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PRINCIPAL NOTATION
Acceleration vector
Contravariant components of a

Orthogonal surface-imbedded vectors such that a, is along the
constant fraction-of-chord lines

General coordinate vectors, vector components

Orthogonal surface-imbedded vectors such that ¢, is along the
tangent to the surface in the chordwise direction

Alternating unit tensor

Unit vectors in r and 8 directions on blade
Unit vectors in helical coordinate system
Combinations of geometric variables

Metric tensor

Associated metric temsor

Cofactor of 8ij

Total rake (see Figure 3)

Christoffel symbol of the first kind (see Equation 13)
Unit normal to blade surface (see Figure 4)
Velocity vector and components

Position vector:

Radial coordinate

Position vector of point on blade surface

Far field flow Qelocity (ahead of propeller)
Orthogonal surface coordinates (see Figure 4)
Body force component

Coordinate axes

Radial and chordwise parameters cefining locations on the mean
blade surface

iv

. L T T T TR T . . R -
- St e D S T S - . . - N T T ettt ey .
R e PR Y DAY wt e et e s e - - *

------
................

T Y W W VT VWY T WY -
R - AR RERERIEL FiaDits

. . . . - - e . .  "w - . ° - *, LR .
BRI e DI . N
PO SRE WA SOR W VTS, S P S T W WA e S, Bt Tyt I S A e S I




R A P R AR A T Bt S Bd g e 2y o ~d
~~~~~ R I N A e o -y
. . OERrE e - o T T W ~—
- P e e e R T

a,B8,0 ) Combinations of geometric variables

2|

Angular velocity of rotating blade

EAl

Vorticity vector
H Absolute viscosity

v Kinematic viscosity

¢ Helix pitch angle of reference blade
e Skew angle (see Figure 3)
rk Christoffel symbol of second kind (see Equation 14)

61J Generalized Kronecker Delta

EI,EZ Coordinates of blade-oriented coordinate system (see Reference 1
and Figure 3)
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\ ABSTRACT

-?lSpecific expressions for a general tensor description of
the full field equations for flow about a propeller blade are
given. Two orthogonal blade-surface coordinate systems are .
considered: one consisting of the normal and constant radius Ftﬁ
lines and one consisting of the normal and constant fraction- -
. of-chord lines. The third directfion {s obtained by the cross-— -
I product of vectors in the two given directions. It is believed o
that the first coordinate system is appropriate to describe the
flow over the majority of the blade, and the second coordinate
system may be better suited to describe the flow at the leading
edge. It is recommended that the boundary-layer limit of the
field equations be determined and numerical evaluations be con-

.
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ﬁ . ducted to explore the merits of the two coordinate systems. _ -
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: INTRODUCTION ]
i The various performance properties of propellers have generated a significant —
‘ number of geometries for different purposes. It has been generally accepted that T:;ﬁ
a blade-fixed coordinate system is most useful for general application. From this v”ji
conclusion, one 18, of course, faced with the necessity of adding new terms to the ;ﬁ

i equations of motion dictated by the rotating coordinate system.l* 3;;4
The equations of motion in their general form have been considered by many and -<?T

have been written down in a general way.1’2’3 Depending upon the problem to be Eéfj

solved, the simplifying assumptions made, and the technique of solution, one may :ffi

) find some coordinate systems have advantages over others. It is not the purpose L\‘ﬂ
T here to pass judgement on any coordinate system but rather to suggest an approach 3 ﬂ;
: to some hydrodynamic (fluid mechanical) problems and offer the details of appro- -1%
f priate coordinate systems. In at least one case, a specific coordinate system is :
i offered that has not appeared in the literature involving propeller theory and i
' that is believed useful to described boundary-layer flow on the blades. There ij;}
are areas for which the suggested coordinates may need significant modification, : .Q

» * A complete listing of references {s given on page 37. ;‘;J
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such as problems involving cavity flows. Certainly, the boundary conditions and

a flow surface boundaries will need attention. In some cases, these may involve an

iteration to obtain a proper boundary. Whatever is needed can at least be incorpo-

rated into the current coordinate systems; furthermore, the problems themselves may

o suggest new geometries that may be more useful.

. The notation used in the report is that of generalized tensors. The basic
premise is that one can set down the momentum, continuity, and energy equations and
any equations of state in this general descriptive manner. Once this 1s accom-
plished, any convenient geometry can be introduced. The selection can be made (and

E; " often is) to closely accommodate physical conditions, to permit partial uncoupling
of the equations (or at least some simplification), or to describe boundary con-
ditions rather simply. The coordinate system so chosen may not always be an orthog-

vfinl one, but in certain applications may be more convenient and perhaps more

economical to solve numerically. In the following, the basic fluid-dynamics
: equations are introduced in this generalized tensor form without a great deal of
[‘ development. Details of some of the requisites are presented in Appendix A, and

the reader is referred to Reference 6 for other details. Covariant and contravari- —d

A

ant forms of the equations are introduced. Some emphasis is rlaced on the contra- ] -

variant form because most people feel more comfortable and have a better physical

P WY S B Y

feel in that form due to the close relationship of contravariant components with

physical components. Reference is made in the present report to advantages and

IR A .

] et el .

i B A N
- . f PR

disadvantages in particular cases of both systems.

The lengthy mathematical manipulations are not included in the text; however,
in some cases, intermediate steps are included to make the procedure more easy to
follow for those not familiar with the tensor notation. The tensor notation and
manipulation are believed to have some advantages over the usual vector notation in 1

two ways:

l. One knows precisely how to expand a term or operator as soon as the

geometry is selected.

PR
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2. As often happens, higher rank tensors, (e.g., stresses) and their deriva- .
tives require no more expertise to handle than first rank tensors (vectors), and {1:
the concept of dyadics, which is unfamiliar territory to many, need not be employed.

The present work is intended to provide a specification of geometry immedi-
ately useful for some hydrodynamic propeller problems. In particular, the full B

field equations are given for flow about a propeller blade. These field equations
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can be evaluated to determine which terms should be retained for boundary-layer flow

ti . on the blade surface. It is hoped that the manipulations described will provide an
easy transition to other areas of endeavor as well.

ANALYSIS
TENSOR DESCRIPTION AND PHYSICAL EQUATIONS

n [Py ry
e St e
PP N

While it 1s not necessary to restrict the equations of hydrodynamics to incom-
pressible fluids, this approximation is employed here simply to address the specific

purpose involved in this report, namely, problems associated with hydrodynamics and

‘““-*7 )

" even more specifically, the hydrodynamics of propellers. The essential equations
are given below in contravariant form:

Continuity Equation:

. |’ - oo )
9 ?__ 1 3lvaaq')
—\/é A" (1)

Equation of Motion:

Q.

flxii 4“2?ixif‘ffix[fixR]==i?-'%‘7p

54";—

(2)

where F is the system of forces such as body forces or viscous forces. The terms
containing:Q are due to the rotating coordinate system chosen. Because § is con-
sidered to be constant, the time derivative term is zero. The 2§§E term is the
Coriolis acceleration due to the accelerating (rotating) system and the last term
is the centripetal acceleration.4 The acceleration measured in the chosen coordi-

nate system is ;, with the following components:

o

i |
a'_—. __C: =,a—3+q',lql

) 5 ' (3)

*The summation convention here is sum on repeated sub and superscripts.

3
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where 545, is the intrinsic (substantial) derivative. For steady state, this

reduces to

LS AREAS

"al — Al Al
a’ =999 4)

If one looks at the viscous descYiption of Reference 5, it is noted that the

viscous stresses are not changed because of the rotating system of coordinates.

——— v.?v'rv_v. ™
]

] Physically, this makes sense 1f one recalls that all viscous stresses involve
t velocity gradients and not the velocities themselves. -

Additional terms do arise if one considers turbulent motion and the type of
cerm assoclated with perturbtations about a mean flow. In the case of turbulent

flow, an additional term will appear an additional term due to Reynolds' stresses.

Secondary motions are not excluded in Equation (2) and may play an important part
in some flows, although they normally do not become important except in the last

5
stages of an axial flow compressor or in the root regions of a propeller.

One significant term that needs some discussion is the vorticity vector.

- 7 v
Vxq=1{ (5) R
If there were no vorticity far ahead of the propeller, it would be necessary that U i}ig
(the flow velocity) be constant or a function of time only. If it were not, if, for E
—_ -
example, U = U (r), one could not even suggest that the far field is a potential -4
fields This would cause no great problem in the previous equations because there g
is little to be gained by such an assumption i1f indeed one wants to consider the N
viscous terms. - 1
For general flow of the type described here, the viscous component of F for an ji
incompressible fluid i1s accordingly ;}
3
- I% - 4
Fi=ug™au, © L
.-1

The remaining terms to be put in tensor form are 2 {Jxq and ﬁx[ﬁxi), where R is the
position vector in the rotating system of coordinates. T
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Figure 1 - Centripetal Acceleration B
lience, Qx[_-(—lxﬁ] is the centripetal acceleration .er in the negative r direction
{towvard the y1 = x axis of rotation). The term xq is found from the following -
tigure: -
vz )
1.3 q
NS 3
s, -
5 .
Figure 2 - Coriolis Acceleration
The components of this vector must be determined in a particular coordinate system.
) must be specified in the particular system also. For Liade-oriented coordinates
{1f: -
Q= Qsingppe,+ Qcosgpe, 7N
and for both cartesian and cylindrical polar coordinates:
Q=-07 (8) o
5 .
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In expanded form (which one must use for solution, the equations of motion are

gﬂ +al(2 gq, + ') +2y30",, Qla + 654 919""'=
_1 it a’g i 9q/ i 9q! {
Pl S)%+vlax'ax|‘ ST+ S e
r'
(35 + - e o

vhere xi are the contravariant components of the body forces (e.g., buoyancy).

The equations of motion can be written in covariant form as:
_ 190 Ix ' k Q!
g%'“h'H' = - 535 +vglaypt X, ~2e,, 0lq -5} 'R, (9b)
wiere

Qi =—&—— —1* % r*9%9a raaq 5ru -rery

.
Ix} dxk 'l dxk ”‘bx' 1k 3x@ = L inTe aj” I‘ﬂ‘l‘la q,

The above equations have been written for a right-handed coordinate system. A left~
handed system will change some of the signs. The argument for considering the
contravariant form of the differential equations (9a) as opposed to the covariant
form (9b) is that only contravariant components of the velocity are involved in the
equations (9a) while one has a mixed system in covariant and contravariant forms

(9b). The many symbols introduced above are detailed below:

eijk is the alternating unit tensor and has the definition
eijk =0 i=jor j=kori=%kori=j3-=
=1 i#3J#k+1and 1jk are cyclic as 1231
= -1 1434k +4 1 and 1ijk are not as acyclic 3213 :
6
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5: is the usual Kronecker delta:

PR

K ) = 0 m* n .
S -
o =] m=n ,:
x i1 el
N ) has the definition T
Pq RN
=] i#1 and 1 =p and 1 =g
= -] 1#1 and 1 =q and 1 =p
=0 for all other cases. j
eijk is the same as eijk but with relative weight +1 instead of -1 (for eijk)* g
gij is the metric tensor lﬂ
giJ is the associated metric tensor lui
I}i are the Christoffel symbols of the second kind. They are not tensors, O
and for this reason many people prefer the {j;} notation instead of the Princeton ; }
notation [6]}. . -:it
Physical vector quantities are related to the forms as follows. The terms o
\@i‘qknot summed) are the physical components of q that are the edges of the Ton
jyarallelepiped, of which E'is the diagonal. The quantityq, \/g'l(not summed) is .
the length of an orthogonal projection of E'on the tangent to the coordinates at a lﬁfj
point. Because q, = grsqs, we can obtain the covariant form by first defining the 'fii
contravariant form e
e
T Ve B
Gxk .
where Qk are the physical components of 5} and then deriving 9y via the above R
equation.
At this point one needs to develop the values of the contravariant components
of specified vectors plus the Christoffel symbols indicated. One now must specify -
the geometry. We shall carry out some of the details that we have been indicating ffﬂ
for the general fluid flow problem. S
*See Section 41 of Sokolnikoff [6]) for detailed explanationm. -
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COORDINATE GEOMETRY

b
The (Y Cartesian) system and the Xi:(x,r,O) system are well described in

standard texts, e.g., reference [6]. The details are contained in Appendix B.

R S M
AR

However, propeller blades and the helical nature of the associated fluid motion

- " v'r."ﬂ
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require somewhat unique coordinate systems. One such system is shown in Figure 3.

Blade reference line
y3-2
\ +
Vs
i / ’

2 N K ‘ ﬂ 3

Tangent to e
/ €2 X = constan

:///’ curve . T
/ _

i (r

r{fp) = 0

Figure 3 - Geometry of a Coordinate System Fixed to a Rotating Blade

In this geometry, the blade-reference line is any reference line one prefers.
It could be a curve throupgh the midpoint of the blade chord line (curve) on the R
cylinder; it could be conveniently the curve of aerodynamic centers for lifting- ;ii
line calculations; or it could be the leading edge. However, the choice of refer- ?tﬁ
ence lines should be judiciously made to avoid computational difficulties, including . A
the introduction of some singularities (e.g., the leading edge of conventional pro- e

peller blades would have a slope of infinity referred to chordwise distance). o
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In Figure 3, 0 defines the skew angle and i defines the total rake. ¢» is
the pitch angle (the orientation of nose-to-tail helix at radius r), e is defined
along the helix, and f is perpendicular to f and lies in the cylinder defined by
r = a constant. Of course, 52 also represents a helix with a slope that is the O
negative reciprocal of the slope of él at the point.

61, r, 62 is a locally orthogonal set but does not represent a general orthogo-
nal coordinate system. The direction of €2 is in the binormal direction of the 51
helix, and the principal normal of fl is in the negative r direction. Even though
this set is not a general orthogonal curvilinear coordinate system, one still can

" establish the equations of motion, continuity, etc. in this coordinate system. The
metrics, Christoffel symbols, etc. involve rather lengthy algebraic manipulations,

thich are summarized here.

Blade-Oriented Coordinates:

N "
Y'= I+ Esingp- Elcos gp =g+ B* S
Y- —rsin6*
y’: r cosé '
2_1_“"% : f(lO) .....
2y’ , g
oV 4+ -
3¢ adp -
é—yjz - COS t‘-
&2 Pe : J

1 2,
where §=6,+ 6, + fcos¢ﬂ+§sm@9‘=65+6,+% o

a =§'(05¢P+§2sin¢‘,
B = &'inpp - ¢%osdp
and 15 = di /dr; 6, =dé,/dr, 6, =d@p/dr
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3—12= - cos 6 cosPp
5&7

%y;z=_sine_ rcose[e."’ % - é‘ép]= -sin@-rBcosé

; .4
P.' z Vj
< §_y..=-cosesin<,bp 1

Y T

r(lo continued) ]

3

.g%l = —sinfcos ¢, jJ
- 4

/
%Z’-_- cosf—r sinoie,’— %_gcﬁpf:cosa-r Bsing
r

§XG:=—sinOsin¢, J | R

From equations (10), the metric 95j=—-——l summed on k can be formed: 1

1 Csind,+ rBecosdp 0

Csingp+rBcosdp 1+r’82+ C? ~Ccosdp+ rBsind, (n

e e e
)
.
A

.'.'. ) ...'.
. e L. D
B . .
Y o) 5 , L.
LAl e Al el L aa can e

o ~Ccos@p+rBsindp !

'
R
4
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where C = i, +a¢;
and B =6, 'Ta}'érf’
The value of @ =,gii| =]

For convenience, some combinations occur so often they are given another designation:

Csin¢,+r8cos¢, =K
Ccosgpy-rBsingp=1L

wWwhen these are introduced, the metric becomes:

1 K 0
9ij= K k% -t (11a)
0 -L 1

The assocliated metric tensor 1s 8yy = Gij/g.

where Gi‘1 is the confactor of gij. Because g = 1, the gij are simply the cofactors
of gij'
They are:
g''= 1+ C’sin'pp + r’B’cos’.cﬁp + rBCsin2¢p O
g'=g”'= ‘F532¢p° fEcos¢P '
g"!:g”z_"ﬁ‘_z_'_gsin2¢p— rBCcos 2¢p (12) Sl
L 9" =9 =Ccos@y—rBsindy, -]
g g7=| LI
;; g¥=1 +r2stin7¢p+ C’cos’¢P —rBCsin2¢p E'_'.i::;

e e e e o e e




Introducing K and L as previously defined, one obtains the tensor

2 AR
& +K' -k —kL ]
- '3 - "
- = ] —
: g K 1 L (12a) Ry
F ~-KL L 1+L e
Next, one must calculate the Christoffel symbols of the first kind: J

_—

39 + a9« _ -39y, .

[.,,k]_— o toaxt T axk (13) E

-?‘-;J

from which the Christoffel symbols that appear in the equations are derived. -3

k= g [ij.k

1 1 ' ;-L;:L.}

(Note that l}k is not a tensor; some authors prefer the symbol {jk so as to avoid .-'_-.:::T

;my confusion from the so-called Princeton notation). f-?_;-‘.;

[1i.1)=0 :;;5

(3 =03,]=pr.1]=0 RO
B3.)=p3,3J=[3,3~-313 = 0 A

(2. 9)=[21.) =0 -

R3.3=[32,3 =0 g

i 39,, = C ¢ M f'-j'_'-'.‘

1,2 = 8(' sindp+ rBcosdp 7 o

- 3920 - | . ] - sin’¢p ]
- 33,2]= 2929 = & |-Ccosdp+ rBsing,|= 2
; ba.3 Ox? J¢? g F r co
I T
'.. 12 T~ *:":::4‘
._:_.1
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.

f13,2)=s ;, 3=

B2, )=[23,1)=

or

[12.3)=f. 3]=-_%

99, , 39', ~.) sin2ép

1

K ETE T B
98 _ 99| _ _ 4
3 o %

119 ddas| —
7 5%’—3%” = %

[2 2, "]:_5_9_.,_!__6_9_" =284+ ,6_8_,., §£sin ép =aK L“P" Bcosép
dr 23¢

dr dr or

= 1.‘1'.sin¢p +(20;+ ro,')cosop+f.’05 - f’(‘;)z

[12,2)=[2,7) =l2 %%2‘2 = —Bcos¢P+(Ccosop- rBsin¢p)o|$

= —Bcosép+ Lop

=—0 cosdp+i

7P cosdp- r0, dpsin®p

] ? 2. 1 ,\2
+ §cos™@p +{7sindpcosdp ¢ (’P)

r?

',
+€Sln7¢p—€,C°$£B oh

r

3.2 = [32,2)=-B sin¢,+[C singp, +rBcos Py %

= -Bsingpp + KPp

) . 2.
= -6, singpt+ 1:Ps sinp +r6, Py cospp+£ co=¢us;n¢p+f sin'Pyp
r

+ {’(?;,)2- &Q-E_Z_inﬁfﬁn_z.ﬁp o)

3¢?

—_ a9 )| bg — .} ] . _a_g_
[22 3) = L _zl_(28+rs;_)sm¢,+ 3r cosPp

2
=-17cosPp+ (2 6, + rG.") singdp~ f'¢;‘fa(¢p)

oL . .
= ‘S'r‘ ‘K¢p + B,Sln¢p

13




- d or r

- =K 4 3L

o or dr . 2
| (fcos¢,+ Ezsin¢p)

= 1 £+ r(o'.)’+ r20,6, -6, (f'cos¢p+f'sin¢p)-
+¢;¢;((e‘)’+ (e’)’) +4;

E‘ | Ecosgp) +%[((£‘ )- (f'»sinw.. -2£‘£'cosz¢p] l

-y ‘-ro;(f‘s;n¢,- Ecosdp) ~14(¢'cosdp + Esingo) +

_}[(_Q\L;‘_(ﬁf sin2¢p- f‘f’cos:.qsp]l

+(¢;)’[-1:r(e‘s;n¢,- Ecosy) - 6, (E'cosppt Etingsy)

+;_[((§1 - € )’)co'sm, + zf‘f’sanw,.”

rd

if'r((f‘cos bp+ £%in ¢,)-r 0;'(f1sin¢,'

The Christoffel symbols of the second kind are:

1":__..K COS’Q’
r
= ’;: =K Singocospp
- ! r

= I;) = KBcosgp

L= ] =-1Bsing,

= L=-1 sinr cosdhp

b
L= -1 | B
4 r ‘ S
14 i

................................................
........................................




3
il
=7
I
]
o
A
S
5

v

32
| L=-rg
Irz:l;'zz_ Sln%r Osg
r r'—a—'s -l¢p+8cos¢p+rKB

I --:i K + Bsingp- r LB’

I

2
. [I*?:.__l cosrgp

r
- ' K Slﬂ’(}s—!
| 3 T

.:f 3 r

- =1 = -¢p - LBcosdp
f;; o = Pp + KBsingp

]

Looking at the equations of continuity and motion, (4) and (9a), we see that some

derivatives are needed. The derivatives of the Christoffel symbols are given below.

'.; Derivatives with respect to 51 and 52 or x1 and x3 coordinates:
>
3L _ 3K <o’y 81".‘ BK cos QE .
' ! ! . Yod ) :-}:ﬂ
) ol al;, 3K sinPyos of3, _ 3K sin
: . __:n_.______::!_ __‘__M SE- S-Elzl 32 _éa(__..ﬂ -]
. YR A g ]
J
. - 4
- 15 e
) .
' 4
]
e e R S S T T T e e e e T e




al?' _al,_3K 2B
a__fz‘l —gg"’—a—f—‘Bcostpp-& K;—f‘coscﬁp

EE: _ any 3L singpcosehy
ag! T ag ¥ T

J
_a__[;a = _a_l;; = - (_a.L_B + LLB‘) singp

3! 3¢ Y3 r.¥3
?5‘: — __él_- S.ln1¢p

Y& 3¢

a_lT:: é_l;lz = - 9B cosepp
YiEY a¢'

2
é_l.;;z_a_[;3_—_—§_8.5in¢P
2¢' 3¢ a¢’
2
afl aé?
] .
-7 AP 37K _ ﬂ¢$+§_8.cos¢p+r 3K g* +2kB2B
1 \ 1 < £
dg'  agdr 3¢ 2 28

_a_!;;_—. 'K ol ¢'+a_8cos¢p+r _a_'S.Bz +2KBb_§I -nerd

-1
- 4

d&? a_efa—r"— a_Ez P ae) aéi' aez

A3 9L 3K 4y, 9B Al 2 3B
Y T T MG TR Frb R v

PRI S

ap: :-'}7"_..— OK 47 OB . L S
_é__gzz Adr & qSP +'5?25"?¢P—r "aa?Bz-‘.-?BLg—?-? i j
at" 3¢ ar  af :
ALY _ 3T ]
3¢’ e4? 1
alj; _ 3K sin’¢p 3L, 3K

3 3  f YR

AL YA 4
€33 .0 31 =0

3¢ 3¢

3Ly _3hi =-(9.LB.+La_§) RINGE-LY: --(%e 22

A at'™ g YEY: 3¢ ¢’

A}y 3G _ 3L, 3L

YR Y 3¢ 3 O
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0. offy 3y (.28 8.3_5) 31;:'__“?:':(
- 36 ~ap \ap "o 3% o8\
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' Derivatives of Gi with respect to r (the x2 coordinate)

3L, _ 3K s¢ (2sin4’pcos¢, ), cos'dp )
3r  ar o - K r o r? )

oB K )
YTy

A, _ 35} _3K sindpcos P +K( cos’®s -sin’$p
ar ar ar r r

3z 3, | <a'KB+K§.g)cos¢,-Kasm¢p¢é

ar ar a_r-
_3h,_ (3'- ?._E_’_)sin% _BLcos $pdp
ar  ar arB+Lar

EACAREN RS - S
o/
2

at ar ar r
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bh - singp ;:os%)

r

3
LGy ¥, 3L sindpcosdp , | §_5'E’P.2_9<3_5_¢P +_'F_(sin’¢p- cos’¢p)¢,;
~ r

K}
oh,_ l—.-lﬁL)sin’?”p-’—Lsin%cos#’p ép
X Y r
2 ?
ofy, _ ok, _ _E_’Ecos#’,ﬂ- Bsin®p ¢p
ar ar ar
-2 2 [
3l _ 3L, _Bsindp-Bcosdp ¢p
ar 3 ar
2
éIL’ ;,-B’-QrB-a—B-
ar ar
aly 3K <8L | Bsi ¢>¢' Loy +28 (cos¢ +2rKB)1 k8B’ 2K
S Tart Naro e/ TRTETR RO o
AL L (aK ) " ae(. ) 2 23K
—_—i2 e -l —— - BcCcos - K¢, +==2 sin¢, - 2rLB ~-LB-rB=—
ar ar? \3r AN %o ar
3
.?ﬂ'. —_—_(L'. = -B.E)c os’®p + 2L COS¢pSin¢p¢;
or r? rar r
Al _ 2cosPpsind, g’ , COS?
S = 1ootesinky, , cov'ds

N L.

PSP ST GO




]
|
¥
33 =(_!_§L(__ K )sm’¢p+ 2Kslr_|_,_cos¢,¢ ;
ar rar r? ,.
g:;i _ _ 2sin frecogk.# + _s_i_nStp
- ald _afEt _ ~¢u _< oL +L58)cos¢p+LBsm¢p $o o]
_ ar  ar ar :
' af: _3li; _ sin’¢p- cos ‘o4, + SiN®pCOSH '
F dr  ar r r?
' 1
g 3l _ 3k _ ,,+<BBK aB)sm‘l".,+KBcos¢>pﬂf’» ]
g ar ar ar 1
k 1i:: following are given to express L, B, K, and associated derivatives in terms of -J
: the basic geometry: ]
{: >_ :.-::
i
B = g- 9?_2_4’9 C= 1+ adp —
T o
= ¢'cosdp + &’sindp B = t'sings— t'cosdy
L = (1 +adp)cosde—(ro,— $-B¢s)sind, “
K = (1 +adp)sindp +(re,— ¢ ~B%p)cosé,
» oL _ 4+ cos®psin®e 3B _ _ sinfp#, _cos $p N
b Bf r ?:él fz 1
; 3L _ sin'dp B= os?,,,;, .
- 2 ]
g 3K _ _cos'te 2B _ o;'+2§-i’v 2 -°‘—1ﬁ) -85
i. d¢ r ar 1
g OK _ ) cosdpsinp | -
[ 36 r R
p. ’ 2
i- . St Apsind, - ('01'+0£ + %)sin%— B% sind, 1 ¢'(#s) + £'%5 - K5
9 4
[ ,
- 18
s .
e =




N w0

Tv L ol

Came atn gme o o

:K 1"s|n¢p +(r0.+ 9.+—))COS¢9+ é‘—’COS"’n £(¢’)"e L¢;
r

3K =12sine, +{ral+ 26, - 2“ cos$p +2%; i 'cos¢ (ro”+0')sin¢p
312 T 2IN%p s P P p—(r6s +6,

. 2
a Sln¢g:z:8COS¢p +( ;) [-—L’rsin¢p+r0;cos'¢p+ %-(a cos%—ﬁsinfﬁp)

s8¢0+ ¢p [1T'cos¢p —(re.' - %’)sin#’p

2 " _. . ” 4
_a_L_- = 1"'0034’;;-((9'"*(29 2 )S“,‘ ¢p+2¢p [-iTSIn¢p—(r9.+0,)COS¢P

3z T
L ; .

' ﬁsm#i GCOS¢P] +(¢;) [- 1,cosPy+rg;sindp - ?_(a sind, +Bcos¢p)]
+{'do +¢p[ “sing, + (re,' - ‘F")cos#’,,]

a’L _  2sin pcos¢p¢ sm;#p

s f r

AL ol cos’dp-sin'Ppg! _ sin®pcosép

ar r r?

YK - 2509500800 g, 99|.§.¢

At ar r

K - ¢ - cos'dusinfhy , sindocostp

ef’ar— ° r r2

Seme insight abont the behavior of derivatives of geometric elements is given
in the following:

Lj

and g are dimensionless;

LG
C;gistoffel symbols of the second kind are like -(1/r), and differentiation
gives terms like (l/rz);
higher derivatives are like (1/r3) etc;
and only second derivatives end up as derivatives of r alone.

These properties will he reflected in the boundary-layer approximation if this

coordinate system is used. For example, if one were to consider a Flat Plate bhlade

operating at zero anpgle of attack (something like Meyne's work [7]), 62 would be the

19
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normal to a blade which physically would have to lie on a single helicoidal sheet.
Note that the leading edge does not have to be at 6 = 0 and no restrictions are
placed on the blade shape.

In this case, one boundary is at 62 = 0, and with the usual boundary layer

assumptions, derivatives of the dependent variable with respect to 52 are considered

to increase the magnitude of the term. That is, the q3 velocity in the 62 direction
is considered much smaller than q1 or qz. Thus, to retain all elements of the

! continuity equation (1), differentiation with respect to 52 must increase the

i; magnitude. With this conclusion, only the term involving 32/ 3(62)7w111 be of

prime importance in the viscous terms. However, use of the ccntravariant form in

the pressure term with a non-orthogonal set, as we have, gives rise to some com-

P

plexity. That is, __CAo)g||BP/axl will have (for our case) three pressure terms

*+ all equations. Thus, for a boundary layer similar to a flat plate, one would be
advised to use the covariant form. This will not cause any real problem because one
will undoubtedly substitute the physical velocity components in an appropriate
manner. (Note: It is not necessary, though.)

: a—"— a a h 1 .
Now q v/oqi:; where v% is the physical quantity

then q; =9;,9%

There are some problems associated with the previous coordinate system when
one seeks to use them for the genergl boundary~layer problem over a propeller blade.
One difficulty is to establish the boundary and to represent the normal for a
general warped blade. Hence, the physical arguments that are associated with the

direction of differentiation along the normal are somewhat suspect. However, except

in the area of the leading edge of the blade, for many blades the previous formula-
tion will be adequate over most of the blade (this would be true for most thin
blades lying close to a helicoid).

5 ORTHOGONAL SURFACE COORDINATES (CONSTANT FRACTION OF CHORD)

n Another system that removes the restriction of the blade thickness, camber,
arbitrary warp, and rake can be established. This has some improvements but {s )

t; not sufficiently general for all aspects relative to the flow vield. One serious . f.1

. problem is that the components of the flow outside the boundary layer must also be - .‘

[
, .
.

e
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hﬁ couched in this system, and this may cause considerable difficulty at times.
However, 1t i1s possible that this system may still have advantages outweighing the
above problem. One distinct advantage is the anticipated ability to easily treat p{%

the leading edge problem directly, including the stagnation point region. The }ti
general transformation is summarized in the following. Figure 4 illustrates the Q'f
!i necessary elements associated with this system.

J’
| N
. —
Figure 4 - Constant Fraction of Chord Blade Geometry : :
1f S (or S/D in a dimensionless system) be the position vector of a point on a _:;;
surface, then dS lies in the surface. If dS= §§-dz° represents the vector descrip- .

— z -
tion of dS (which lies in the surface), the vectors aS/éz“lie in the surface.
Furthermore, because we are dealing with a surface, only two surface coordinates

are necessary to describe the surface. Thus, let

S= S(xqXc! only

= Y'!h

where Ri are the usual cartesian unit vectors.

We will denote these two surface coordinates by u?. Because xc represents a chord- ;

wise parameter, curves described by setting X equal to a constant represent

constant chord curves on the surface.

M BREsOns

oa aut san 4
: ]

.
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- §
Thus, one has d{S/D}g g{x_no_)d Xp a{ /D} (15)

where B{S/D}/ax must be a vector lying along the curve of constantxc. Generally,

R
| VY Y
dy -9¥du _ direction cosine of a surface curve where 9% {s a direction
ds auyds ds
dy' ay|
parameter of some sort; furthermore, it is uniquely determined once == an¢ Er} are
u
known.
B
Now, a%= Dy where Ei are defined as before. Selecting u2 as the

aa

constant chord direction, one finds

ivafxa, X )i +h{xq x )k (16a)

Now we could make a, a unit vector by appropriate scaling, but there seems to be

little gained by such a move; it seems better to let a, be as defined, and then

2

808 =0, =17+ %h] (16b)
Hence,

Ja=vo.2 (17a)

Also, we may define other vectors.

lall:‘qgl; lad=v93, (17b)

Thus,

ay ay .
o Soa Yoni
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E and o
i 2 .

§ o = 2%}
L n ax“ (18) N
Now, because ﬁ)l also lies in the surface, a normal can be defined as
A X
S, S, S, ~
n = é{__/p‘}x a{ /D sa / 'l_a__7= 5: (19)
dXc JAXg 93X
Again, 2,5 is not a unit vector.
3= 'J(XR,XC)1+ QJ(XR,Xc)l*hJ(XR,Xc)L(
from which, according to our above definition, f3, 8qs and h3 are the components of e
a, in the Cartesian system. -
S
9y = 2,3,= Bl /i_)_}xa /b (20) -l
aXn axc - .
Finally, we may take, in a right-handed manner,
.gzx_a_j:g] -
an orthogonal vector tangent to the surface (call it the u1 direction)
— —— 2 -
S S/ S
-a—l"a—l—' g“:: 3.{ ,{D_]x %j_qll a.{__éo_l (21)
2 XR 3 Xg A X
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Thus we know all of the elements of the metric, and the coordinate system is a
general curvilinear coordinate system. The proof is quite easy; one has to take
only other inner products of'g‘r The ul, u2, and u3 were chosen in the manner
described previously to comply with a right-handed'system and to fit the usual ul,
u2 in the surface so that one can follow the development details usual to Gaussian
cootdinates.6 It might be well to note here that the development to this point
applies to the suction or back sideof a propeller rotating clockwise about the
y1 = x trailing axis. On the face (pressure) side, n will be the negative of the
above, a, 1= 33 x 23, where Eap refers to the
pressure side and is equal to ~a, on the suction side as described previously.

will have the same description, and a

Thus 3, "2 xa,=3a,x3a

right-handedness is

3 oOr i1s the same as before. However, the order of
P

3,+ a;+3,—>a when substituting in the equations.

1

This assures that ul is still toward the trailing edge.

One remaining preliminary exists, to form the Christoffel symbols one needs:

20, _ 39, % 3y |, gy 3% 3!

du®  dxg ay! du*  dx. dyl A (22)

In this equation, there will be no difficulty (other than algebra) in determining

98, , 29y
dXg 93X,
3y
A]}C’E;Ia are_the f , ¢ , and hg previously defined. However, one will need the
deriva: 1ves OXg and - F in order to complete the process. The required steps

ayl -3yl

are contained 1n the following section along with specific values of the other

termse.

FORMULATION OF THE GEOMETRY FOR SURFACE COORDINATES
The blade surface is defined by the vector S/D as:

i .
<-T + £(x,-0.5)sin®,- %COS%)l - ;—"Sinol +52-°°so-'$

o[
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Let
G=1y/D+ c/b(x, -05)singp — E/D cos¢,
and
Gp= 26 T d—b)(x -05)sing, - l_-)% cos¢,+¢v(/o(" °5)°°s¢' +Epsings)

Wtih a slight modification of o and B from the previous work, one can write:

b

F a= %(Xc—as)cos¢,+ E/Dsin¢gp

4

[ B= %(x,—o.s)sinsb,- E/Dcosép (23)
L .

i where the following have been substituted, as in Reference 3:

£'= S/D(xR)| % - 0.5)
¢’= E/D(Xa"‘)
0=

xn/2

Other useful formulas are:

30 _g1_20 _ Bép +<d(°/D) (xe OS)COS¢ + (/D)sin%> 2
X, X

;e Xn Xy R
where
, _db
6, = d——:
P! di’z
dxg
- .)_(B‘Ol Lo + da
Fa 2 Xa dXp
and
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With this shorthand, one has:

o
e
!f —s'/D:_-Gi - %ﬂ-sinol+ -523—-00'50'}5_
: 5\ . ; |
b a, =§(£’= Gqli + Fregt Su=Ggi - (S'SO +gcos()j+(°"25 -FnsmG) K
: 3 Xp 2
3 (24)
- where .
—916: -COSGl-SiﬂOh (see references 1 and 3)
g'.-—sinl))'_ +cosfk (25)
£ .
%’D c/ \. - B( /0)0054’ | - Xp, .a.g. coséj+ sinO!s)
%g;_) = l:(/o)sin¢, ™ (118 2 'an(
E
3
(C‘/D sing, - gﬁ){g)coy#--%
X302
2 ax, 2
h AXe X, A,
5 (g 1l & €
a3='ﬁ=a(/0)x3 /D)= B___ 0 ag_
a aXc axn axc ax‘
b Ge % F
f ==3 I +{Gas=- - Fa )§r+ > €
:ﬂ Finally, 2 axe ( axc axc 2 axﬁ
| 1 e, €y
a,=2,x2,=|Ga K ‘:n 5
10a (s8a 08 198
18 6 T
={138 B _coa)l; - L Fa°+Gaﬂ\g'
5 +E‘(EB<¢ C‘ch)}" > {Fs T Oy
da a8 1 da
+{G,,(GR3;: - Faa-x;)+ . 5;:}90 (27)
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Of course, we need this in the cartesian Y1 syatem:

- 163 8. 9o
2% lgox. ¥ (F‘Bx Crix )\

4
$ ]2"( RIx. +ﬁ‘g:z>sin0 [2—(%% + GR<G&T - f&g‘%)]cose J
s -Jf(G‘ﬁ(L aa)coso-l}. gx‘—’; 3 GR<G,gx‘: Jﬁig—é)]sino l‘.‘
a, = - _%—g__ y _21_219 coso +<FR§—% - Gngﬁ‘:)sin 9\1 (28)
+ ‘-'12 gisma - (F;g.f: - Gng—:;‘>‘7039‘ k (29)

~ow we can express the metric using either vector form.
1

g"-a_‘-g“( Gga) [F“"G2 2] S

1[(28) 4 (22| + L(c22 Fa") 2

+ 16 (3":> ¥ (a" 5] 4( 'B" (30) -

g,= g,-\g't, GL+ Fa + 1
3a \ ]
g,,=2;a,= [(ax)*(&ﬁ_)] ( R3x, ':T) | "‘?

Lastly, we need 3XR 4pa OXe

. + —D——-5|n¢P

MR A
LI

ay‘ ayl

~ -
, Now, o
i xq= 21/ Ty/OFs (z/DF 4
} 054‘ 1 __ \cos‘bp‘/ ly/DP+lz/D |tan -y/2)- 6, - .] "
: ]
ol i)

»

::}_1
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and .
o) _dic) B 36, o 3a 3Dl (ty/pf
dy!  dxq '’ 3" Tay'" oy dy'
thus
9Xp _
dy! -
Ixm . _2yID __2YID 0%p _ o
éy?‘-./yh zz2 DX/ oy siné
ax 22D _22/D  Oa__
s i T 7 Rl 1)
3%, _ 1 sindp e _sindp
3y' - D c/D M~ (c/D)
e . 9% __1_|2¢5sin6( asind,- Bcos%)—»,z(g Sin0'C03¢p
dyyy oy/D (c/) —cosecos¢p+xnsin6cos4>,,0,'+5(i110)sin0 sin®s
+g{§—:gp2,—u(a coshtBsinds)sing
But

asing, - Bcose, = E/D

acos¢,+Bsing, = c/D(x,-0.5)

and if the radial variation of offset ware simply E = c(xR)Y(xc)*, then

d(E/D) _ d(E/c-c/D) _ E d(c/D)
C X

an dXR d R

and MXe  — _1_[2sin6(F,coste+ Gsindy) —cosOCOS ] (31 continued)
3(y/D) c/D[ " " .

*This assumes that the blade section geometry is not changed radially. Many
designs are such that E C(xR) f t
) T (¥R) Y. (x)) * o(xp) Yo(x)

x
and hence, the expanded form in the bracketed terms for < (involving o and 8)
must be used. a(y/D)
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Finally,

3(yyD)~ a(z/D) ~ ¢/D

dXe  _dXe _ _1 ,-2¢,',coso[acos¢,,-ﬂsin¢,]+27-.°;'-cose cosé,

4
~sin6cos¢,— 2 [iy/Dlcos6 sing, —xu6,coséco

alc/D) ZD) [a cos¢,+ B8 sin¢,] cosé

T dxg (c/D

e . _1 -2coso[FRCOS¢a‘Ga5in¢p —sind cose,

3(z/D) ~ (c/D)

We next write down the geometrical quantities. The 8y Were previously written

(31 continued)

Aawn anrnd will not be repeated. The following is a direct result of the coordinate

aysteme

Because

g-‘=‘g11 922933

i Gl 1
=975,
"1 22 1 a1
g =g g =g 93—-EF3

The Christoffel symbols of the first kind are:

[i§.1] = {ji.il= - {ii.j}= 1 9
2 }

0%
x

[Hll__1 agil

e =

2 ax'

All others are zero.

The Christoffel symbols of the second kind are given hy

e=9""ljk. a)

29

a la

. Lo
S e T e
. o
I S PR W SN haalen's Ta Tl

P

PP )




Using the previous results*

[=g"1.2=-1g" 2
M= g [111)= g

[ =gPt 3 §g’=g-xﬂ;'
1.. gll PZ‘]]- - &7

' 3 4 __ 1392
r o 795 [ree”(22.3=-19°3%
5 9 == 2 ' ' 22 1,220
[L=l=g'i21= 1—9“%‘9‘ [, B3.20= 2950

rl‘::' 3] = |[13 1]_ n agn 3—{_,‘ :gu[13 3]-1 .23_.
CH: —g==l12217lg’axﬁn 0 2 a"agm
12:92 9= ,@_g_, [=[=g?(23.315g" S
[rg*i222=1 18);,@1 it o P
Crli-e2-3038  [o'pad-jol

There should be no local points that have a singularity prablem for a finite
thickness airfoil section, and the arguments used previously to justify only con-
sideration of the highest normal derivative in the viscous term should still be
valid. The significant single problem in this system is to provide the boundary
condition at the outer limit of the boundary layer. The surface itself is the

other limit with X going from O to 1 and X, from the Hub to the tip. This surface

R
will be given by S/D and represent (for our purposes) u = 0. However, the outer

boundary condition (at e« or the & boundary layer limit) is that the velocity must
approach the velocity of the inviscid flow, or at least approach it asymptotically.

Furthermore, the quantitic:- Zﬁkfj and fjx(fjiﬁ) must be expressed in this coordinate

csystem. Now these vectors are

L i e, e 1
2 qxe =2 q" q’ ={- qBQE"qufv)z
-Q 0 0

= 2[-(q'cos Fp+ qsindp)e, » q'QcosPpe s q’!?dn%gz]

*See Appendix B for details.
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and Qx( xRy .erg, needs to be put into the new coordinate system. The appropriate
components can be determined by taking the inner product of the given vectors with

a unit vector in the appropriate direction, e.g.,

1

a

= physical component of E in direction of Ea

Q‘I

"
8

Using the 1, e and e as perhaps the simplest description, one has

Vo2

Pm
N

£
—n.
1
-

as physical components of.aa where 'Vg22 = IEQl

The ccntravariant (needed first in any case) is

q%= physical component of q in & direction

Vlaa

€8, q’zq‘GR’cfg’ q'/2
Q22

Thus every vector will need to be dotted with the unit vectors j¥‘,%§2, and-%ia to
convert the inviscid flow field vectors to the components needed and also to ex-
press the Coriolis and centripetal accelerations in the equations of motion. One
should be careful in the process to nondimensionalize the quantities using D as the
length, because all geometry was done this way.

Another observation may be made that may be helpful. Presumably, most sections
will exhibit some stagnation point for only the chordwise velocity components at
some point other than xc = (0, probably on the pressure side of the blade for the
design condition. This is usually a good starting point. There 1s a good chance
that with the favorable pressure gradient that the flow on the suction side may he
laminar to near the ,oint of minimum pressure but turbulent elsewhere. See Ref-
erence 8, page 644. It may be possible to use an approximate technique similar to

that of w11d9 and Nager.5
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CHORDWISE IMBEDDED ORTHOGONAL SURFACE COORDINATES (See Figure 5)

In this coordinate system, one coordinate lies on a constant radius cylinder

and is tangent to the blade section. As before, one has

§/D=Gj- EzﬂsinO_j_o!zn-cOS@h

Now %?:gq(,ni- 5'39 i C%SGK—F;(COSG i* sin6k) (24)
One base vector is tangent to the blade section. Let this vector be 93:
{ CJ:Q(%) :Q_l_cosoé_‘lj—sinea—q—h (32)
t = 9% 9% X~ e
.' . |
" Take c :n:@xm:-l—a—-‘l—i_— [(GRQO‘_ -Ea'g )sine*l-a—q-cosé;p
i =T dx, O, 2 Ox, ax, X, 2 9x, £
Lfb 1 38 98 ~da )
-—==sing-(k —- 01k 1
: »[ 5 xcsun (,,a G“axc )cos] (29)
E and thus, one has _“_'i
c i J k R
5 1 dat da 38\ 138
r - (GRS -L22 ging 1
7 ox. (G“axf z%i‘c sin@ gé 'sma :
ZCxC = - - o B
k c cxC, 5 ax':COSO (‘,:‘ a)(c % 0s@ 5
1
! a8 -c0s69%  _sing 9% 1
_ 3 ™ 3, -_
’1
'»‘ __da = a8 e da | | 1
, Toax | Poxe x|
1 nl [387]. Bl-3d8 ,da .
-[— + siné — - cosé
2 Exc] [ax@ ! xc{“axc ‘ch} )i ]
AN A CLE DY 7-0 cose-g’—gﬁaiﬂ; 632 | sine | k 133) ]
2 | I9%c] |9x%, Ixd  Ixc )‘éxc - U

|
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and in the cylindrical polar coordinatesg, !
s -38 n3al. 1[f2a\p8Y]. 38 [ -8 .00 ?3
RS G | 2= e - | R + e .
) axcl“axc x| 2[<a G )}r axc[ Y N EEN ;
_138a, (38 _@da 188 )
CF 2 a)el- E‘(axc Gﬁaxc)gr* 2 3 ?‘0 (26)
.38, da (33b)
€57 dxc ~ A% €o
t; Also,
C
i P 2 )
o
== ¢ L
oo G () (5] fot-<5)
¢ as da
% 9,,7% &~ la ( > ( )) [“axc G“axc] 4 (34)
& - Jda aﬁ\
9y, Ly &7 <axc> (axc/ J -
|
gﬁa = direction cosine referred to yi and ua coordinate system. }7
1t ¢, = fi+ gj+hk _—
then
. _8a|gdf gda
1 axc[FRaxc GRa XC ]
coso}
(35a)

------
3.
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B 413

__.1 38 [ 38 .~ 3a |
: PRy c0sf+|E =*~-G,— |siné <
2 2 ax, +l naxc R X (35b)
-
h =-]-§£-smo - FQ-‘-B- Sa cosé
?20x% | "% G"axc
( - 28
k] a& '
6 = -2 cosg . (350)
axC
__Ga_
h3 _—axc sné
9% X

In addition to the above, terms like ay' '3y are needed. These are the same terms
previcusly defined. The form of the Christof{frl symbols is again the same; the
difference will be in the definition of gij and gij, which obviously differ from
the previously defined coordinate system.

13

Because the gij and g are functions of X, and x

R

39y . §9u_
ax® —L%(' ax, ay" ax

The ay"@xu are the ay}aua:fmga 'h" siven on page 34 for this coordinate
system. The axa@yu and a)%@y“ are given in the previous coordinate system.
The QL; and g” , g" will involve the same derivatives ir the present system (here)
as in the previous surface system. Again, becausc BG_/D)/aXR and 3/0)/ dX, have
the same directions as before, ;, to be the outward normal, will be the negative of
equation (29) page 27 and to continue to have ¢ the same (outward), we will have

to reorder tto coordinates for the pressure side as follows:

neg=-ng [back or suction side)

S; = _(';_Jx_c_;_zz annrz-ga xna=n,x o
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so that ¢, is defined as before. The right-handed system will now require that the

1 -
. order is |
G, ﬁp—’- ¢ —c, pressure side _
. and <, —"ﬁs_"ga_“‘ C suction side o
- and A, = ﬁF :_'ﬁa :_ﬁs
E: The appearance of the coordinate system is shown in Figure 5. The boundary -

condition at the outer edge of the boundary layer here may be very close to the
specifiction that the xc ditection is a streamline. If this is true, there may be

some simplification.

IRALURE DAMMMNE
¥
.

Yigure 5 - Chordwise Imbedded Coordinates

The equations are now complete. Appropriate geometric configurations can now be
selected and individual terms examined to derive a set of equations appropriate for

the boundary layer flow. -

FINAL REMARKS
One should be able to perform boundary-layer calculations with the coordinate

systems developed. A zero pressure gradient solution may be made for a skewed - -
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blade similar to Meyne.7 However, the real blade is, of course, the necessary

problem. The leading-edge region involving stagnation point flow in the ul

-
}'..
[
[N
VL B
®
iy
b
L

direction (perpendicular to the constant chord line) probably should be approached
first. One usually can expect some uncoupling of the equations in this region, and

a laminar solution may be both amenable and practical because there are favorable
pressure gradients in the vicinity of the stagnation point, which may be particularly
strong on the suction side. Whether a series or a polynomial approximation is used

may not make too much difference. The ensuing laminar solution on the rest of the

blade may be academic and of 1little practical use, but some model for the transition
region and turbulent region beyond can be applied.

In the case of turbulence, one must add the Reynolds stress terms that appear
*; as a result of the momentum terms in equations (9a) and (9b). Because qi and qj do T
not appear anywhere else as nonlinear terms, this is the only addition necessary. ‘
The choice of coordinates for the turbulent boundary layer problem may be the latter

surface coordinate set (xR.= a constant) because physical evidence seems to indicate

the flow is essentially in that direction. It may be that the original coordinate
set may be used with the appropriate pressure gradient included. This would be con-
venient because no component construction would be needed for either the pressure
gradient or the matching fluid dynamic velocities as one proceeds to the limit of
the boundary layer. The appropriateness of this latter possibility may have to be
determined by two calculations using the surface coordinates in one computation and

the references surface coordinates in the other. S
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so that c, is defined as before. The right-handed system will now require that the

1 -

. order is ﬁ
c,—~ ﬁF-o- c,—c, pressure side
and G, _"'ﬁs—"g‘-a——" c, suction side T
and 'ﬁp= ﬁF=;ﬁ°=Jﬁs

The appearance of the coordinate system i8 shown in Figure 5. The boundary
condition at the outer edge of the boundary layer here may be very close to the
specifiction that the X, ditection is a streamline. If this is true, there may be

<ome simplification.

Yigure 5 - Chordwise Imbedded Coordinates '..-'_‘;_

The equations are now complete. Appropriate geometric configurations can now be
L selected and individual terms examined to derive a set of equations appropriate for BN

the boundary layer flow. -

FINAL REMARKS

One should be able to perform houndary~-layer calculations with the coordinate

systems developed. A zero pressure gradient solution may be made for a skeved -
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blade similar to Meyne.7 However, the real blade is, of course, the necessary
problem. The leading-edge region involving stagnation point flow in the ul

direction (perpendicular to the constant chord line) probably should be approached
first. One usually can expect some uncoqpling of the equations in this region, and

a laminar solution may be both amenable and practical because there are favorable
pressure gradients in the vicinity of the stagnation point, which may be particularly
strong on the suction side. Whether a series or a polynomial approximation 1s used
may not make too much difference. The ensuing laminar solution on the rest of the
blade may be academic and of little practical use, but some model for the transition
region and turbulent region beyond can be applied.

In the case of turbulence, one must add the Reynolds stress terms that appear
as a result of the momentum terms in equations (%9a) and (9b). Because q1 and qj do
not appear anywhere else as nonlinear terms, this is the only addition necessary.
The choice of coordinates for the turbulent boundary layer problem may be the latter
surface coordinate set (xR'= a constant) because physical evidence seems to indicate
the flow is essentially in that direction. It may be that the original coordinate
set may he used with the appropriate pressure gradient included. This would be con-
venient because no component construction would be needed for either the pressure
gradient or the matching fluild dynamic velocities as one proceeds to the limit of
the boundary layer. The appropriateness of this latter possibility may have to be
determined by two calculations using the surface coordinates in one computation and

the references surface coordinates in the other.
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Appendix A
Some Tensor Concepts and Identities

We define a tensor by the way the quantity transforms, for example, B(i,x)=9y*/9dx' A(a,y) covariant
transformation. Sometimes B(l,x)=9x'/dy*A(a,y) contravariant transformation.

This does not make much sense unless one looks at some examples. Obviously, a scalar, f say, is the same
in any system, but look at the derivative. 3f/dx'=3f/dy--dy7dx' This is a covariant transformation. We

use F, to represent a first rank tensor that transforms in a covariant manner and F' for a first rank tensor

that transforms in a contravariant manner. As one might expect, the df/dx'is in some way related to a
vector in the X' direction, which is true. The precise meaning of Fl , F'in terms of the usual vector com-

ponents will be discussed shortly.

First, however, one must understand that higher rank tensors than the first exist. Typically, in fluids one
may get to third rank tensors, in solids all the way to fourth. Tensors may be mixed, ¢.g., R:n (y) is a fourth
ranked tensor and transforms

R 2 ¢ 2x o
”"(Y) ax ayl ayk ay' R"Y(x)

Note that the transformation is by products of first partial derivatives. Furthermore, one should sum on
the repeated sub and superscript and a superscript in the denominator can be considered as a subscript in the
nuinerator. Coordinates are labeled with superscripts because they transform in a contravariant manner.

Differentiation

If we differentiate @ f/dX'above, we get \

a*f _ _o% 2y ayr  af ay-
ax'ax dy-ay’ ax' ax! ay* 9Ix'ax!

and hence the expression does not transform as a tensor. To overcome this problem, proceed as follows:

3B, (y) _ axc ax* dA, + arxe

A
ay' ay' oy’ ox? ay'ay'
If we look at the Christoffel symbols, one can devise the following:
a*x+ _ _, 9x* , 9x’ axr

= —_— e —
ay'ay! v h gyt 4 gyt Jy!
Inserting this in the top equation gives

aB (y) _ ox- ax’ %_'_'_ . ox° A ro ax’ ax
Ty 3y gy o liay BT gy gy N
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) now, L ‘
g—’;: A =B, ()

: thus,

" ?_':JITV) - nB = g—’; g—;: (Z—A't -_r;,A,)

i which transforms as a tensor,

We designate B, y= aB /3y’ - l'; Bk as covariant differentiation.

If the vector was a contravariant component, then B', = dB'/dy'+TI'| B* Let the physical component

of A be Al and be expressed in contravariant form by A = v @, A’ (not summed on i). The contravariant

i components of A are A' = A:j\/—g'; not summed on ') where A!, the physical components, represent the

sides of a parallelopiped, of which A is the diagonal. Thusif qQ (u, v_, v c), where U, v_, and v_are the
physical compornents, then

.Y W)

ol

Vv
qQ'= = = v, $ in cylindrical coordinates.
. V3
p
‘ qa = v‘ = L’
: vV 8;, r -/
The covariant component of A'is obtained in a similar manner:
i A =g A =g A} (not summed on i)
j The curl of a vector 6 represented by V x 6 has components as follows. (Note: we vse e-system here.)*
g . elix
: Ki=T5 9
8

*e*is1i#j#k+#iandi—j—Kkiscyclicinorder, e.g., 123
=—1i#j#k#iandi—j—kis acyclicinorder
=0ifi=jorj=kori=k

e, is the same.
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where

aq .
q,.,= X - r)xq.

. The vector or cross product of two vectors is
H=9xq
and has components H' = @' Q.
or H=e e R
Of course, H'= g"H , so if contravariant forms of the vector are known, one may write H  instead of H'.

, Among other useful things concerning the use of the @ system is:

One literally has the choice of using covariant or contravariant components to determine the products

formed by various vectors. The only reason for using contravariant forms is if one works with the equations
) of motion and continuity in this form; then it is very easy to convert to the physical form. Neither form is
‘ really more appropriate than the other.

Often the equations are manipulated in one form and then converted to physical components before
actually solving the equations. This is perhaps most common, but not necessarily most efficient.

» Continuing, we have a triple vector product involved in our equations because of the rotating coordinate
i system. (Note that we have introduced the general Kroenecker delta d_, ) ; ‘_,_-'l]
. .._:1
Qx(RxR) for which RS
K'=d!'Q Q°Re -~
' - -1
In the x, r, 8 system, T
E - Q = Q'only, because g, = 1 .‘-]
' and-Q=Q i
) B — 1

R is the general position vector and, because of the rotation only about X, only the € component of R is

important, although both R_and R_ (but not R, ) exist.

i#jAI#d -
- *g'1' =0 unless J 1
» par p#Q#r#p - 1
o
= +1i, j, k are repeated in any order in p, g, and r. If the number of permutatlons (one at a time) is L
even to put Pqr in the same order as ijl, the plus is used; if this number of permutations is odd, the minus is T
used. e
P 41 =
» .
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R=R*e +R"e, (Note: g, is also 1)

K'= 6q 29 R*=Q?R'4"=0
Ki=4:: Q,Q'R° q = 2 and one permutation is needed to »
get symbols in the same order. '

2=—Q’R2=-—er

For further information one should refer to [6] or [10].
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1 2 3
a=b=2L =9, 2% (B1)
| - = u° - au au-
A
=fai +Qaj + hok
_ 1 3p ap da
A S AR GO
2 .
1 ap da \ . da 8a . 3B
9,= 3 (Gn I +F, axc>s1ne— [4 3x +G, <GR X FRa c)]cose
-: 1 (g 2B ,p 2o 1 2a 20 o 2p\ ] (B2
Z h = 5<GR ax. +F_ axc)cosa— [ 3% G, (GR axc— F. xc)]sme —
f2=GR
E g,=- FRcose—-s—'érﬁ -
: , cosé
: h,=- F,sing +=—=—
{ = 1 9a
. 77 3 ax,
_ 12 ap da
: g,= - 5 a—x-c cosf + (Fn a—c - Gn axc) sing -
o 1 9p _ oB da
hs = -~ 5 —xc sing (FR a—xc - GR *X—C>COSB B
> 43
, !

Appendix B
Christoffel Symbols for Blade Surface Coordinates

Some of the details to carry out the determination of the Christoffel symbols in the blade surface coor-
dinate systems are carried out here. As shown in equation (22) repeated here,

ag, ag, ax_,  ay' ag, dx_ oy 22)
au° a~, dy’ du*  ax_ 3y ou

It is necessary to differentiate F,, G,, da/dX_, and df/3X_which are contained in the g, (equations
(30)). The 3% /3y and 3 X /8y are given in equations (31) and the dy'/du-are the i, j, and K com-
ponents in equations (24), (28), and (29); that is,




80 _.c 3(E/D) _. c | d(Elc) .
ax D cos¢, = ax sin¢_or 5 cos¢ + ax sing,
B ¢ 3(EID) c[. . dEk) f
ax. = D sin¢, 3x C0s¢,0f T | sind, ax. cos$ -
[
= [ + _aﬁ - Xn ’ i + da
GR (D) axn FR T es XR aXR
aG i,)' ap aF 1 X a 1 da %a -
—f = — —_— R — _ pn’ -8 o — o —
3%, (D ax ax, ~2 82 0T SG Tx ax, T axg
aG, _ a°p . oF . _ _ 1 a . d%a
ax«_ a,Raxc —X—: .x-R a_;: axﬂaxc
ap d(c/D) . 9(E/D)
= X - - ——
ax. ax_ (x_-0.5) sm¢p X cos¢p+ $7/
a‘zp d(c/D) a2 (E/D) ®9
c
= X - i - !
f. ax ? ox (¥_- 0.5) sin_ 3% 2 cos¢, )
X d(c/D) 3(E/D) _.
+2 [ axX (x_ - 0.5) cos¢p+ ax_ sing, ¢,,'
-4, )+ad”
a:p _ d(c/D) _, 32 (E/D) , da
5% _ax. = ax_ sing, - ax_ax. cos$ + ¢ a—x-c |
a:p _  a?(EID) .
ax 2 - ax 2 COS#D Cie
da _ d(c/D) A(ED) . ,
ax. = ax_ (x, - 0.5) cos¢ + aX. sing_ - B¢, Elt::
&
]
1
*Recall that it may be convenient and applicable in a few cases (where E/C does not vary radially) to write '.1
E/D =E/C (x_rC/D(X,). R
)
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92a _ d(c/D _ ao*(eD) .
-a-;E = -E;-RZ_ (xc— 0.5) COS*p = —a—xn—z— sm¢p
d(c.D) a(E/D) , (B3 o
. ~2 [ ax_ (x,-0.5) sin$_ - ax_ cosé, | ¢, —
~a($) - B o
9a_ _ d(c/D) 22 (EID) ., 28 | n
5% 2%, = “ax. cos¢, + 3%, ax. sing - ¢, ax. e
3?’a _ 0%(EID) _.
o : = 3% : sing,
c E
@=7 (X, - 0.5) cos¢ + ) sing,
c , E
E p=5 (x,-08)sing, - = cosd,
o
‘f Equatioas (B2) and (B3), combined with (30) and (31), will ailow one to complete the determination of the
g Christoffel symbols, and thus the algebraic form of the equation to be solved.
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Appendix C
Cylindrical Polar Coordinates

. A common appearing coordinate system is given in the literature and listed below for completeness.

Referring to the figure

D - MRS

X'=x,x2=rnx3=20
y1=x|=x
y?=y = -rsiné

y® =2z = rcosé

Figure 6 - Cylindrical Polar Coordinates

10 0 The only nonzero Christoffel symbols of the first
kind are:
g,=|010]|;g=r

10 0 r] [32,2]
"1 0 07

g, 010
1

rz-

[23,2] = -[33,2]
=T

The Christoffel symbols of the second kind are:

100 :
r:; =g* [']v al
M =rs=g®[233] =M/rdr=1Ir

r2 =g#[33,2] =-r e R

v""

All others are zero.
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DTNSRDC ISSUES THREE TYPES OF REPORTS

1. DTNSRDC REPORTS, A FORMAL SERIES, CONTAIN INFORMATION OF PERMANENT TECH-
NICAL VALUE. THEY CARRY A CONSECUTIVE NUMERICAL IDENTIFICATION REGARDLESS OF
THEIR CLASSIFICATION OR THE ORIGINATING DEPARTMENT.

2. DEPARTMENTAL REPORTS, A SEMIFORMAL SERIES, CONTAIN INFORMATION OF A PRELIM- el
INARY, TEMPORARY, OR PROPRIETARY NATURE OR OF LIMITED INTEREST OR SIGNIFICANCE. SRR

THEY CARRY A DEPARTMENTAL ALPHANUMERICAL IDENTIFICATION. ""'";'—""'

3. TECHNICAL MEMORANDA, AN INFORMAL SERIES, CONTAIN TECHNICAL DOCUMENTATION
OF LIMITED USE AND INIEREST. THEY ARE PRIMARILY WORKING PAPERS INTENDED FOR IN-
TERNAL USE. THEY CARRY AN IDENTIFYING NUMBER WHICH INDICATES THEIR TYPE AND THE
NUMERICAL CODE OF THF ORIGINATING DEPARTMENT. ANY DISTRIBUTION OUTSIDE DTNSRDC
MUST BE APPROVED BY THE HEAD OF THE ORIGINATING DEPARTMENT ON A CASE-BY-CASE
BASIS.
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