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ABSTRACT

" In this paper three distinct formulations of the Pearson chi-square test

statistic, each of which‘employs random interval boundaries, are considered in

presenting an answer to the following problem: Given a finite sample size and

specified fixed composite null and alternative hypotheses, which method of
estimation of the unknown parameters leads to a test which is most sensitive
to departures from the null hypothesis in the direction of the fixed
alternative? The proposed answer is based on a finite sample size approxima-
tion to the distribution of the appropriate quadratic form under the alterna-
tive hypothesis.. In this investigation the estimators considered include a
simplified least-sguares estimator previously developed (Muhly and Gurland

(1984), MRC Techniéal Report #2792) and others satisfying some general !

regularity conditions. N

AMS (MOS) Subject Classifications: 62E20, 62F12, 62F03
Key Words: Pearson chi-square test, test of fit, asymptotic distribution.
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SIGNIFICANCE AND EXPLANATION

There are many tests in statistics for assessing the goodness of fit of a
specified family of distributions. One of these, the Pearson chi-square test
is widely used. Different formulations of this test are possible, with
different estimators of unknown parameters incorporated in it. A statistical
question of primary interest is the following: Suppose a finite sample is
observed, the null hypothesis is false, and some fixed alternative hypothesis
is true. Which method of estimation of unknown parameters leads to a test
that is most sensitive in detecting the falsity of the null hypothesis?
Answers to this question are particularly important when testing the
reliability of a product where some underlying family of distributions is
assumed for its performance. Another important situation is in the evaluation
of the performance of some treatment when an alternative treatment is

possible, and it is desired to detect poor or superior performance of the

treatment, as the case may be.
In the present paper both the null and alternative hypotheses are

composite, and the investigation of the above question is based on the

asymptotic non-null distribution of the test statistic which is developed here

under rather general conditions. Estimators considered include simplified

.
.
PR 2 3

least-squares estimators previously developed (Muhly and Gurland (1984), MRC

L4
Aa s

l. . N '.'.,.‘A"_."

b
r’ Technical Report #2792), and others satisfying some general conditions. The
:fA usefulness of these results is in assisting the statistician to make decisions s

J

b

F‘ in the choice of the formulation of the Pearson chi-square statistic and of
the estimators of the unknown parameters of the family of distributions being

tested.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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EFFECT OF SOME ESTIMATORS ON A LARGE SAMPLE APPROXIMATION
v P TO THE NON-NULL DISTRIBUTION OF THE PEARSON CHI-SQUARE STATISTIC

¥

al

Alan E. Muhly and John Gurland

1. Introduction

G
.
:

U T Y SO

In Chernoff and Lehmann (1954) the limit distribution of the Pearson chi-square test

statistic is obtained when unknown parameters are estimated by the method of maximum like-

hY
- lihood based on the full, i.e. ungrouped, sample. Since the full sample maximum likelihood

3
Ry

e

O W §

estimate (m.l.e.) is generally more efficient than the minimum chi-square estimate (based ~-
on the grouped sample), the use of the full sample m.l.e. should lead to a more powerful
test.

Attempts to demonstrate the validity of this conjecture have relied on some notion of
the asymptotic relative efficiency of the PearBon chi-square test statistic. In Chibisov

(1971) and again in Moore and Spruill (1975) it is shown that in terms of Pitman efficiency

it is not possible to assert that the use of the full sample m.l.e. or that the use of the
minimum chi-square estimate is to be preferred. Spruill (1976), using the notion of

approximate Bahadur slope, also showed that neither method of estimation is superior in all

| 3

r)
.
) . .

situations.
;if Although these studies provide many useful insights into the behavior of the Pearson 3;
:: chi-square test statistic, they leave unanswered the question of primary interest to the i?:
;1 statistician. 1In practice a finite sample is observed and, if the null hypothesis is ‘53

false, some fixed alternative hypothesis is true. Thus, the central question to the -
A statistician is this. Given the finite sample size, if the null hypothesis is false and :;
; some fixed alternative hypothesis is true, which method of estimation leads to a test which ’:ﬁ
’ is more sensitive to departures from the null hypothesis in the direction of this fixed ;:‘

alternative? if?

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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In general, if the null hypothesis is false, the fixed alternative hypothesis which is
actually true and the finite sample size distribution of the Pearson chi-square test
statistic under this alternative hypothesis are both unknown. Thus, it is not possible to
give a precise answer to the guestion raised in the preceding paragraph. However, the

following method for agsessing the power of the Pearson chi-square test can provide an

approximate answer to this question. First, suppose that a random sample of size N from T‘i
a population with unknown distributijon function F(+) 1is given and that it is desired to :;::
test the composite null hypothesis 52::
(1.1) Hy F(e) = po(.;e) . N

Aa

In (1.1) it is assumed that the functional form of F, is completely specified while the ﬂ B
parameter vector 8, which is an element of a set O contained in s-dimensional Euclidean >_a
space, is unknown and unspecified. Next, if Hp is not true, assume that the fixed
alternative hypothesis

(1.2) Hy ¢ F(e) = F,(';E)

is true where the functional form of F, is completely specified and the parameter vector

€, which is an element of a set = also contained in s-dimensional Euclidean space, is
unknown and unspecified. Then, since the Pearson chi-square test statistic may be
expressed as a quadratic’form, based on the non-null limit distribution of the random
vector appearing in this quadratic form obtain a finite sample size approximation to the
distribution of the test statistic under Hy. Finally, from this approximation, compute
the approximate power of the Pearson chi-square test of Hy against Hy. By considering
various methods for estimating 8, and by considering a number of different specifications
of Fy in {1.2), it is possible to obtain considerable information concerning the relative
merits of competing methods of estimation in the test of Hye.

In this paper three distinct formulations of the Pearson chi-square test statistic,

each of which employs random interval boundaries, are considered. Based on the procedure

nutlined above, finite sample size approximations to the non-null distribution of each of

these statistics will te obtained for various estimates of the parameter vector 6. While

T N T Ty T TE Y T
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the test statistics considered are asymptotically egnivalent under Hy, it will be seen -,
that this is not necessarily the case under Hy. ’4
Throughout most of this paper it will he assumed that both F5 and Fy .epend only .
on unknown location and scale parameters. In this case it is possible to define a least :ff
sguares estimate, ] + of B which is easy to compute and is asymptotically equivalent to >

N

the minimum chi-square estimate under H, (see Muhly and Gurland (1984a)}). In view of the

3
Chernoff and Lehmann conjecture, the estimate SN will receive specific attention. In

addition, other estimates of 9 are considered which satisfy fairly general regularity

conditions. 1In particular, Theorem 1 of Dahiya and Gurland (1973), which gives a finite

sample size approximation to the non-null distribution of one of the statistics considered

v

here when the sample mean and variance are employed to estimate 6, is obtained as a
special case of the general theory developed below under less stringent regqularity

conditions.

e

The next section summarizes the conventions which will be used and presents the

assumptions that will be required in this paper. In section 3 the three formulations of

the Pearson chi-square test statistic and the estimate gN are defined, and, in section 4,

some preliminary results are obtained. Then, in section 5, the non-null limit

Adistributions of the random vectors appearing in these statistics are derived and, in o
section 6, the finite sample size approximations to the distributions of these statistics O
under H, are presented. Finally, in section 7, an extension is discussed which permits

consideration of some parameters not of the location and scale variety. B

2, Conventions and Assumptions.

The following conventions will be adopted in this paper. First, all vectors appearing

- here are column vectors and, if A is a vector (or matrix), A' denotes the transpose

Y.
of A. 1In addition, if A 1is a vector, then PMAF = (A'A)} 2, Second, if Hy 1is true,

: 0 LI
] a will be used to denote the true value of 8 and, if H; {is true £ will be used to

Aennte the true value of f. Furthermore, the probability measure associated with
2 1

Fntx;90) will be denoted by Py and the probability measure associated with F1(X,C )




will be denoted by P,. Third, if Xy is a sequence of random arrays such that the

elements of f(N)Xy converge to zero in Pz(l=0 or 1) probability as N tends to
infinity, the notation XN = 0P£(1/E(N)) will be employed. Similarly, if Xy 1is a
sequence of random arrays and if each element of f(N)Xy remair hounded in Pl
probability as N tends to infinity, the notation XN = OP2(1/f(N)) will be used.
Finally, if the p dimensional random vector X has the multivariate normal distribution
with mean vector § and covariance matrix t, this will be denoted by X ~ Np(u,‘). In
addition, if XN is a sequence of random vectors, if X ~ Np(u,‘), and if Xy converges
in distribution to X as N tends to infinity, this will be denoted by XN g+ Np(v,g).

In order to obtain the results given in sections 3 through 6, it will be necessary to
impose reqularity conditions both on F; and on Fy. The basic assumptions which must be
satisfied by F, are the following.

Alg: There exists a parameterization of Fp such that

1)0=(6=(91,62)':-<e < +° and 92>0}, and

1
ii) Fo(x;B) = Fo(e1 + Bzx) where Fo(x) = Fo(x;e) for 6 = (0,1)' .
A2,: Fp(x) is continuously differentiable in x and fo(x) = %; Fg(x) 1is positive
for
all finite x.
In addition to these assumptions it will, at times, be necessary to assume

4 o = *® * 0 = - 0 0 0 0 2 =
tUf(t)dt <=, E X = [ __ xdF (xi0") 8,/8,, and Eg (X +8./8.)" =

J-m

Alg:
© 0,,0.2 0 0,2
J_u(x + 61/62) dFo(x76 ) (1/62) .
The distribution function F; will be required to satisfy similar assumptions. These are
given by
Al,: There exists a parameterization of F,(x:E) such that
1) £ = {f = (E/6,)': == ¢ E < 4= and £, > 0}, and
ii) F,(x;ﬁ) = F1(E1 +£2x) where F1(x) = F1(x1£) for £ = (0,1 ,
A2,: F4(x) is continuously differentiable in x and f4(x) = g; Fy(x) 1is positive

for all finite x,

and, when necessary,

-4~
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© 4 ® 1 1,1 1,12
R3y: [ _, tif(t)at <=, EX = [ xdF (x16) = -£,/E,, and E,(X + £, /6 )" =
1,12 1, _ 1,2
o (% * B /E)°AF (i€ ) (/B .
In addition to the regularity conditions which Fp and F; must satisfy, it will be

necessary to restrict the class of estimates of 90 as well. Basically, in order to

obtain approximations to the null and non-null distribhutions of the Pearson chi-square test —
statistic, if 9; is an estimates of 90 it is only necessary to require that C
- 1) /N (9;-90) converges to a proper limit distribution under Hy, and that ii) there .
’- exists a £ in I such that VN (8;-5) converges to a proper limit distribution under -]
' Hy. The approximations given below, however, also require that these limit distributions :i
E be normal. Thus, although more general conditions could be employed, for the sake of 1
l simplicity the conditions which estimatee of o° must satisfy are given in the following

definitions.

. 0
Definition 1: An estimate 6 of 6 is said to satisfy condition Ap if there exists a

N
0 2
function h : R+ R such that

0

1) J:. ho(x)dl‘o(xreo) = 0 and J:_ h (x)ho(x)'dro(xreo) = 6% uhere the elements

' of G0 exist and are finite and Go is positive semi-definite, and

N
+ 9 0 —
11) ON-B - ) h (xg) + op {1//N)  where Xy,.++,Xy denotes the original sample.
=1

1
N @ 0

-— -
Definition 2: If £ 4is an element of =, an estimate BN of 90 is said to satisfy

, - -
! condition A1(€) if there exists a function h_: R+ R2 such that

£

- * ] » * . 1 »
- LS T h_(x)dF,(xj£ ") = 0 and J o h_(x)h_(x)'dF (x:E') = G_ where the elements of 9
g 13 3 £

» *
G_ exist and are finite and G_ is positive semi-definite, and

£

oyl

9._ 1 N . /N
1) 06 = < z h_(X)) + op1(1/ N).

- a=1 §
\ - ~ -
o Definition 3: I1f £ and £ are two, possibly diatinct, elements of =, and if BN and R
=" . 0 - “ -
® 9N are two estimates of 6 , then ON and ON jointly satisfy condition -
. - » 2 Y3 2 Ehe-
. A1(E,E) if there exist functions h_ : R+ R and h_ : R* R such that o

£ £




N
- —_ * p— 1 * -—
17 4 satisfies condition A _(£) with 8 =-F =— ) h (X ) +o_ (1//N) and G
N 1 N . = a P -
a=1 § 1 £
© * * 1
h (xYh (x)'dF_(x,f ),
- e T 1
* & ~ LA -~ 1 N & —_—
iy @ satisfies condition A _(f) with B8 - f = — 2 h (X ) +o_ (1/N) and
N 1 N N ~ a P
a=1 § 1
@ w “w . o)
S g b, () (x)'dF (x;£7),  and
4 E £
™ Y xw 1
111) The elements of the matrix G__ = )__ h (x)h_ (x)dF, (x;£ ) exist and are finite
5.5 £,
®
G G
B x,
and the matrix e is positive semi-definite.
G— \' G\
£.8 £

The fnllowing comments are in order. i) The parameterization given in assumption A10
and A1y 1s not standard for distribution functions which depend on location and scale

parameters. It is employed here for the reason that the estimate 5N given the next

section is defined in terms of this parameterization. ii) Since the problem of estimating

0
a is secondary to the problem of testing Hg, how Fqy is parameterized is not a

s1agnificant constderation. Thus, for example, any distribution function of the form

F{ »x-u'’3), where == < u < +* and o > 0, satisfies Alg with 61 = -u/0 and

*
2, = 1/0. Furthermore, if assumptions A3y and A3, are satisfied, and if 8 is given by

:2.1) below, the:. it is shown in section 5 that the same approximation to the non-null
listribution of the Pearson chi-square test statistic is obtained as when Fg is
pirameterized in terms of its meand and variance and the sample mean and variance are used
to estimate these parameters. iii) If assumption A3, 1is satisfied then a natural choice
a0

frr an estimate of is aiven hy

oy 8t - (—YN//s_s, 1//55)'

- .2 * ; .
(Xa - XN) . Clearly, QN satisfies Ay and, if

* 1
assurgtion A3y s satisfiel, A satisfies condition A1(5 ) However, in what follows,

Py
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with the exception of some specific examples, it is not required that A3, and A3, be

-
satisfied nor is it required that 6O be given by (2.1).

3. Three Forms of the Pearson Chi-Square Test Statistic and the Estimate éN-

The Pearson chi-square test statistic measures deviations from Hy by considering the
difference between the empirical distribution function, Fy(x), and the (poseibly
estimated) hypothesized distribution function, Fo(x;eo), evaluated at K-1 points
interior to the support of F,. Here the empirical distribution function 1is defined as

Y o(x )
g X @

1
N
a

(3.1) FN(x) =

o~

where wx(y) equals one if y is less than or equal to x and zero otherwise.
As considered here, the points where the difference bhetween Fy and F; is observed
are obtained as follows. First, prior to observing the sample, partition the interval

[0,1] into K (> 4) intervals and let

_ 0 o 0 0 _
(3.2) 0—60<61<...< 61(—1<61( 1

denote the endpoints of these intervals. Next, for i = 1,2,...,K-1, define the functions

qi(e) by
(3.3) g, = 's%e)
i ] i
and let gO(Q) = == and aK(H) = +» for all 8 in O. Thus, for the parameterization
) -1._0 0
specified by Al,, gi(e) = (Ci-91)/82 for i =1,2,...,k-1 where ¢y = Fo (Gi). If 6

0
were known, then the qi(e ) would be the points where the cifference between Fy and

0 :
Fo is observed. However, since 8 is not known, obtain a preliminary estimate of it,

*

BN, ) for 1 =1,2,...,K~1. The difference between Fy and Fgy is

L 4
4 m (8
and compute q1 N

*
then observed at the ¥-1 random points qi(qN)'

For A and B in n, define the (K-1)-dimensional random vector U(E,e) by
(3.4) U (9,8) = Fulg (M) = Folg (8):8) i = 1,2,...,K-1

0 =
and define the (K-1) x (K-1) symmetric matrix D (9,8) by

)<W);9)[1-F<g Ao *!

0
€ Kle = sy " 3
(3.%) D (A,8) = (F (g 0 max(i,3) i,3=1

min(i,)

0
Note that if A - 8 then Fo(qj(q);e) = 51, which is known, so that




e
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]
.6 ,9) = . - 6§
(3.6) ui(e ) FN(ql(B)) 51
and
0 0 0 0 K-1
B,8) = = (8 -8 .
3.7 Do(8,9) ° ( min(i,j)[1 max(i,j)] i,j=1

2 —
Next, for O and ® in 0, let RN(S,O) denote the quadratic form

2 = — 0 — -1
(3.8) R.(8,8) = nU(8,8)'D (6,8) U(9,8) .
» 0 .
If qN denotes the preliminary estimate of 8 used to compute the points gi(eN)' and
LR
if BN denotes a possibly distinct estimate of 90 which is used to estimate

hd 0
Fo(qi(“N);g ), then it is shown in the appendix that the standard definition of the

* L2 )
Pearson chi-square test statistic with random intervals is given by Ri(SN,QN Y.
It follows from (3.7) that the true value, under Hy, of the matrix appearing in

-1
0o 0 0 -1 0
(3.8) is given by D (8 ,8) =D which is known prior to observing the sample. Thus,

in the definition of the Pearson chi-square test statistic it is not necessary to estimate
-1

« ee _4 -
p® by DO("N,QN ) '« Therefore, for 8 and 6 in 0, define the quadratic form
R2(3,8) by
N -1
(3.9) éﬁ(ﬁ,e) = nu(8,0)'0° u(d,9) .

» *re
1f 9N and GN are two estimates of 60, an alternative definition of the Pearson chi-

).

[ * *h
square test statistic is given by R2(8 ,8
N NN
It foll £ 3.7) that wh o) =0"", R2(e",0" k20" ,87). i i
t follows from (3.7) that when - % RN( N’ N) = RN( w0 us, in this case

the finite sample size approximations to the distributions of these statistics are the same

both under Hy and under Hy. More generally, if 6; # 9;., if 9; - 90 - opo(l), and
if 9;‘ satisfies condition Ay, then assumptions Al and AZO are sufficient to show that
» L2 ]
U(“N,qN ) = OP (1//N)  (see, e.g., Moore and Spruill (op.cit.)). Thus, since the elements
of DO(K "‘)-1 Oa i i ) a 9 2 8‘ - k20,8 -
0 re continuous in both an ' RN( N'ON ) RN(eN'sN ) 0P0(1)-

However, it will ke seen in section 6 that the finite sample size approximations to the

* .
non-null distributijons »f these statistics is the same only when GN = BN .

In order to define the third form of the Pearson chi-square test statistic considered

here, let y = (y,,...,yK_1)' where
10 =, 4 [F (. (a)) - 8% /¢ (c)
(3-10) YiT %y w9 O 17700
- - 0 —
and ON satisfies QN - 08" = OP (1//N). MNext, for 8 in O define the (K-1)-dimensional

n

TN




R Y R R O O e PSPy

random vector €(8) by

*
(3.11) e(f) =y - [1,g(9N)1e

where 1 is the (K-1)-dimensional vector of ones and g{(8) = (g1(0),...,gK_1!6))'. In

addition, define the (K-1) x (K-1) symmetric matrices i and ' by

. 7
0 . —

n = dxag[fo(c1),...,fo(cK_1)] -
(3.12) _}J!‘
ros @ 0%t "

~ *
Finally, for ® in ©O define the gquadratic form RS(GN,G) by 4
4
(3.13) R2(67,8) = Ne(8)' T 'e(o) . ]
R Fye s
L 2 ]
If BN 18 an estimate of 60 which satisfies condition AO, a third formulation of the } ;l,
N . . . "2 - e o
Pearson chi-square test statistic is given by RN(eN’eN . ]
i 1 ) R2(0",6%") - rR2(8%,6%") = 0 (1) ]
It is shown in Muhly and Gurland (op.cit.) that RN NN AL = Po :
- 0 *y

when GN -0 = OP {(1//N) and ON satisfies Aj. However, it will be seen in section 6 ;;;41

0
that the finite sample size approximations to the non-null distributions of these two

* *&
statistics are the same only when & - eN = o, (1.

1] ~
The minimum chi~square estimate of 97, eN’ is defined to be any estimate for which

there exists a sequence of positive constants ON’ with lim pN = 0, such that

N+
2(6",3 ) < inf R2(0",0) + .
(3.14) RN( NN in RN( N’ DN
0eo
* 0 * .
where 9N is the preliminary estimate of 6  used to compute gi(eN) for i = 1,2,...,K-1. C
* — ~ -~ . -
If GN - eO = 0p (1//N), a least squares approximation to SN, which minimizes RN(ON,G) -
0 e
with respect to 6, 1is given by
3 = ((r,q00 7, g8 0 g8 Ty Ty
(3.15) N [C1,g¢( N)) (1,9¢( N))] (1,9¢( N)) Y
* 0 —
If EN is any estimate of 90 satisfying (3.14), and if Rw -8 = oP (1//N), then (see
i . 0
i 8 -8 =o_ (1) and RA(6.,0.) - KB ,8.) = og (1) o
Muhly and Gurland (op. cit.)) N N Po N O N MALITA P, . t:u
4. Preliminary Results. A
In this section several consequences of assumptions AWE and Azi(l = ¢ <r 1) are -
obtained which will be used in the remaining sections. First, note that for any .  and -
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ELL (1, 9(6))]
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~
[any
D
]
wm
]
al
1
Z
¢
e

1 -

L - —
Thus, since U(BN,BN) - 6(2)({ LEY = Op (1/YN), and since the elements of E(£)
qﬁ L] qt 1 1?
» conti i f - £LE =
are continuous in §, E{ N)[U(QN, N) %(2)( )]
— 2 ] E 3 — —
s(»’.)[U(sN,eN) - s(, uz’,gn *+ o, (1//N). Therefore, (3.36) shows that

1

- 1= 1
Flg(E)) = 8 (E,£")

Ld -~ —_ . 1 — —
By = & = Mg(E) s M (E,8)) + op1(1//N)

and the result follows from corollary 5.1.
*

The non-null limit distribution of U(eN'au) can be obtained from lemma 5.2 and
theorem 5.1. However, the following direct argument provides a more convenient expression
for this result.

* 0 —_
Theorem 5.3: Let QN denote an estimate of 8 and suppose that there exists a £ in

* — .l
% such that BN satisfies condition A1(E)- Define & as in lemma 5.2 and

let

mo(E,6) =1 - I°EEH o, @@’y

— ™ —n e — 1 0 — = —
Mg (& ELEY = =M (£, BN (£,67) + T (5,50}(1,9(8))

and

- 1 — = 1 1 - —_ -, 1 = = .
JED e EDs e Dmo @D mge L EE

1 — =
NGNS

If 3. is defined by (3.15), and if a1 and AZQ are satisfied for 2 = 0,1

N 2
then, under Hy,
L3 1 — = § — =
/N - 3 § £
N(UB LB - BB LELEN) B (o s ELE)
wrere f (51,5,2) is defined in theorem 5.1.

(1)
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, oo _ 2
arz) - {wz(é)ma(g) wz(c)w3(Z)]/[m1w3(c) mz(c) |

.y - i f ; - - 2
bezy = Am1u3(z) uz(c)wz(z)]/[w1m3(c) wz(c) ] .
LMpie catoulat ions show that
SRS E(f)2Z (alZ) + P(2)E, b(z)Ez)'
Temmay €00 S iw.se shar 9; is an estimate of 90 for which there exists a E in =
- —
savk oviar A 0 watisfies condition A1(§). In the notation of corollary 5.2
1 e
U Tyt
T ate e h(o)?1, b(o)?z)' ’ )
4
- = 0
MS(. Y o= F(SYNT ) .
1 — — 0 -t¢1 — 1 - o
Mo UE LR = [eb(p) )L, - E(ENN ) M(E,6 (1, g(E))] q
and
tost D = e s e D m® mge! D
(3)(w K = 5(, . 6 ’ A 5 - e ’ .

If b(p) > 0, and if A1y and A2¢y are satisfied then, under Hy,

— ™ - a 1 —
NGB = €)% Np(0, ) (€ ,6))
where 3N is defined in (3.15).
Eroof: It follows from (3.10), (3.15), (5.31), (5.32), (5.35), and the definition of o

that
1

DA
|

* * 0 - * *
= E(‘)N)y = E(BN)[c + () U(eN,eN)]
—_ — * — * __
= £+ E(E)p + [E(GN)D - E(E)p] + (GN-E)
* 0 -1 * 1 —
+ E(%N)(n ) [U(%N,BN) - 8(2)(5. £

7 o7 o yn®) ' ruee”,0” VEN
= T (b0 (0T + BB (U8 ,0) = 8, (E,

Furthermore, (3.6), (5.13), and (5.15) show that

-22-
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and the result follows

It is interesting

a®

(—:(9N ) =y

+

p ik -~ -—
By - gyr]e + op1(1/v’N)

from lemma 5.1.

to note that (5.29) shows that 6(9;.) can be expressed as
- r 8% 00" )

+ 0 e (gany) - 6007 ,0°%) + 6% 700" - 57

tr; 8%, 00" ) - F %@ T+ r @)

Y] -1 —
Yuor,ox + TN E@E) - 6%

- 11,9ENE + % .

P

- _—~ - 'SR 2 — o~
() @B 8% e,0.T) 62EEN v o, (VW)
1

— -~ * L E ]
Thus, if, in theorem 5.2, £ =&, f.e. {if eN - GN = op1(1), then

(5.30)

[
N

eog) = 1% 'wesy, 0 AN .

N ) +o

P

Therefore, the following corollary to theorem 5.1 has been proved.

*
Corollary 5.4: If 9“

* W
there exists a & in EZ such that BN and GN

2] 0o . . *
and © are two estimates of 6 , if 6 -9 =o_ (1), if
N N N P1

jointly satisfy

condition A1(E,E), and if A‘l and Azz are satisfied for £ = 0,1

then,

/N ey - 0y’

under Hy,

1 1= = 0, -1 1+ = 0 -1
By & B S 0, e D@ T

E
It remains to determine the non-null limit distributions of gN and U(BN,gN). For

this purpose, define the 2 x (K-1) matrix E(§) by

(5.31)

ECE) = ((1,q(EN T (1,qEn1™ (1, g8,

where £ 1is an element of £, and notice that

(5.32)

Next, for 2 = (Z4,.+s,2g_ 4}’

E(E)c = E(E)[1,9(E))E = E .
define

wy = 1T,

(5.33) w,(2) = i'lr'z
1.-1
u)a(Z) =cl 2 ,
and let
-21-
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— - o~ 0 -1 -
B TR = - (,g@nE e O e E ey - 8%,

1 — ~ ~ = o1 — 1 -
MaE LB EY = [R,/E T = T (€8 Y q(5)]l
and let
eVEE) = 1t VEE L c(aEs e E D Ve e
(3)(a l1l)) = [I " M4(£ I:l)) : - ,q())]S (, 'le)[I : M4(E IEIE) .' - (1;9(5))] .
If A1, and A2, are satisfied for £ = 0,1 then, under Hy, ;.
'S 1 — ~ 4a 1 — ~ -,
/N Ge® ) - B (8 LEE) + N (0 (6 LEED)
Proof: For £ and E in £, let ;f
-1,.0 = = -1 .0 =~ -1,,0 == .,
Fy (8 (F,6)) = (Fp (8 (F,E))snu Foi (8, (E,E))

= [1,9(E))E
by (5.3). Then it follows from (3.10) and (3.11) that

ett _ 1 et eii
s:(N)--y-[,q(N)lN
_ 0,-1 LI e P .
=c + (") [FN(q(BN)) &7 Fo (8 (GN’eN )y . . ;
0 * 0 — ~ \W
Since § (BN,ON ) - 8§ (E,8) = OP (1//5) (see (5.14), (5.16), and (5.17)), and )
1 o
=
-1 0.+ 3 ;
stnce SoFler) o = /nEE), lewma 4.2 shows thet B |
t=8_(&,£E) -l
i K
-1 .0 % %% -1 .0 — » 0 —~ =1 .0 * #% 0 — ~ — © 9
(5.29) Fo (87(8,8  )) = Fy (8°(E,8)) + T (E,E) [8 (8,8, ) =8 (£,6)] + op1(1/v/N) . 3
Furthermore, it follows from (5.13) and (5.15) that ;ﬂ
* 0 1 1 0 0 1 ’!l
raen) - 6% = (81E,eh - 6% + (ra@ - $%E,EN 7]
s1 — _1 - * —_ —_
- T (£, )[1.9(5)](9N -£) + °p (/N ,
1
and (5.14), (5.16), and (5.17) show that

0 * &

5 8 0%,k 0F.% et - F
08y = 8 EE = @D ,a@ne” - D

. -— -~ — * —-— —
RO ED M, a6 =) + o (XM .
N P1

Thus, F(BN ) =8B (&

=20~

:

b
b
b
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c which (5.20) and (5.21) were obtained. In general, it follows from Muhly and Gurland

RN * 12

L (1984b) that if 9N and 9N are invar.ant with respect to the group of linear transfor-
[N 1=~ —

o mations with positive slope, then B(”(E £.E8) and t(1)(51,£,€) of theorw. 5.1 do not

depend on unknown parameters.
i Two further applications of corollary 5.2 yield the non-null limit distributions of

]
E(BN) and E(EN)' To see this let ¢ = (c1"'°'CK-1) and notice that for all § in =

- (5.25) 11,9616 = ¢ .
Then it follows from (3.10), (3.11), (5.8), and (5.25) that

. 5.26 N = % a0t

" (5.26) E(N)—y-c—()U(N,N).

Next, let P denote the (K-1) x (K-1) matrix

(5.27) P=1- (1,g08000(1,9080)° T (1,q6011 (1,851
. . 2] N 19 N g N 9 N .
- *
—-; It is shown in Muhly and Gurland (1984a) that P does not depend on GN and, since
-~ P(1,g(9;)) =0, Pc= 0. Furthermore, it follows from (3.11), (3.15), and (5.26) that
- U It N
{5.28) e(QN) =Py = P(I)T'U(O,0) .
Thus, the following corollary has becn proved.
. . 0 _
. Corollary 5.3: Let BN denote an estimate of B and suppose that there exists a § in

* —
Z such that BN satisfies condition A,‘(E). If A1y and A2, are satisfied

and if B is defined by (3.15), then under Hy,

1+ 0.-1 1+, 40,1
B py (B /BN > M (0, ()T} e L))

/N (e(e;) - 9!

and

Aedy - el @ sn oea® ™ et Da®y e

(2) (2)

.
For general GN the following theorem gives the non-null limit distribution of

* L L] 0
Theorem 5.2: Let BN and ON Adenote two estimates of 6 and suppose that there exist

L X

— *
E and £ in & such that 9N and BN jointly satisfy condition

R |} .
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9,0 = JLltT=NE (A,
1
then {5.4) shows that the ith element of 8(2)(5115 )} is given by
1 0
6, - 8§ 1= 1,...,K=1 ,

and straightforward calculations show that the (i,j)th element of t(z)(51,€1) is given
by

1 1 1 €5

1- + 3
min(i, ) omaxci, !t ogley) ¥ 57 ayle ), (ey)
1 i1

(5.21) + [a‘(cj) t 3 az(cj)]f1(ci) i,3 = 1,2,...,K-1 .

1 1
‘9 !
+ {1+ (ci+cj)q2’1/2 + cicj922/4)f1(ci)f1(cj)
In theorem ! of Dahiya and Gurland (op. cit.) the following variation of corollary 5.2

is obtained. First, it is assumed that Fo(x;e) and F1(x7£) are parametrized so that

(.22 F ) = P INEY, [T xary(x:6) = 83, ana |7 (x-80)ar (xi0%) = 8]
ardd

© 1,2 1 1
.23) P OGE) = Fo(x=)/7E,), o, xdF1(x;E1) = E:, and J_(x=€ )°dF i) = £, .

4 _ * = 2,
(3 fl(t)dt < for % =0,1 and that SN (XN,SN) .

ir addition, it is assumed that [ __

. %
Then, considering the K-dimensional random vector Y(BN,ON) defined by

0°,8"
U, (8,98 if 1=
* * * * * *
15.24) Y (8,000 = ( UL(B,00) ~ U, (8,00 if i =2,3,...,K1
0,0 i
“Upo 1Oy 8) if i=x ,

ard under more stringent reqularity conditions than required here, they obtain expressions
* *
for the asymptotic mean vector and covariance matrix of Y(BN,QN) which are easily shown
th be equivalent to (5.20) and (5.21). Thus, in this case, how Fo and F, are para-
motrizel affects neither the null nor the non-null finite sample size approximations to the
L 4 *

lrat ottt ron of U(GN,“N).

Arrther point to netice about (5.20) and (5.21) is this. Neither expression depends

an aednown parameters.  However, this result is not restricted to the conditions under
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denote the distribution function of N(O,Y‘ t ,E,E)Y) random variable. Then

(1)

FY(-.) = 0, FY(+.) = 1, and, by theorem 5.1, FYN(x) converges weakly to FY(x).

— L ]
Furthemmore, sirce VN y'[u(eu,e") By, (€ VEEN < 2/F(K=T) y <= for all N,

F N(-") =0 and F N(+°') = 1. Therefore, by theorem 8.6.2 (if y' } £, E,E)y » 0) or

(1)

E E)Y = 0) 1in Ash (1972), F_._.(x) converges to FY(x)

by theorem 8.6.1 (if Y' § YN

(1)
uniformly in x as N tends to infinity. Since Y was arbitrary, it follows that for

— o« L 2 4
large N the distribution of VN U(GN,SN ) can be approximated by the

154 1=~
ux_,(fﬁ Biyy (& /E/ED, 1(1)<e ,E,E)) distribution.

£ 24

*
The following corollary to theorem 5.1 treats the case where BN = BN .

1

Corollary 5.2: Let 6; be an estimate of 60 and suppose that there exists a E in
* pa—
such that SN satisfies A1(E). Let
- = .1
et =8t @ - 6
1 - 1< 1 —
H3(§ &) = = (§,E )[1,g9(E)]
and let
t 15 . 1 - 51(51 DY Mo 1=,
(2)(£ IE) (1 M M3(E IE)] E) I M 3 £ IE)] .
If A1y and A2, are satisfied then, under Hy/
LA 1= d 1 —
/N8 ,80) = 85, (E ,E)) * N (0,3, (E BN .
As an application of corollary 5.2 suppose that A3, and A3, are satisfied and that

. * 1 .
6. is defined by (2.1). Then GN satisfies condition A,(£) with h 1(x)  given by

N £
1 1 1 1
. g, 3 EjEnY |x el
(5.19) h 1(x) - - .
E 1 1.3 1..1.2 R 1.2
o 1) (4€ 176002 = (178 ))

Furthermore, 1if

1 x
a (x) = 1 tf (t)de

1 x 2
ay(x) = [ (e7-Nf (t)ar ,
(5.20)

1

® 3 a d
9,1 J .t £, (t)dt, an

1 © 2 .2
9,2 " JLft5-0 % (tyae
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—~ 0 — ~ —
Z(EIE) = -“ (5;5)“:9(5)] ’

and let

ONTAN AN I NN S SN NS LN AT LR RN LN

M (E,E0]" .

If A‘l and A2l are satisfied for £ = 0,1 then, under H,,

*  wk 1 =~ d 1 )
/N6, - B (ELEEN SN (0 (ELEEN .

L ] *h L 4 0 L 4 L 3 )
Proof: U(B.,8 ) = F (g(8)) - §7(8,,8 ). RAppealing to corollary 4.1,

N
(5.13) o)) = T -6 @'y »8'en,E] /N
. FN(q( N)) = FN(q(E)) - (E,£ ) + ( N'E ) + op1(1/ Ny
and corollary 4.3 shows that
0 & _w 0 . * ~ 0 — . ** 00—~ -
(5.14) 878,08 ) =6 (8,E) + 6 (E,8,) -8 (E,6) + o (1//N) .

1

*  ww 1 =~ — 1= .1 1..% 1 1 =.1
Thus, U(ON,GN y - 8(1)(5 IEIE) = [FN(Q(E)) -6 (E'E )] + [6 (eNIE ) [ (EIE )]
w A~ -—~ -— 2 3 -— —
- 6%, %) - % E@En - 8%T.0 ) - 2@ + 0, (WM.
1
Next, lemma 4.1 shows that

- 1 o« 1 — - . _ —
(5.15) shon.e’) - 6" @) = ELH (1, aDIeT) + oy (WR)

P

and that

0 . * ~ 0= ~ 0 — ~ - , —
(5.16) §7(0,E) - 8°(E,8) = - (E.E)[1,9(E)10-E) + o (1//N) .
1
Furthermore, corollary 4.2 yields

0 — % 0 — ~ 0 — ~ -— LA —_—
(5.17) §°(E,8 ) - 6 (E,E) = T (E,£)[1,g(E)] (8 =€) + op (1//N) .
1
LA

*
Thus, U(aNr N

1_~
) = By, (ELED
. T, NN = I T
(x: M ELEE ¢ M EDIUF(aE)) - §E,E )"
(5.18)
* - ': .Q.~ . /—.
(o)1 (8y B)1T 4oy (1AW

and the result follows from lemma 5.1. [

In theorem 5.1 it should be noted that the convergence of the distribution function of

_ R 1 — ~ 1 -~
/N[U(BN,GN ) ~ 8(1)(5 ,E,E)] to the distribution function of a NK_1(O,*(1)(E £.8))

random vector is uniform as N tends to infinity. To see this let Y be an element of

RK" subject to the restriction that Iyl ¢ ® but otherwise arbitrary, let FyN(X)
1 =~ ~
£ ,£,£)], and let FY(X)

L 3

p— *
denote the distribution function of VN Y'(U(ON,BN ) - 8(1)(

N
v
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and let

g

o
—~

el

<

T
-
Ew

1
b )
|
N
|
. h { L L .
1_‘;_h e

Then, under Hy,

&

r - 1+ .1
FN(Q(E)) -8 (£,8)

/N

0

1 1=
. Neyr1(0S (& .,8)) .

GN -£

* e
Theorem S.1 below gives the non-null limit distribution of U(GN,BN ) under the most
general conditions considered here. In the statement of this theorem the following

~

notation will be used. For T and £ in F, let

L = ~ ~ ~ —
(5.7 ﬂi(E,E) = fl(51*5291(5)) i=1,2,...,kK-1; £ =0,1 ,

and notice that when E = &, -
‘.-1

L x5 L _ S

(5.8) ﬂi(E,E) = = goley) - o
In addition, define the (K-1} x (K-1} diagonal matrices Hz(E;E) and ﬁz(E:E) by -ii
_- £ =~ 2 -~ .-.‘:.

(5.9) THERD = atagtr €8y, mp (TE R =00
and Ry
_y

(5.10) EE - EENES t=0,1 . )
. ’ ’2 2 ’ ’ -__‘J

Then it follows from (4.2) that

(5.11) 7‘;—5‘<E,s>| = ED e =01 ,
E £=F

and

(5.12) 37 SED) =M EDHLD) =00 .

* *n 0
Theorem 5.1: Let eN and 9 denote two estimates of ©  and suppose that there exist

- » L2
£ and £ in = such that eN and BN jointly satisfy condition

-— 1 — —~
8 VED 8@ - 2ED

—_— el — 1 —_
(£,6) - M (£,8 }1{t,9(E)]
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L

“ia'ly, for £ and E in %, define tne (X-1)-dimensional vectors Gl(f,z) (£=0,1) and
toe (X=1) X (K=1) symmetric matrix D1(F,E) by
(.50 sYELE - N E .8t EEn =00,
1 K-1
ani
1 = > 1 - > 1 = 3 K-1
. F,E) = (8 . L EN(1 - 8 39 . .
15.6) n ) ( min(x,))( )y { max(i,;)( E)])1IJ=1
* v 0
Lemma 5.1: Let GN and GN denote two estimates of 9 and suppose that there exist
—_ ~ L ] L 2 ] -_—~
£ and £ in T such that Ay and 8, jointly satisfy condition A _(£,f).
- an
Define the (K-1) x 2 matrices W_ and W_ by
€ €
- a0 * ‘|
wo=] ¥ {x)h_(x)'dF (x;€ )
— - - -— 1
£ glE) £
ok P Py 1
W= oY _ (Oh (x)'dF (x1E )
4 q(&) £
and let
r -
1= 1 * b
D (E,E) W_ w_
2 £
1 1 — ~ » -
S (& IEIE) = w_'_ G_ G_~ .
4 £ £,E
W L R ]
w! G_.' G
£ £,8 £ J

Then, under Hy,

— 1—1': '_—, "_"..9 [P
INUFgE)) - 8 (B, e ) (8 = B) (B - €)' ¥ N (0,8°( ,EL)) .

- 1 " )
Proof: Let z(x) = [(¥ _ (x) =8"E,£))'} h (x)' h_ (x)'}'. Then

g(g) £ £
- N
v (q(F)) - & (F 5,‘))- (6o E)r (o " Eyrpr = 1 ) Zi{X ) + 0_ (1/N). Further-
[(Fytath - N N N L P, :
. ® 1 ® . 1 1,,1 =+
more, (1) [_20x)AF (x:£7) = 0, (11) [_20)Z(x)'dF (x:67) = S (£ ,£,5), and

tiii) if a # R, Z(XG) and 2(X,) are independent. Thus, by the multivariate

- " 1 N 11 ==
. version of the Lindeberg-Levy theorem, — ) Z(Xu) A NK+3(0'S (F ,E.E)).
) /N a=1 [
) . 0 _

[ Torollary 5.1: Tet “N Aenote an estimate of 6 and suppose that there exists a f in
2 —

. « - *
- © such that 4. satisfies condition A (£). Define W_ as in lerma 5.1
.' f,

-14~
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A

sup lv(u) - V(Ei)| < €,/2C. Let A, denote the event
fu-8, I<a

o

v
]

a.

] -~ —
('Fo(gi,N'E) - sil < al. If Ay occurs, then 9;,N is in S(e,) and

~ ~ L] * -~ ~ — —_—
|fo(E1+EzgilN)(1.91'N) - f0(51*€291(5))(1,gi(5))l =

. -
Iv(Fo(gi,N;E)) - v(Gi)l < ez/zc. Thus, the occurrence of Ay implies that

-— - /_ ~ 1 ~ w -~
ci'N(E:E,e) = leo((1 EN( E-E) + r(gilN.E,E)

» L ]
'94,N 95,n

- £40(1,9, ENEI(1, 9, ENEE) - x(g ()T, D]
< /Nig-En . lfo((1.g;'N)E)(1,g:,N) - £400,9, ENEN(T,g, (BN + 2 VN y(1g-EN).
Since Y(1) =o(t) as T+ 0, /NY(C/N)/C+ 0 as N+ @ and thus
2/; Y(C//E) < 62/2 for N sgsufficiently large. Therefore, for N sufficiently
large, the occurrence of Ay implies that sup CilN(ErgZE) <

1£-E1<c//N

— — -— -— * -~ — _
/N(C/vN)(ez/ZC) + 2/N y(c//N) < €,. Finally, since Folay i) = 6, = oy (1),

1
P1(AN) *+ 1 as N » o=,

Corollary 4.3: If T ana E are any two elements of =, if GN - E = op (1) and
e ~ 1
8, =€ =0, (1//N), and if a1y and A2, are satisfied, then

* e.' 1 e. ~ ~— £ 2 3 -— o~ —
Fo(gi(eu)’ g ) " Fpla, (8g)i8) - Folg, (8118 ) + Fy(g, (E)1E) = op1(1//N) .

* 3 ] 23
5. The Non-Null Limit Distributions of U(8,6 "), €(8 "), and LN
All limit distributions obtained in this, and the next, section are based on lemma 5.1
and corollary 5.1. Before stating this lemma and its corollary, however, it is convenient

to introduce the following notation. For any vector a = (a1,..-,ax_1)', let

(5.1) Y (x) = (P (x),e00,¥ (x))'
_ a a, ! ar
and for any £ in Z, let
N
- —_ — 1
(5.2) F(a(E)) = (Fulg (E)),eee Fulge ()N =5 L ¥ _ (X))
a=1 g(f)

Furthermore, if E and E are any two elements of £, define

(5.3) 51(5:5) - Fl(qi(E)JE) i=1,...,k-1, 2 = 0,1 '

and notice that when E.- E, (5.3) becomes

(5.4) 6i(€32) -6t

N = Fk(ci) .

-13=
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bounded, on ;ke), v(u) 1is continuous and bounded for u in B(e).

Choose €, and T, so that 0 < €, < B and 0 < T, < 52. By the Cauchy-

Schwarz inequality
-~ - 21 - —
le0x,8,8) [ /1081 < (14x)72 |£0(1,x)0) = £((1,)8) |
for all (x,8) in D(e. ) x B(@,T )+ Moreover, since A(e_,T.) is compact and
1 1 11

fo is continuous on A(s,,r,), fg is uniformly continuous on A(e1,r1). Thus,

given 62 >0 (with ¢ < ¢

2 } such that

) there exists a 1, > 0 (with 1, <1

1 2 2 1

[(1,x)8 ~ (1,x)8] < 1. implies [£,001,%)08) = £0001,x)8)| < e, mie ).

2
R 1 - ~

Furthermore, since |(1,x)8 = (1,x)8| = a](1,x)(8-8)] < (1+x2)2 1881 < M(e )18-61

for all x in D(€1), 18-81 < TZ/M(€1) implies that lfo((1,x)6) -

£,001,8)] < €,/M(e)) for all x in D(e,). Therefore, if 19-61 < T,/M(E),

sup |r(x,6,§)|/|6—§l < €, since S(ey) < Dley). Thus, sup |t(x,8,§)| =

xeS(e1) 2 x€S(e1)

o(19-81) as 16-81 + 0.

Corollary 4.2: Suppose that T and £ are any two elements of = and let

Gi = Fo(qi(i);i)- If A1y and A2; are satisfied, and if

ett ~ /-—
N -E—OPH/ N), then

— L 2 ) -— 1 -~ -~ — -— R A
Fo(qi(E);eN ) =8, + fo‘£1+5291(5))(1'91(5)’(9N -£) +o

i P (1//N),

1

—_ ~

Lemma 4.5: Suppose that & and E are any two elements of £ and let

Proof :

-— -—~ *
Gi = Po(gi(E);E). Let 9 N be a sequence of random variables such that
’
* -~ -—
Fo(gi'N:E) - 61 = op (1) and, for £ in 2, define
-— -~ /_1 * * ~ -— a—
(FiE,6) = NIFo(qi,N'E) - Fo(gi,N’E) = Folg, (E):E) + Sil .

If A1, and A2, are satisfied, then for any C > 0,

sup ci’N(E;E,E) =0
1E-Ecc /N

(h .
P

By lemma 4.4 there exists an 61 > 0 such that v(u) is bounded and continuous on

B(e1)- Furthermore, lemma 4.4 shows that Y(T) = sup sup lr(x,E'E)l = o(T)

1£-Fucr xeS1(c)

as T * 0. Choose €, >0 and find an a < €, such that
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Corollary 4.1: Suppose that F,(x;ﬁ } is continuous in x and that { is8 an element of

— 1 *
. Set 8. =F_(a.(F);f) and let g, be a sequence of random
i 171 i,N

23]

n 1 —
iabl h th A - = . h
variables such that F1(gi,N ) éi opj(t) Then
1 -— — -—
£ - 3 + 8 = 1/ .
) FN(gi( » i 0P1( /Y N)
The purpose of lemma 4.4 is t» show that assumptions Al, and A2, imply a slightly more

* *
FN(gi,N) - F1(qj

N
general version of assumption III used by Chibisov (op. cit.). Lemma 4.4 is then used in
the proof of lemma 4.5 which is the non-null version of lemma 3.2 given in Chibisov.

Lemma 4.4: Suppose that 6 and 5' are any two elements of O. For i = 1,2,...,K-1, let

- — o~ K-1 — —
§ = : > = -
i Fo(gi(e) 8) and, for ¢ 0 define the sets B(¢g) Ui=1(6i c,Gi+e) and

K-1(

S(e) = Ui=1

X 3 !FO(X;B) - gil <e}l. If A1, and A2, are satisfied then there
exists an € > 0 such that Fo(x;e) is differentiable in 6 at 6 and
.9) = ;8 8. +8 -3 [}
Fo(x,9) Fo(x, ) + f0(91+82x)(1,x)(9 ) + r(x,0,8)
where: i) v(u)' = (1,[F;1(u)—51]/§2)f0(F;1(u)) is bounded and continuous

for u in B(g), and

i1) sup |r(x,8,8)| = o(16-88) as 10-81 » 0.

x€S(c)
Proof: Let B = min(E},1—€k_1) which is positive. Next, for 0 <€ < B8 and 0 < T < 52
let D(e) = {x : F.'(8,-€) < B +8.x < F. (8., .+)}, let M(e) = max (1+x2)1/2
(] 1 172 0 K-1 4 ’

x€eD(€ )
which is finite since D(e) is compact, let B(8,1) = {8 : 18-81 < T}, 1let

A(e, 1) = {y = (1,x)8 : x is in D(e) and 8 is in B(8,T)}, and let B(e)
denote the closure of the set B(€) defined in the statement of this lemma.

It follows from A1y and A2 that for any €, with 0 <e < B, Fo(x;e) is
continuously differentiable in 9 at 8 for any x in D(e). Thus, by Taylor's
theorem with Cauchy remainder, there exists an a (0 < a € 1), which may depend
on x and A, such that

Fo(xi8) = Fo(xiB) + £00(1,08)(1,x)(8-8) + r(x,8,8)
where r(x,9,9) = (1,x)(9-5)[f0((1,x)5) - fo((1,x)6)1 and 8 = 8 + a(8-8).
Furthermore, since 0 < ¢ < 8 implies that E(c) is contained in the interval

(0,1), and since, for such &, v(u) as defined in (i) is continuous, and thus

-{1-
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in % {which equals 0) and for any 0 < u <1,
XTI F“1(U"\ = (F-1(u) - F)/F
o ' 0 17772 ¢
and, for =0 or 1,

3 - - -
[3? Fk(qj(;);')?' = fg(i1 + fzgi(E))(1,qi(€))
(4.2) i=1,2,...,K1

3 — — —_ —
f— F £y.r v - o (F
{ Fi(gi(“)"); (.2/62)f2(5 + Ezgi(E))(1,gi(E)) .

af 1
Since, for ¢ =0 or 1, fQ(X) is continuous for any finite x by assumption AZl,

the next two lemmas are straightforward consequences of corollary 3 in Mann and Wald (1943)

ar! Tavior's theorem with Cauchy remainder.

Lemma 4.1:  If f and E are any two elements of =, if 9; - E-= oP (1//i), and if
1
A12 and A2, are satisfied for £ =0 or 1, then
* -~ — ~
: . & = .
}z(ai(SN).s) Fz(gi(i),ﬁ)
~  — ~ ~ — _ * -
- (Ez/ﬁz)fl(i1 + €2qi(€))(1,qi(€))(9N - £)
+ op1(1//§)
for £ =0 or 1 and i =1,2,...,K=1,
Lemma 4.2: 1If A2, 1is satisfied, then F61(x) is continuously differentiable in x and,

for 0 <t <1 and 0 < § < 1,
-1 ~1 -1
Fy (t) = Fy (8§) + (t—&)/fo(f‘0 (8)) + r(t,8)

where sup lr(e,8)1 = o(1) as 1 » 0.
le-8 1<t

The next lemma is a basic fact involving the empirical process. The statement of this
lemma is a slight modification of lemma 3.3 given in Chibisov (op. cit.) which takes into
account. the fact that it will be applied under Hy, not Hg. The proof of this lemma can
ke :nurd in the proot of Theorem 6 (page 437) in Gihman and Skorohod (1974).
iemma 4.3: Suppose that F1(x:ﬁ1) is continuous in x, that £ is an element of =,

— -_— 1 —_
and let Sj = F,(qi(ﬁ);’ ). For a > 0 1let B(Gi,u)

. 1 - — 1
~x:?F1(x;? ) - ﬁi' < al and let mN(Xj,a) = sip /NlFN(x) - F1(x75 ) -
FN'(W“(?)) vor ol Then, for any + > n xeB(Ai'G)
L i i
T —1—1.’: Pl[‘n\,(-;‘,'l) > el o= o0,
Y+ Newo
~n-

T
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1 -—
Proof: From (3.6) and the definition of 8(2)(5 £,

* o~ 1 1 LI 1 0,,* =
ute 8 =8 (E,£7) + (U(h,By) = B, (& E) -8 (Be8) -

N (2)
Furthermore, lemma 5.2 shows that 9; and §N jointly satisfy A1(E,g)- Thus,
(5.14) shows that
* - * j— —_- 0 ~ -—
6%e6 8 = %@ E) + 16%0a Ty - 2@ I + 6°T8 - 67,80 + oy (1)
1
and, since £ /T, = b(p) so that 19F,8) = bom®E,E), (5.16) ana (5.17) yielda
* n - ~ * -—
(s.38) 8%, = %EE) + I°EE (L aEN AT - bio)O D)1 + oy (IW/F) .
1
Thus, since (5.36) shows that
(B -E) - b(p)(8 -F) = (8" -F) + Ty Truee’,0.) -8 Yo o+ INE
N p (N —(NE) (E)( o - (2)(5 £)] °p'( NN},
ves,8 ) = 6"E,e") - s%F, 8 + m(E,EHwel,00 -8, D]
NN ' ‘ M, (&, NN (2) !
0 ~—m™ - * - -—
-n (E.E)(1,q(€))(eN~E) +op (/.
1
Therefore, (5.37) shows that
- 1= 1
F(g(E))=8 (E,6)
(5.39) ue 8 ) =8 . (EVED + m (& 5Him TN + o, (1A4N)
. NN (- e 7'l gt . OI’1
8y - £
and the theorem now follows from corollary S.1.
|

6. Finite Sample Size Approximations to the Non-Null Distributions of Rg, R, and RN.

Each of the statistics considered in this paper can be expressed as

(6.1) NX By Xy

where Xy 1is a random vector and By 18, in general, a random positive definite matrix.

The procedure employed here for finding a finite sample size approximation to the
tion of (6.1) under H; involves the following steps. First, write By as
(6.2) By = TyTy

where Ty 1is a lower triangular matrix. Then, find the non~null distribution of

(6.3) /N Xy ¢

=-24-
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Finally, if /N (TﬁxN-u) 2 N (0,2), a finite sample size approximation to the distribu- K

K-1
tion of (6.1) is given by the distribution of
(6.4) Y'Yy
where Y ~ NK_1(/§ u,t) (see the comment following theorem 5.1). T
To accomplish the first step in the procedure outlined above, let b = (b,,...,bx)'

where bj >0 for j=1,2,...,K, and define

(6.5) P.(b) = (M b )]

] 1a1P3) (Flay VBg)y 3 = 12,000 K

Some properties of Pj(b) are recorded in the following lemma.

) 2< j <K

Lemma 6.1: 1) Py(b) = byPy_4(b) + ("2;:bi

11) by + byyy = BIIP5_1(B)/Py(b)] = Pyyq(b)/Py(b) 2 € § < K1

-1 -1 .
111) Py(D)/Pyq(b) = by + (E32] /b)) 2¢3¢<K
1v) Py_q(b)/Py(b) = = = [b223 11t 2<¢5¢k .
3=1 j bj i=1 i

Proof: (i) follows from the fact that Pj(b) = (b Hj 1b )[(2:j -1

4M3=1by =1 1/b2) + 1/bj]- To show

- b2 = -
(i1) notice that by + bysq = Pj[Py_4(b)/Py(b)] (bj[Pj(b) bij_1(b)] +
-1 -
bj+1Pj(b)}/P (ry = {b 3(Mayby) + by, P.(b))/Pj(b) Py, (P)/By (D). To see (iit)

divide (i) by Pj_1(b) and, finally, to obtain (iv) divide (i) by Pj(b) and
rearrange terms.

The next lemma provides the principal result by means of which (6.2) is accomplished.

Lemma 6.2: Define the matrix A = (ai,j)§:;=1 by
+ - =
b +b ., f fi<1] =0
= -] if i~35 =1
ai,j bmax(i,j) '1 ]'
0 if |i=-31 > 1

where b = (b1,...,bx)' and bj >0 for j=1,...,K. Then A = TT' where T =

L (ti j)i j’ and

- -25-
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2 : - =
(P, ,,(BI/P ()] if [i-j| = 0

= bb
'( i - j LN
b. [P, 1(b)/P.(b)] if  i-1 j i=2,3, K=-1

i'j
0 if li=jl > 1 or 3> 1 .
Proof: Direct multiplication of TT' and part (ii) of lemma 6.1.
For # and 8 in O let
0 —
§,(8,9) if i=1
0 — - 0
(6.6) Aéi(e,e) = §.(60,8) - 61_1(9,9) if i =2,3,.00,K-1
1 - 50 (8,0) if i=K .
K=-1"""

If, in lemma 6.2, b, = 1/A6(i)(3,8), then it is shown in the appendix that A = p%(@,0)"

Thus, it follows from lemma 6.1 that

_ -1 -— —
(6.7) D°<e,e) = 7(6,8)T(6,0)"

where the (i,j)th element of T(E,O) is given by

0 0 Y il =
(1/A61+1(B‘,e) + 1/si(§',e)1 |i-5] = o

- _ 1
(6.8) €. - (1/Asg(e,e) - 1/62(6,9)]/2 i1 =3 4= 2,3,...,K=1

0 [i=9] > 1 or §>1 ,

= 0 — 0 J—_——
votice that when 8 =6, éi(B,ﬁ) = 51 = Fo(ci). Therefore, T(0,0) = T where

1]
o

(17880, + 1801 li-3]

1

1
- [1/A62 - 1/62]/2 i- i=2,3,...,K1

(6.9} t,

v
-

0 li-3] or §>1 ,

%o %,

art 07V = TT'. Furthermore, since T

-26-
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(6.10) o e e

where V = (HO)T.
It is now possible to obtain finite sample size approximations to the nou-null

* & ~

* L2 4 . - * -
distributions of 20 0 ), 720 A ), and R (9 ) for the following cases. -
NN N N N

IN .
1 o' = 0*". 8%,6") = R2(8”,0 850 o
Case 1: Suppose that w> % en RN( N’ N) = N( N’ N), T ( N) = T, and it
follows from corollary 5.2 that the desired approximation to the distribution of
both these statistics is given by distribution of (6.4) where
—_ 1 — 1 =
~ 1 ]
(6.11) Y NK_1(/NTB(2)(E ,E),'rt(z)(s JEITY .
Furthermore, (5.26) shows that
e (o) N TC N /N
(6.12) v'e( N) = P'U( N’ N) + 091(1/ N)

so that the finite sample size approximations to the non-null distributions of

2 ei ei 2 e‘ e'h) d Az e" 9‘
N( N’ N)I F}Q( NN’ an RN( N N) are the same.

Case 2: Suppose that 9' # 8" and consider
(6.13) (" e = nirroet,e ) v rwet,et )
RN NN NN

where T 1is given by (6.9). It follows from theorems 5.1 and 5.3 that the

. * L2
desired approximation to the non-null distribution of 2(6 0. ) 1is given by the
P NN

distribution of (6.4) where

(6.14) Y~ N O T'B(”(E £, E),'rt“) VE
for general choices of 6;., or
(6.15) Y~nN_ UNT ¥ (E 6, 1 t(“ Ve hn

*w
if SN = GN.

* ' L
Case 3: Suppose that ON # SN and consider C e

o R N 1 - . LA SN . *k R
(6.16) RN(BN,ON ) N[V e(GN y1'(v e(ON B . 9
It follows from theorem 5.2 and corollary 5.3 that the desired approximation to -

~ * L X 4
the non-null distribution of R:(GN,GN ) is given by the distribution of (6.4)

f where
, 1 = 1 = ~
(6.17) Y~ N N VB e ELE), V(B LELEV)
for general choices of 6;', or

.27
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(6.18)

(6.19)

Now consider

(6.20)

and notice that

(6.21)

* L 3 3 * L 2]
Thus, the limit distribution of T(SN,ON )'U(GN,GN ) under Hy does not follow directly
from theorem 5.1.

. [ 13 0
Lemma 6.3: Let 9N and ON denote two estimates of ©  and suppose that there exist

9' 9..
T( .

Proof:

1
K-1 (2)

L 2] * L 23
if © = 8 . It should be noted that when 0 - 8 =0, (1), (5.30) shows that

Y~n (/N vem’)” €« B, vea®) 't % ey

(2)

N N N N P1

. ' T3 . - ett /—
v e(BN )y =T U(SN, Nt op1(1/ N} .

Thus, in this instance, the finite sample size approximations to the non-null dis-

. * % '
tributions of R:(QN,QN ) and RN(eN N ) are the same. In general, however, if
* wk

6N - GN # °p (1) then these approximations differ. 1In particular, lemma 5.2

shows that 9N - EN # o, (1) so that the approximations to the non-null distribu-

e2 L ] ~2 * g
tions of 6.,8 ) and (6,.,6.) are not the same.
N' N N° N

29%,0"") = 6,00 ) u(e.,0." )] (T(0.,8" " yruce",0""
Ry (808 ) = NIT(8,,8 ") (8,8 M) (T(8, .8, )'U(B.0. )]

0,6 "y uee’, 0"y - o(E,Eye, £V EE) -
( NI N ) N' N ’ (1) IE'E)

8. eta . 9. e-t 1 — ~
T( N' N ) [U( N' N ) - 8(1)(5 IEIE)]
1

9* et' \ J— —_ -~
+ [T( Nl N ) 8(1)(5 OEIE) = T(E'E) 8

T and E in £ such that 9; and 9;‘ jointly satisfy A1(E:E)- Further-
more, let 3(3,6) denote the Jacobian of the transformation from 60(5)0) to
w(8,8) = T(E,e)-e(”(e',E,E). If A1, and A2, are satisfied for & = 0,1

then, under Hy, 5

)'8 VED =@, e, € EE + 3@ 5 1%6 0" - s%E.8 + o, (/W e
(1) r (1) ’ [4 l N ’ P1 . 'A

* i -~ -—
Under the hypotheses of this lemma, «'5°(eN,eN y - %5 = 0p (1//N) (see the L
1 T
proof of theorem 5.1). Furthermore, from the exact expression for J(6,9) given

in the appendix, it is seen that its elements are continuous in 60(5,9). Thus,

the lemma follows by the standard arquments due to Mann and Wald (op, cit.).

-28- -
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Theorem 6.1: Let GN and ON denote two estimates of 8 and suppose that there exist
- ~ * . -—-
€ and £ in E such that 6 and 8, jointly satisfy A,(£,8). Define
B(‘)(€1.E)2) as in Theorem 5.1 and let

o) — ~

1 =~ - — ~ —- 1 — 1 -
My (£ U8 LTUE,E)' = J(ELENT (E,6) - T(E,E)'T (5, )1 (1,9(E))

0 — ~

My B E) = =(1(E,D) - 3EDITEDH 9@

and let
s, 6" ED = @D imge B in EEns'e T

.

—_ - 1 =~ . —~
x [T(E,E)': M9(5 E.8) ¢ M10(E,E)]' .
if A‘l and A2z are satisfied for & = 0,1 then, under Hy,
LN 1] * e — 1 —~ 1 =~

INIT(B), 0, )'U(By,8 ) = T(E,E)'B  (ELEEN] » N (0} o € EEN .
Proof: It follows from lemma 6.3, (6.21), (5.14), (5.16), (5.17) and (5.18) that
8°,0°"youcel,00") - (T, Eyve, . (VEE) = nE,E)weel,0.) -8
T( N'N) ( Oy ' N 5 /& NN (1)

e * we 0 — ~
+ JELEI8T (8,8, ) - §(E,E)] + op1(1//i) =

=S, e 1 ==~ . s RN [N P * = " .
TE,E) [T M(E ,E,8) 5 My(E,E)] ((Fu(g(E)) = 6 (E E7))" 3 (B -E)" 1 (B -£)°]

-~ 80 — ~ - e 0 =~ - L2 L I —_
+ JED[-TEDH0,eE] I T ED,aE)]] 1B -E)* (8 -E)']" + o (IVF) .
1

-~ —_ - 1 =~ —~ o0 — ~ - — -
since My(5",T,0) = 2E D my L ED - s @ DICEH,e@)  ana w €D =

NE@)Mﬁfi)+-uEEm°@j)H,ﬂEH.

v 8. 9.')'0(9' ett - 1 =~ -
( NI N Nl N ) - T(ErE) 8(1)(5 rEIE)

i 1 —~ . _- - 1 — 1 e t__': .n_.\" —
IT(E,E)" 3 Mg (& ,E,6): M (E,EDT IR (g(E)) = 8 (E,E))" [ (B =) [ (8 =E)']" + op1(1//N)

and the theorem follows from lemma 5.1, »
* 0 -—
Theorem 6.2: Let GN denote an estimate of O  and suppose that there exists a £ in
L ] -—
£ such that ON satisfies condition A,(E). Definre E as in lemma 5.2 and

define 8(1)(51,5,5) as in theorem 5.1. Let
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M, €5 = 1@ h - @ - @D @H L a@e@ah”

e WEE = cm (EDEEY ¢ @@ - 3@ EFnoLedn
and let
oo, &V ED = @D iw e I e Dm0 tu,e T
(e)'= 15 11 ' %0 P92 ’ 11 ’ 1 %2 'Sy .

If A12 and A22 are satisfied for 2% = 0,1 and if §N is defined by (3.15)

then, under Hy,
* ' * o —_ = 1 — ™ d 1w
INIT(8,,6,)°U(8,8) = T(E,E)'8 (6, .00 » N _ (0,8 (€ ELN .

Proof: It follows from (5.36), (5.37), and (5.38) that 60(6;,§N) - GO(E,E) =0
1

P (1//N) +
. - 0. =11 = _1 - = 1=
DI-EE) )T MEE D (1,9 L(F(g(B)) - 6 (E,E )"

0 — = - — 0 -
T(E,E) (1B [EE)(T)
M ._Il
;(QN-E) ] . -
Thus, the theorem follows, after some rearranging of terms, from (5.39) and
corollary 5.1 as in the proof of theorem 6.2. [ ]
* e
The finite sample size approximations to the non-null distributions of R:(GN,BN )

ard RS(S;,g) follow from theorems 6.1 and 6.2. They are given by the distribution of

(6.4) where

- = 1 =~ 1 e
(6.22) Y ~ NK-1(/N T(EIE)'B(.‘)(E £.8), ¢(3)(€ IEIE))
for general choices of 9;‘, and
—_—~ 1 -~ 1 o= =
Y~ N N @8 ELEE, b LEE)
g' _ * ¥
when N = 9N .

The following lemma, which is easily demonstrated and covers all of the cases in this
sectinn, provides a convenient expression for the distribution of (6.4).
Lemma 6.4: Suppose that Y ~ Np(u,t), the the rank of t is r < p, and that u is an

element of the space spanned by the columns of t. Let X1 b WP A Ar >0

2
denote the non-zero characteristic values of ‘, let A = diag(k1,...,xr),
let P denote a p x r matrix which satisfies tP = PN\ and P'P = I,

J
and let w = /\/2 P'H. Then the distribution of Y'Y 1is the same as the

distribution of

2
(h.23) Il (%))
~«30=-
B " « U el ORI ST A
" .\......_: ‘_”‘_ n' ~‘ :. . ..-:.»- . - - -_. - . _-__._- -~ ." -' -~
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where 21,22,...,2r are independent standard normal random variables. —

By means of Laguerre series expansions (see Gurland (1953, 1955, 1956), Kotz et al (1967),

. ‘
-

and Gideon and Gurland (1976a, 1976b)), percentiles for the distribution of (©.23) are

easily computed, and finite sample size approximations to the power of the tests based on

L

the statistics considered here are easily obtained. .
o

Do

7. An Extension. ':;4
%

While the results of the previous sections can be generalized in many ways to oA

L}

- ed

accomodate other types of parameters, it is interesting to note that the following

extension, which includes several useful examples, involves only minor changes of notation

in the previous arguments. In place of A12 and A22 (2 =0,1), assume:

L

I: There exists a parametrization of Fo(xye) so that
i) o = {8 = (8,/8,)' :+ == <08, < 4=, 8, > 0}
ii) Fo(x;e) = Q0(91,92¢0(x)) where Qg maps R onto the interval {0,1] and
00 is a homeomorphism mapping a set Ay (which is free of 8) onto R.
II: Qqly) is continuously differentiable and gq,(y) = g; Qo(y) is non-zero for all
finite vy.
III: There exists a parametrization of F,(x;f) so that
1) 2= {6 = (§,,6))" + = <& <4, £, > 0}
ii) F1(x7€) = Q1(E' + 5201(x)) where Q; maps R onto the interval [0,1] and
¢, maps a set Ay, which is free of £ and contains Aj, onto a set Bj.
IV: Qq(y) 1is continuously differentiable and qqly) = g; Q1(y) is non-zero for all
finite vy.
V: For £ =0,1, OQ(X) is continuously differentiable for all x in Ay and
TI(X) = %; °£(X) is non-zero for all x in Ag.
It should be noted that the assumptions that g4 and Ty be non-zero are, in general, not
necessary. They are included here for convenience only to ensure that the ranks of the
matrices t(i)' i=1,..,6, remain unchanged.

The following examples satisfy assumptions I, I1I, and V.
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Example 1: The log-normal distribution with density

(7.1) p(xiu,q) = ar 01_1 %expf- % (_l_rlx_-u)z} x>0 'j

[}

where —-» <y < +@ and ¢ > 0. Here Qo(y) = &(y), where ¢(+) denotes the

distribution function for a standard normal random variable, 00(x) = 1ln x,

61 = -p/o, 92 = Y/g, and AO = {x:x>0}.
Example 2: The Weibull distribution with density
e Y, Y,
L . = - >
- (7.2) POx[Y aY,) = (Y /7,0 (x/Y,) exp{-(x/v,) '} x>0
where Y, and Y, 0. Here Qo(y) =1 = exp(-ey}, ¢o(x) = 1ln x,

_ .

1—-Y1lnY 9=Y1, and A, = {x : x > 0}.

2" 72 0
Furthermore, if one of these examples :ere chosen to represent Ho, then since the other

example, as well as any F, satisfying A%, and A2,, satisfy III, IV, and V, these would

be candidates for an alternative hypotheses in the type of comparison considered here.

|
: Assumptions I, II, III, IV, and V require the following changes in section 3 through
6. First, the definition of gi(e) (see the comment following (3.3)) becomes
-1
' (7.3) gi(e) = ¢0 (vi(e)) i=1,...,K-1 ,
_ _ = o 0
. where v (8) = (c.-08,)/8, and c, = Q '(5)). Next, let
) -1
(7.4) Y (E) = 6, (60 (v, (E))) i=1,2,...,k1
) and let
-1 -1 . -
(7.5) ni(i) = 11(00 (vi(E)))/TOW0 (Vi(E))) i=1,e00,K=1 .
g Then, (5.3), (5.4), (5.7), (5.8), (5.1%), and (5.12) become -
0, - o
si(e,e) = Qo(e1+92vi(6)) -l
s
1 = - »
61(5,5) = Q1(E1 + EzYi(E)) N
o _— —-—

-.' " (8,8) = qu(8, +8,v (8) 2
: 0,053 = .
: {(7.6) L ni(G,O) qq(cy) ,}

"9
1 = - - - d
ﬂi(E,E) = q1(€1 + EzYi(E))ni(E) :j
® 3_ 7 = 19 ) A
57 Fol9,(81:8) ui(ﬁ',e)(hvi(ﬂ))' =
e (g (7)Y;8) = (-8_/8 128, 8)(1,v, (6))" = ~n0(8,8)(1,v (8))"
a9 0 i ! 277274 St T
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and

! (7.7) 2R (g, (E)iE) = (B, /e (5 E)( v (E))' = =% (ELEN(1,v (E))"

. : ag T1' 93150 2757 e Yy it i )
Finally, except wvhere the function g; plays the role of an argument of Fylx), replace

g9y by vj. Then the arguments of the previous sections are unchanged and all results

i given there follow from assumptions I through V.
: Appendix
. The two points to be covered are: i) exhibit the matrix J(E,e) for E and 8 in
l 0, and ii) show that the quadratic form (3.8) is equal to the standard definition of the

Pearson chi~square test statistic when unknown parameters are present and the interval

boundary points depend on the unknown value of 0. |
~ Let ¢ = (@1,...,¢K_1)' and, for ) in 0, 1let m(E}e) = T(E;B)'¢ where T(E,B) ;
' is given by (6.8). Then, recalling the notation in (6.6), Ti?

(17882, (8,8) + 1/53(636)]v§¢i -
(A.1) w (8,8) = (1788%, (.0 - 1/6°, (3,826 . 1= 1,2,... %2 i #
i i+1 i+1 i+

0= 0 = 41720, - ®ke
[1/A6K(6,0) + 1/6K_1(8,B)] K-1 i = K-1% .

_ 3w, (8,0) K-1
Thus, J(8,0) = (—5—— and, if
36,(8,0) 1,3=1

- 0 = 0 —
ri(e,e) = 1/A61+1(8,e) + 1/61(9,6)

- = 0 - 0 =
ri(e,e) = 1/A61+1(e,9) - 1/51(9,9)
' (A.2) T80 = w8 (@0 - 178, (8,8
: T, (8,0) = 1/88,,(3,0) - 178, ,(8,0)

= 0 = 2 0 — 2
5,(8,0) = (1/88,,,(8,0))° ~ (1/6,(8,8))

5,800 = (1/m8), @807 - (1/8], (8,002

‘ i i+1

and

- 0 = 2
(A.3) S, (6,8) = (1/A61+1(6,e))

-33-




C pl caan - i e gk Snce Bat Shie —— CEami . 0 SR ARt vl arui e e g GG ab i B g R i e TV Pw T o T T Ty ey

e element of ugﬂ) ig given by

f —1/2 - - = -1/2~ —_
Y s, (5,806, -r (8,8) S,(8,0)6, ) Ji=3] = 0 i=1,2,...,K=2

W

} i=3 =K1

1 —
R ‘F oAy %
T A, SK_1(9,9)¢K_1

' r
A ] 1, R 1 i
) e (Em,A)T 23 (B, -1, (3.8)° 2E (8 = 4 d=1,... K- -
5 v (A, ) si(F, )¢i ri(e,e) si(e,6)¢1+‘] i+1 i i=t, ,K=2 ]
.xq
0 li=1f > 1 or i< 3 . ~
\ o
Feocall the definition of yi(ﬁ,a) given in (5.24). Then, the standard definition of .\:
I sty Tearson chi-square test statistic is given in terms of the quadratic form 3
2 = K - 2 0 -~ -
xN(e,e) =N £i=1Yi(6,B) /Asi(e,e) o
ALSY
— * — -1 pu—
= N Y(6,0)'D(0,06) ¥(6,0)
- — — . = 0 — 0 —
where  Y(A,%5 = (y1(e,e),...,yx(e,e))-, D(8H,0) = dlaq(A61(9,9),...,A6K(9,9), and 6 and

4 are ele=ments of 9.

To show that (A.5) = (3.8) let Ayx denote the K x K matrix with ones on and below

e 0 _ K-1
the main diagonal and zeros elsewhere. Also, let G(8,8) = (Gminu'j)(e,e))i'j___1 and note '
that nn(ﬁ,e) = G(8,8) - 60(5,6)60(5,9)' (see (3.7)). Then, it follows from (5.24) that :‘
o
AKY(Q,R) = [0(8,0)',0)' and, therefore, :;
- — . - -1 = .
(A6 X2(8,0) = (U(8,0)",01(a,D(B,8)AL) " [U(5,0)",0]" .
Sirnce k
- 0 —
G(6,8) & (8,0)
(A D(8,0)my) = . ,
§7(9,6) 1
(c-6%%+)"" -(c-6%0+)" 150
. - -1
(A7) (A_D(B,8)A') = '
K K -1 14890 (6-5%0%1)" 16

-6%1(G-6%%1)
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where, for convenience, the dependence on 8 and 8 has been surpressed, and XN(O,S)

2(8,9) by (A.6) and (A.7).
R

~— - « = -1
A convenient expression for 00(6,8) ! is obtained by noting that (AKD\O,O)AQ) =

(A&)-16(§,8)—1(AK)-’. Since (AK)-1 is the KX x K matrix with ones on the main diagonal

! .
'l,.. O NR

. = -1 -
and negative ones on the diagonal just below the main diagonal, and since D(6,8) =
_ 0 = 0 — .= o= K <
dxaq(1/A61(9,9),...,1/A6K(6,6)), (AKD(G,S)AK) = (qi,j)i,j=1 where S
( 0= 0 = , W
1/66,(8,8) + 1/88, . ,(8,6) Jli~4] =0 i = 1,2,...,K=1
4
—"—J
1/86°(5,8) i=4=K _q
K
9,5 = o
/88 1,4y @O l1=31 =1 )
0 li-5] > 1 .
Thus,
0, = -1 K-1
. D (8,9) = . .
{A.8) ( (qilj)i,j=1
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