendix 1. This is given by

L .10 S*M-S (2-12)
Q Lo 10  S* M-1l

where

MQ = M + 1 (2-13)

Using another approximation, a second formula for the loss was

obtained as

10. Log - 62 W W ) (2-14),6 S0M-Is
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In Table 2.1 the simulation and theoretical losses are shown.

:* It is seen that there is good agreement between Case 2 simulation

results and the total losses based on sample size and quantization

loss. The approximate results for L loss do not give such good
Q

agreement.

Table 2.2 shows the losses for various numbers of samples in the

covariance matrices. Theoretical and simulation results are in very

good agreement and the variance seems reasonable for the values chosen.

2.2 LIMITING

In this section limiting without quartization is explored by simula-

tion. Two kinds of limiting are considered. Amplitude or envelope in

which the vector amplitude is limited but phase is not distorted, and

limiting in the IQ channels where both phase and amplitude are affected.

These two types are illustrated in Figure 2.3.

While there are theoretical results for hard limiting, it is difficult

to obtain theoretical results for linear operation with the various

degrees of soft limiting used in this case. Simulation results are shown

in Table 2.3 for limiting in the IQ channels and in envelope, as a function

of limit levels divided by RMS input voltage c.

It is interesting to note that for strong limiting (small values

of S/a), IQ limiting seems to produce the greater loss. This perhaps

is due to the greater phase distortioi. At values of S/o producing less

* limiting, losses seem to be higher when amplitude limiting is used.

Also, the variance is quite high for the lower limiting values. doth

of these results mdy be due to the fact that for larger values of S/o

O C ib less limiting in 1(0, theteby ausing ltsSi LhauLC of a dtgraded
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- Table 2.2

QUANTIZATION LOSS (dB) (NO LIMITING)

A2 pulse MTI 4 elements 30 clutter scatterers uniformly

distributed over 1800

Platform motion 0.2X per pulse Beam angle 0* from velocity vector

Ideal performance (no quantization) S/C - 53.8 dB

Samples used in M - 24 (3N) Runs averaged = 12

Theoretical Quant. Loss -LQýLQ Theoretical Sample Loss Ls

Sample=64 (8N) Sample=32 (4N) Sample=16 (2N)
Runs-4 Runs=9 Run.=19

S=.5 dB LS=I.03 dB LS=2.3 dB

Sim. Sim. Sim.
A/o Case LQ L L Q+LS Loss Var. L +LS Loss Var. L Q+LS Loss Var.

1 -. 61 .007 -1.275 .015 -3.02 .068
.001

2 .024 .024 .52 .33 .001 1.06 .923 .026 2.33 2.35 .073

1 1.22 .03 .55 .025 -1.1 .121
.01

2 1.91 2.4 2.3 .015 2.94 2.7 .035 4.2 4.01 .094

1 16.9 .007 16.13 .047 14.35 .273

O 2 17.42 17.9 18.02 .012 ý8.46 18.4 .028 19.72 19.37 .102

I
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| Q
S~IQ Limiting

Envelope Limiting

Figure 2.3. Showing IQ and Complex
Envelope Limiting.
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4 iresult. When limiting does occur considerable degradation results.

This is usually indicated by drastically increased variance.

The percent limiting, shown in Table !Z.3, is obtained by counting

the number of times that limiting occurs during simulation. The reason

that tlv';e is more limiting in the ervelope case (the circle in Figure

2.3) is probably that the sample vectors have mor- '"non-limit" area in

the complex plan when IQ limiting is used (the squarL in Figure 2.3).

2.3 LIMITING AND QUANTIZATION

Simulatior MTI gains are shown in Figure 2.4 &ad 2,5 for quantization

and limiting combined as a function of normalized saturation level S/o

(a = MIS input voltage). The results are shown for 8, 9 and 10 bits.

As S/a incrcases, limiting decreases but the quantization step size A

increases so that there are optimum values of S/o. Since quantization

noise degrades performance slowly compared to limiting, there is a fairly

broad region of S/a values over which to operate.

There is little difference as indicated by Figure 2.4 and 2.5

between IQ and envelope limiting in the region of small limiting as

might be expected. With strong limiting envelope limiting shows bei:ter

but highly degraded performance.

In Figures 2.6 and 2.7 results are shown for a case with higher MTI

gain. In this case the scan angle is 90 to the flight path, and the

interpulse motion is close to X/4, the velocity ana angle for which

perfect platform motion compensation is possible. MTI gain is plotted

"* in this section rather than losses to illustrate performance at diftereut

gain levels. The Case 1 performaice in which W1 ib used with K rather

SM2 (Case 2), exceeds the steady stace or ideal performance. This

S. .0. . . . . .
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Table 2.3

"Simulation Results for Limiting Only

2 pulse MTI 4 elements 30 scatters

Platform motion - 0.2X/pulse Beam angle 0.0

Ideal G - 53.8 dB

Sample - 64 (8N) Runs - 4

I and ' Envelope

S/a Case Loss(dB) Variance Limiting Loss(db) Variance Limiting

1.5 1 30.5 .015 27 21.3 .039 32

2 31.7 .001 22.4 .014

2.0 1 24.0 .07 9 18.4 .056 14

2 26.7 .17 20.6 .015

2.5 1 12.3 .533 2.66 12.2 .162 4.33

2 15.9 1.25 16.1 .023

3.0 1 2.34 .646 .39 2.91 .82 .86

2 4.63 .859 5.74 .92

3.5 1 .632 .01 .04 .009 .157 .230
2 .28 .002 1.4 .128

S/o - Saturation level/RMS voltage.

0

0
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4 elements 2 pulses

-Element spacing - .5X Interpuline motion -. 2X/pulse

Samples - 64 (8N) Runs - 4

Scan Angle - 0

STEA!OY STATE GR3N(DEI '3.

0 Case 1 bits
A~ Case 2 -10

45.00~ 8

4W 0 .9,

10~ LI

Figure 2.4 wrI Gain ve Iq Liaud"Eavel and Niumber of Bit*
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4 elements 2 pulses

Element spacing - .5A Interpulse motion - .2 I/pulse
Samples - 64 (8N) Runs - 4
Scan Angle 00

,IERAY OTA.E GAN(DD:' 53.0

0 Case 1 Bits
-10A Case 2

.J .Lt.d - 8

'40 -MO

30,3 0

[' •(1 -i I I I I '

P. D., 3,00 3,40 4410 440

Figure 2,5 iT! Gain vat Envelop. Limit Level and Rmuser of bit*



4 elements 2 pulses

Element spacing - .5) Interpulse motion - .23A/pulse

Samples - 32 Runs 4

Scan Angle - 900 •TEAY 'T P EN(OB) :

-136 Case I.

A Case 2

IU

9

.( , 1 - I I I

.0 , 3,0l0 3,50 4.00O 4 M

Figure 2.6 MTI Gain va, IQ Limit Level &nd Rmber of tits



2o

4 elements 2 pulses

Element spacing - Interpulse motion - .23X/pulse

Suaples w 32 Runs - 4

Scan Angle - 90*

:, •C -: "" :"sits

-139 Case 1/ •"

A Case 2
12

.CO

10

9

8

2,, 2,,in 3, n0 3,50 4, •l,40
8/0

Figure 2,7 MTI Gain vs. Envelope Limit Level and Rmber of Ulte
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is possible since the weights are determined for a particular set of

samples and used on the same sample set.

In Figure 2.8 the same example is used as in Figures 2.6 and 2.7

but the range of S/a is extendeO and different numbers of bits are

used. This Figure shows clearly, that while there is an optimum

ratio of limit level S to average voltage a, the optimum is quite

broad, and performance declines slowly with increasing values of S/a.

This shows that it is clearly betcer to operate in a region if low

limiting, and to bias the operating point toward the high side of S/o

when a is changing rapidly or is not accurately known.

Figure 2.9 shows similar results for a lower performance level.

0



4 elements 2 pulses

Element spacing -5 Interpulse motion - .234/pulas
Samples w 32 Runs - 4

Scan Angle - 90*
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Figure 2.8 NT! Gain vs. IQ L/imt Level and mmber ot Ut*
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3.0 SOME CONVERGENCE EXPERIMENTS

In the first progress report [3 the convergence rates of three

algorithms were compared using a computer simulation. The sample matrix

inversion (SMI) and inverse matrix update (IMU) techniques were shown

to be comparable and very fast when measured by t'he number of indspendent

data samples required to converge. The Applebaum loop, while much simpler

to implement, converges much more slowly requiring hundreds of samples, in

the example shown, compared to two to four times the number of degrees of

freedom, N, required by SMI and IMU.

The SMI technique is known to require the least number of simples

under all conditions, anc requires only N(N+I)/2 complex multiplications

to form M[5 3 . These properties are invariant over all problems, thereby

making the technique extremely powerful.

A 3
To invert the matrix M for SMI requires about N /3 multiplications

or divisions. There are several ways of doing this, i.e. solving the set

of simultaneous equations required to obtain the weights, or inverting

the matrix by various methods. Computational problems may be Involved

* in the SMI or DhU technique when high speed and limit.d numbers of bits

is a requirement.

The DfU algorithm is simple to program, requiring only about

1.75 N2 + 2.75 N complex multiplications, per data sample. This can be

I seen from the recursive equation'

9
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Mj+1= • M-1 i---c I•..c9 * _-i -1-1

*~~1f+ (Tal j 1-a*)(T 31

where the sample matrix is given by

*

M+ 1 = + ciVV (3-2)

"-i 1 * N2 -

Basically Y; V Is formed using Nmultiplications, VT1 j is formed

by taking its conjugate, and to obtain VTjv* requires a further N multi-

p14.cations. Since N1 is HermItian, multiplying M-1'V *by VTý4j 1 requires
;

N(N+I)/2 multiplications. Finally multiplying by the constants provides

for the reamining multiplications.

The simplicity of implementing IMU makes it interesting to see ho%

many samples are required for convergence both as a function of a and of

the starting values of H For fixed values of a an exponential weight-

ing is applied to the incoming data samples as they are used to update

Sthe matrix. When a equal weighting is applied to the data samples

used to update '-1

The starting values of M-1 are less easily parameterized since they

could be anything from ai arbitrary choice to a choice which is close to

the correct value. To explore I'J as a function of the Initial matrix

M. one wishes to construct a problem related to a practical radar situa-S•o, 0

tioli in which external interference (clutter, jamming etc.) is changing.

Al-so one would like the weights to change in such a manncr that a required

Pertormance is mainvained. For example, one Light require the weights to

0 •L
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Sadjust as the antenna rotates between pulse groups. This was treated

in the first progress report[. For another example, one might require

the weights to change with the changes in clutter with range as treated

in a previous TSC study [6 The latter might be caused by terrain changes

such as a land to sea interface.

In these experiments antenna step scanning was assumed in such a

manner that the weights are optimized at one angle, then the antenna is

rotated to a newangle and held fixed while new samples are taken. In

Figure 3.1 the 7MU process is started with the diagonal having the same

-~1
values as the diagonal of the inverted matrix IM for the previous angle.o

1
The inverse matrix is then updated with the new data, using a J+l'

i.e., givirg equý-l weight to each new sample.

A large rotation angle 50 was chosen to accentuate the missmatch.

The results for the IMU and SMI techniques are seen to be quite similar.

The loop convergence performance is also shown for the case where steady

state performance was reached at the previous angle. The gain/TAU ratio

is adjusted so that control loop noise in the steady state increases the

total output noise by 25%

It seemed reasonable that if the entire inverse matrix for a previous

starting angle were used, that the results would be equally good if not

better. Figure 3.2 shows that this is not the case, at least for this

example. The IMU performance was considerably degraded when the ideal

-1M for the previous angle was used as the initial matrix.

Figures 3.3 and 3.4 show that using the previous inverse ratrix

diagonal even when it is multiplied by .1 or 10 gives extremely good

agreement between the SMI and DIU techniques.



27

Figure 3.1 RDRPTLVE RRRRY/OOPPLER PROC.

SPIJN= 1000 TAU= 2449423

'4 ELEMENTS 2 PULSES

ELEMENT 5P'RC= .5 INTERFIULGE MO~TION= .20W0
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Figure 3. 2 ROAPITIVE: ARRRY/DOPIPLER PROC.
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Figure 3.3 R9FF1~T1VE RFJiRY/D(1FFLER FROC.

GRIN= 1000 TAU= 24459 123
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SjEAN RNGLEUDEGJ: 90.0 ROTATIO1N! EC= 5-C

(D00 U L.0CF 5! M! IMU BTER)Y 5TAWE Of3!NtDBi 6?2.

J+1

0

45 .0107 '

16-00

CJ 0 7.010

SRMPL7



30
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In Figure 3.5 - 3.7 different values of a are shown using the

diagonal of the previous updated matrix.

These figures indicate that constant values of a are much less

desirable than the varying value which gives equal weighting to the

samples. This is what would be expected in the step scan example,

assumed in this case. If a steady scan rate were used and data were

taken from many range traces, then an optimum constant value for aL

could be found.

The simulation program ADAPTM6 listed in the first progress report[3]

was used in these experiments.

0,

0Q
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APPENDIX I

LOSSES IN ADAPTIVE RADAR PERFORMANCE DJE TO -QUANTIZATION

PRELIMINARIES

Analyses of adaptive radar performance usually neglect the detailed

' effp'ts of quantization noise. If estimates of degradation in perfor-

mance are made, they often depend on costly computer simulations..

This situation is improved here for most cases of practical interest

by developing formulas for computing the signal-to-noise loss in adpative

radar performance due to quantization.

Assume the adaptive array-radar has a receiving array of M identical

elements. Let zk(t) be the complex-valued process received by the k-th

element for k-l1,2,... ,M . In a pulse-sampling radar, pulses are transmitted

periodically with pulse repetition period T. For this case the , flected
CT

signals from ar. object at fixed range F = - - are proportional to .he

coefficient of reflectivity of that object. Here, of course, T is the

round-trip time required for a pulse to travel from the radar antenna

to the object and return, and c is the velocity of light. Such a radar

samples the reflectivity of the object sequentially at times tlt 2 ,...PtL

where t = T. The sampled data set associated with these samplingn

times is the sampled data set {zk(tn)} of signals received from an object

at xange R. It is convenient for mathematical purposes to represent

this sampled-data set as the column vector (matrix),

o
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,z1 (t 1 ) I

2M z(t) XlM

Z(tl xM

z (tL) x(L-1)M+l

ZM (t L) XNL

where N MXL is the number of dimensions of the vector.

Radar detection involves a choice between two hypotheses, the

noise-only hypothesis H0 and the signal-plus-noise hypothesis H

Assuming additive Gaussian noise of zero mean, the expected value of

X, given hypothesis H0 (noise only), is

EX =0.

Similarly the expected value of X, given H1 (signal plus noise) is

EX= S

whe;e S is the column vector (matrix)

SN
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of signal echoes that might be expected from an object at range R at

the M elements of the array from the L pulses. For hypothesis Rl,

the noise vector is given by N = X - S. Assume that all components of

M are Gaussian and jointly distributed.

In order to detect signal vector S in the received sampled-data

vector X one must design a filter (a linear functional) fnr vector X

which is tuned to signal S. Such a sampled-data filter is the scalar

N
S;?k *

k k Wx (1)
k=l

where W is the weight vector

wI
1

WN

of conaplex numbers, wk denotes complex conjugation and W denotes the

conjugate transpose of the column watrix W.

2.2 MOMENTS OF qUANTIZED VIDEO

To study the effects of quantization on adaptive radar performance

one needs to find the moueuts of the sample data filter y, given in (I). ,,

To treat this problem let [x n [u n + i[v ] be the quantized or digi-

talized value of the complex number x u + iv wiheci [v ] denotes
n n n n

the digital value of the iv. ;inary part uf x . In the conversion from

analugiU. to digital let
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nn

where

c(x e(u)+ ie(v) (3)
n n n

is the complex error. Ilere e(U n is the real part of tCx n and e(v n

* is the imaginary part of error £(x ) in the A-D conversion process.
n

The error functions e(u') and e(v) are sawtooth functions of the real

* and imaginary parts of x =u + iv, respectively. Explicitly, e(u)

and e(v) have the same Fourier series representation, given by

k /27Tku

E k L

k= 1

respectively, where A is the quantizer step size in voltage [see Reference 1].

For signal-plus--noise the first moment of [x n], the quanitized

version of the n-th component of the sampled-data vector X, is by (2)

Sand (3)

Efix)1 E(xn + F(p)

- Ex + E(mx

- S + EeG )L + ± E(V)

U UL
_ 0 _m •m mI
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Replacing e(C ) and e(T ) by their Fourier series, eq. (4), and

inverting the order of the summation and expected value operator E,

yields

CO
k 2r

X ---su + i sin-1-vk
nkAn A n

k=l-i

Since a and T are independent identically distributed Gaussian
n n

• variatvs with means R(s ) and I(Sn), respectively, where R(sn) andnn

U(s ) are the real and imaginary components of signal component sn,

CO

E n( 2 rk \ 1 -L e-(u n-Rsn)222e~ d
222 2

-A (u)_2 n)n 2

-2r 2 k 2a/O ) 2 21TkR( s)
sin d-

nd 22 2
271k /2nkkt(s/6VE si A v ) e sin A

SThus
An -2Trk 2 (CA) 2

k=l

(Si 2T[kR(sn) 172k1(S))
X (sin --A - E + i sin - A

I

I. . .un l , • . m .i u .a .,w ml m m~ m m m m m u m m m m im m mm • . q
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where R(sn) and I(sn) are the real and imaginary components of the n-th

component s of the signal vector S and a is the standard deviation ofn

the noise.

For most cases of practical interest in adaptive radar A << a.

For this case

2-r

E[X] n Sn + 0

where O(y) denotes the order of y as y tends to zero. Dvidently

E[x n is closely approximated on the average by the sn, i.e. E[xn] z Sn.

The ccmplex covariance matrix of [X], the quantized version of the

data vector X for noise alone is by (3)

M E[X][X]

= E(X + C(X))(X + C(X))

=ME0 + Es(X) {e(X)}* + E({c(X))X* + X{e(X)}*)

(5)

where * denotes conjugate transpose and c(X) is the column vector of

complex quantization errors (xn), as given by (3), namely,

(xl)

E (x2)

*cE(X) 1:
)

! ' I
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The first term of (5) is the covariance matrix M of the sample-data

vector X, i.e.,

I M

To treat the second term of (5) and make use of previous results,

we must transform the data sample vector,

x u + iV

x 2  u2 + iv 2

X V + fV (6)

XN +IV

of n complex components into the data sample vector

yl Ul

U (7)
v1 VT]

v.
2!" vN

_ lily

0
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oi 2N real components where uk is the real part of sample xn, vk is the

imaginary part of sample Xk, and

xIv
u v1

u 2v 2

U and V = V 2

u I

N N

are the real and imaginary parts of X, respectively.

Let also the complex covariance matiix M and its inverse M be

decomposed into real and imaginary parts as

M - A + iB and M-1  C + iD (8)

Then the 2N x 2N symmetric matrix

v ,Yr (9)

has the inverse

(c 1  D'\(10)

-1 C,)D
D, C

where YT denotes the transpose of vector Y.
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Next, the quadratic form X M X can be shown to be Identical to the

quadratic form yTx-y where X-1 is given by (9). To show chis

X*-IX = (U + iV) (C + i) (U + IV)

= (U - iV) T(C + iD) (U + iv)

T 1= (U -iV )(C + iD) (U + IV)

= u CU + V DU - UTDV + VTCV

I-1
where the imaginary part vanishes since M is Hermitian and where UT

denotes the transpoc., of the real vector U. Similarly

(U (C (U\TU

T T T T IU

(UCu + VTD, U uDv + V c)v
(UC+VD-UD(V)

VT U+VT DU UT D+ TC

Since this agrees with the above, the identity

XM yTK- (11)

is true. The joint probability density of the components of the vector

X is

P(X) (-f)- - exp (-X M X) (12)

!fi~i*-

* mmmm m r m• • m w mmu m m mmm m m .wm
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where 1111 is the determinant of the covariance matrix M. Using (11),

this density is easily shown to be equivalent to the density

(Y) -M1 ..- ½ (2 y-Iy) (13)

KIJtJKI-exp (YXY

where Y is the 2n component vector, given by (7) and K is defined

by (9).

The above remarks will now be used to evaluate the second term of

(5). The (m,n)th element of this is

E E eCu )e(u ) + E e(v )e(v)
m n m n

+ i(E e(uM)e(vn) - E e(un)e(vn))

= 2(E e(um)e(un) + i E e(um)e(vn)) (14)

where the last line follows from (9). The first term of (14) is

E e(u m)e(u ) f n(U ,u )e(u )e(un )du mdu

D lmn m n i

0"

T kz kt
k=l £=l

where

- Im• •mn• m i • rmra mm• m • m
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2 Jf u (1P+u_ /uIkI f= e m nmnsin -- Mu

du dudn
21Tp m n+•sin. u)Eu)

mn

2
yrPmn " E(Umu)E(vv

and

m Pnn 1.

The above integral can be evaluated to yield finally

E{e(u)e (u)

2  2iK+ (q (K2+2)2A•2 •2 Ae sin{4 T2() N (15)

T K 9-,=1

Again for the cases of interest A << a so that to first order in

e - a/A)2 only the k:k terms need be kept. Thus

C2  2/~2
A2 1 e-4TT2 K)2 K(17Pn (6

E{e(Lu)e(u)- A' mne1 A)KlP~ (16)

K=l

22
+ 0 (e-2ra
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A2

Finally if , the quantization noise power, is set below the natural

receiver noise of the radar, only the terms in (16) for which m=n will

persist. To this final approximation

0'9

E e2 (u) A K + ka,1/ (17)
n 21"2 (k21T2(aMA)

2" Y + 0 (eI-

and

Ee(u )e u n 0 + O(e-2r2 (a/A)2 (-Pmn)) min,

using the well-known identity,

- r2

KK=1

If the quantization noise power is again set below the receiver

noise, the imaginary part aan be estimated in a similar manner to be

Ee(un )e(v) 0 + 0(e-2[2 WA) 2 (limn) (18)

for all m and n where

G2 Pmn m n n m
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In this case P. 0, since by (7), (8) and (9),

B EV T _T =_BT

so that B is a skew symmetric matrix. Combining W17) and (18) yields

" A~2

( E(X){E(X)I * 12  (19)

where I is the N x N identity matrix as an estimate of the seconý. term

of (5), assuming the quantization noise is comparable to the r.-ceiver

noise power.

A similar analysis will show (see reference 1) that tne matrix
2 2-272 (CFIA)2

elements of the third term of (5) are zero to the order cf e

Combining this with (19), yields finally,

.22

MQ = E[)[x~t]* X -t 1 (20)

to the order of e-2'1 2(/A)2(l-Pmn). This result will now be used to

estimate losses in detection sensitivity an adaptive radar will

suffer as a function of the quantization step A. Better approximations

to MW then given by (20), particularly for a larger quantization step A,

will be the subject of a future study.

SICNAL-TO-NOISE LOSS DUE TO QUANTIZATION

A best sampled-data filter of form (1) is one in which the weightI vector W is chosen to maximize the signal-to-noise (S/N) ratio. The

weight vector whkch achieves the optimum S/N ratio is well known (se•t

SI • p• rm P •i IPo mllm
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for example Reference 2) and given by

W = -Ms (21)
0

where M is the covariance matrix for noise only. Since M is often not

A

known a priori, an estimate M is used instead, depending on K samples of the

noise process. One estimate is the sample average. If X (1),X(2) .. x(K)

are K independent samples of the noise process, then the sample average

estimate of M is given by

K , .

M 2 E X WX (DX (22)

j=l

If M is used in (21), then

A -1 123)
W M S .3

is a near optimum set of weights to be used in filter (1). The output

of this filter is

"u W X (24)

where W is given by (23). The output signal-to-noise ratio conditioned

A

on a knowledge of W, is

6l ^^ 2
^ (Eu1W) 2

(S/NIW)o = Vr (u_

(S *A S: 2S M S (25)0~ 1S



50

Previously it was shown [2] that if this signal-to-noise ratio was

normalized with respect to its maximum value S*M 1S that this quantity,

namely,

p(M) = (S/Nw)o S'N-S (26)

was a random variable which was in the interval 0 < p(M) < 1. It was

further found that this normalized signal-to-noise ratio has a probability

density P(p) which depedned only on N, the number of components of X,

and the number K of sample vectors.

APreviously in Reference 2 the quantity P(M) was the (S/11) loss ratio

which depended on M, the estimate of M, without any assumption of
quantization. To make this ratio depend on quantization let Q be the

Q
sample ave:age estimate of M, including quantization, i.e. let

KA Q^=i [X(J)][(j)]*(7
31X~ 1Z (27)

j=l

where [X)] denotes the quantized value of sample vector X). Then

the normalized signal-to-noise ratio for this estimate of M is

•A
*(S/NfM )

PTotal (MQ) S * M-IS

Si Ni S - -S

S MQ S SM S

Pdo
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S M Q S (28)

where

Q14=E[]X

is the complex covariance matrix of [X], given by (5) and (20). For

K reasonably large the statistics of [X) will be close to Gaussian,

hence the statistics of P(MQ) will closely approximate the statisdLcS

of p(M) as given by (26). Thus, taking the expected value of (28),

yields by equation (18) of Reference (2),

1*-i

EP k2-N (9

Total (MQ) A * - I (29)

This is the expected loss in S/N ratio, due firstly to the fact that

only a finite number K of samples were used to estimate M, and secondly

to the sample quantization. Expressed in decibels, this expected loss

ratio is

Loss - -10 log10 { (K+2-N)/(K+l)}

-10 IOgl o { (S MQIS)/(S-14-S)1 k30)

where the first term is the loss in decibles, due to the finin sa=pling

in estimating M, and the second tern is the loss due to quantization of

finite ste? size A. Using (20), an estimate of the last term can be



w-tde from the identity,

-1 -1 -1-i -1"-
N14 (I+aX )-U-x (-cQ + 0o(a2)

where

a 2/6.

Hence
* -* A2

SXQ M S = SM -1 -S ,

and

Loss -10 log - -- Q 'I'

i 0 (31)L el
is the S/N loss due to quantizzatL-t "-;•.- • is the optivum weight

0 O

vector (21). The reliability Of e ss formulas will be checked

by simulation during the next • -

.I 3

II •
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APPENDIX II

"FORTRAN PROGRAM FOR SIMULATION
OF ADAPTIVE ANTI WITH NON-LINEARITIES

-

0

9
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PRO-VRAM AL'APTM8
C
C MOD~ INCLUDES SAMPLE MATRIX INVERSION SM1,INVERS MATRIX UPDATE
C IMUP AND) APPLEBAUM LOOPS

* C NPaNUMBER Okn PULSES
C NELtNUMBER OF ANTENNA ARRAY ELEMENTS
C NSEPNUMbER UF CLUTTLR SCATTERERS PER RANGE RING
C ALL DISTANCES ARE MtASURFD IN WAVELENGTHS
C D#DISTANCE HADAR PLATFORM MOVES BETWEEN PULSES
C ELSPACtELEMENT SPACING
C THETAO:INITIAL $CAN ANGLE IN Df'GREESMFAStJRED FROlM GROUND TRACK
C THMOTD=SCAN RATE IN DE~GREE.S PER PULSF REPETITION PERIOD

* C RECNsRATIO OF RECEIVER NOlISE 10 CLUTTER POWERS
C SIGZAMPLITUDE OF STEERING SIGNALS IN LOOPS
C YR=ANY RANDOM NUmBr19 TO IN171ALIZE THE CLUTTER AND NOISE GENERATORS
C IELPAT CONTROlLS THE ELEMENT PATTERN***ILLPAT~I F00 AP$'96 ELEMENT PA
C OTHERWISE THE ELEMENT PATTERN IS I~nIROPIC

*C IEIGwi NORMAL COflRffNATý.S USED IN SIMULATION' C NPRCSAMPLES IN ONE UROUP
C N8P=NUM8FR OF GROUPS
C ALmNEIGHTING OF wEw DATA FOR IMU
C r)LSG A DE4/SG
C ITL SELECIS CASE NSCI VALUES OF DLSG OR BIT

-C N3C2 VALUES UF AK (AK *SG t SAT)
C ITL = 0 LIMITING ONLY NSC121t ()lSGZ0, NSC2 VALUES OF AK
0 ITL 0 1 GUANT ONLY NSCI VALUEIS UF DLSGs NSC2:IID AK *GE:. 5
C IlL a S UANT AND LIMITING NSCI VALUES OF NUMBER nF HITS-AND NSC2
C VALUES OF AK FUR EACH ABIT VALUE

* CALL MAIN
STOP
END

SUBROUTINE MAIN
COMPLEX W(30),wOe30),SCAT(6o) ,SST(30),DCT(30))
COMPLEX GAIN(30t60)pV5(8#3?0,, SC(30#30) ,CMC3D,30), V(8, 3M0

0 ~COMPLEX CN(3O,~g),A(3O,3O) eb(30,30),CQ(30,30)1 CCSsREAL LSS# LTOT
DIMENSION EIG(3O),SEIG(30),CASI (20),CAS2(20)
DIMENSION VII )YI(O~Yl(O~Y25O)VlSO~Y250
DIMENSIUNXI (50O),SCL(50O)DX2C10O),SCS(1OO)DX3(I0oSCI( 100)
CUMMOIN/PARAM/NP,N~LLNPLNSC, SIG
COMMON/ARRAY/GAIN*VS#SST '

CDMMON/M/SC
CU(MM ON /N/CM
CU)MM(JN/P/XI#X2#X, xSCL,SCS. SCIPI, 12, 73. NVLP, ISP NRS
CUMMON/U/CO

* COMMUN/P/UCTpTHDCT#ADCTJDCT
COMtION/h5/ICX, ICYICT
CUMMON//Y/IYI1,Y2Y12,?IY~yIIPY 3 2NAmELIST/INb.ULI/ NPNELNSCANRVN3,ONSICNPR, INVLP, ISPNRS,
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IERRGLOPALfNBPDSIGDXR#IILPATDELSPACITHETADDTHDOTDRECNf

3,TLDB;tiNRN~NCS1 .NCS2e ITLILT
REAO(5, INPUT)
IF(NELsLQ,O) RETURN~~

P12~4**ATAN(1.)

YR=RANF(XR)
NRtJNSZN4P*NPR

I FURMAT(10F5g1)
THDUT;THDOTD*RAD
THETIAxT HE rAD*RAL)
THDCTxTHDCTD*RAD
NPLXNP*Nr1P
WRITF(6, INPUT)

C IDEAL PERFORMANCE AT ANGLE THETA
N'Ra2
CALL P,,ASE (DUONSTSCZFRO, IELPATELSPACTHEITAYHDOTp OfNR)
WkVIE(h,542) CONSTISCZER0
SRECN: RIC N* NEL* S/1C ZERO*S IG**

* -. VRECN=SQ1 R1(SRECN)
c IDAL COJV* MATRIY

CALL CVM(NPLfSC#NSCSNECN)
TALJ=GLOP*REAL (C'IC hi) )*NPL/,i,/FRR

* PRINT 500sTAU
PRINT 500#( SCU10I) #Izl#NP4)

DU 12 !:1,NPL

CCCC/NPL/2,
SG=SQRT(CAE3S(CC))
PRINT 530PSG
PRINT 510
PRINT 50?
CALL WTS(ApSC#CL)NST,0p0)

C SC 4 INVERSE MDAL MATRIX

CALL SIGCN(WSST#NPLoCON8T)
NRS=3
CALL SIGCNCMSSTNPl,#CONST3

*SCISC(l)tl9A0l(C~

sSGmSCI(l)
SCS(I)ZSSG

C DIAGONAL OF SL
PRINT 510
PRINT 500p(SC(IfI)#I;INPL)

0 C Cu'Ap VS FOR EACH SAMPLE
AD*ADCT*NPR*NBP
NbPR a NPR*NB$P
OUL 31 J X ,NLBPR
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~j CALL SCGEN(NSCSCATXR)
DO 31 Lc1,NPL

H CC;o,
T F' J#E,~NSIC) CC F ASXG*CO)NJGCSST(L,,

DO 32 K=i#NSC

CC*CC4.SCAI (K)*GAIN(LtK)
3? CONTINUE

Ij VS(LPJ)=CC
lF(RErNGT,0,) CALL NAOO(JtN8PRrVRECN#XR)
DO 37'wJ:1,N8PR
00 37 LMI#NPL

37 V(LJ)=VS(Lt4)

DO 20 Jz1,NIPR
DO 20 LztoNPL

aO CSTZCST4RLAL(V (L#J)*CONJG(V (LiJ8))
CSTZCST/2@
s(,:SDRT(CST/(NHPR*NPL))
PRINT 53OtSG

CC Q0O
DO 10 1 ; l#NPL
SS ;SS+W(I)*CoNJGC(wQ))

16c CC C+$ST(I)*CnNJG(W(I))
A CS*R EAL(C C /5S)
XX=SI/CfJNST
PRINT 50OAC#Xg

16 CONTINUE
NBPRKNPH*NfHP
LSS=10,*ALDGIOC(NPR+?.wNPL)/(NPR+1.))
Nb=NBP+ I
DO 94J !=INB

*94 SCI(I)S5SG
PRINT 509#ITLfILY
READ(5, 1) (CASjI ()11:1 NCSl)

DO 301 IS:1.NCSl
DLSG-CAS1 (IS)

* ~DO 300 IR:1,NC8a
rCXtICY=ICTZO
PRINT 510
PRINT 510
PRINT 51J0tCASIC.IS)oCA52(IR)
At4=CAS2( IN)
DOS O5M 9 ,NPL
DOU 35 N 2 1fNt3PR

35 VS(MPN) 0V(MtN)
!F(ITL*EQO,) 6() TO 22



58

!FCITLJ,1~o) Go To 14
IFU1TLgE093)GU To 3
TLO693CASI(is)
TL$Sz1o,**(-CA8ICIS)/j0.)
DLS5G:SQRT( (1 .TLfl5)*AC*6,)/6G

4 CONTINUE
IF(DLSGlL~o 00) 0~ TO 91
NL=2t*AK /L2LSG+ei
N8IT=ALOG(NL+2.)/ALUG(2$)+.5
A K:DL SG* NL/i!
GO TO 5

3 NBITTCASI(1S)+oS

DLSG=24*AK/NL
b CONTINUE

DO 14 M=INPL
DU 1'4 N=IPNPL
cc ZCM(MoN)
IF(MoEON) CC--CC +D51

14 SC(M#N)MCC
CAI.L MA!qNV(NPLiSC)
CC=0.
DO 11 M=INPL

DO 13 N:1,NPL
13 SS:SS+SC(MeN)*SST(N)
I1 CC:CC+CUNJGCSST(m)l*S$

S5C=RE AL C c) 'C0NST
XXZSSC
Tt~LDhh0q*ALOGIO(S$C)'PSC1(1)
LTnTaLSS+TLDI
PRINT S25,1LD1,LSSL1UT

* PRINT 5U00XXvDS
ABITTNBIT
AN ;NL,

?2 CONTINUE
SATCSG*AK
PkINT 5Z6

* ~ PRINT 500# SAT1AKTLD~,DLSGAB1TACCCS8,ANL
IF(ILTEQI) CALL QUAN~i (VSNLpSAToNPLoNF4PRaITL)
yF(ILTokQ92) CALL OUAN?2(VSpNLpSATtNPL#NBP,~p TL)
CTcFLOAT CJCT)
CX=FLOAITUCX)
V Y=FLOAT(I CY)

* PRINT 514
PCV(CX.CY)/CT*100,
PRINT 516#PL
PRINI500#CT#CXoCy
PRINT 510
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91 CONTINUE

NPL4=I4*NPL

C BIG~ LOOP
C SIMULATION USING RANDOM CLUTWLR SAMPLES

wN3O;1l
NC Tz0

Do 87 1 = 1,NBP
33 * J3+NPR

NI;JJ'NPR+i
CALL SAMPLHNPLNPRICO)NSTgN1)
C ON TINULE

87 CONTINUE
c

AV X O
AVSO,1
VA = 0

DO 28 1I 2#IZ
AVSZAVS+SCS(I)

38 AV m AV*SCI(!)
AV=AV/(NBPo1)
A V BAV S /(N BP * )
VA=0.$VAS=0,
DO 29 1 2#12
YF(IEQ913) GU Tn 90

* VASmVA5+(SCS(1)/AVSwl,)**2
VA :VA +(SCICI)/AV -1,)~**

90 SCSU )=10s*AL0Gl6(SCS0!))
29 SC! (!)=10.*AL0Glo(SCI(I))

vArVA/(Nt3Pw1)
VAS;VAS/(IdBPwI )

* ~AV 910,*ALOG1OAV )w'SCI(1)
AVSIO , *At,.IOG10AV8)"3cI(fl
PRINT 504J
PRINT 500, (X2(fI)01Vj2)
PRINT 506
PRINT bSiAVSiVAS

* PRINT 500#CSCS(I)olfl#12)
AVLO,9
V A L O0
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DO 30 1=302?
30 AVLOAVL4SCL(T)

AVL=AVL/(NI3P*1)
DO 36 1=3012
VAL;VAL*CSCL(I)/AVL.1,)**2

36 SCL(I)=j0s*ALOGl0(SCL( I))
VALXVAL/(NBPw1)
AVL=1O,*ALOGl0CAVL)oSCI (1)
PRINT 515,AVLtVAL
PRINT 500t(SCL(1),1*3#12)
PRINT 510
IF(INVsEQol)

1PRINT 507
IF(INVEQsj)

2PRINT 500,AV#VA
7Ff INVEO, 1)

3PRINT 500,(SCI(I)p,-1,13)
PRINT 510
GiO TO (800810P); 13

80 Yjl(IR)=SSG#AV8
Ytl-(IR)=S$G+AVL
Gu 10 300

8t y21(IR)CSSG+AVS
Y22(IR):SSGtAVL
GO TO0300-

82 Y31(IR)zSSGIAVS
v32( IR)=SSG+AVL

300 CONTINUE
301 CUNT114UE

DO 302 1 = lNCS?
302 Xj1U)=CAS2(I)

~IMPLOTsEQ.1) CALL 8PL0T(NC8?,SSG)
YeRxRANF(w1 .3
AK=AKS
READ INPUT
IF(NEL.EQs0) RETURN
xR*RANF(XR)

* GO To lb
500 FORMAT(i~tSE16.7,
b01 FORMAT(/, NUMBFR OF SAMPLE~S 2 = 5
502 FORMAT(/ #* OPT PLPF0RMANCE0i*
503 FO)RMATC/,* XR* AF17,10.'~ TAU$ *oE17.10)
504 FORMAT(* X AYIS*)
5 06 FOOMAT(* SAMPLF MATRIX INVER8I0N(SMIvSCl`*1
507 FURMAT(* INVERSE. MATRIX IJPDATE(IMV#SCI)*)
506 F'URMAT(lX#101d4)
50 FURMAT(/t* ITLz **114#* IL7= *,!L4)
b1g FI.RMAT(/
Sil FrJRMAT(/#A EIGEN VALUES*)

* 12 FRUPMAT(/t* iDEAL COVAR, MATRIX*)
513 FORMIAT(/#* NflRMAt MATkIX*)

514 FORHAIUjXp* CyOT CX CY*)
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515 FORMATU/aXo*STMULATION LOSS *,F10,3o*VARIANCE :*t410.3)r 516b FORMAT(/#iXf*PEfRCEN7 LIM17ING a *,F1093)
V525 FORMAT(/o1XP*TH# QUANT LOSS D8 **Fl0&3,'ATHs SAMPLE LOSS 6 *p410k

13#*TOTAL TM, LOSS 3 *,EIO,3)
0?6 FOPRMATUf,* SAT AK TLDEI DLSG ABIT AC :C $S*)
621a FORMATtiX~iQFl2,3)
$30 FLJRMATC/P* SG= *,2E16,)
542a FORMAT(7H CUNST;Jýibob,1OX.7H$CZERD3,E)6b.//)

END

SUB3ROUTINE bPLOT(tJSPp5SG)
COMMON /PARAM/ NPpNLLNPLNSCSIG
DIMENSION YII 50*I(0)Yl5Ot2250oS(0)Y250
D1ýINSIUNXJ(5OO),SCL(!,0O),xik(0oo),scs(100),X3(00Q),SCI(0oo)
DIMLNSION AM(50O)
COMMON/P/X1,X2,X3,SCLSLSS~iIlfJ2u 13sINVsLPsISPuI4RS
CUMMION/Y/Y11,Y1~,Y~1,Y22,Y31,Y32
DO 3 1 lNSP

3 AM(1W S5G
NSI;NSP1l
NB?: NSP +2
XI (NS1)=?#
xl (NS2?)ý1.0
vii (NSj)=lO,

YlR(NSI )=l0o

y31 (NSI):1Oo

vii (NS2)910

y12(NS2)clo,
Y?1 (NS2):5,
Y12(NS2)=5*

y23?(N S2) :59
* AM2(NSl)=5g

AM(NSI)=15,

CALL PLOTTSC(7HMALLETTfi1.)
CALL AXISCO,,0.,THSAT/SJG,.7,6,,0..?.,S .0,0)
CALL AXIS(0**0.,ilHmT1 GAlN(DLD)e12p8.,90.,IOsf5.,wl)
HTS(SSGinY32'(NSI))/Y3?(NS2)+0.1

* CALL SYMOOL(3,0,HT to1i?23HSTEADY STATE GAIN(Db3) =#OtoM3
CALL NUMBER(S#0,HT sos*e@jH6j
CALL LINE(XlpA'4,N6P, ,0#0)
CALL LINF(Xl#iY$ I NSP, 1.1.1)
CALL LINE(XiY12,NS~¼ 1. i2)
CALL LINE(Xjt~Y21 5NSPl, lwly)

*CALL LlNE(XlpY?2#NSP,1,l,2)
CALL LINE(XlYSI.NSP, 1,1.1,
CALL LINE(XliY32,NSP, 1,1.2)
CALL PLUT(l0,,0,,.3)
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RETURN
END

V SUBROUTINE PHASE(OCONSTSCZERO,?ELPATELSPACTHETA iTHDtIT PNCoNR)
K ComfPLITEF RETURN FRLIM EACH SCATTLR TO EACH ELEMENT

COMMON/PARAt4/NPoNELpNPLNSC, SIG
COMMON/ARRAY/GAIlJVS. S$T
CUMMON/Ik/UCTTHDCTADCT, JDCT
COMPLEX GAIN'%3C,60D),VS(8u3?0) ,DCT(30),58TC30),CP
P3j=4,*ATAN(1.)
CPCCMPLX(Oof?,?*PI)
CZrRD:0,
T H HIN=T HETA- P 1/ 2
THHAX:THETA+PI/2,
CP(lHMAXw)HMIN)/N8C
KKzINT( (TIDCT..THMIN)F/C+1)
THDCT=THMMlN,(KKos,5)*C
NStNSC+INT((NR*THDO)T)/C) +1
P$7=THFIANC*IHDOT
DO 10 K=1,NS

CC;CCOS (4H )
DO 10 MSIINP
mNM: MP.ItNC
S~tP$I*TIH
jF(A6S(5S).GTvPi/2#) GO TO 10

% SSMSIN(SS)
GT=NEL
!FCSS,EGio0) GU TO 88
GTzSIN(PI*ELSPAC*SS*NLL)/$TN(PI*ELSPAC*SS)

08 rONT INUL
IFCXELPATiN[.1) GO TO 30
GAm=,207*CnS(PSI.TH)*,238
ELP=SIN(21 .*PI*GAl) /SIN(PI*GAM)
GlcGT*ELP**2

36 CONTINUE
IF(M.E~o.) CZEROZCZERO+ GT**4
DU) 10 N~jsNLL
I U M l*1) N Ef. tN

GAIN(L ,t'):GT*CEXP(-CP*( (Nv.(NEL+1)/2,)*SS*EL.SPACwHNM *2,*D*CC))
IF(K.EG,I(K) DCT(L)*GAIN(LK)

10 CONTINUE
* SCZEIZOZEL**U*SIG**2?CZERO

CUNST=NLL**2/SC ZERO
TF(J~cT,EG,0) GO T031
CCrC05S(THVCT)
ss=PSIw1HuC1
GT=Oo

* TUA6SCSS).GTlPZ/2,) GO TO 91
aSSSINCSS)
GlrNEL



63

jF(5S.EQt0) GO Tn '91
GT25IN(PItELSPAC*$S*NEL)/S1N(PI*ELSPAC*$S)

L91 CONTINUE
!F(IELPAT@NL#1) GO TO 31
TH:THDCT
GAM:.201*VOS(PSIvTH)*v238
ELP:S1N(21 ,*PI*IiAM)/SIN(PI*GAM)
G7*GT*ELP**2

I1 CONTINUE~
DO 20 M=IPNP
LO(MP1 )*NiL*1l
MNMZNC+M.2
S$T(L )=SIG*CEXP(wCP*( MNM*2.*0*COS(PSI )*M.)2)
00 Z0 NZIPNEL
LLaL4'N
iF(JDCToE.QO GO TO 92

DCT(I)c GT*f.EKP(.CP*C (Nw(NEL41)/2.)*$S*ELSPAC.MNiM *2o*O*CC))
92 CONTINUL

26 ssTCLL )5S$T(L)
RETURN
END

SUBROUTINC NADD(JINPRe RECNXR)
C RECS NOISE (EN,

COMPLEX SST(30),GAIN(3fl,60)FVS(8.320) ,CP
COMMON/PARAM/NP, 'EL, NPL, NSCSIG
COMMON/ARRAY/GAIN, VSSST
CPaCMPLX(0.,j2q*3.1tJ159265)
DO 10 J1,#NPR
DO 10 M~ltNPL
XR;RANF(Og)
AMP=RkCN*SQRT(w ALOG(XR))
XRH~ANF (0.)

10 vS(mtJ)=VS(MpJ)4AMP*CPXP(CP#XR)
RETUR,)N
END

SUBROUTINE &TS(w;CMpC0N$TJltJ2)
C OPTIMUM wEIGHIS

* ~COMPLEX SST(30) ,w(30) ,CFPRECCoS
COMPLEX CM(30t30)pGAIN(30#bO) ,VS(8#320)
COMMON/PARAM/thPWHNPL, NSCrSIG
CDMMON/AkRAY/GA INi V5, ST

NMATONP*NEL
* TF(Jl.Ef~,(' CALL MATINV(NMAT*CM)

TFUJ?,NE.2) PRINT 91
91 FORMAT (/TX*6HPULSE .L4X,7HLLEMENT,6X~it1REAL#SX,9H!i1AGXNARY,5X*

1qHAmPLlTU0E,5Xo5HPHASE//)
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DO 90 M:1,NP
Ja(M-Il)*NEL
DO 90 Nz1,NEL

00 31 M1tlNP

DO 31 NIýIPNEL
NN..NltX

Si CuCCSST(NN)*CM(MM,NN)
SZStC*CUNJGCSST(MM )
W~(.Mm )CC
yF(J2*EQ,2) GO To 90
AMPCCAIS(C)
PHAVA7AN2(AIMAG(C) #REAL(C))
WRITE(6,50) MNrC IAMPIPHA

90 q t NTINUL
IF(J20NEoU) RETURN

5 0 FURMAT(2I11,5X#220v9t2F1.2,7)
sNtCAbS(S)
!I'(SRLT,1QEw10) GU TO 2
S SR SR
SHal0loALOGIO(SR)
CST=10,*4L.GjO ccnN$T)
GO TO 3
CONTINUE
SHý-Z0o

*3 SRXZSR+CST
PRINT S2#SkSRX

52 FORMAT(//5X,7HW~S(DU3);,G15,8, qHS/C*CONST(DB)uGi5,8)
RETURN
FND

SUBROUTINL SCGiEN(NSCsCATtXR)
C NU:-SE GLNI FOR EACH SCATTEREP

* CC) t LEX CP#SCAT(60)
C?=CMPLX(Q9,2?**3,141592b5)
t)Q 10 NcloNSC
AMPCRANF (0,)
YR:RANF~(0,)

16 SCAT(N)USURT(" ALOG(AMP) )*CEXP(CpAxR)
* RETURN

END

SUBROUTINE SIGCN(IWSST#NPL#CfONST)
C COMPUTE SIG/ CLUT USING WTS ON IDEAL MATRIX

* COMMON/N/CM
CoMMON/P/X1,X2.X3oSCLSCSSCIII1,2,!3,INVtLPdTSPNNS
DIMENSIUNXI,(500) ,SCL(500) ,X2( 100) ,SCS( 100),X3( 100) ,SCI 100)
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COMPLEX CM(30,30),W(30),SST(30)oCCSS,~

Ccu0Jm
DO 71 MZI#NPL
S:mSSW(M)*CONJc4(SST(M~)

DO 70 NzliNPL
?o C~3:C8+ W(N)*CM(MpN)
71 CC~CC*C+C*CDNJG(W(M))

SSRSCABSCSS)**2
CCRCCAIS(CC)
SCO=SSR/CC.R*CONST
SCRZSCO

YF(NRS,LQ,3) SCI(13)=SCR
TFCNRS,EQo2) SCS(12):SCR
TF(NRSqNEM) GO TO
SCDB~l0,*ALUGl6(SCt))
$SR=10o*ALOGIO(SSR)
CCR:10t*ALOGlo(rCR)
WRITE(b,80) SSRCCRo8CDR

80 FORMAT(//8M SIGNALzfF1O.5,ZJX, IaCLUTTE.R PUWERm#F1O,5uv4X#8HS/C(DB)

a CONTINUE
RETURN
END

SUBROUTINE CVM(NPL#SCONSC#SRECN)
C FORMS STEADY STATE COY$ MATRIX

COMPLEX S5T(30).rCT(30)rCC
COMPLEX CM(30,30),SC(30,30),GAIN(30,60) ,VS(B,320)
COMMON/ARRAY/GAIN, VS1 SST
COMMON /N /CM
CUMMON/H/OCTtTMI)CTADVTJDCT
APADCT*AOD;T
DO 10 M:IeNPL
0U 10 NcMtNPL

!F(JDCTgNLO) CCcCC+A*DCT(N)*CONJGCDCT(M))
00 21 Jz1,NSC

at CC3CC*GAIN(NJ).CUNJG(GAIN(MJ))
jIUM,EQN) CC=CCSRECN
CM( M1 N) :CC CM( NM) :CONJG( CC)
SC CM, N) CCSSC ( N#M1) CONJG( CC)

10 CONTINUE
RETURN
END

SUnROUTINE SAMPLE(NPLfNPR, IfC0N5T pNI)
COMPL.LX iW'(3Q),gj(30) ,SST(10) ,CC
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COMPLEX CU(30,S0)hCN(30,30) ,CZC3O,3Q),GAIN(3O,6O),VSC8,1ýO)
.4 COMMON/Q/CO

CUt4MUN/ARHAY/GAINtV5,SST
C COMPUTE SAMPLE CDV. MATRIX

N2tNI lNPR'1

JF(LNE,1) GO TO 2
Ag1e
DO 8 Mc1,NPL.
D0 8 N21,NPL.

8 CN(MsN)=0t
a CONTINUL

jF(A.GT,1,) A:1.
DOJ It M1,rNPL
DO It NxMrNPL
CCZ00

* DO 30 K;NlsN2
CCaCCl+CCINJG(V$(MoK) )*VS(N#K)

30 CU4TINUEh
CN(M#N) :CC/NPR
CZ(MoN)ZCN(MPN)
CN( N, H) CONJG(CNMg N) )
CZ N. ) 3CN(CN, H)

I: CO4T INVE
50 FURMAT(1X* SAPE INVERSION*

CALL. N!3(v0CNCQNST#0#2)
CALL. 5IGCe(MSSrNPLpCONSTpICZ)

3 CONTINUE
RETURN
END

SUB8ROUTINE SIGC2(,4,SSTtNPLo,CfNSTsjUm)
COMMU)N/p/xlX~efX3gSCLevSCSSCIgI1,l?,I3gINVgLPgISPgNRS
DIHENSIUNXI (50O),SCL(5CO),X2(1OO),SCS( 100),X3C100),bCICIOO0)
COMPLEX UM(30,3Q),'CS0) PSST(30),CCoSS,CI3eUS(30,30)

D0 It MclfNFL
5ScSS~w(m)*COtNJ6(SST(M))
CbsO.
DO 7& N=f~JNP'L

TO CB~C8* W(N)*LJM(MtN)
71 tC~CC+CI8tC0NJGCNCm))

$S5RCAe5S(SS)**2
CCQZCAH5(LC)C

4 SC0;$5R/CLR*C0NST
sCS( I2)ASL0

~iI.E,1)GO It) 5
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cc:oo

00 2 NmslNPL

B CI3:C8+ W(N)*U$(M#N)
CC=CC+CONJG( ,'(M))*CB
CCRZCABS(CC)
SCL(CI2) :S$R/CCR*CONST

5 CONTINUE.
00 6 Mzl#NPL
DO 6 N~1,NPL

6 S C (M#N);UM(CM, N)
RE. 1URN
END

SURROUT1NE. 01JAN11(V#NL#SATpNPLpNPR, IlL)
C ()UANTIZATION SUBAOUTINE FOR A/D COM'VERTER OF FIGURE 3

COMPLEX V(8#320)
COMMVN/NS/!CX, ICY.ICT
0(1 10 M a 1,NPL
DOL 10 N 2 I#NPR

YXXREAL (V(MtN))
YA=ABS( XX)
yy:AIMAG( V CMN) )

IF(XALTOSAT) CU) T0 9
XX:SAT*XX/XA

9 IF(YAoLTeSA7) GO TO 5
y~':SAT*YY/YA

CZICY. I
6 F(ITL.LQs0) GO TO 10

2X c(XX/2,/SAT 4 t*5)*(NL )+,S
ZY z (YY/2./SAT + ,5)*(NL )4.5
XX AINT(ZX)/UNL )02*SATPSAI
YY ;AINT(ZY)/(Nj. )*e*SATaSAT

10 V(MN)VCMPLX(XXPYY)
RLT!URN
END

* ~SUHROUTINE OUANT?(V#NL#SAT#NPL#NPR, ITL,)
c QUANTIZATION SUBROUUTINE FUR A/O CONvERTLR OF FIGURE 3

COM¶PLEX V(6,32o)
CUMMON/NS/ICX.ICY.ICT
DO 10 H A INPL

DO 10 N a toNPR
* AMPZCA8S(V(M#N))

ICT*ICTtI
!F'(AMPLT*SAT) GO -oU S
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V(MIN)=V(MpN)*SAT/AMP
Icy:ICx.1v. IF(ITL.Eqo) Go To 10
XX2REAL(VCMtN,,
YY:;AIMAG( V CMN) )

ZX:(XX/29/SAT + v5)*(NL )+015
ZY P (YY/2*/SAT + oS)*CIJL )+*S

XX8AINT(ZX)/(NL )*,2*SAT,SAT
YY C AINT(ZY)/(NL )*2*SATUSSAT

10 V(M#N)=CMPLX(XX#YY)
RETURN
END

SUBROUTINE MAT!NIVC,IqA)
COHPLEX A(30*3o)
DU It N1=1,N
DO 12 J;1,N
lF(JqFON1) GO Tn j2
A(NIPJ)AA(N1,J)/A(N1,NI)

12 CUNhTINtUh
DU IS I=IPN
IFUOEOIN1) GU ICo 15
DU 16 J1,tN
TPFCJoEQ9NI GO Tn 16

16~ CONTINUE
A(eN1,I)1 .A(tN1,/ANI) :

I1 CONTINUE
RETUN~fjsgANj

END
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