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ABSTRACT ﬁ j’ !
A continuous semigroup of linear contractions (S(t)) t > 0 65—3_§%FEEWT““‘“

space X can be generated through the product formula ;::\\

o
1

{

(1) s(t)x -~ 1im U(E)"x wx ex wt > 0 L ne
o n 8 l;m.

where (U(h))h>0 is any family of contractions on X whose right-derivative
at h = 0 coincides with the infinitesimal generator A of S(t), that is

(2) vx € D(A) lim "—'—%‘1‘—’5 = ax (= lim E;ELE’_’S) .
he0 €40

Actually formula (1) extends to the case when S(t) is a semigroup of
nonlinear contractions "generated" by an m-accretive operator A and
condition (2) may also be weakened to

- +
(3) E——-giﬁl ht9 A in the sense of graphs.

We look here at the same formula (1) when the reqular step-size t/n is
replaced by a variable step~size, namely

(4) 1m u(n” ) u(n® ) ... u(hi)x = s(t)x vx e D(A)
n+® N N1
where X h® = t ana 1lim ( max h?) = 0.
1<isy® 1 n+e  1<icN"

Surprisingly, it turns out that (4) fails under assumption (3); we
exhibit a counterexample. However, we prove that (4) holds true under the
stonger assumption (2).

AMS (MOS) Subject Classification: 47H20, 65J15, 35R15.

Key Words: Product formulas, nonlinear semigroups, accretive operators,
approximation scheme, stability and convergence.

Work Unit Number 1 - Applied Analysis
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SIGNIFICANCE AND EXPLANATION
;e Many numerical schemes are based on the following abstract product
L formula: given an evolution equation which can be written in the abstract
N ¢ form
o du
> 5;1t) + Au(t) =0 on (0,T)
o u(0) = uy given
AN with A being a suitable operator on a functional space, then under adequate
b assumptions the solution u is given by the formula
- . t\n -
N u(t) = lim U(;J uy N
. n+w .
et
where (U(h)) h > 0 is a family of mappings whose right-derivative at h = 0 !.
coincides with A, that is Dy
o ¥x € D(A) lim Llﬁ’ﬂ‘ﬁ = Ax. 2
- hvo ﬁ
g This a natural extension of the exponential formula Rk
u{t) = lim (I + E-A]_n ug . :C
n+e® n ..
:.
Above product formula provides an extensively used tool for the Lie-Trotter
formulas insuring the convergence of various alternating direction methods for
evolution equations. -
;S In view of numerical applications, it is important to relax the restric- -

s tion that the time step-size be regular in the above schemes when, for instance, =
‘ coupled with path control technics or even for stability requirements.

‘s
.

e - The goal of this paper is to decide whether the Chernoff formula is valid
- when the step-size is variable. It turns out that under the usual assumptions
2 instability and lack of convergence can appear as soon as the step size is

- slightly perturbed. We give here an example in that direction. However, we
prove that slightly stronger assumptions can prevent these pathological
situations. ..
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ABOUT PRODUCT FORMULAS WITH VARIABLE STEP-SIZE

Michel Pierre* and Mounir Rihani*

lv:, ‘....- ‘.. ».

1. Introduction.

Given (S(t)) a continuous semi-group of linear contractions in a

t20

D

Banach space X, it can be generated via the following exponential formula:

o RN )
A TN Y

(1) vt > 0; Vx € X, S(t)x = lim (1 + &£ a)™"
n+e n

X

£
.A L‘.,

.
.

where -A denotes its infinitesimal generator and I 1is the identity. More

r
a'ala.

o
-—

generally, one can replace in (1) the resolvents (I + h a)~? by a family of

contractions [U(h))h>0 from X into X satisfying

(2) vx € D(A) 1lim X = Uthix _

h+0

Ax

Thus, it has been proved (see [11], [3]) that (2) implies

(3) ve > 0, vx e X, lim U(£)" = s(t)x . 4

n+® a

Actually, as proved in (7], [4], the condition (2) can be weakened to assuming ’

that .

(4) ¥x € X, ¥A > 0, lim (1 + Al'—ﬁﬂ’-)-)qx = (1 +a) Y% __1
h+0

which is equivalent to saying that the graph in X x X of the operator o

h"(I-U(h)) converges to the graph of A as h tend to 0.

The implication (4) => (3) turns out to have a nonlinear version as
proved by Brézis - Pazy [2]. Namely, let A be an m-accretive operator in

X, that is A C X x X and

* Department of Mathematics, University of Nancy I, B.P. 239, 54502-
Vandoeuvre, Les-Nancy, France.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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(5) ¥A > 0, (I + AA)-1 is a contraction everywhere defined on X.

Let (S(t))t>0 be the nonlinear semigroup generated by A in the sense of

Crandall - Liggett (5], that is

———— t -
(6) ¥t > 0, ¥x € D(A), S(t)x = lim (I + = A) "x .
n-reo n

Then, if (U(h))h>0 is a family of contractions from X into X satisfyiny

(4), we have the product formula

(7) ¥t > 0, ¥x € D(A), lim (=)™ = s(t)x .
n+ew n

The purpose of this paper is to look at the formula (7) when the regular

t . : . .
step size Y is replace by a variable step-size. 1In particular, under the

same assumptions as above does one have

(8) lim U(h; ) U(h: ) e u(h?)x = S(T)x
n+® n n
when
Nn .
)] n = T, lim ( max h.) = 0?2
i=1 e 1<EKN

We give here a negative and a positive answer to that question:

a) given A an m-accretive operator the condition (4) does not imply

(8) as proved by a counterexample described in paragraph 3.
8) 1f A is a single-valued m-accretive operator and if U(h)

satisfies the stronger assumption (2), then (8) holds.

Acknowiedgements. The authors thank Mike Crandall for several helpful

discussions on that subject.




2. The positive result.

Let X be a Banach space with its norm denoted by |°] and let A be a

single-valued, accretive operator on X, that is

Remark. If 2z = 0, the relation (14) always defines a sequence (x;) such

(9) VA > 0, ¥x, x € D(A), |x = x| € |x - x + A(Ax - Ax)| -

——

For h € (0,d) 1let UG(h): D(A) -+ D(A) satisfy

(10) ¥h € (0,hy), ¥x,x € D(A) |U(h)x = U(h)x| < [x - x
(1) vx € D(a), lim XZUIX _ 5

hvo D

Given T > 0, 0 a subdivision of (0,T):

(12) 0 =t) <ty < eve <ty < TS ty, |o] = max (£, - t) J

1<i<N {

(13) ¥i=1,...,N, Vt € ]ti-1' ti], z(t) = z; € X,

and z: [0,T[ * X such that

let us assume there exist Xgr XqseeeXy in D(A) such that

(14) ¥i = 1,-0-,N ’ xi - U(hi)xi-1 = hizi
where h; = t; - t;_4. We then define vd,z,xo by
(15) vd,z,xo(o) = Xqg ¥i =1,...,N, ¥t € ]ti-1' ti]' vo,z,xo(t) =X .

that x; = U(hi)U(hi_1),...,U(h1)x0 which are the expressions we are mainly

interested in. However, many situations involve perturbed schemes like (14)

where 2z 1is not zero but of small norm in L1(0,T; X) and our method applies

as well to this more general situation.

T .
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Our goal is to describe the behavior of v n n n when
g ,z ,X
lim |o"| = lim fg |2"(e) [at = 1im [«" - x| = 0.
n+*® n+*® n+® .

We expect it to tend to the solution (if it exists) of

du _ -
(16) Tt + Au =0 on (0,T), u(o0) X, € D(a) .

By solution of (16), we mean a function u € C([(0,T]; X) such that there

exists a sequence of step~functions wP [0,T] + X satisfying

(17) ¥i=1,...,8N°, vs e lsP , sP], uP(s) =P
=1 73 b]
where 1
(18) 0=sP<c<sPc... <csP <r<sP , 2P=sP-gP
0 1 P b] b] i-1
NT=-1 N .
Wb - uf
(19) S s AP =W (WP = WP())
P i3 0
B]
NP

(20) 0 = lim sup Iup(s) - u(s)| = lim X Rglwp| = lim max P,

We will refer to such a solution as a mild solution of (16) (see [1]).

Theorem 1. Let u be a mild solution of (16). Let vil=y nn n be a
g ,z ,Xx
sequence of functions defined by (12) - (15) where
lim |o"| = 1im [7 [2M(e)|a = lim [x" - x| =0 .
n>e n*re n>o.

Then, if (9), (10), (11) hold

lim sup |u(t) - vn(t)l =0 .
n+o O<t<T
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In the case when the range of I + AA contains D(A) for all A > 0,

thanks to Crandall - Liggett (5], one knows that

i
D

L s
. -
s te Y

(21) ¥x € D(A), ¥t » 0, S(t)x = lim (I + ﬁa) "x exists,
nm

and S(t) 1is a semigroup of nonlinear contractions from D(A) into itself.

Moreover, by definition, t * S(t)x0 is a mild solution of (16) for all
T> 0 .
In that situation, as an immediate corollary of Theorem 1, we have

Proposition 1. Assume A satisfies (9), (21) and that (10), (11) hold. Then

if (hzj n is a sequence such that
1<i <N ]
" -
(22) lim (max hi) = 0, lim ) h) =t
n+e 1<1<Nn n->eo 1=1

we have for all X, € D(A)

(23) lim u(h™ ) u(n™ ) ... u(bD)x, = s(t)x -
n n-1 1770 0

n*% N N 1

and the convergence is uniform in t on bounded intervals. i

The proof of Theorem 1 is based on the next lemma which is an adaptation >

-

of technics used in [6] and [8]. >
Lemma 1. Let uP: [0,T] » X satisfying (17) - (19). Then, for all € > 0

there exists n = n (€,p) > 0 such that for all functions Ve 2% ;;

’ ’

0 i~
satisfying (12) - (15) with |o| < n we have y

¥y € D(A), ¥i = 0,...,N, ¥j = 0,...,NP -

2 b 1/2
|xi - u?! < |x0 - y‘ + [ug - y] + {(ti - s?) + |O|ti + Yop!sg} / Mo

(24)
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where |0p| = max_ £P ana
(25) M (y) = max {|ay], max h;1|y - U(hi)yl} .

1<i<N
Proof. Letc us denote al = "l (1-u(n)). By (11), for € > 0 and p fixed,

there exists n = n(e,p) > 0 such that
(26) hejon =>v¥j=1,...nNPF IAhu§ - Augl <e .

Now, we will assume |0| < n and, since p is fixed we will drop the
indexation by p.
Let us denote a, j = Ixi - Uy and let us establish (24) in four
1]

steps. We fix y € D(A).

i) estimate of ap, 5t since A is accretive and by (19)
u, - < .= + L_.(Ru, - A < |u. - + L.w. + £.|A .
luy =yl S luy =y + tyaug - an| <€ Jug - y] + Ly + 2g]ay|
By induction, for all j » 1

J
Iuj -y| < Iuo -y +k%1lkwk + sley| .

Hence, for all j 2 0

p]
(27) aO,j < X y| + |u0 - Yl + sj|Ay| + 212kwk

which implies (24) for i =0 and j = 0,...,NP ,

11) estimate of ai,O’

Ix,

L -yl < dxg = uhpx o]+ Juthx g - uth Dyl + [uth))y = vl

< hilzil + |x -yl + hiM(y) .

i-1

By induction, for all i 2 1
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% = vl < Ixq - vl +)<.2.1 hylzl + egmg()

4
N
-

i
(28) a o < |u0 - y| + |x0 - y| +kz1 hklzkl + M (y) . .
iii) estimate of ai,j in terms of aj-1,3 and aj, j-1% for all ﬁ
i, 321 q
-1 -1
(29) (1 +2n” Ja, .= |x. -u,_+2n (x, - Uh)u, + Uh)u, - u)| .
J 1 1,)] 1 ] J 1 1] 1) J

'
N
!
j

Hence for all 1 » 0

Using (14), we have

+ h |z.| .

[xg - vyl <ay g g+ nylz

Plugging this inequality in (29) together with (26) applied with h = hi <n

leads to
-1 -1
30 1+ 2 h Ja, ., € 2. h,  a. .+ L. |z + L. + - u, - f.Au. .
(30) | 3Py Jag g R R L L e L.
Now by (19)
31 N - . - Q.A . ‘ N + f,. . .
(31 e e LR TSI
Finally, (30) and (31) yield 3
7Y
2j h, 2jhi ;
€ —— —_— —_ + . )
(33) 3,5 TR %i-1,5 TR AL %4,3-1 TR AT, (121 |“j| +¢) 4
ij ij i)

iv) induction procedure: we assume that (24) holds with (i,j) replaced

by (i-1,j) and (i,j). Plugging it into (33) gives (24) after a easy computa-

tion. Thanks to the two first steps, we deduce that (24) holds for all

S| SRR,

(1,3).

n .
Proof of Theorem 1. Let Vv =V n n n be a sequence of functions defined
0,2 ,x

by (12) - (15) where
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lim |o"| = 1im [T |2"(t)|at = lim [x" - xol =0 .
nrw n+wo 0 n+o

Let u be a mild solution of (16) and let uP be an approximated sequence as

in (17) - (20). Let us denote
|opl = maxp 2N
1< j<N ;
_
By lemma 1, for all p > t and € > 0, there exists N(p) such that .
-

vn > N(p) ¥ 1<i<N" v 1<3<NP wy e D(a)

2 ~ 1/2
R R R (CARI R LR R EL "2u_(y)

PR e o) v ] 2B

k=1 k=1
where

M _(y) = sup |n"'(y - utmip)| .
he(0,1)

Using

vty - ue)| < |vie) - wPre)] + JuPre) - uit)]

we deduce that for all p » 0 and € > 0:

lim sup (sup ]vn(t) - u(t)]) < sup |up(t) - u(t)] + lxo -yl + Iug -yl
n*®  Q<t<T 0<t<T
NP

+ {|0p|2 + T|0p|}1/2MQ(y) + €T + ) Zi [wﬁl .
k=1

Now letting p tend to <«, then € tend to 0 yield (according to (20))

lim sup [sup ]vn(t) - u(t)]) < 2]x0 -yl .
n+o® 0<tLT

Since xg € D(A) and y 1is arbitrary in D(A), the conclusion of the theorem

follows.
-8_
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3. The counterexample.

Let X = Cy(R) the space of continuous functions u on R such that

lim u(x) = 0, equipped with the norm
xX+t®

tull , = sup Ju(x)] . )
XER -]
we define 5
JJ
D(A) = {u € Cy(R); u' € Co(m)} o
Vu € D(A), Au = u' . .?

Then, A is the infinitesimal generator of the semigroup S(t) on X
defined by

Vu € Co(R), S(t)ul(x) = u(x - t)

which means that one has

u(x) - s(t)u(x)

Vu € D(A), lim ry

t+0

= u'(x) wuniformly on R.

Now, let ug € X and a: (0,1) *+ R such that

34) lim a(h) = 0 .
h+¥0
We set
(35) ¥h € (0,1), ¥u € X, U(h)u = s(h)u + a(h)(ug - S(hluy) .

Then we have
Theorem 2.

1) Under assumption (34)

-~ ~

vh € (0,1), vu,u HU(h)u = U(h)ul_ < lu = ull

1 1

vA >0, wuex Lim(I + A-(I-U(h))j' u = (I +XA) u.
h+0 h

R T Y S .- .
s @8N _® _a _m & _ a2 &
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ii) One can shoose ug € X, a satisfying (34) and a sequence

(h3,....n" } such that
N

Proof. The first statement of i) is immediate from the definition (35) and
the fact that S(h) is nonexpansive in X.

Let ueX, and u = [I + A" NI - U(h))]" Ty, that is

(36) u ¢ Ah_1(uh - U(h)uh) =u

or, by (35)

1l
c

w o+ Ah-1(uh - s(h)uh - a(h)(u0 - S(h)uo))

which can be written as

(37) w - a(h)u0 + Ah'1(uh - a(h)u0 - s(h)(uh - a(h)uo)) u = a(h)u .

Setting J? = (I + Xh_‘(I - S(h))}-1, (36) is equivalent to

h
(38) u = a(hlugy + 3'(u - a(h)u,) -

. . ; . h . .
Since S(h) 1is a linear semigroup of contractions, JA is also nonexpansive

and satisfies (see for instance [9])

1

(39) lim J?u = (1 +m .

h+0

But now, since J is nonexpansive, by (38)

>

<
3
4
X
.
L

Lo ey
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h
|l - unol < 2a(h)|u0| .

h

This together with (39) and (34) proves the assertion 1i).

Now we choose a sequence of numbers (h?) in (0,1) satisfying
n
1<i<N
Nt
(40) Lhl'=T>0
. i
i=1
(41) ¥n, i #3j => h # hg
(42) L _ <¢min hP<max n"<I,.
n+1 n i n

1cien® 1 qcicn
The conditions (41) - (42) insure that all the numbers
{hg, 1<i<N', n> 1} are different. This will allow us to assign the

values G(hz) as we wish. We do it as follows.

i
Set tz =k§0 h:, tg = 0, and choose uy € Co(R) such that
N" n n
(43) en =1Z1 |u0(ti) = uO(ti-‘l)'

tend to ® when n tends to «, Actually any ug € CO(R) whose total
variation on [0,T] is infinite will be convenient. Indeed Bn is the total

variation of the step function ug defined by

¥i=1,...,N, ¥t e ]t'i‘_1, t:‘], ug(t) = ug(t]), ug(0) = ugy(o),

and ug converges uniformly on [0,T] to uoi when n tends to =,

Therefore the total variation of ug cannot stay bounded if the variation
of ug is infinite.
Now, for reasons that will become clear later we choose a: (0,1) * R as

follows:

-11=

'

I
T g
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Eii if h=n", ath) =672 sign (u (£2) - u. (" .))
\.'."-: (44) i’ n [e] i Q i-1 )
- )
St q
e if heg {n); 1<i<N, n>1}, ath) =0, ]
3 ---- ‘
AT Note that a satisfies (34).
-J 4
A [
- We claim that with this choice, if we denote 4
; £ = u(n” ) u(n" ) ... u(n})o, ﬂ
. N N -1
E then f£7(1) tends to ® when n tends to ® and therefore
(45) lim WE™M_ = .
n>e
. n _ n n n n _
Indeed, if f, U(hk) U(hk_1) ces U(h1)0 for k > 1 and f; = 0 by
definition (35) we have
e
n n n n n
: £, = s(hk]fk_1 a(h)) (uy = s(n.) uy) -
: By induction, we check that
o £ = }i athM (sl - thHu, - s(el - ¢ Ju ]
o k- oL k ~ “i'% k ~ “i-1'Y
- so that
- n n" n n n
L £ ='2 ath ) [S(T = t Juy = S(T - £, _,)u] .
. i=1
=
p .-
b But S(T = t])ug(x) = ug(x = T + t]), so that according to (44),
¢
r' 2 ¥ 1/2
- - n
[~ (46) ) = 872 ) u ™ - u (e" )| =02,
b n s 0 i 0 "i-1 n
. k=1
S
.
b From (43), (46) we obtain: :
0 !
" X
lim £7(7) = lim 6711/2 =, ;
n+o n-+ %
3
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Remarks .

i) The same negative conclusion could be reached by choocsing

s
a'a

Uh)u = (I + ha) 'y + at(u, = (1 +nm) )

., 1".;"
..v . .
- a a " a

which is nothing but the resolvents of the operator u + A(u - a(h)uo). Note

i

S

that U(h) as defined by (35) is the value at h of the semigroup generated
by the operator u * A(u - a(h)uo).

ii) According to this counterexample, the conclusion (23) dramatically

S

o
{

fails as soon one switches from a regular step-size to a very slightly
irreqular path. In view of (41), (42) we need all the h? to be different
but they can be as close to each other as we pleased (see (41), (42)).

iii) It would be interesting to know whether there exists a condition
stronger than (4) but weaker than (2) such that the expected conclusion (8)
holds. Let us mention some positive results with variable step-size obtained

in [10] under stability assumptions on the mappings U(h).

iv) 1f B, C and B + C are infinitesimal generators of linear

semigroups of contractions and if one sets

0

A =B+ C
U(h) = (I+h B)™' (I+h ©)~' or uU(h) = sB(n) sC(h), :
B+C .
one easily verifies that assumption (11) holds. Since S (t) u, 1is a mild -{

solution of g% + Au =0, u(0) = u, for all u; (see {1]), for both choices

one has, as a consequence of Theorem 2.1

") - BT

1im u(h® ) u(h" ) ... u(n]) uy = (e

n n Yo -
n-+o N N -1

v) The same conclusion holds if A =B + C where B is the

infinitesimal gnerator of a linear semigroup of contractions and C is a

continuous accretive operator defined on the whole space.

-13-
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., where (U(h))h>0 is any family of contractions on X whose right-~derivative
at h = 0 coincides with the infinitesimal generator A of S(t), that is
(2) vx e D(A) lim 2= UMIX _ 5y (2 15p L-_f(_tﬁ)
h+0 t40

Actually formula (1) extends to the case when S(t) is a semigroup of
nonlinear contractions "generated" by an m-accretive operator A and

}é condition (2) may also be weakened to
- o
2y (3) E———ﬁihl BY9 5 in the sense of graphs.
-"v
.

We look here at the same formula (1) when the regular step-size t/n is
replaced by a variable step-size, namely

(4) lim u(n” ) u(h” ) ... u(b})x = s(t)x wx e D(A)
n+o N N -1
- where Z h? =t and lim ( max h?) = 0.
4 1<icn” * nse  1<icN"T *

Surprisingly, it turns out that (4) fails under assumption (3); we
exhibit a counterexample. However, we prove that (4) holds true under the
stonger assumption (2).
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