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ABSTRACT

(VN

wé“use analytic models, valid for neutron scattering. and
numerical calulcations to examine a method proposed by Drolshagen
and Heller for computing atom diffraction from surfaces. Our
main concern is the manner in which the use of narrow packets.
causing a partial coherence of the incident beam, might affect
the diffracted intensity. We find that the demands of
representing beam coherence correctly conflict with the
requirements for the validity of the propagation scheme. We
suggest some improvements that should increase the reliability of
the method without affecting greatly its remarkable computational

and conceptual advantages.
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I. INTRODUCTION

In several recent papers1 Drolshagen and Heller have
presented a reformulation of the quantum theory of atonm
scattering by surfaces which seems to have great numerical and
conceptual advantages over the traditional basis set expansion
method. The key idea. taken over from Heller's prior work.2 is
to write the wave function of the incident particle as a sum of
Gaussian wave packets, to propagate them independently by using
the time dependent Schrodinger equation., and to reconstruct the
post-collision wave function by adding the scattered packets. [f
the width of each packet is narrower than the length scale over
which the potential varies, the center of the packet moves
according to classical mechanics. The calculation of the
scattering of one packet is thus reduced to the calculation of a
classical trajectory. pluslfour other first order differential
equations giving the complex width and the phase of the packet.
In what follows we call this the simplest Heller method. or SHM.
Even if hundreds of packets are needed to construct the wave
function SHM requires less computer time than the traditional
quantum methods.

While the resulting theory has a strong resemblance with
classical mechanics it contains all the important quantum
effects: interference - which is crucial in a study of
diffraction - is preserved since the post-collision packet
amplitudes are added and then squared: Heisenberg principle is
intact since the packets have a width so that both the position
and the momentum are allowed to fluctuate:; finally the
observables are computed by the rules of quantum mechanics (i.e.
by using operators and matrix elements. rather than the classical
definitions). Thus the theory must be viewed as a fully gquantum
theory designed to resemble classical mechanics and acquire thus
the computational advantages of the latter.

Such a theory holds great promise for several reasons. ta)
There (s no conceptual difficulty in extending the theory to

partly disordered surfaces1 and dealing with scattering oy

o & e C R
R Wt ety e

el .
P
PO IS

IARIESEN
oot




S P
L

Ty
P A
E1 NN

oo it . 20 J0s A i Bl

— v L o e Bess
-...L’I,.-,-u‘l“h!"l“-‘..

L LPLP R L W ey " T T e e e e

surfaces with short correlation length will not strain the
capability of existing computers. By comparison a traditional
quantum scattering method3 encounters severe difficulties when
translational symmetry is lost. {b) The theory is easily
extended to the case when some degrees of freedom are to be
treated classically. while the translation of the projectilie is
quantized.4 This is very important since it permits us to
calculate. non-perturbatively. how the thermal motion of <he
lattice affects diffracr.ion.s Once such developments are
completed and tested., they will augment substantially the
usefulness.of atom diffraction as a sensitive surface probe.
While the Drolshagen-Heller papers justify high hopes.

their use of the simplest version of Heller's theory is cause fgar
some concern. As is well known the signal produced by
interference effects depends on the degree of coherence of both
the probing beam and the target; scattering of a partially
coherent beam from a3 perfectly ordered surface gives broad peaxs.
as if the surface is disordered. Intuitively it is cliear that
the coherence in the direction parallel to the surface is more
important than that in the direction perpendicular to i%. since
that is the plane in which the target is ordered. The
Drolshagen-Heller theory does a good job in this regard. since
they use a sum of wave packets to build a piece of a two
dimensional planar wave (i.e. full coherence) over the unit
lattice. scatter it from the unit cell and then cansiruct the
final wave function from it by using Bloch's theoren. However.
~he beam is partially coherent in the z-direction since it
resembles a planar wave only on a length scale equal to the width
of the packet (which plays the role of a coherence length!.
Existing experience with interference suggests that if this width
does not exceed some of the important length scales of the
ctarget. the partial coherence of the beam will broaden the
diff-~action peak: the use of wave packets would then affec?t the
1:ffraction tesults. One cannot avoid this difficulty by using

arnad packets since the dynamic scheme used for packe:
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propagation {(i.e. SHM) requires them to be narrower than the
length over which the potential changes.
The purpose of this article is to examine more closely the

ii . conflicting demands imposed by the need for adequate coherence

(i.e. broad packets) and for computational simplicity (i.e.

narrow packets). We do this by comparing the analytic
. expressions obtained for the diffraction of partially coherent
{wave packets) and fully coherent (plane waves) neutron beams by
a bulk lattice, a lattice of ordered scattering centers located
on a hard wall., and a set of scattering centers located on a wall
and affected by static or thermal disorder. In all cases we find
that the use of wave packets can be justified if their width
exceeds certain length scales describing the properties of the
target., such as lattice spacing., potential range and coherence
length (i.e. the decay length of the correlations in the target
density fluctuations).

However, since neutron scattering can only provide. at
best. qualitative guidance for what would happen in the case of
atom scattering, we also undertake a numerical study of He
diffraction by using the SHM (as applied to diffraction by
Drolshagen and Heller). We find that no matter how we chose the

initial width of the packet the interaction with the surface

broadens the packet to the extent that the requirements for the

ekt B

‘ validity of the SHM propagation equations are not satisfied. A

F"' detailed comparison of the results obtained by the DH method with

€' those given by the usual guantum theory shows a good agreement
between the two.1 This seems to suggest that SHM works well--at

[.' ieas? in the case examined--outside its stated range of validity.

s 4hile this is fortunate one cannot help being slightly

[' uncomfortable in regards to the reliability of the results for

t situations in which "exact” quantum calculations are not

¥y

ava.lable (or obtainable) for testing those produced by SHM.

Merthods that increase the reljiability of wave packet calculations

’
'

are available and their application to diffraction will be

| . R ) 8
iiscussed in a future article.
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Ir. AN ANALYSIS OF WAVE PACKET DIFFRACTION BY USING SIMPLE
ANALYTICALLY SOLVABLE MODELS.

I1.A Introductory remarks.

We examine several simple models to clarify how the
diffractioen peaks are affected by the use of particle states
which are defined to maintain a Gaussian dependence on the z
variable throughout the collision process. We find that this
practice modifies the intensity of the diffraction peaks in a
manner which depends on the relationship between various length
scales: the width of the packet, the lattice spacing. the range

of the potential and the correlation length of the scatterers.

After describing briefly in Section II.B the model for the
incident wave function and its propagation, wé discuss in Section
II.C elastic neutron scattering by a perfectly ordered bulk
crystal. For this case the particle-lattice interaction can be
adequately described by a potential consisting of sums of &§-
functions and the scattering process°treated by first order
perturbation theory.. The only lengths in the problem are the
width of the packet. the de Broglie wavelength. and the lattice
constant. In Section II D we consider a disordered lattice
{static or thermal disorder), which adds two new lengths to the
problem: the correlation length and the mean amplitude of the
deviations of the atom positions from the perfect lattice. In
II1.E we consider a model that simulates surface scattering by
looking at a hard wall on which we place an ordered, two
dimensional array of scattering centets. We allow the projectile
to interact with these centers through an exponentially repulsive
potential to study how the relationship between the coherence

length of the packet and the range of the potential affects

diffraction.
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[I1.B. The Model

The initial wave function. at a time t1 prior to the

collision, is

-
wi(?) = (4na2)-1'2 f dx exp{—(n—:l)z’4a2)exp(—i:lzl)exp<i?-?)
-00
2 2 .> > )
= exp{-a (z—zl) texp{iK-R} exp(x:l(z—zll} . (2.1)
- ->
Here K = (kx.ky) and R = (x,y}) are two dimensional vectors

parallel to the surface, x is the z-component of the wave vector

and ? = (E.K) is the total, three-dimensional wave vector.

The z dependence of wi is a Gaussian centered at z, with a
width c=a-1. This width defines the spatial scale on which the
variation of wi with z (at fixed x and y) resembles a planar
wave: thus o is the coherence length of the beam along the 2
direction. To simplify matters we have assumed perfect coherence
in the x and y direction so that ¢ is the only coherence length
in the problem. If a » 0, wi becomes a planar wave and thne
coherence length becomes infinite.

The initial state ¢ is propagated with the Hamiltonjian
1

Ho=H_ -V = “(8%/2m)v% - v(m) (2.2)

tro some final time t2 chosen such that at t2 the packet has

already passed through the lattice and stopped interacting with

it We want to compute the probability

PIK') = [dr exp{-ik -T) Ult,-t,) wi(?) 2 (2.2

tnat the scattered particle emerges from the solid with a wave

(] vector ?'. The propagator UC(t -tl) is computed by using =-ime

2
dependent perturbation theory:'

-
-
. - - - -
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Clty=t ) = U tt,-t ) = (i/R) [ dv ¢ (e,-1) vt (3-¢ )
Y (2. 1)
here
C(t) = exp(-iH_t/A}, (2.5) |

and V is the particle-surface interaction energy.

Since the wave packet s not a stationary state of Ho we
use time dependent perturbation theory rather rthan the Golden
. . : 8
Rule expression which is normally used in the theory of neutron

scattering.

.vvf,.
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[I.C. Neutron scattering bv a three-dimensional lattice.

Neutron scattering can be adequately described by using the

neutron-lattice interaction

- - -
Vir) = (V_'XN) 5 6§(r-r . (2.6)
0 n.m,!1

. -> , . .
where the vec:tors r clanx-my-lz) give the positions of the

n,m,l1 B z
lattice atoms, ¢ is the lattice constant., X,y.zZ are unit vectors

along the coordinate axis (we consider a cubic lattice with the

crystal axis along x. y. 2z}, n,m,]l are integers, N!. Ny. NZ are

the number of atoms in the x.y and z directions. aﬁd N is the
total number of lattice atoms. The crystal is located between
z=0 and z=NZc and is infinite in the x and y directions. Since
we take in Egqg.(2.1) z,<0 and kl>0 the wave packet starts in the

1
half space z<0 and moves towards the z=0 face of the crystal with

the group velocity v, = ﬁ:lfm,
Using the Egqs. {(2.1-2.6) we can calculate the probability
P(?‘) that a neutron whose initial state is described by Egq

t2.1) will have, after the collision with the lattice. a fina:

momentum ?'. The result is
- 2 -
P{k') = m(V hav, ) flAk ) f{Ak )} F (2.7
o] 1 X y
with
2
firAk ) = {sin(cAk N 217N sin{cdk '2)}.°. u = X or v. (2.8
“ VROt H 9}
and
-2 2 .
F = NZ exp{—(l,Z)(Ae'ﬁavl) } £ % {exp(-iaxil-1")¢]
1 1
(2.9)

cexplide(l-1"1¢c Av, ]}

1

o B . - .. “ Lo .
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9
Ac¢ = <'-<1 is the difference between the z-camponents of rae
final momentum and the initial mean momentum of the packet: Ak =
o
X -X . 4 = X.y, is the momentum transferc in the X or y direction:
o L2 2,2 _ , 2 L2 L2 2 .2
and Ae = (A 2m)(k ' "-K7). with k = (K ) = {x 1 - < and k. =
o 5 s 1 X y i
k;-k;-<f. is the energy transfer. Since we do perturdation
A i

theory the packet maintains the velocity v, as it goes through
the lattice. In carrying out the integrals over time we have
assumed that the width of the packet remains constan® in time.

This 1is not quite correct since. in perturbation theory. tne

packet width has its free space variation given by af{®%})

12

2 -
afi1-2Rra it m) The neglect of this time dependence allows us

to get a simple result, hopefully without altering substanti

-
[+
b
-

-

the physics of the problem.

In order to better understand the modifications intraoducedl
by the use of a wave packet we compare Eqs {2.7-2.9} to the
diffraction formula for neutrons whose initial state is a pilanar
wave . The transition rate for the latter case is

2 2
WiK') = VZ(27 B™) f(Ak ) F(AK ) f(AK.) S(Wik' )-wik}:®
o X y z

As N N N go %o infinity f{adlk 1=+8(x -xX -27Tn ¢! where
KTy Tz u “w M

a=0.=1,=2.... and x4 = X,y or z:. thus. the proriuc:

f(ik“)f(Akv)f(Akz) generates Braggz ' s diffraction condition.
AY ).

om

Mr-rthermore, since we consider elastic scattering, a -funcrtion

2nforcing energy conservation appears in Eq.(2.10)

The essentiai difference between a wave packet and a planar
wave injtial s+tate is that the term h=8({k'-x _-27n cl13d.3e¢).

1
appearing in the planar state case and represeanting "he

Ve
(]

conservation of the z-component of momentum and of the energy
c2pliaced by € Since the wave packef s not an eigenvalue of =he

zern order Hamiltonian. or of the momentum operator, it Is aot

sarprosiag "hat the simpie conservation condinjions 2xpressed by
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h. for planar wave initial condition, are no longer valid. Note

that as a » o, F -» h, as it should.

The manner in which the use of a wave packet affects
diffraction can be understood by examining F. Carrying out the

double sum and taking Nz -+ ® we obtain

F = exp(-2(Ae/hav )2} 5(A:~2nn/c-Ae/hv1) . (2.11)

1

In the case of a planar wave the permissible final momenta can be
found by specifying nx and ny since the restriction imposed by
the energy conservation term &8(Ae) fixes n, and thus the
permisible values of x'. Since the latter restriction disappears
when a wave packet is used, a larger number of values for x' are
allowed for a given pair (nx.ny). Thus, what used to be a sharp
Bragg spot, when the initial state was a planar wave. may degrade
into a large number of spots having the same azimuthal angle. but
different polar angles. [f the detector does not resolve these
spots they form a strip whose intensity I(e) varies with the
polar angle eo. The spots are determined from Eq. (2.11) through

the condition

Azn = 27N,/ ¢c - Aen/hv. n = (nx.ny) . (2.12)
where nx and ny are fixed. The intensity of the spot
corresponding to Ann is determined by the magnitudelof the
Gaussian exp(-Z(Aen'havl)z). Since Aen = (52 2m)(Kn2—K2)

- (52 2m)(:‘;2 - :2). the-only part of Aen depending on A:n is x
= (hz 2m)(2Ann:~A:§). The variation of the intensity with A:n is

then given by exp{*Z(an/hav 2). Since k¥ is of order of the de

)
1
Broglie wave vector kd and in diffraction studies we use a de
8roglie wave length of order of the lattice spacing. we find that

“he exponential cuts off the values of A:n which are larger than
fkdail 2 . (2ﬂa,c)1/2. The wave packet gives the same result as
a2 planar wave when kL

. . -1
ia is very small. This means that a must




= e e s A ase Ban s devk Shait by St S arind At et St Jindh ait et St

11

be larger-than the de Broglie wave length and lattice spacing.

.Note that besides turning a spot into a2 strip along the
polar angle, the use of a wave packet also changes the intensity
of the spots as (nx.ny) are changed, through the Gaussian term
appearing in F. This effect is negligible for those peaks far

which Aen/hav is very small. Since Aen is less than the |

1
incident energy we have an upper bound for Ae_ leading to the i

n -
condition ﬁzkI/thav <<1 which gives a 1<<kd;kl. If k1 is of
order of kd. if a-1 << k;I the effect of the use of a wave packet

on the spot intensity is negligible

The manner in which the use of the wave packet affects
diffraction can be understood by examining what happens in the
double sum in Eq. (2.9). If the exponential exp(—iAe(l-l')c/th)
was absent, the double sum would give-because of constructive and
destructive interference-the Bragg condition for Ax. The

presenc» of that exponential alters the perfect interference

However, since the packet looks like a planar wave over the

length a ' this alteration does not lead to a complete }
|

destruction of the interference pattern. To see this let us

divide the values of (l1-1') into two sets. One set contains

those values of 1-1' for which exp{-i(l-1"14ec 5v1)~1. i.e. those

satisfying (l—l’)Aecxhv1 < 1. The other set contains the
remaining values of 1-1'. Thus if we denote (ﬁvlrcAe) = Al. tne
first set {s defined by 1-1'< Al. Now we can write the double

sum appearing in F as

a Z z exp{-iAx({l-1')c} - remaining terms.

In the remaining terms the phase 4d€e(l-1")c ﬁvl is larger than 27w
and thus acts as a rcandom phase leading to canceiiations in the
doubie sum and destroying interference. Thus interference is

presen: in the first term only and we have




2
1)

@ z z exp{-idxk(l-1')clexp{-2(4Ae. Rhav }

- background.

The double sum is proportional to (sin(AKcAI/z);Alsin(AKc'2)}2
which has a central peak at Ax=0, having a width Al-l. Now since
Al~hvl/cAe and the Gaussian cuts Ae off at havl, the width of the
function F(Ax) is (Al)“1 ~ chavl/hv1 = ca. If ca is very small

{i.e. Iif o >> ¢) the packet scattering resembles that of a planar

wave.

This example was used here only because it is the simplest
possible situation in which we can examine the effect of using
wave packets on diffraction. Since in atom surface scattering.
which is the phenomenon in which we are interested. the atom does
not pass through the solid, the effects discussed above are not
directly relevant to atom surface scattering. However. the
mathematical machinery through which these effects are generated

is the same. A model which mimics the physical conditions of

surface scattering is discussed in Section II.E.
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Il O The effect of wave packets on diffractioq by a parrly

disordered lattice.

It is intuitively clear that the presence of partial
disorder in the position of the scattering centers must affect
the diffraction pattern in a manner similar to the partial
coherence of the bean. Since one of the hopes opened up by the
Drolshagen-Heller paper is the possibility of interpreting atom
scattering from partiy ordered surfaces!. it is important to use
simple models in order to try to understand how the use of wave
packets might influence the results of such a computation. The
key practical matter is to find under what conditions the use of
a wave packet for the z dependence of the initial state leads to

the same results as the use of a planar wave.

We consider here lattice disorder that can be described by

a small displacement E (in what follows we use B=Z(n.am.l) and

B
B'=(n',m',1')) of each solid atom relative to the lattice point
?g. ({i.e. the position of the atom located near the site B is ?B
= ?;-EB). Such disorder could be caused either by thermal motion
or by poor crystallization when the solid was formed (i.e. static
disorder!. We assume that in both cases EB is a Gaussian
variable. and therefore it can be completely characterized by the
correlation function D(B-B':t}) = <Ua(t) UB.(O\> and the condition
<U8(t}> = 0. In the case of thermal disorder UB is a Gaussian
variable if the solid is harmonic. For static disorder (1In which

case the displacement is time independent) we postulate the

Gaussian property: the true statistical! properties of ?s depend
sn the mechanism of crystallization.

The disorder introduces two new length scaies: the
amp!iitude A=<UBUB>1/2 and the correlation length lc defined as
the distance beyond which the density-density correlation
funcrtion 2guails ~he density squared {(i.e. <ol?)o(0)>=<p(?)><:«0\>
for ? 2l ). Here <> is either a thermal average or an average

' Ve e Ll e TR R TR TR, T LT e e 1
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over the distribution function characterizing the stactic

- disorder.

To understand how the use of a wave packet in the z

variable affects the diffraction by a disordered lattice we

consider neutron scattering by a bulk crystal. We use the

. e -
Ralta’a

potential defined by Eq.(2.6) and write
= T 8
B = Tg 8 (2.18)

UCsing the methods described earlier in this article combined with

standard neutron scattering methods8 we find

- -] - -]
P(R'.w) = (vo/hN)z £ dt f dt' exp{ide(t-t') h}.
0 0

(2.19a)
exn(-iAE-(?B—?B,)}S(B.B t.t)

ZZz
B B
with

S{B.B'";t-t") = <exp(iA?-ﬁB,(t‘)) exp(—aa(l'c-EB,(t')-z—

-

b
z(t'))z} exp{—iA?-ﬁB(t)) exp{-az(lc-EB(t)-z-z(t) Y o>

(2.19b)
Here A§E§'—§l. z(t)=zl~hn1t/m and ﬁalt)-z is the projection of
the displacement vector at site B along the z direction. The
type of average depends on whether we deal with static or thermal

disorder. 1f we use a planar wave in the z direction S bYecomes

the structure factor of the lattice (essentially the density-
8.9

density correlation factor). Note that because of the use of

the Gaussian wave packet, the displacement amplitude f appeares

B
squared in some of the exponents present between the averaging

. srackets. This makes the evaluation of the averages cumbersome.
*. For this reason we neglect the terms containing the square of the
F iisplacement., and then compute the average by standard methods.
L' ! can be shown that this does not introduce substantial errors
5

c. . N g N < T
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We can thus compute S(B.B';‘t,t‘) and obtain
S{B.B’:t,t') = exp(-az[(lc*z(t))2-(1‘c—z(t'))24}'
exp([-2(A§)2—4a4(1'c—z(t'))2-4a4(1e-z(t))2-4i(A§)a2
((l-1")c~z{t')-2(t))) D(B,B':0)/2}
exp((2(aR)%-8a(1'c-2(t" ) (lc-z(t)) -

4i(aK-2)a%(c(1'-1)=2(t)-z(t'))] D(B.B':t-t':)/2}
(2.20)

Iin the case of thermal disorder. the correlation function D 1is

given by

D(B,B':;t) <UB(t)UB.(0)>

(R/128M) T w(3) Pexp(id (T

q

5" rB)-xu(q)t]

-
o

(n(q)~1)-exp(-ig-( B,—?B)-iw(q)t]n(q)) . (2.21)

where E and wi(iq) are the phonen wave vector and fregquency.
respectively., M is the mass of the lattice atom and ni(q)=
(1-exp(-hu(q),kT)]-1 is the thermal phonon population.

The exponential in Eq.(2.20) containing D(B,B':0) is the
analog of the Debye-Waller (DW) factor. I1f a planar wave is
used. instead of a wave packet., that term reduces to the usual DW
factor exp(-2W}) = exp(--Z(A-}:)2 D(B.B:0}} (we assume a simple
Bravais lattice). The exponential. in Eq. (2.20). containing
DiB.B':t-t') represents the effect of the inelastic collisions.
For the purpose of analyzing what happens to the DW factaor when a
“4ave packe. is used we can consider the elastic term only: this

.S donea'g by taking D(B.B':t)=0.

B M - ' a "= .
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- e . . :
We ran pnow compute P(k'} for an elastic collisinn and

obtain

>, . 2 2., -1 2. -1
Ptk') = Tr(\’o havl) (1-4a°D) exn{-2W(:-3a~D) }

exp{-(Z(1—4a20)1-1(6e,5av1)2)
> 2 -1 (2.22)
exp{2 AK (Ae)D{v ®({1-4a"D)] *) f(Ak‘)f(Ak“)
L B ¥
-2
N7' z exp{-i[z'—<1)—(Ae Rv ) ]il-1") ¢

1.1
The above equation is valid, due to some approximations we made.
anly iFf

2
4a"D(B.B;0) < 1. {2.23)

Wwe see that the use of a packet results in the replacement of the
customary DW factor exp(-2W) with exp[-2W(1-4a20)-1}. Thus the
nartial coherence in the beam leads to greater reduction of the
intensity. Intuitively this is not surprising since we can think
nf the scattering of a planar wave by a perfectly ordered svuilld.
1s the scattering of a fully coherent probe by a fully coherent
object. Introducing disorder in the obiect is equivalent to
turning it into a partially coherent target. The use of a wave

packet causes some partial destruction of the probe Coherence.

which {s equivaient to a "disorder” in the beam. we expec®t rhar

‘

the scattering event will convolute the incoherence of the beam
with that of the target:; thus the intensity decrease associated
with the lattice disorder is accentuated by the "disorder”™ of the
Seam. If 4a20(B.B:0) approaches 1. the scattering probabiiity is
strongly diminished. This indicates that unless A &¢<«! the
Debve-Waller factor obtained by a calculation using a wave packe=:

in the z-direction is substantially larger than the one obtained

wne1 a4 planar wave is used. If the lattice temperature is

several hundred degrees Kelvin a beam coherence ilength of anly

cne A will iIrad to noticeable changes in the Debye-Waller {iyc7nr

.
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Since the form of the potential is such that SHM propagation

requires a packet width of about 174 A, the use of the wave
packets could lead to either errors in propagation (when a large
width is used) or in the DW factor {(when a small width is uged).

We will come back to this in the next section.

As in the zero temperature case we get in Eq. (2.22) 3
Gaussian in Ae reflecting the effecg of the energy spread in the
initial wave function wi; the width of this Gaussian has been
however modified by disorder and decreases as the fluctuation
amplitude A increases. There is also a new term which raises or
lowers the intens®%ty of various peaks depending upon the sign of
Ak and Ae. For small a, Ae is almost O and this term is small
compared to the one modifying the Debye-Waller factor. The Bragg

conditions are modified as in the zero temperature case.

In summary, the use of a wave packet in the z-direction has
the effect of increasing the Debye Waller factor. and generating
a new term which further modifies the amplitudes for Ae=0. As in
the zero temperature case the restrictions concerning
conservation of energy and z-momentum are ioosened, resulting in
peak broadening along the polar angle e. The peaks are centered

at positions specified by e(x') = g(x).

Before proceeding further we make a few remarks concerning
some of the practical problems encountered in computations. We
have so far concentrated on the role of the partial coherence
along the z-direction; however, when numerical calculations are

carried out. some difficulties appear in treating fully the

parallel (i.e.. x.y direction) coherence if the lattice 1is
disordered or it undergoes thermal motion. For a perfectly
ordered target we can build up the wave function of the scatteread
‘ neutrons by writing %he "parallel” planar wave exp(ii-?) as 3 sum
V. of wave packets and propagating only those packets that hit a
Eﬁ Ziven uanit cell: Bloch's theorem allows us to construct the
-
-

. . e . e s
: -.'.->'-.‘ ) ..‘ ~> l. . " ,..‘-, \..'
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One can easily show that <p(?)> is a periodic function consisting
of sums of Gaussains centered around the lattice points.
Therefore one can construct the Debye-Waller effect by
calculating scattering by a unit cell whose atoms are aliowed to
move thermally, and using Bloch's theorem. If we select only the
elastic eveunts this calculation will give the effect of rthe

temperature on the peak intensity. dbut not on its widzth.

Some difficulty appears when inelastic effects are incliuded

to compute the effect of the temperature on the width of =zthe

diffraction peaks. In a simple perturbation theory such effects
appear in the cross section through the Fourier transform of

-»> .
“p{r.t)p(0,0)> with respect to time and space. The projecti.

samples now the correiated motion of all the particles wi®h
density-density correlation length lc. Therefore we must srnat~or
a rwo dimensional planar wave from a surface of area l% and =his
rpquires the propagation of a very large number of Gauésians. and
sinmuitaneously the gzeneration of the correlatitzd motion of all tae
“1ttice atoms wirthin 154 This is a rather exvensive caica.a<ion
wihich wil. provirde a g¢great incentive for finding a way o
cirsumvent {t by incorporating the inelastic processes through
perturpation theorv: this should work for light scatterers and

ca oatoms .

.-

heavy latet
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II.E. Surface scattering

In this section we examine the effect of the beam coherence
g on scattering from a surface consisting of a hard wall on which
we superimpose a potential V(x.y,z) which is periodic in a
direction parallel to the surface and decays exponentially in the
direction of the wvacuum. To compute the scattering probability
we use the distorted wave approximation: the hard wall is
treated exactly and V(x.y,z) is considered a small perturbation.
This model allows us to gain some insight into the relationship
which the coherence length in the z direction ¢ must have with
the potential range X_l and the lattice constant ¢. in order that
scattering of the wave packet by the surface mimics the case of a
planar wave. We find that unless ¢ exceeds both X‘l and c¢ the
calculated diffraction intensity is strongly affected by the use

of a wave packet.

A zeroth order Hamiltonian which describes surface
scattering is obtained by adding a term V'{(z) to HO in Equation
(2.2). where

V'(z)

I
8
N
1A
[e]

and (2.12)

vi(z) = 0 z > 0

The eigenstates of H =+ V'(z) are

'E? i ik
ol (e1:z_ e i z) 2 5> 0

€
"
"

and {2.13)

The initial state is
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- 2 -1,2 ” 2

wi(r) = (4ma’) ! S dx exp{-[(c-:l)/Za]'}
- (2 11)
e 1(:1-21)91 (eIKZ_e-lKZ)' for z>0.
and
-
¢ . (r) = 0 , for z £ 0

The wave function wi(r) consists of two wave packets, one
in the vacuum and the other one inside the solid. symmetrically
located with respect to the surface. When wi(?) is propagated in
time. both packets move towards the surface and overlap there.
Then the packets separate again and there is only one in the
vacuum. Since by definition, wi(?)=0 for z £ 0. the sum of the
two packets has no meaning for z < 0: only the values of wi for z
> 0 contribute to the wave function of the system.

To the zeroth order Hamiltonian described above we add

N_.N
X y
-> - —'rz -
v(r) = Z V_ (r-R ) e 12.13)
Xy nm
n.m
- - -
where R = nNcxX *+~ mcy
nm
. . -1
This potential introduces an interaction length vy in the z-

direction and a lattice parameter ¢ in the x.y plane.

By using the methods described in the preceding sections we

find

P S - o . e e . - - .- .
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>, T o~ - 2 . 2 .
P{k') = V_ _(AK):"f(Aak_ ) f(Ak Jexp{-(Ade/ahv ) 2}
2.2 2 Xy X y 1
h a vy
{2.16)
2
4(k1 €)
2 2
{y -(K'-nl-e)zl[yz-(nl+:'—e) ]
where e€=4¢€ hvl. and ny(A?) is the Fourier transform of the x.Vy
part of the potential. Note that the Laue conditions for
scattering in kx and ky. i.e. f(Akx)f(Aky). factor out. This

happens because we have separated the x,y part of the potential
from the z part (i.e. because v(x,y.,z) has the form f{(x.y) g{z)}
and because wi(?) is a plane wave in the direction parallel to
the surface. However, similarly to the case of bulk scattering.
the use of a wave packet in the variable z causes a broadening of
the diffraction peaks in the variable x' (which is equivalent to

the polar angle e).

For the case of an infinite surface we can rewrite Eq.

{2.16) as a sum over diffraction peaks

1 2 2 2 ~ - 2 2 2
- - 2
Pik™) (m/h”a Vl) z vxy(AKnm) exp { €. 22 }
n.m
{(2.:17)
4(k1-e )
, 2 . 2,
(y =(x'-x -€ ) ]y -(xrex -e 07
where
) 2 2
€m - (1«2:1)[A -k - (x" )]
o = k% - (k1)
nm nm
and
- - b -
¥ = K - [27n ol(x) - [2mm. ¢} v
nm

‘n the coherent limit. a goes to O and the Gaussian term in Ig
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(2.17) dominates the diffraction structure along <.. becoming a
delta function which enforces energy conservation for each peak
The probability peaks sharply at enm = 0, and the Lorentzian
term. which results from the Fourier transform of the exponential

repulsion. partially determines the intensity at each peak.

For the case of a finite coherence length, both the
Gaussian and the Lorentzian terms in (2.17) can contribute to the
diffraction structure. Which term dominates. and under what
conditions we reach the coherent limit depends not only upon the

packet width a_1 and the interaction length 7—1. but also on A

nm
and ‘1' The requirements for reaching this limit (where we have
a single peak at Enm = 0 for each n,m) are in general
complicategd., but a few observations can be made.
Th< Lorentzian term, which has a width y. peaks when the

perpendicular final momentum x satisfies

<= k. :AL/Z

1 nm
#e have assumed that the uncertainty in x. which is equal o
av2 = J2/¢c, is less than :1. such that (enm<)<1 and] only the
secaond term in the denominator of Eg. (2.17) gives peaks. The
Gaussian term has a width 42 a = 42’0 and peaks at
1/2
k' =[x - A&
{ 1 nm]

where Enn = 0. We see that these three peaks only overlap for
the specular case. where Anm = 0 and «x = -:1‘ [{ the packet
Wwidth is too narrow, {making a too large) such that the Gaussian

term is broad enough to overlap significantly with the Lorentzian
peaks. than these peaks can dominate. In this case we wouid see
w0 maxima as we scan along . one on each side of the expected

f3r planar wave) enm = 0 position. Consider the case of some
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low order diffraction peak where Anm is small and positive., such
1/2 . - , .

that Ané << z:l!. If y < :Klz. we recover the coherent limit

when the width of the Gaussian is less than the spacing between

/
the Gaussian and Lorentzian peaks,i.e. o > [2/A ]1’2. Thus.

when the packet width is larger than (2/Anm)1/2n$e get a single
narrow peak at the enm = 0 position. For larger Anm's where vy <
Anm/z :1'. the interaction length 7-1 becomes an important
factor. In this limit the Lorentzian peaks are proportional to
7—2. Thus, for a longer interaction length, we generally need a
broader o so that the Gaussian is narrow enough to dominate the
scattering and produce a single coherent peak.

For various parameter values, the exact requirements vary.
However, for the typical case of a thermal molecular beam hitting
a surface with c=2.5A at a 30° angle., with 7-1=2A. we recover the
coherent case for most diffraction peaks when o is larger than a
few & or so. That is, in this limit we only get a single peak
along © centered at the x' value given by enm = 0. For a larger
vy. or shorter interaction length, this limit is reached for

smaller values of the packet width.

Note, however, that the peak heights. at their €am - 0
locations are proportional to a_2 and all other dependence on a
: drops out. Thus the relative peak amplitudes for Enm = 0 are
3 independent of the packet width. This is a result of the
s assumption that a(t) is a constant. If we make the simple but
b reasonable assumption that the incoming and scattered packet have
f different widths, a—1 and a'-1 respectively, then for Enm = 0
} P(?')a([r(a'-a)/a'alz—[(z‘—:l/a—(:'—:1)/a]2)
Y 2.17
E ' ([72~¢<'-K1)2][72‘("“ )2]}-1 | -
& and the relative probabilitlies between different Enm = 0 peaks 1is
v 2 function of the packet width. For a realistic a(t). this
iependence is in general very complex. When a and a' are

sufficiently large such that the Gaussiax controls the

scattering. this dependence goes away.
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o, Numerical studies using SHM as implemented bv Droishagen

and Heller.

The analysis of the neutron scattering model shows that the
coherence length in the z-direction must exceed the lattice
spacing, the de Broglie wave length, and the raage of the
potential. Otherwise the predicted diffraction intensities
depend on detailed properties of the packet which are not

phys:ical properties of the beam.

Such requirements cannot be satisfied (within SHM) by using
extremely broad wave packets since this approach would ciash with
the demand made by the method used to propagate the nackets To
describe the situation very briefly let us assume that tiae
initial wave function has been written as a sum of Gaussians.

SHM propagates each Gaussian in the sum independently: %o do this
it uses the time dependent Schrodinger equation with the
potential expanded, to second order. in a Taylor series around

. A - . X
the instantaneous ponsition r, of the packet. The expansion is

t
-
iegitimate only if the potential is almost conszant around 7,  an

H
the length scale set by the packet width (in the coordinate
representation) at the time t. Thus a correc” treataent of bHeam
coherence in the z direction requires broad packets in thar
direction., while the simple propagation scheme requires them T
Ve narTow. The solution to these conflicting demands =mignt be <o
construct the broad packets required to describe the incident
wave function as sums of very narrow wave packets. The Trovublie
with this idea is that 6nce these packets interact with the
surface we have no control over their width. in particular. a2
narrow packet may be broadened b2y the interaction with the
surface-more then the propagation scheme would safely permiz.
The simple models used in the previous sectian can not address
surh issues since they use perturbatinn theory and the pdcke:=
width zhanges in time according to the free space dynamics.

34}
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to numerical calculations.

The calculations used here were carried out like in the
ODrolshagen-Heller papers (DH)1 which use SHM.

In representing the planar wave as a sum of Gaussians we
use packets of the form
T-T

-> >
r-r

g(r,t) = exp{- % [( -'A'(c)-('r’-‘r't)—'&? o

. t)"Yt])

t)
where ?t' Et are real functions of time representing the mean
position and momentum of the packet; K(t) is a three dimensional
matrix with time dependent complex elements; Y. is a complex
function of time. At a time prior to the collision with the
surface such packets are added up to form a planar wave function
in the x and y variables; a single packet is used in the 2z-
variable. Since prior to the collision the x.,y and z variables
are decoupled the off-diagonal elements of the matrix A(t) are
zero. The width of the packet (i.e. the coherence length) in the
z-direction is (ﬁ/ImAz )1/2. By using the packets to construct

z
- -
the initial wave function at t=t° we fix Yy T and kt . but

leave Aij(to). iZx.,y or z,. unspecified. ex%epgofor the®obvious
requirement that if we fix thg number of packets used for the
fit. their width in the X and y directions should be large enough
that they overlap. At first sight this feature is unpleasant.
since we would prefer that the initial wave function-which
carries all the information regarding how the beam was prepared-
should fix the initial conditions for all the parameters in all
the Gaussians. Since these parameters are propagated in time by
first order differential equations. their final values depend on
*he initial ones. There is a danger that by making use of the

2~x1sting flexibility in the choice of Ai we can affect at

Lt )
D) o}
wiil the final wave function (i.e. the diffraction results).

However. Hellerl'z has made an ingenious use of this freedom to

sprimize the caicu.ation: he choses Aii(to) such that a freelv

T o
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propagating packet starting at ?to will have a minimun
uncertainty (i.e. ReAii(t)=0) at the surface and a very small
width. Thus the packet should be narrow in the region where the
potential varies fastest, satisfying the dynamic requirement of
the SHM at the point where they matter most. The flexibility is
thus greatly diminished but not eliminated. One wonders

therefore whether the choice for ImA affects the final results.

ii
Furthermore, it is not clear that by choosing the initial
conditions in this way we can control the width in the collision
region. These questions are answered in what follows by carryiag

out numerical calculations.

We consider the case of He scattered by a potential that
mimics. very crudely, Pt(111). The interaction with the surface

is taken to consist of two parts and is written as

Cl ) C2 ] A
- SR L - S

i i

0

w
(9]
oy

ol

vir) = Z [
i

~N
~N
.

- .
where Ri denotes the position of the i-th surface atom. The

first term is a sum of Lennard-Jones interactions of He with a

small group of surface atoms. This term is respoasible for the

-

B P A

X-y variation of the potential and was chosen to give a
corrugation of .19 A for a He beam energy of 1.2 kcal mole. The
second is a bulk term which results from the pairwise summa:_.on
of the Lennard-Jones interaction with all of the atoms in the

solid. It is only a function of 2. has the proper z long range

1

e

attractive part. and was made to produce a well depth of 125

Ty

.
S

kcal. mole. This particular form for the potential was chosen not

to mimic the actual He/Pt(111) system. which has negligible off

1

specular scattering.lo but to provide a model! system with a

reasonable corrugation.

P S L i = o

A2 g

In Fig. 1 we plot the width of a packet in the z direction.
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initial values of A(o) chosen such that, if we assume a free
space propagation, the packet would be narrowest at the turning
point. This can be achieved if we determine A(o) in the
following manner. Since in free space there is no coupling
between the X,y. and z coordinates, A(t) remains diagonal, and we

can simply consider the propagation of some diagonal component A

given by

iA

T
21
- Ar(t-T) 1

A(t) =

At the turning point, t=T, A(T) = iA and the packet reaches its

minimum width at the collision site.T Thus A(o) is determined by
using the time T and the chosen value for AT in the above
equation. In Fig. 1 we make all 3 diagonal elements in A(0)
equal, and choose AT = .01, 1, and 100, corresponding to free
space Gaussian widths. at the classical turning point, of 2.5.
.23, and .025 A respectively. The units of aT are amu (10-H
sec). The potential is plotted directly below in Fig. 2 for easy
comparison. We observe a free space propagation up to 2 & or so

F{ when the 32V/322 term in the SHM equations starts modifying the

E width and gives it values differing from the free space ones. In

{; all cases the broadening is out of control: note that in all the

L’ trajectories the dynamic effects, present (in SHM) through

& ‘ 32V 322. dominate the time evolution of the width and broaden it

i . to about the same width, regardless of our choice for aT: this

. width exceeds the values permitted- by the validity condition of

® SHM . Thus due to these dynamic effects the interaction with the

f tattice increases the beam coherence; unfortunately the increase

{ is so large that the validity of SHM. used in the propagation. is

;, uncertain.

L'. In Table 1 we list the peak heights for the specular and a

i few low order diffraction peaks. calculated using various initial

: values for A{t) as above. We chooase AT = .1. 1. 10, 100. 1000.

{_ .
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and normalize such that the height of the specular peak
1.0.

{0.0) 1is
As mentioned previously we see a non-negligible dependence

on the parameter AT' The results converge for A_ > 50 or so. In

T

this regime o is very broad over most of the trajectory. making a

quadratic expansion of the potential invalid. The above analysis

has also been applied to a similar system with a purely repulsive

exponential gas surface interaction of the form

-> -
-B'r-R. -
e

VIT) =% ¢ i .
i

again labels the position of the surface atom.
B = 2.1 A™?

-
where Ri We chose

and selected ¢ to give a corrugation similar
This

longer range than the Lennard-Jones potential used above

of the previous example. interaction is softer and

to that
of

but

leads to similar results and conclusions.
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Iv. DISCUSSION

The analysis of the preceding section used the simple case
of neutron scattering to establish a minimal set of requiremencts
for the use of wave packets to construct diffracted wave
functions. As expected the requirements on the dependence of <he
incident wave function on the "parallel” variable x and y are
quite demanding. For the calculation of scattering by ordered
systems at T=0 K. or for the calculation of the diffraction peak
intensity decrease in elastic scattering from ordered lattices at
finite temperature, or for scattering from disordered lattices
lacking spatial correlations. the "parallel” coherence area ¢
the beam must exceed the area of the unit lattice. Bloch's
"“heorem can then be used to construct the scattered wave funct:on
for the whole lattice. Inelastic scattering from ordered
fattices at finite temperature or from disordered lattices with
spatial correlation require a parallel beam coherence area =2qual
or larger than the coherence area of the densitv-density
correlation function of the two dimensional scattering centers -
These demands reflect the fact that if the beam is %o be used tu
study the surface. its coherence must exceed the surface

&

conerence. If this is not the case we end up using =he surfice

*n study the coherence properties of the pbeam. :nd this s aor

e

cnte of the aims of surface science.

1 . .
The only existing comparison” between an SHM diffrac-ion

—
Iad
[

calculation and the corresponding "exact”™ quantum resu
fubrained by solving the Schroedinger equation numerically by
usnz -he standard eigenfunction expansion method) shows Zood
iyreement . The numerical! experience {the use of the experimenci.
1ate o test the reliability of the method is not possible sinece

©ya tittle is known about the potentials) accumulated so Jar s

Yo imited to allow us to say whether this {is an accident or

avmopner diffraction is peculiariy insensitive Z0 the errors made

L)

Ty SHM, From a practical point of view we cannot bHe satisflied
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with a new method whose reliability canm only be estabitshed
through a comparison with the results obtainedg with the merthod
which it intends to replace; furthermore. for the most importan:

applications. to disordered surfaces. we canno? henef it

'

YR S AT

@ compatison since the traditional methods ares impractica. far

this case. It is therefore of importance %o =2xamine the f2ars

P i 4

raised hy the use of SHM and the improvemen:ts that will alleviacte

Taemn.

[y

) The choice of the initjial state. We find tha: ia) the

e atad ERE o

use of a narrow wave packet for the z-dependence 0of =he wave
function is very likely to affect diffraction intensity. To .
c i

prevent this the packet must be broader than the latti

]
7]
0
o
0
—
o}
¢]

de Broglie wave length of the atom and the range 9f <he

potential. This suggests that we should work wirth broad packets -
and therefore abandon the expansion of the potential (used in j
SHM) around the center of the packet which is valid ealy wnen =he g
packet stays narrow throughout the collision. (%} Another :
troublesome feature is the choice of the width. to give a narrow B

ainimum uncertainty wave packet at the wall. which (s not unigue. 3
does not have the effect intended (since the {nterac::on broadens i
y *he packet anyway) and it is not pnysically jfust . Z:avle. Tur :
: application of SHM to curve crossing : ar to the z2ropagatian o7 ﬁ
: Morse states12 reaches the same conclusioni, Therefare wWwe sugges: j
[
n the use of an initial state wi(x.y.z) which s a =*vo .dimensinal i
F J.anar wave multijplied to a droad packet ina tne z-dircect:ion E
This represents correctly the coitrrence of the beuxm used in i
exprrimental studies. We can then fit this state with 2 sum »f ;
Saussians § Ga(x.y.z:{ka) . Wwhere (Xt} is a symvo: Jor *he s=- of .
[‘ parameters in the Gaussian «. by minimizing wi -2 64 Wit
t respect to all! Mo Thus the initial values of 1.1 rtaraaeters ire
; ftumd Hy the physical conditions of the problien. we have fouand
f Ta1T this procedure improvés dramaticall\:: the resul<s in
! ia ke araidlenm thait s troudleagame for SHM. rhat 37 the
Sruwagatian 2f Maorse eigenfunctions.lg
3
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{2) The nropagation method. SHM can be replaced by =z

B}

variational method‘4 which generates coupled. non-linear first
order differential equations for the parameters Xaft). Thus the
parameters in the Gaussian « are affected by the motion of all
other Gaussians 8 through coupling terms that become non-zero
whenever « and a8 overlap. The presence of this coupiing is
clearly a necessary and important feature since if two Gaussians
are present in the same spatial region S(?) centered around ?
they construct the scattered wave function v(?:t) for ?eS(?)
together: it is inconceivable that they can do this with auy
accuracy, if they propagate at all time independently of each
ather. This "intergaussian” coupling affects all the parameters.
“he width, the phase, the mean position and the mean momentum of
rne packets. It changes the physical picture from that of a set
nf indepenent Gaussians moving along classical trajectories to a
“community"” of Gaussians moving on non-classical trajectories

that are coupled to each other.

Furthermore there is no need and no general phvsica. or
mathematical justification for expanding the potential around the
center of the Gaussians. If the potentia. is fitted to
axponentials, Gaussians or polynomials. or any combination of *he
ahbove. all the integrals appearing in the theory can be done

analytically and very little of the SHM simplicity is lost. One

v

2f the interesting consequences of giving up the expansion s

- -
“hat the force 3V(?t) 3r, appearing in SHM is replaced by tie

derivative of W(rt) = fG (r)V(r)G(r)dr and this time dependent

3o
(9]

- :
potential differs in interesting ways from V{r_). For exampie

-
as the packet appronaches the surface W(rr) Decomes non-zters A

7]

swon as the Gaussian overlaps with the potential W(?t:t)
i1ffers from the classical potential V(?:l. changes in time. and
candis T2 come forward and meet the packez. The packet turns
vround earlier than in the classical case (i e. SHM). Since the

mao-ian of ~he repnter of rthe uncoupled packets takes place an

LR N . . ..
S N L T S AN s
R TP N S LY .
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-
N(r(;t) It is conceivable that this has a different corrugarion

than the truve potential and thus affects diffraction.

We are currently pursuing these improvements of SHM. fFor
the case of curve crossing11 and of the Morse oscillazoz':2 they
turn out to bLe essential. For diffraction we are nuit yet sure.
The striking success of SH."!I'2 is partly due to Heller's

excellent choice of problems., which involve very oca.:z24d wave

[}

functions that need 0o be propagated for a wvery short tiame anc or
narmonic oscillator problems in which the Gaussians do no:
nUreriap. Diffraction deals with a very delocalized wave function
in which the overlap between different Gaussians is very likeliy.
Thus it is difficult to understand why SHM shonuld work well in
this case.1 A conceivable reason might be that the process is
dominated by interference, which SHM treats at a semi-classical
ievel {(since it gives each trajectory a phase equal to the
classical action}.

For problems in wh{ch the simplifying features mentioned
apove (i.e. locaiization and short time processes) are absent.
more li1aborious versions of SHAM might be needed. JQur limired
experience indicates that even with the computa-ional effar:
added by these improvements Heller's method still has extremeijy

good prospects to contribute substantially to surf{ace science
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