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ABSTRACT

In this paper three distinct formulations of the Pearson chi-square test

statistic, each of which employs random interval boundaries, are considered in

presenting an answer to the following problem: Given a finite sample size and

specified fixed composite null and alternative hypotheses, which method of

estimation of the unknown parameters leads to a test which is most sensitive

to departures from the null hypothesis in the direction of the fixed

alternative? The proposed answer is based on a finite sample size approxima-

tion to the distribution of the appropriate quadratic form under the alterna-

tive hypothesis. In this investigation the estimators considered include a

simplified least-s uares estimator previously developed (Muhly and Gurland

(1984), MRC Technical Report #2792) and others satisfying some general i ..

regularity conditions.
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SIGNIIICANCE AND EXPLANATION

There are many tests in statistics for assessing the goodness of fit of a

specified family of distributions. One of these, the Pearson chi-square test

is widely used. Different formulations of this test are possible, with

different estimators of unknown parameters incorporated in it. A statistical

question of primary interest is the following: Suppose a finite sample is

observed, the null hypothesis is false, and some fixed alternative hypothesis

is true. Which method of estimation of unknown parameters leads to a test

that is most sensitive in detecting the falsity of the null hypothesis?

Answers to this question are particularly important when testing the

reliability of a product where some underlying family of distributions is

assumed for its performance. Another important situation is in the evaluation

of the performance of some treatment when an alternative treatment is

possible, and it is desired to detect poor or superior performance of the

treatment, as the case may be.

In the present paper both the null and alternative hypotheses are

composite, and the investigation of the above question is based on the

asymptotic non-null distribution of the test statistic which is developed here

under rather general conditions. Estimators considered include simplified

least-squares estimators previously developed (Muhly and Gurland (1984), MRC

Technical Report #2792), and others satisfying some general conditions. The

usefulness of these results is in assisting the statistician to make decisions

in the choice of the formulation of the Pearson chi-square statistic and of

the estimators of the unknown parameters of the family of distributions being

tested.

The responsibility for the wording and views expressed in this descriptive

summary lies with MRC, and not with the authors of this report.



EFFECT OF SOME ESTIMATORS ON A LARGE SAMPLE APPROXIMATION
TO THE NON-NULL DISTRIBUTION OF THE PEARSON CHI-SQUARE STATISTIC

Alan E. Muhly and John Gurland

1. Introduction

In Chernoff and Lehmann (1954) the limit distribution of the Pearson chi-square test

-statistic is obtained when unknown parameters are estimated by the method of maximum like-

lihood based on the full, i.e. ungrouped, sample. Since the full sample maximum likelihood

estimate (m.l.e.) is generally more efficient than the minimum chi-square estimate (based

on the grouped sample), the use of the full sample m.l.e. should lead to a more powerful

test.

Attempts to demonstrate the validity of this conjecture have relied on some notion of

the asymptotic relative efficiency of the Pearbon chi-square test statistic. In Chibisov

(1971) and again in Moore and Spruill (1975) it is shown that in terms of Pitman efficiency -

it is not possible to assert that the use of the full sample m.l.e. or that the use of the

minimum chi-square estimate is to be preferred. Spruill (1976), using the notion of

approximate Bahadur slope, also showed that neither method of estimation is superior in all

situations.

Although these studies provide many useful insights into the behavior of the Pearson

chi-square test statistic, they leave unanswered the question of primary interest to the

statistician. In practice a finite sample is observed and, if the null hypothesis is

false, some fixed alternative hypothesis is true. Thus, the central question to the

statistician is this. Given the finite sample size, if the null hypothesis is false and

some fixed alternative hypothesis is true, which method of estimation leads to a test which

is more sensitive to departures from the null hypothesis in the direction of this fixed

alternative?

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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In general, if the null hypothesis Is false, the fixed alternative hypothesis which is

actually true and the finite sample size distribution of the Pearson chi-square test I

statistic under this alternative hypothesis are both unknown. Thus, it is not possible to

give a precise answer to the question raised in the preceding paragraph. However, the

following method for assessing the power of the Pearson chi-square test can provide an

approximate answer to this question. First, suppose that a random sample of size N from""

a population with unknown distribution function F(-) is given and that it is desired to

" test the composite null hypothesis

(1.1) H0  F() = F0 (.;0)

In (1.1) it is assumed that the functional form of F0  is completely specified while the

parameter vector 8, which is an element of a set () contained in s-dimensional Euclidean

space, is unknown and unspecified. Next, if H0  is not true, assume that the fixed

alternative hypothesis

(1.2) H1  F(o) = FI(;C)

is true where the functional form of F, is completely specified and the parameter vector

E, which is an element of a set E also contained in s-dimensional Euclidean space, is

unknown and unspecified. Then, since the Pearson chi-square test statistic may be

expressed as a quadratic'form, based on the non-null limit distribution of the random

vector appearing in this quadratic form obtain a finite sample size approximation to the

distribution of the test statistic under H1 . Finally, from this approximation, compute

the approximate power of the Pearson chi-square test of H0  against H1 . By considering

various methods for estimating 0, and by considering a number of different specifications

of F, in (1.2), it is possible to obtain considerable information concerning the relative

merits of competing methods of estimation in the test of HO .

In this paper three distinct formulations of the Pearson chi-square test statistic,

each of which employs random interval boundaries, are considered. Based on the procedure F
outlined above, finite sample size approximations to the non-null distribution of each of

these statistics will be obtained for various estimates of the parameter vector 0. While
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the test statistics considered are asymptotically eqoivalent under H0 , it will be seen

that this is not necessarily the case under H1 .

Throughout most of this paper it will he assumed that both F0 and F, .epend only

on unknown location and scale parameters. In this case it is possible to define a least

squares estimate, N'I of 8 which is easy to compute and is asymptotically equivalent to

the minimum chi-square estimate under H0  (see Muhly and Gurland (1984a)). In view of the

Chernoff and Lehmann conjecture, the estimate ON will receive specific attention. In

addition, other estimates of 9 are considered which satisfy fairly general regularity

conditions. In particular, Theorem I of Dahiya and Gurland (1973), which gives a finite

sample size approximation to the non-null distribution of one of the statistics considered

here when the sample mean and variance are employed to estimate 6, is obtained as a

special case of the general theory developed below under less stringent regularity

conditions.

The next section summarizes the conventions which will be used and presents the

assumptions that will be required in this paper. In section 3 the three formulations of

the Pearson chi-square test statistic and the estimate 3N are defined, and, in section 4,

some preliminary results are obtained. Then, in section 5, the non-null limit

distributions of the random vectors appearing in these statistics are derived and, in

section 6, the finite sample size approximations to the distributions of these statistics

under H, are presented. Finally, in section 7, an extension is discussed which permits

consideration of some parameters not of the location and scale variety.

2. Conventions and Assumptions.

The following conventions will be adopted in this paper. First, all vectors appearing

here are column vectors and, if A is a vector (or matrix), A' denotes the transpose

1/2
of A. In addition, if A is a vector, then EAR (A'A) Second, if H0  is true, . -

* will be used to denote the true value of A and, if H1  is true C will he used to

denote the true value of . Furthermore, the probability measure associated with -

F (,<;90 will he denoted by P0  and the probability measure associated with F1(x;.

-3-
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will he denoted by P1. Third, if XN is a sequence of random arrays such that the

elements of f(N)XN converge to zero in P,(I=O or 1) probability as N tends to

infinity, the notation XN = oP (1/f(N)) will be employed. Similarly, if XN is a

sequence of random arrays and if each element of f(N)XN remair bounded in P,

probability as N tends to infinity, the notation XN = 0p (1/f(N)) will be used.

Finally, if the p dimensional random vector X has the multivariate normal distribution

with mean vector 0 and covariance matrix $, this will be denoted by X N(,). In

addition, if XN is a sequence of random vectors, if X - N (A,$), and if XN converges

in distribution to X as N tends to infinity, this will be denoted by X - N

In order to obtain the results given in sections 3 through 6, it will be necessary to

impose regularity conditions both on F0  and on Fl. The basic assumptions which must be

satisfied by F0  are the following.

Al0 : There exists a parameterization of F0  such that

i) 0 = le = (616)': - < 61 < +- and 82 > 0), and

ii) F (x;e) = F (6 + e x) where F (x) = F (x;O) for 8 (0,1)'
0 0 1 2 0 0 d

A2 0 : F0 (x) is continuously differentiable in x and f0 (x) d-x F0 (x) is positive

for

all finite x.

In addition to these assumptions it will, at times, be necessary to assume

4 0 0 0 0 2
A3 0 : t f0 (t)dt 

< 
-' E0 X = xdF0 (x;O0 = 102' and E0(x + 12 =

3( 60 0 0F 1 2
0

0 1 01 0 2 ( =1/2)2(X+ 81 / 2) dF 0(x;6 2

The distribution function F, will be required to satisfy similar assumptions. These are

given by

Al1 : There exists a parameterization of F1 (x;E) such that

i) = 
=

2 = (CIf2),: -< I < 4w and 2 > 0), and
12 1 2

ii) F(x;&) = F (E +& x) where F (x) =F (x;C) for C (0,1)'
11 2 1 1

A2 1 : F1 (x) is continuously differentiable in x and f1 (x) = - F1 (x) is positive

for all finite x,

and, when necessary,

-4-
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A3 1: 14 f(t)dt < 
' 

E1X - j, xdF1 (xC ) = (x/&2' and E1 (X + F,1/C 2)

C 2x E ;/ C:2 dF (x;&, 1 ( 1 C 
2

L: In addition to the regularity conditions which F0  and F, must satisfy, it will be

" necessary to restrict the class of estimates of 0 as well. Basically, in order to

obtain approximations to the null and non-null distributions of the Pearson chi-square test

• 80

statistic, if 8 is an estimates of it is only necessary to require that
K* 0

i) N (8 N-8 ) converges to a proper limit distribution under H0, and that ii) there

exists a T in 3 such that V-N (8N-) converges to a proper limit distribution under
N

H 1. The approximations given below, however, also require that these limit distributions

be normal. Thus, although more general conditions could be employed, for the sake of

simplicity the conditions which esttmates of 80 must satisfy are given in the following

definitions.

* 80
Definition 1: An estimate 8 of 8 is said to satisfy condition A0  if there exists a

function h
0 

: R * such that

S - 00 0 0
i) JL h0(xldF0(xg80) - 0 and h 0(xh0dF dF0(x,80) = G where the elements0 0

of G
o  

exist and are finite and G
o  

is positive semi-definite, and

• 1 N 0(x

ii) 8N' I h ( ) + OP 01//N) where X1 ,..., XN  denotes the original sample.
a-i 0

* 0
Definition 2: If C is an element of 7- an estimate 8N  of 

0  
is said to satisfy

- * 2
condition A1 (C) if there exists a function hi: R + R such that

:(l~( 1 - * a1)

i) h (x)dF (x 0 and J h*(x)h (x)'dF (x;C ) G where the elements of

G_ exist and are finite and G is positive semi-definite, and
CF

* -- N *

ii) N = h(X )+ o (1I1N).
N- C 1

Definition 3: If C and C are two, possibly distinct, elements of -, and if N  and
**0* **

8N  are two estimates of 8
0
, then 8N  and 8N  jointly satisfy condition

-~ *2 **2
AI(CC) if there exist functions h- : + 4 R and h R R f such that

7 .



1; 0 satisfies condition A with A -N N/) h*(X )N+ o (I/¢N) and

N1N -NF 1 l

S* * 1
h (x)h (x)'dF 1(x,F ),

- 1

)N satisfies condition A1 () with 6N  - N -t h (X C) + o P(1//N) and

(x)h (x) dFl (X; 1), and

iii) The elements of the matrix G h*(x)h** (x)dF (x;C exist and are finite

Gr C

and the matrix is positive semi-definite. K

The fIjlowin.q comments are in order. i) The parameterization given in assumption Al 0

and All is not standard for distribution functions which depend on location and scale

parameters. It is employed here for the reason that the estimate 9N given the next

section is iefinel in terms of this parameterization. ii) Since the problem of estimating

irs;econdary to the problem of testing He, how FO  is parameterized is not a

siqnificant consideration. Thus, for example, any distribution function of the form

F2 x-u
1 

'i), where - ( ii < + and a > 0, satisfies Al 0 with I= -l./a and

= 1/c. Furthermore, if assumptions A3 0 and A3 1 are satisfied, and if 0 is given by
N

!2.1) h'elow, the;, it is shown in section 5 that the same approximation to the non-null

listribution of the Pearson chi-sauare test statistic is obtained as when F0  is

rel-riz~d in terms of its meand and variance and the sample mean and variance are used

to cot Imato these parameters. iii) If assumption A30  is satisfied then a natural choice

fo:r an -. timate of 0 is aiven by

N N N N

I N 2 1 N 2
X_ , X and SN N c -X ,Clearly, N satisfies A0  and, if

, a (X( IN N=

,; ir! ic- A3 ti sa i ffi I , N sat isfies condition A (
I  

However, in what follows,
N 1

-.. . .
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with the exception of some specific examples, it is not required that A3 0 and A3, be

satisfied nor is it required that 6 be given by (2.1).

3. Three Forms of the Pearson Chi-Square Test Statistic and the Estimate iN'
The Pearson chi-square test statistic measures deviations from H0  by considering the

difference between the empirical distribution function, FN(x), and the (possibly

0
estimated) hypothesized distribution function, F0 (x;0 ), evaluated at K-I points

interior to the support of F0 . Here the empirical distribution function is defined as

1 N
(3.1) F Nx) - ' x

(X )

a=1

where W (y) equals one if y is less than or equal to x and zero otherwise.x

As considered here, the points where the difference between FN  and F0  is observed

are obtained as follows. First, prior to observing the sample, partition the interval

[0,1] into K () 4) intervals and let

(3.2) 0 =0 <0 <... 0 < 0
0 1 K_I K

denote the endpoints of these intervals. Next, for i = 1,2,...,K-i, define the functions

gi() by

(3.3) gi( ) = F 1(6 0;8)
1 0 i

and let g (9) = and a (q) = 4 for all 0 in 0. Thus, for the parameterization
0 K

specified by Al0, = (c - ) 2  for i = 1,2,...,K-1 where c= F (60). If 6
1, i 1 2 0

wt(6 ) would be the points where the ifference between FM and
were known, then theN

F0  is observed. However, since 80 is not known, obtain a preliminary estimate of it,

and compute g....e ) for I The difference between FM and FO is

then observed at the F-1 random points gi ().
SN

For A and A in 0, define the (K-1)-dimensional random vector 1(n,p) by

(3.4) U (9,R) = FN(g (A)) - F 0 (a (0) ;4) i = 1,2,...,K-i

and define the (K-i) x (K-i) symmetric matrix D (O,P) by

(3.5) D03,8) = )F0 (gin3 j )W) l -j 0(gmax( )(Il i,j= -; .

Note that if A 8 then F0(g. (9);9) 6., which is known, so that

-7-



(3.6) U16,) F (g (9)) - 0.

N i i

and

(3.7) D0(9,0) D 0 (6n0 (1 - 60 K-i

min(ij) ma x(i,j) i,j=1

2 2Next, for A and 9 in 0, let N(T,O) denote the quadratic form

(3.)2- 0- 1-
(.)R N(

6
O) = NU(,6p'D(66 (6)

0()

If 1N denotes the preliminary estimate of 
0  

used to compute the points gi(ON), and

if 6 denotes a possibly distinct estimate of 6 which is used to estimate
N

(9 (A*);,) 0), then it is shown in the appendix that the standard definition of the

Pearson r±i-squire test statistic with random intervals is aiven by 2(6N,6N).

It follows from (3.7) that the true value, under H0, of the matrix appearing in

0 0 0 -1 0-I
(3.8) is given by D (9 = D which is known prior to observing the sample. Thus,

in the definition of the Pearson chi-square test statistic it is not necessary to estimate

1 by D0( 0 ) Therefore, for 69 and 6 in 0, define the quadratic form
N N

'2 - y
82(-, ) by-.

N --

(3.9) (-6,6) = 0 ( , )

If 8 and 1 N  are two estimates of 6, an alternative definition of the Pearson chi-
N N

square test statistic is given by 2 (e*e )
°

N N N* ** 2 ' 2**
It follows from (3.7) that when 0* = R(ON.6

N) =2N(
6
N

6
). Thus, in this case

the finite sample size approximations to the distributions of these statistics are the same

N ** 0L

both under H0  and under H1 . More generally, if 6 N 6 N  if 6* - 0= 0 (1), and

if 6N satisfies condition A0 , then assumptions Al0 and A20 are sufficient to show that

U(11 1r (1/1N) (see, e.q., Moore and Spruill (op.cit.)). Thus, since the elements
N N P0 -fD ( n)

1
2 *.44 .'2 N * °0

of D (6, are continuous in both - and 6, RN(N , N - RN(0 9 N = o ).

However, it will he seen in section 6 that the finite sample size approximations to the

non-null distributions of these statistics is the same only when 0 = 6N

In order to define the third form of the Pearson chi-square test statistic considered

herp, lot y = l, .. )
'  

where

(3.10) Yi= ci + (FN(q (0 )( - i0f c

and atisfies I n = (1/VN). Next, for 6 in 0 define the (K-1)-dimensional
N N P0

- IA i



random vector E(6) by j
(3.11) C(O) y [1,g(6 H-eN

where 1 is the (K-1)-dimensional vector of ones and g(e) = (g1(6).gK1(6))
'
. In

addition, define the (K-i) x (K-i) symmetric matrices H0 and r by

01 diag[f0 (c1 ),...,f (c )1
(3.12)

-No1 D0 (R0 -1
S( )-ID8(f0)

-

Finally, for 0 in 0 define the quadratic form R (6 ',6) by

(3.13) R(ON,e) = NE(6)' EM()

*0 80
If 6N  is an estimate of which satisfies condition A0 , a third formulation of theN4

Pearson chi-square test statistic is given by 2,(6 ).
N N N

It is shown in Muhly and Gurland (op.clt.) that RN(6 ,NN) - 2(6N6 ) 0 (1)

when 8 - e
0 

- 0(I/V) and satisfies A0 . However, it will be seen in section 6

that the finite sample size approximations to the non-null distributions of these two
* 8*0 =O()

statistics are the same only when 8N - 6 N P (1).

0
The minimum chi-square estimate of 6 

6
N' is defined to be any estimate for which

there exists a sequence of positive constants pN' with lim pN = 0, such that

(3.14) 2( < inf R
2
(6N,6) + 2

Oe0

*0 
*where 0 is the preliminary estimate of 6 used to compute gi(6N) for i 1,2,..., K-i.

N N
* 0 ~2*

If 6 N- 0 0 (1/VN), a least squares approximation to 
6
N' which minimizes RN (6 N )

with respect to 6, is given by

(3.15) N [(I,g( )) * ' -1 (I,9(6 * -1 1-
NN N N

* 0
If is any estimate of 60 satisfying (3.14), and if P - 6 = O (1//N), then (see

N
2 2 2 ..

Muhly and Gurland (op. cit.)) 6 - 6N (10//) and R(6N,b N ) - R( 6) 6 a o (1).
N N P0  N N' N N N N -0 0

4. Preliminary Results.

In this section several consequences of assumptions Al, and A2 ( r 1) are

obtained which will be used in the remaininq sections. First, note that for any and-

-9-
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=F -1 (FF) 6)~(,) I o(1/N

N NTh.7) use, sinc - I (2(',NT, B)~~) = %I ](,, (1//N, adine h elmetsOf ().

*,, , * )( 1"
are continuous in , E(3N)[U(f3N1 ) - R( , ,]

1-N N' N (2)

E()[U(e ,e - E ,)] + o (1//N). Therefore, (3.36) shows that1 -i

IF -- 1-))- 
,

- T= M ) M6 ( + o

and the result follows from corollary 5.1. -

The non-null limit distribution of U(O,8 N ) can be obtained from lemma 5.2 and
N N

theorem 5.1. However, the following direct argument provides a more convenient expression -- -

for this result.

* 0
Theorem 5.3: Let 8 denote an estimate of 8 and suppose that there exists a E in

such that 8 satisfies condition AI(E). Define as in lemma 5.2 and

let

7

and

(4 ) M 7 . 1 --? ) 1 E 1 T 7 ] 1E 1 T [ (M M ( , 9f

if IN is defined by (3.15), and if AlX and A2 t are satisfied for Z. 0,1

th(n, under H1 ,

1~ 1-

N N (1) K-1 (4)

were ,r) is defined in theorem 5.1.
(1-23

-23--



a(7) 1 2 (V C(3/(c) - w 2(c)W3(Z)]/[w Iw (c) - W 2 (c)2
'

,C1,13 (Z) -' u2(c)W 2(Z)I/[(w 13(c) -W 2(c) 2

-'ilI T 1 t n-; ' how that

E(,)7 (a(z) + (z)) b(Z) 2)'

is an estimate of 9 for which there exists a C in -

s atisfies crndition A I(). In the notation of corollary 5.2

-I-Ni

a , + C ) _M
1 2

1- -z 0-1 d1-1
C: ,FC = r 1+hCC )12 - (CC")(I]

O ) C2 (CC )( 1,g(')C] ,

t f3),F , = )M5 (CF:C M6(C,C")$CC ,C'){M5(C')- M6(C1,C'

Ii' bh) > 0, and if AlI and A21  are satisfied then, under , .

where is defined in (3.15).

5r'of: Tt follows from (3.10), (3.15), (5.31), (5.32), (5.35), and the definition of p

that

* * 00-1 **
'= EU )Cy = ECo )[c + CC°)C uCO ,0 )] --

N EON )y E6N )( a)UeN E)N

T+ EC)p + ((O )p - E(C)p] + (0- C
N N-

+ EC(9 HR) C [rC ,C 9 - 8(C TC)]N N' N (2

+ . (C.b(p)CR -F) + E(8 O)-l[0(0 ,6 ) ()CCCR
N N NN (2)

~rt 5
ormre, 3.6), (5.13), and 5.15) show that

-22-



-.i

1- * * ** .

[x M4(&1,TJ) : - [ I q ( ) ) (F (g( )) '(,6 )) (8 [) (8 , + (
N N N P1/.N)

and the result follows from lemma 5.1.
** -,

It is interesting to note that (5.29) shows that t(e ) can be expressed as

E~ N)=y - F ,1 ))0.
1 0 *( 0 6 *

- F0 (S)- [F N F 0 + F 0 , N -N

0 -1 * ** 0 .' 0
c + 1,g(T)R ( )) - 6 ( ( + 6) ( ,E) ].

N N N

-10 * 10- -1 06

+ [(° 0 -1n° ,)-11 6 ( ) 0(,) ) + o (111N)

Thus, if, in theore 5.2, i.e. if o*- 0 , te
= c- !,g()1~+ II U( ,8I ( 3 [ (, F hen

N N P

(5.30) E(81 (0 )-u1( 0,o ) + 0- /V/).
NN' N = p(1,te

Therefore, the following corollary to theorem 5.1 has been proved.

Corollary 5.4: If 8 and 8N  are two estimates of 80, if 0 - = o (1), f-

there exists a T in -- such that 0 and 8 N jointly satisfy

condition A I(,T), and if Alit and A2£ are satisfied for Z = 0,1

then, under H1,

- (N  ) -8* ( -1 t1 ,) 1 N _(0 ,(0 - 1
N(1)K-

It remains to determine the non-null limit distributions of N and U(ON, N). For

this purpose, define the 2 x (K-i) matrix E( ) by

(5.31) E(-1-1-

where is an element of -, and notice that

(5.32) E(E)c = E(E)[1,g(F)]E =

Next, for Z = (Z1,... ,ZK-1)' define

W1, 1 -

(5.33) W 2 (Z) = 11 r 1
z

W3(Z) cI- z

anA let

-21-



S ( . ,.) = c - [1,9(F.)]F + (n 0 1[' 1(TC1) - 601 ,

M4( T-,;) = [(F2/ 2 )i - 1(FF )1 1,g(T) ,

and let
t(3 ( 1[ [I " M4( lg ) - 1 q(T.))ISl(F 1,T, )[I 'M (, ,- 1 g ) ] '

If Alf and A
2
x are satisfied for 1 = 0,1 then, under H1 ,

/ N ((O N 8(3) (F + K-i (O't(3)

Proof: For F and F in E, let

F-1 0--- F-1 0-- -1 (6 -(61 (F;,F)) =( (6 ( ,F;), ,.... F; (o ( ,F;))'(_
0 0 1 0 K-i

by (5.3). Then it follows from (3.10) and (3.11) that

(eN ) = y - [1,g(e N He N

0-1 * 0 -1 0 **
c + (1 )- [F (g( _ 6 -0 (6 ( O ,e -))

N N 0 NN

0 * 0-
Since 6 (8N,, N Op- 60(FF) = 0P(1/VN) (see (5.14), (5.16), and (5.17)), and

p 1 :

since !- F (t) 0 = / A(,), lemm'a 4.2 shows thatsince t=6°L ). 0

1 0 * ** -1(0-- ]0O -1 0 * * 0--
(5.29) F0( (N,'N )) = 0 (6 (T,)) + IT(,) [6 (

8
NON ) - 6 (FF)] + o,(1/PN)

°PI

Furthermore, it follows from (5.13) and (5.15) that

FN(g(()) - 60 = ( -,F) - 60] + (F N(g(&-)) - 60(F-,F1)]

N N 1 "

and (5.14), (5.16), and (5.17) show that

0* ** 0- 0- - **

6 0(6*,0** 60 Ffl) =TI F;F)[ig(F;)I(0 ;
N N N

-I0 (F)[1g(F)1(8N -) +o (1/N)
N P

Thus, rF(n*) = 8(F; +
N (3)

-20-
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which (5.20) and (5.21) were obtained. In general, it follows from Muhly and Gurland
* **

(1984b) that if 8N and 0N are invarlant with respect to the group of linear transfor-

mations with positive slope, then 8(i) ( , JC) and $ (,UC) of theor. 5.1 do not

depend on unknown parameters.

Two further applications of corollary 5.2 yield the non-null limit distributions of

O ) and C(ON). To see this let c = (C...,cK_1) and notice that for all in

(5.25) [1,g(F)JC = c

Then it follows from (3.10), (3.11), (5.8), and (5.25) that

(5.26) E(iN, = y-c (0 ) 1 *

Next, let P denote the (K-i) x (K-i) matrix

(5.27) p (1,0( ))(,g( N)r (, N (1,( N

It is shown in Muhly and Gurland (1984a) that P does not depend on 6 and, sinceN1 N
*|

P(1,g(eN)) = 0, Pc = 0. Furthermore, it follows from (3.11), (3.15), and (5.26) that
N

(5.28) CO N ) = Py = P(°0l 1
U(6 ,*6)

(5.8) (~N N' N

Thus, the following corollary has been proved.

Corollary 5.3: Let 8 denote an estimate of 6 and suppose that there exists a C in

such that eN satisfies condition AI(''' If Al1 and A21 are satisfied

and if 6 is defined by (3.15), then under

N

N *E6 ( 0 -1 1 - 0,T-1 1 00-1
N (2) K-i (2)

and

/N_ (C(! - P(+
0
) -1 1() 1 0 -1 0 -1(2)(E",-)(0)-1P.)

For general N the following theorem oives the non-null limit distribution of

NN

* ** 0
Theorem 5.2: Let 6N and 6N  denote two estimates of 6 and suppose that there exist

and in such that 6 and 8N  jointly satisfy condition

AI(FC). Let

S -19-
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2_ 1 2f td
g 2 2  "-~,(t -1 1 tC

then (5.4) shows that the jth element of 6 ()~ is given by

.. 6 i =,-..."-

1 0

,in' straihehtforwari calculations show that the (ij)th element of I(2)( I, I ) is given

by

+! [a (c +Cj a (c
. 

Hf(

rnin(i,j) [I max(ij) ] + [allC i) + 2 a(ci)]f1(cj)

1 ci

+ [a (c ) + a (c )]f (ci ) i,j = 1,2,...,K-1
1 2 1 i

+ 1 + (ci+c)g2 1/2 + ccjg 2 2 /41f 1(ci)f 1 (c)

In theorem 1 of Dahiya and Gurland (op. cit.) the following variation of corollary 5.2

ie ohtairne1. First, it is assumed that F 0(x;B) and F1 (x;i) are parametrized so that

6d0(x8) 0 00x- 1 620(Xe) r

(".22) Fr (x;A) = F 0 ((x-
8
1 , xdF (x;

0
) 1, and 

2
(x8 dF (0) = 00

.2 3 F (_) l1 2 1 1l
Fx;) F ((x-, 1,/" 2 ), JL xdF1(x; 1  E and J(x- 1) dF1 (x;

1

,it is assumed that t fIt)t< - for 0,1 and= that N SN.

Then, consilpring the K-dimensional random vector Y(O a) defined by
N' N

,1( ,6 if i= 1

(5 .24) Y i(@ ,) U i(0 N' N) - Ui_ (6 ,6 ) if i = 2,3,...,K-1

S * * "'

-U (8 N ,6) if i = K

and xri.r ,nre strinqent regularity conditions than required here, they obtain expressions
['. *

for tHe asymptotic mean vector and covariance matrix of Y(6 ,8 ) which are easily shown

h. b .-1iivalent to (5.20) and (5.21). Thus, in this case, how F0  and F, are para-

m+,t to.~ ffertr; neither the null nor the non-null finite sample size approximations to the

r, i i , f J 110
N N

, r'.r-.r -. int to notice about (5.20) and (5.21) is this. Neither expression depends

.,,. w:- ;,iirPerq. Hnwever, this result is not restricted to the conditions under

-18-""
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denote the distribution function of N(0,Y' (
1 , , )r) random variable. Then

F (-s) = 0, F (+w) = 1, and, by theorem 5.1, FYN(X) converges weakly to FY(x).

y1
Furthermore, sirce VN Y [U(8 ,8 - 4()(, , )] ( 2VN(K-1) Y < - for all N,

FyN(- = 0 and FyN(+) I. Therefore, by theorem 8.6.2 (if y' 4(I) (,TR)y > 0) or

YY
by theorem 8.6.1 (if y' (I) ( ,E,&)Y - 0) in Ash (1972), FN(X) converges to F,(x)

uniformly in x as N tends to infinity. Since y was arbitrary, it follows that for

large N the distribution of N U(8,8 ) can be approximated by the
WNN

N_(/ I(1)( IC, ), *(1)(F.,,)) distribution.
K- (

The following corollary to theorem 5.1 treats the case where 8 = 6
0N N

Corollary 5.2: Let 8 be an estimate of 80  
and suppose that there exists a in

N

such that e satisfies A (). Let
N1

(2) -M3() ,) = 6 ,1 )
. o

and let

[(, I N3 (& ,)]s( 1 ,) M3 (RT)] ,

If Al1 and A21 are satisfied then, under H1 ,

* *T1- d TO+1)
Ai(U(6:,e;) - 0(2)(E + NK10$2(l

As an application of corollary 5.2 suppose that A30 and A31 are satisfied and that

is defined by (2.1). Then 8 satisfies condition A () with h (x) given by

2 1 1 2 1 1(5.19) h 1 (x) - - 1-'
0 - E 1)3 I~ 1 / 1 2 (1/E132i

2 J L2 2

Furthermore, if

l(x )  Jx tf (t)dt

a W -(t 1)f (t)dt

(5.20)

*g21 = J (t)dt, and

1 2_ 292 g2 2  1) f1()dr

-17-
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M 2 (E = -H°0 (T,)[1,g(T)) ,

and let

1.- . 2 1 2

If Alt and A2 I are satisfied for t = 0,1 then, under HI ,

* **1--Z) d
/ij(U(e ,e ( ~, F ) N (

N N (1) K-i (1)

0 * "1

Proof: UN FN (g( (O N Appealing to corollary 4.1,
* 1 1 1 * 1

(5.13) FN(q(6 ;)) = FN(g(T)) - 6+, 1 ) + 6 (eN,C ) + o~ (1//N)

and corollary 4.3 shows that

0 * 0 *- 0 ** 0o(0,1/N
(5.14) 6 (8N'0N )= 6 NN) + 6 ([,eN - +

N N* 1-Z -B 6 -1T1• 1 1-

Thus, 0(6o,. ) -'0(1 [.. F (g(T)) - 616.')] + 6(o . a )_ -6 )]
N N (1) N N'

N P1  .
-8 (E )- 6°¢( ,' >)] [6°(Tot ) -+ ( , ) + O-P I(IV/ )

Next, lemma 4.1 shows that

(5.15) -1o, 1[ 1=_l[ )lq[l E;_) + 0 /N)°P I1 1.1.1- 1-
NN P1I

and that
"0 *- 0-- *- *"

(5.16) 6 (e , > -o6 , = -o(-.))[1,gcg)]e -T) + o (1N)
N N P1

Furthermore, corollary 4.2 yields

(5.17) 0 ) g(&) (0- _E) 0 (11N)"

Thus, U(8 ,O *) -'0() ,, =
N N ()

(5.18) . .
N 1

(8-~''+ op (1//(N)%

and the result follows from lemma 5.1.

In theorem 5.1 it should be noted that the convergence of the distribution function of

/N(N ** () 1 T-,()1 to the distribution function of a 0K- ' (1) -'X

random vector is uniform as N tends to infinity. To see this let y be an element of

RK-  subject to the restriction that lyl < - but otherwise arbitrary, let F Y(X)
• **1I,,) anle F()

denote the distribution function of N y' [U(ON,B ) -8 and let F
N N Y

-16-
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and let

sF [ ) wg

Then, under H 1 ,

F (1 )) - ( i,1
N d N K+(0,SI( 1"))

Theorem 5.1 below gives the non-null limit distribution of UMe ,6 ) under the most

general conditions considered here. In the statement of this theorem the following

notation will be used. For and E in , let

(5.7) (TJ) = f +zg2 i() 1,2,...,K-1 = 0,1

and notice that when F =

(5.8) T( ,r) = Wi = f (ci)

In addition, define the (K-1) x (K-7) diagonal matrices H (,A) and II by
I .. £ -- "

(5.9) nT1 ,) diag{,, (cz) ... ,it, ) = 0, ,

and

(5.10) aT , = () A_ )al (T,2) I = 0,1

2 2

Then it follows from (4.2) that

s n I, g(T) I I £-

and

*4* 80

Theorem 5.1: Let 8 and N  denote two estimates of and suppose that there exist

. and in such that 6 and eN  jointly satisfy condition

A(). Let

-15-
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' , foi F. and F. jn , define tne (K-1)-dimensional vectors 6 (F.. ) (X0,1) and

(-l) (K-i) symmetric matrix I (.,F.) by

6t.. 6 K_([,))' = 0,1 .l
apiI

I I

i min(i,j) max(i,J) i,j=1

L-rrma 5.1: Let e and A denote two estimates of 0 and suppose that there exist
-N N

and ?. in "- such that q and 
8
N jointly satisfy condition AI(E, ).

Define the (K-I) 2 matrices W and W_ by

W J _ (x)h (x)'dF (x,&

W J __ P (x)h (x)'dF (x;E.

and let

S(W, ) G G

G ' G

Then, under H 1 ,

N - 6I(T.,1I) : ( - - (eN - K)'3 NK+ 3 (0,S( -

1- 1 ft

Proof: Let Z(x) (x) - 6 W( - h) (x)' h (x)']'. Then

N

S(FN(g))- N (FF1 ))' (8 -- )' (8 -)'1' = -N Z(X ) + 0 P(1//N). Further-

more, (i) . (x)d x;F. 1) = 0, (ii) 1Z(x)Z(x)'1F (x; = (F - and

(iii) if 7' P, Z(X ) and Z(Xs) are independent. Thus, by the multivariate

N I  
I--

v,"rion of the Lindeherg-Levy theorem, - . Z(X N (0,S (F,F,F.)).

4 /N =1 a K+3
VN '= I

,rollary ').I: I'st N Ienote an estimate of and suppose that there exists a F in

qum, that 4N satisfies condition A 1 (F.). Define W as in lemma 5.1

-14-
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9 .1

sup Ivlu) - v(6) < C2/2C. Let AN  denote the event

u-Ti (.
(IF (g. If AN occurs, then is in S(c 1  and

if o(EI +E 291,.)(gi,. - fo( ,+E 1 ( E)),g i (EM

_v(F 0 (giNl;)) - v(TSl < £2 /2C. Thus, the occurrence of AN  implies that

i, O('i,N)Z*(1giNN &-

f .f0((I,gi())&)(1,g i(l)(-)(- r(g )

"-' ~ ~ ~ rl - If4 • o(M,))(g )-fl',gil T)R)(',gi (E))' + 2 ( )

Since Y(T) - o(T) as T + 0, /N y(C/IN)/C + 0 as N + - and thus

2/N y(C//N) < c2/2 for N sufficiently large. Therefore, for N sufficiently

large, the occurrence of AN implies that sup ( "

-- = (-) .-

,N(C/,N)( 2/2C) + 2) 2. Finally, since F0(gN; ) - op (1),
/NCVN(2 /) 2/ (C//N) 2 (g,'

(N)._ + I as N +

Corollary 4.3: If F and E are any two elements of ., if 8 N - E = oP(1) and

8 - =0 Pl(1/i), and if A10 and A20  are satisfied, then
0 (1N 1 Fo(g,(ON)I&) - F+ l = N 0,P

° 0 ( 1 BP;) 0  1 ;:O) ~

5. The Non-Null Limit Distributions of U( , 1, e( N ), and
N N N N

All limit distributions obtained in this, and the next, section are based on lemma 5.1

and corollary 5.1. Before stating this lemma and its corollary, however, it is convenient

to introduce the following notation. For any vector a = (aI .... K ', let

(5.1) T(x) = a1 (x),...,*aK_ (x))'
a a~I K-1

and for any [ in 2, let
1N

(5.2) T(g - )) (X = [ I - ,X
a= g(T)

Furthermore, if T and are any two elements of 2, define

(5.3) t(EA) - ((E)) I t . - 0

and notice that when -= , (5.3) becomes

(5.4) 6 (,1 = i = F (c

i i---Li

-13-
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bounded, on B(C), v(u) is continuous and bounded for u in B(C).

Choose E and T1 so that 0 < c <B and 0 < TI < 2" By the Cauchy-

Schwarz inequality

f (*x2 f((,,x)o) - fo((1,x))I1

for all (x,6) in (e ) x B( ,TI). Moreover, since A(C1,T 1 ) is compact and

f0  is continuous on A(6 1,T 1 ), f0  is uniformly continuous on A(
1
IT ). Thus,

given C > 0 (with c < 2 there exists a T 
> 

0 (with T2 < T 1 ) such that

I(1,X); - (1,x) j < T implies If0((1,x)6) - f0((1,x)4)1 < E2/M()

Furthermore, since I(1,x);- (1,x) I 
=  I (1,x)(8- ) ( (1+x2) 1/2 1-, 4 M(C )Ie-OI

for all x in D(E1) , 1e-61 < T2 /M( 1 ) implies that If0 ((1,x);) -

f0 ((1,x))l < 62/M(E ) for all x in D(c1 ). Therefore, if 1e-el < T2/M( ,

sup 2r(x,O, )l/,6-N < c since S(c1) c D(eI). Thus, sup Ir(x,O,)I
0 xes(61 ) xes(c1)

o(19-1) as 1@-1 0. U

Corollary 4.2: Suppose that T and are any two elements of E and let

6 =F 0 (g i If Al0 and A20 are satisfied, and if

N - =0 (1/v'N), then
p

1F (g (0);6 
+  

+ (1//N).
0 = + f& °P

Lemma 4.5: Suppose that and are any two elements of 2 and let

i= F0 (qi([); )" Let gi,N be a sequence of random variables such that

F0(g i,N - -op (1) and, for in F, define

C i, ( Tj =NI /~! 0(giN;&) - FO (giN;&) FO F(gi(f);C) + Ti I
If Al0 and A20 are satisfied, then for any C > 0,

sup i,N = (1)

Proof: By lemma 4.4 there exists an CI > 0 such that v(u) is bounded and continuous on

R(E1). Furthermore, lemma 4.4 shows that Y(T) = sup sup Ir(x,E, )I = o(T)

0 1 U xes 1 (C)

as T + 0. Choose 2 > 0 and find an a < c such that/ 2 1 .

-12-



Corollary 4.1: Suppose that F (x;. ) is continuous in x and that F is an element of

Set 6. = FI(gi(F);F;) and let gi,N be a sequence of random

variables such that F (g i o (1). Then
1 i,N' i P1

F_( F (g. ;F) F (g (F;)) + S 1 o= 0 1/N)
N i,N 1 li,( N N i P

The purpose of lemma 4.4 is t-) show that assumptions A10 and A20 imply a slightly more

general version of assumption III used by Chibisov (op. cit.). Lemma 4.4 is then used in

the proof of lemma 4.5 which is the non-null version of lemma 3.2 given in Chibisov.

Lemma 4.4: Suppose that 6 and T are any two elements of 0. For i = 1,2,...,K-l, let
K-I(i_ + n

F = F0(g();@) and, for E > 0 define the sets B(C) = U (6 -c and0 '"{ i i=o i' " -

S(E) = U [x -. IF (x;) - I < E). If Ala and A20 are satisfied then therei=1 0 i' 2

exists an E > 0 such that F (x;6 ) is differentiable in 6 at 6 and
0

F (x;9) = F0Ox; ) + f0(61+62x)(1,x)( 6 -6
) + r(x,O,6 ) "-

where: i) v(u)' (1,(F 1 (u)- 1]/2 )f 0(Fo1 (u)) is bounded and continuous

for u in B(C), and

ii) sup Ir(x,6,8)I - o(H8-fl) as 16-1 + 0.
xes(c)

Proof: Let 8 = min( ~61'-_1K-) which is positive. Next, for 0 < c < and 0 < < 62

let D(E) = [x : F0 1 12 F01(_I+c)}, let M(c) = max (1+x
2 1/2

xeD(s)
which is finite since D(E) is compact, let B( ,T) : (6 0 I-1 ( T), let

A(C,T) = {y = (1,x)6 : x is in D(E) and 8 is in B(6,T)), and let B(C)

denote the closure of the set B(C) defined in the statement of this lemma.

It follows from Al0 and A20 that for any E, with 0 < E < 8, F0(x;e) is

continuously differentiable in 6 at 6 for any x in D(E). Thus, by Taylor's

theorem with Cauchy remainder, there exists an ai (0 < ot < 1), which may depend

on x and P, such that

F 0(x;9) = F 0(x;6 ) + f 0((1 ,x).)(1,x)(8-4) + r(x,8,6)

where r(x, 9 ,9) = (1,x)(-0)[f 0 ((1,x)9) - f0 ((1,x)8)] and 6 = 0 + 0(6-0).

Furthermore, since 0 < E < implies that B(E) is contained in the interval

(0,I), and since, for such :, v(u) as defined in (i) is continuous, and thus

-11- "
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1 n x(whirh e-iS 1,)q an
1 
for any -< u < ,

I,4 U (u lr
0 -1

.:4. F£qi );)! f(u = r'gl(F 0 i()-P)/rand!, for C 0 or 1

-ig
4.2! i = 1,2,...,-

_ £ )'.2 f '1 + 29 (iF)( 1 ))

.ince, for Z. 0 or 1, f2z(x) is continuous for any finite x by assumption A2.,

- the next two lemmas are straightforward consequences of corollary 3 in Mann and Wald (1943)

a ! 'ay'lor's theorem with Cauchy remainder.

,,'mma 4.1: If . and 2, are any two elements of N, if B -C = OP1//N), and if

Al and A2 are satisfied for £ = 0 or 1, then

F C o ; ? ) = F (g.(TC)

(2/-2)fi( 1  + 2gi(-))( 1 ,gi(-))(N - C)

+ °p1 (/N)

for 2 0 or 1 and i = 1,2,...,K-i.

-1
Lemma 4.2: If A2 0  is satisfied, then F0 (x) is continuously differentiable in x and,

- for 0 < t < 1 and 0 < 6 < 1,

F 0 1(t) = F (6) + (t-6)/f 0(F ()) + r(t,6)

• where sup lr(t,6)I 
= O(T) as T * 0.

The next lemma is a basic fact involving the empirical process. The statement of this

lmma 4s a slight modification of lemma 3.3 given in Chibisov (op. cit.) which takes into

acc nt. the fact that it will be applied under H1 , not Ho . The proof of this lemma can

_ h1 :mrd in the proof of Theorem 6 (page 437) in Gihman and Skorohod (1974).

I.-,mma 4.3: Suppose that F (x; 1 ) is continuous in x, that C is an element of -,

and let j = F 1 (qi(t);r For a > 0 let B(ia) =

x: F 1(x;K) - T < (I and let u'N .IT a) sup /lFN (x) - F (x1 ) -

F i(-) - Then, for any > 0 xeBO ia)

11 P , (7 1) ~~ 0.

L

i: :,/ :: .:: j *,*fl :.i:*, -** :i I !~. :- ::..: .



Proof: From (3.6) and the definition of 8(2)(& A),

* ic ,B 6 (T E) + [riCA ,e ) - (E I T - 600 ,
NN N N (2) N N.

Furthermore, lemma 5.2 shows that N  and 8 jointly satisfy A( Thus,
N N1 Th,

(5.14) shows that

60 (0* 0 ( 0 6 *) 0 + 60(,;
6
6
N 'N~ =6 +[ 'N -6(,)+[6(eN) - I ~~]+0(/

and, since 2/2 = b(p) so that ° = b(p)I0(,Z), (5.16) and (5.17) yield

(538 60 * ~ 0 - 0 ~ ~b(p)(8-*) +~ o V/i( ) (ON,5N = 60(, ) + NI (P,)(1,gr'))[ - - +

Thus, since (5.36) shows that

(. b(.O ) o(.) + E(T)( .U(8e) - B(2)(+ o(/

UO' = 1 - - * 6* - 1-
U(6 N6 = 6 &) - 6 'Z + N.7(TZ)[J(eN' N) 6(2)(~~)

0° L ) 1 g ) e ' + o I l/ I)
N P1

Therefore, (5.37) shows that

- F -- 1----1. N g ) - S (T,F

(5.39) U(@N, ) = R (E Z) + [M7 (T,) M(I, )] (& + O, (1/"N)
N N (1) 7J

L N-

-and the theorem now follows from corollary 5.1.

2 .2 -
6. Finite Sample Size Approximations to the Non-Null Distributions of R, R and

Each of the statistics considered in this paper can be expressed as

(6.1) NXABNXN

* where XN is a random vector and BN is, in general, a random positive definite matrix.

* The procedure employed here for finding a finite sample size approximation to the distribu-

tion of (6.1) under H1  involves the following steps. First, write BN as

(6.2) BN = TNT

. where TN is a lower triangular matrix. Then, find the non-null distribution of

-" (6.3) V T XN

-24-
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d

Finally, If I/N T'XN_) + N K-1(0,$), a finite sample size approximation to the distribu-

tion of (6.1) is given by the distribution of

(6.4) VY

where Y - NK 1 ('N u4) (see the comment following theorem 5.1).

K-1-

To accomplish the first step in the procedure outlined above, let b (j..b)

where b > 0 for j = 1,2,... ,K, and define

(6.5) p (b) -(fli b MELi 1/b ),j=1,2,...,K

__ j

Some properties of P(b) are recorded in the following lemma.r ito.

Lemma 6.1: i) Pj(b) m bPe (b) + (t b ) 2 j < K

ii) b + bj+l - b12 [P.., b/P(b - Pj+ 1 (b)/Pj(b) 2 d e < K-1

iii) Pj(b)/Pj-l(b) = b + (0 1 /b 2 j .K

J-1

Lem .= i) Pji(b)/ fi bP(b) - [ =bi) /b 2 ( ( K

ii)oiet bj + bj+ i .-bb[[Pj .1(b)/P 
= P (b)/Plb 2( K-

b P (b)1/P () {b (=TI 1b ) + b P (b)/P (b) - P (b)/P.(b). To see (iii)
J+1 [ b i  i-]i j+1 j +1 -

divide Mi) by P/ (b) and, finally, to obtain (iv) divide (I) by Pj(b) and

rearrange terms.

The next lemma provides the principal result by means of which (6.2) is accomplished.

Lemma 6.2: Define the matrix A b I-j~ i j) by

- + b if i-l 0
Ir t+1

a { -b i I if ji-Il = 1ai'j  bmax(i,j) i ij -

if i-jil > 1

where b - (bj,...,bK)' and b > 0 for j = 1. K. Then A = TT' where T =

(ti,J)i,
3  

and

-25-
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[P t+ 1 (b) /P i(b)1/2 i f li-il 0 I
t b ( (b)/P (b) 1/2 i -

For 0 and 6 in 0 let

0 (Ti+, if i = 1
(6.6) A= b6 ip ( ) -6 (6b]) i if i = 2,3, ,K-

I. i- i - > o >i

S0- 1 0 (,6) if i = K

0- 0- -
If, in lemma 6.2, b. /AS.( ,), then it is shown in the appendix that A = D0(6,6)

Thus, it follows from lemma 6.1 that

• . (E.7 ) D ) = T (, 6)T (6,6)

where the (i,j)th element of T(6,0) is given by

(1/A60 (Tq) +1/6 0(T, )]/2 li-jj

0 ji-eI > 1 or J > i ,,

"-)t ice that when 9 =  0,6 ( ,- Fi 0 F (c i " Therefore, T(8,6) = T where 'i+1

(6.9) t = - [1//6 - 1/
2  

i-i = j i ,3...,K-1

0 ji-jj > I or j > i , ] '

.+.+ T [+- T . Furthermore, since 0- = )D- 1 0 ,

-26-0 .f[ [ [1A + "/ li-il + ,+ + + +'.N ] [ i .

- T . F.- rthe-r-more , sin .e - ( . O - l( O), - I

• + +. + -{ .. . + + .- ] ? + + - [ -. + " + [ - . + .. .+ ]+ ] . +[ .+-.,..--,26-,
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(6.10) r = Vv

where V = (T0)T.

It is now possible to obtain finite sample size approximations to the not-null

N2( * 2 *) a 2
distributions of , )R (0,f ), and (6,6 ) for the following cases.VON'eN~ N N N

2*, ** 2 * * .. :Case 1: Suppose that 8 = . Then R (8, N ) 2( , T( T, and it
NN N N N N N

follows from corollary 5.2 that the desired approximation to the distribution of

both these statistics is given by distribution of (6.4) where

(6.11) Y- NK (N T8 (2)(,[ T'(2)(E ,T)T)

Furthermore, (5.26) shows that

(6.12) v.e(O,) T ','U(O ,o, + o (1/vN)

so that the finite sample size approximations to the non-null distributions of

N(8N"N), N(8 N , and Y are the same.

Case 2: Suppose that 8* id 8N and consider

(6.13) R 8)N = N NT'U( ' N

where T is given by (6.9). It follows from theorems 5.1 and 5.3 that the

.2 **

desired approximation to the non-null distribution of RN(ON,0 ) is given by the

distribution of (6.4) where
(6.14) Y - N (rN T'8 ( T()( ,) T )

for general choices of 8 , or
N

(6.15) Y - NK (V-N T-8 (I1, T't (4)I (,,,)T)m

if 8N gN"

Case 3: Suppose that 8 N d 8N and consider

(6.16) 2 (O*,° N N . N I,

It follows from theorem 5.2 and corollary 5.3 that the desired approximation to

the non-null distribution of N(N,N) is given by the distribution of (6.4)

where

(6.17) Y - NK-1
(
V

" 
V'S(3)(E1,C',, V1 (3)1(E,',

V
--

for general choices of 8 , or
N

-27-
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(6.18) Y = NK- 1 (IN V'P(01-1)( 2 )(OI'T)' V'P(n°)-lt (2)1 - -- P'v1 )

if 0 IN. It should be noted that when 0; - 8" (1), (5.30) shows that

(6.19) V'r( N ) = T'U(8 ,N'N ) 1/+o N)

Thus, in this instance, the finite sample size approximations to the non-null dis-

tributions of *(82 ,eN) and RN(8N,8N) are the same. In general, however, if

8 - 8 o (1) then these approximations differ. In particular, lemma 5.2
N N P

shows that 8N - N ' o (1) so that the approximations to the non-null distribu-N N Pl
2 *_ 2 *

tions of R (0N, A and are not the same.

Now consider

(6.20) YB(ON.N) = N[T(ON,e )'U(e. N )]'T(6 19 )'U(Oe1

and notice that

1<
N N 6N 0N (,e)'S(1) ''A)

(6.21) T(O6 N8 )[U(B N6 ) N

N N

Thus, the limit distribution of T(O under H does not follow directlyWN N . (NON ne 1  de o olwdrcl

from theorem 5.1.

S ** 80
Lemma 6.3: Let 9 and N denote two estimates of e and suppose that there existLem 63 Lt0N N

and in E such that 6 and 9 N jointly satisfy AI(1, ). Further-

0-
more, let J(0,8) denote the Jacobian of the transformation from 6 (8,B) to

W(6,8) = T( 1,8)-a, If Alt and A2 £ are satisfied for L 0,1

then, under H1 ,

T(6 ' ~ 1 ~Z =T~~ (E 1'T2 + J ( "Z[6 0 (8* ,9**) -
0(TZ + o (/N

N N (1) ()N N P1

Proof: Under the hypotheses of this lemma, 6 (608() - 0(, i OP (1/N) (see the
(N'eN

proof of theorem 5.1). Furthermore, from the exact expression for J(6,6) given

in the appendix, it is seen that its elements are continuous in 60( , ). Thus,

the lemma follows by the standard arguments due to Mann and Wald (op, cit.).

-28-
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Theorem 6.1: Let 8 and 8 denote two estimates of 0 and suppose that there exist
N N

and C in - such that 8N and 8* jointly satisfy A (C ,). Define

8(1C,, as in Theorem 5.1 and let

M(1 .. .. - *0( -- - 1 -

M10 C , ) " (-T ( , ) ' - J1 , ) ) (C° C), - (C , C T C C1,+ ((] --]i
-9(,)I (CC)1g()

and let 7
(5)(9 1 ) 10(~~] C1~

N' *0T,) M *0) , T(,TASC 1
),) 1--

9 10.

If Al and A2t are satisfied for £ 0,1 then, under H1 ,

Proof,: It follows from lemma 6.3, (6.21), (5.14), (5.16), (5.17) and (5.18) that

T(e ,8 )u(e ,8  - T(Lz)S(1)- I ,r(,) - TIT,> e ,CC)]

+ (O,,)-N -E)]' + o (1//N).. . --- -- -

Since M9 (f1 ,) = T(-,)'MI(CICC) J(TC)l 0(TC)(1,g(T)] and M 10 (-,C)

T (E ,E )> '.2 (g A ) + J (E ,A )1 o 0 g , ( ) ,

T(8 ,e. )'U(e B N 
)  

-ON' .

10 N N N P
1-" 1 1 * - * ' + o(1/IN)

[T(,F.' ! , r, )i H O s,, )] i(FN~g( ') - 11(C,C1)), ! (N'r) * N8 P] ,,

and the theorem follows from lemma 5.1.

0 0
Theorem 6.2: Let 8 denote an estimate of 8 and suppose that there exists a E in

such that 8 satisfies condition A (C). Define C as in lemma 5.2 and
suh N 1(E.Dfn

define ( 1 ,,,) as in theorem 5.1. Let

-29-
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M (EE) T( ,) [T(F -T,)' I 0fZ)[1,g)IEC(g(n°)-1

- --. 1-1 --[MU
2 (~ F 11--M f~~I'F

and let

t(6)(Flg [M 11( M M12( ,,)S(1E[11 (M,) M12( ,- }

If Al and A2 are satisfied for Z = 0,1 and if N is defined by (3.15)

then, under H1 ,
IN[T(8N*N1U.6 N MO - T(T,Z).6 (E(  ' .Z) ] d NK_ ( 0 3 T) ( '7[ , ) )

N N N N (1) X-i 6

Proof: It follows from (5.36), (5.37), and (5.38) that 60(8N, ) - 50([, ) = 0 (1/IN) +
(N'%) 1

a- 0 -1 • - 0-1.1 - 1 1- 1

Thus, the theorem follows, after some rearranging of terms, from (5.39) and

corollary 5.1 as in the proof of theorem 6.2. U

The finite sample size approximations to the non-null distributions of 2(8N,8N)

and N(8 N ) follow from theorems 6.1 and 6.2. They are given by the distribution of

(6.4) where

(6.22) Y N K-IN T(,)'e(1) 'T'O) t(3)(E'X ))
t*

for general choices of N ' and
N

Y N K-i (1) (6)

wh.en *=O .  .'
N4 N

The followinq lemma, which is easily demonstrated and covers all of the cases in this

ection, provides a convenient expression for the distribution of (6.4).

Lemma 6.4: Suppose that Y - N (p,$), the the rank of t is r < p, and that v is an
P

element of the space spanned by the columns of . Let X 1 > )...) > 0

r

let P denote a p x r matrix which satisfies $P = PA and P'P = I,

and let d = h /2 P'P. Then the distribution of Y'Y is the same as the

distribution of

(f).23) E A (Z +W 2

-30-
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i

where ZlZ 2,... ,Zr are independent standard normal random variables.

By means of Laguerre series expansions (see Gurland (1953, 1955, 1956), Kotz et al (1967),

and Gideon and Gurland (1976a, l976b)), percentiles for the distribution of (b.23) are

easily computed, and finite sample size approximations to the power of the tests based on

the statistics considered here are easily obtained.

7. An Extension.

While the results of the previous sections can be generalized in many ways to

accomodate other types of parameters, it is interesting to note that the following

extension, which includes several useful examples, involves only minor changes of notation

in the previous arguments. In place of Alt and A2. (X = 0,1), assume:

I: There exists a parametrization of F 0(x,6 ) so that

i) E) = {6 = (,e 2)' : - < 1 <+-, 62 > 0

ii) F0 (x;e) = Q0 (61, 2 0 (x)) where Q0 maps R onto the interval (0,11 and

0 is a homeomorphism mapping a set A0  (which is free of 8) onto R.

II: Q0 (y) is continuously differentiable and qo(y) =  Q0 (y) is non-zero for all

finite y.

III: There exists a parametrization of F (x;F) so that

i) -= = { = ( 1,F2 ) : - < E 1 < +-' 2 > 01

ii) FI(x;&) = QI(E I + 2*I(x)) where Q, maps R onto the interval [0,1] and

maps a set A1 , which is free of and contains A0 , onto a set B1 .

IV: Q 1 (y) is continuously differentiable and q1 (y) = .- Q1 (y) is non-zero for all

finite y.

V: For £ = 0,1, *2 (x) is continuously differentiable for all x in A0  and
d

T (x) = d (x) is non-zero for all x in A0 .

It should be noted that the assumptions that q, and T be non-zero are, in genera], not

necessary. They are included here for convenience only to ensure that the ranks of the

matrices t(i)' i = 1,...,6, remain unchanged.

The following examples satisfy assumptions I, II, and V.

-31-
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P;d

Example 1: The log-normal distribution with density

(7.1) p(x;u,o) = [- -11 1 , - .2

exp(- 2 a>

where - < u < 4+ and a > 0. Here Q 0(y) = 0(y), where I(-) denotes the

distribution function for a standard normal random variable, 0 (x) - In x,

1 -/0 6 2 
= 

I/o, and A. = [x:x>01.

Example 2: The Weibull distribution with density
Y Yi}

(7.2) p(x)Y,y2) - (Y /Y )(x/Y2) exp{-(x/Y) x 0
1 2 1 2 2 2

where y and y2 > 0. Here Q0 (y) = I - exp{-eY}, 0 (x) - in x,

, = -Y Iln Y 2' = 1 and A 0 = [x : x > 0).

Furthermore, if one of these examples ere chosen to represent H0 , then since the other

example, as well as any F1  satisfying Al1 and A2 1 , satisfy III, IV, and V, these would

be candidates for an alternative hypotheses in the type of comparison considered here.

Assumptions I, II, III, IV, and V require the following changes in section 3 through

6. First, the definition of gi(6) (see the comment following (3.3)) becomes

(7.3) g ( = (vil)) i = I,...,K-1 ,.

where vi(
8
)= (c -0 O and ci = Q0 1

(60). Next, let

(7.4) Y = 01(01 (vi(E)) i = 1,2,...,K-1

and let

-1 1 0

Then, (5.3), (5.4), (5.7), (5.8), (5.11), and (5.12) become

0-
6 (',e) = 0 (6 +e 2. (0))i 01 2i)

1 -1 2"

0-2

0 OT e (a+ 6 v (6))

0 0-
(7.6) IF F(6,0) -= (

1-0

ql= + Fy()ri&

F .F(9 (6)0) =Ir 0(T,O)(1,v (w))'

F0 (g,(,1;O) =(2 /02 )Wi (00(1 i 6 6O(' 8)

-32-



and

(771 - .1 -S. Fg _2/ 2 1 )(i,v

Finally, except *dhere the function gi plays the role of an argument of FNtX), replace

gi by vi. Then the arguments of the previous sections are unchanged and all results

given there follow from assumptions I through V.

Appendix

The two points to be covered are: i) exhibit the matrix J(0,6) for 9 and 0 in

0, and ii) show that the quadratic form (3.8) is equal to the standard definition of the

Pearson chi-square test statistic when unknown parameters are present and the interval

boundary points depend on the unknown value of 6.

Let * = ( 0 1... K-1 )  and, for 6 in 0, let 1(6,6) = T(6,6)' where T(6,B)

is given by (6.8). Then, recalling the notation in (6.6),

[1/A6 °+( -,) + 1/6 0 (T, 6) - ,.

i+1 ii

(A.1),e) = (1/A6 0.(',6) - 1/60 6,B)]1/2 . i = 1,2,..., K-2
i+1 :+1 j"

I.i [1
'  

6 ) (6-e) -- " K-i
[IA60(T e + 1/6 a (86)] 2K- 1 i -
K -

Thus, J(W,3) = ( ) and, if
a~1,1i,j=l "'

rnC6 ,e) 1/060+i(6,6) +1/60(-0,B)

0-+

ri(fl,O) 1 /A +1(6,6)+ 1/°(,)--"

(A.2) nC6 ,O) =1/60+1 (w,) -1/60+ (T,O)

0 2 0 2
Si(0,0) = (1/66 (e,6)) 2  (1/60(e,6))

S t ( e ,6) (A/ +(60 6)) - (1/6 (6",) (6))

and

(A.3) Si(F 6) = (i/A6°i ( ))2

-33-
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-~~~~~~~~~ .rr V r* .- **- -r- -- r- T- uk- rru.r'r

.. -,ment of J(8,) is qiven by

'/2S (-,e)' -ri(,e) 1/2S ,)i ji-ji = 0 i=1,2 ..,K-2
1 1 1 i i+1

I -/S (0'6)$A 1 i = j = K-1
V-iK- K-i

I_ 1)-/2 S. (T,).-r.(6,6) S.(e,6)+ I+1 = j i=I,...,K-2
1 1 1 -i+

i-il > 1 or i < j
.-

-C iphe definition of Y.(q,O) given in (5.24). Then, the standard definition of

u> n .'hi-square test statistic is given in terms of the quadratic form

X2- (, N)2 eKIYi(
6
,
6
) /=6.(K,1)

=N y(,)'D(6,6)- (e,e)

where Yq' ,; =y Yl(ae),...,YK(O,
6)), D(6,6) =diag(

6
1 (6 ,8), ... AM (6 ,B), and 6 and

are elements of 0.

To show that (A.5) = (3.8) let AK denote the K x K matrix with ones on and below

the main diagonal and zeros elsewhere. Also, let G(T,O) = (6 0 (,O)) K - =  and note
rnin(i,j) i,j=1

- 0-
that Pt (9,98) - 6 (6,6)60(T,6)' (see (3.7)). Then, it follows from (5.24) that

A Y(9 ) =[t(eP,0] and, therefore,

2-%
(A.C, XW(8,0) = [U(0,0)',0(AKD(,)A )[U(TG)',0]

6(,6) 6° (-,9)

(A D(,)A) =
K 6(,e)

(G - 0 6 0 )
- 1 -(G-6

0 6
0

) 
16

0  1
A./) (A K D(9 , 0)A0 1+6 0 (G-60 60-1 0

K-6 (G-6 60 ,

-34-
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2-
where, for convenience, the dependence on 6 and 6 has been surpressed, and XN(G ,6)

RN(6,g) by (A.6) and (A.7).

A convenient expression for 0 (T,@) is obtained by noting that (A K6T,6)A')-

(A )I(,)(AX). Since (A,)
-
' is the K x K matrix with ones on the main diagonal

and negative ones on the diagonal just below the main diagonal, and since (6,6)- 1

diag(l/AS 0-,6), .,1/ 6 (6,6)), = K(q,j i,j=1 where

0 0 -
1/6. (6,6) + 1/A6 +16(,) Ji-j = 0 i = 1,2,... ,K-1

(6)/A
s
°
0 
( ' e

6 i = j= K
K

= 1/ A66 0 ( ,6 ) li- i = 1

0 )i-il > 1

Thus,

0---1.K-i

(A.8) 
D (,0)

(q j '=1

-35-
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