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1. INTRODUCTION

Stein (1945) describes a two-stage procedure to obtain a fixed-
width confidence interval for the mean of a normal population when
the variance is unimown. This is followed by works of Anscombe
(1953) and Chow and Robbins (1965) who advocate sequential proce-
dures.- Hall (1981) suggests a three-stage sampling technique that
combines the simplicity of Stein's procedure with the efficiency of
the fully sequential method. For a linear model Yi = xis +e i where
€, 1is N(0,02), the corresponding problem of obtaining a fixed-width
confidence interval for one of the parameters is more difficult
since the variance of the usual estimate depends not only on o2 but
also on the Xi. To avoid this difficulty, Stein (1945) assumes
that X;, ..., Xi are fixed and that they are repeated as a whole,
as many times as is necessary. For example, X, ..., xm may corres-
pond to an orthogonal design which we are replicating. Bishop
(1978) continues to assume that the X, are fixed.

In this paper, we consider sirple linear regression
Y; =y *8X; +e, where e, is N(G,0?) and X, is N(u,t2). 1In other
words, we are sampling from a bivariate normal population. In
section 2, we describe a two-stage procedure to obtain a fixed-
width confidence interval for 8 and prove that the specified
coverage probability is attained. Essentially, we estimate 02 and
predict X , n>m on the basis of a pilot sample (X1,Y1), ...,
(xm’Ym) to determine the size of the second sample. If we sample
sequentially, then there is no need to predict Xh, n>m; such a
procedure is described in section 3. We show that the corresponding
confidence interval attains the specified coverage probability

regardless of the distribution of the Xi. The procedure behaves
1like Stein's procedure for the estimation of a normal mean. By

'
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updating the estimate of 02 sequentially, we arrive at another

procedure. Section 4 deals with the related problem of deriving
a test procedure of H: B =8y at level ag which has power at least
a; at B=8;5+4 independent of the values of the other parameters. }{ib
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One way to construct such a test makes use of fixed-width confidence v
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intervals for 8. A different approach which treats xi and Y:l
symmetrically is based on the distribution of the sample correlation

coefficient. We show that the resulting test attains the specified

level and power asymptotically.

2. A TWO-STAGE PROCEDURE

Suppose that o2 is known and the X, are known constants, then
B, 1s N(8,02/R(X, - % )?) where B_=§(X, - % )Y,/R(X; - % )? is the
least squares estimte of B based on (Xl,Yl), cees (X ,Y ). It
follows that P(|8 -8|<d) 2 1-a if

i(x -% )% 2 Zz 02/a? = Sg

as2°

where Zl e/2 stands for the (1-a/2)- percentile of the standard
normal distribution. Since 02 is unknown and the X, are stochastic,
we need to estimate o2 and predict Xn, n>m on the basis of the
pilot sa.mple (X1,Y1)s oees (x ,Y ), m2 3. An obvious estimate of
o? is 82 = Z(Yi-v -8 X )2/(m 2)

problem, we note that we only need to prediet Z(X X )2 for n>n.

To reduce the prediction

Since X. is N(u,t2), we make the He1 mert transformatlon to obtain
i(x -X )2-12(03+. +U2) and z(x -X )2=12(Us+... +u2+ eaot
Uz) for n >m where U,, U3 ) ees are mdependent standard normal
This allows us to make use of standard results of
In particular, if b =1+ x{_c( n-m)/

x2(m) where xi (n-m) and x%(m) are chi-square percentiles, then

variables.

prediction for the gamma case.

for each n>m, (b g(x X )4,») is a (c,g) guaranteed coverage
interval predictor of i(x -X )2 (Aitchison & Dunsmore 1975, Ch.6).
Furthermore, we can guarantee coverage simultaneously so that with
prgbability g, tge pilot sample X;, ..., xm is such that

P(i(xi - in)z > bni(xi - )'(m)zlx,, .. .,Xm) >¢ for each n>m. We choose
¢, g so that cg>l-a and define a“ by 1-a=cg(l-a”). For con-
velence, we let bm=1. Consider the following two-stage sampling

procedure.

Procedure 1. (1) Obtain a pilot sample (X;,Y;); ..., (xm,Ym) and

-~ .2
calculate vy, ém and 52.
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(i1) Draw a second sample of size N) -m where N; is the smallest

4
2> - 2

nzm such that b {(X X )“ 2 tl ,/2[m 2]om/d and Y ,/Zlm-Zl is s
the (1a“/2) - percent:lle of a t distribution with m—-2 degrees of £
freedom. S
: : <3

. -The following theorem says that (BN1 -d,§N1'+d) isa(1-a) -
¥ level confidence interval for 8.

Before we prove theorem 1, we first state two lemmas.

TP

L Theorem 1. P(l§N1-8|<d)zl-c.
b
b
b

Lemma 1. The conditional dzstnbuttgn of BN given o and
X1, X2, ... i8 N(B,02/S;) where S, =% l(x XN )2.

Proof. Given Xy, X3, ..., Ny depends only on o; and § jcan be -—-«p
written as a linear combination of ¥ 0’ B and Y 1,...,Y , all of o]
which are independeut of om -llj'.z:;j:
Lerma 2. P()i (X; - %y )2>by E‘(x -% 2[5 )2 ge.
L
Proof. Let A={(xy,...,x ):¥n>n, P(Z(X X 2>p {(X -X )2| -

X1=x1,...,X =x )2c}, then P((Xy,.. X )eA) g by our choice of
b . Since °m is independent of the X, ;> We also have P((xl,...,x )

eAlo) g. If (X,... X )= (x, .. ,xm)sAa.nd we write

nl-Nl(am,xl,...,xm), then N !

N 2 m 2|4 -
P(i (xi-fcﬂl) >bN1§(xi-xm) Iom,xl=x1,...,Xm—xm)

3] _ 2 m 21~ _ _ -‘
p(}; (xi-x”l) >bn,1§(xi-xm) Iam,xl-xl,...,xm—xm) .

——
= P(IZII(X ¥2sp I}’:'!(x h'e )2|x = X =x ) 'f.;"f.":
= 2 i-le n, 3 i— n 15X)yeceay m-xm .‘
Z C. ) :' '..:{

Corbining, we have the desired result. -

N 2. .2 ag 1A S

Corollary 1. P(}i (Xi - XNI) > tl-a‘/2 (m-2152/d |om) > ge. T

Proof. This follows from lemma 2 and the definition of N. S

We now prove theorem 1. r-' -

< .. . .o .
_.‘1_._._. J-‘,.J ‘~,v'l‘- P TR R - P




24 |QN,‘9| <als )
) Exl’x200-|am{P(|BN1-8I <d|°m’x1,x2,...)}
- E{ZO(d/SI/a)_“am} by lemma 1

2 gc{zo(tl_a,/ztm-m&m/c)-1} by corollary 1.
Thus P(|By -8| <d)2ge Ef20(t)_ . 0215 /a) -1}

2ge(l-a”)
=l-a.

3. SEQUENTIAL PROCEDURES

If we sample sequentially, then prediction is no longer
necessary.

Procedure 2. (i) Obtain a pilot sample of size m. (ii) Sample

n ~
sequentially until i( X; - )tn)2 > ti_a /2 [m—2]o;/d2.

Let N, be the sample size when we terminate s'a.;:xpiing, our next

theorem asserts that (§N2 - d,ﬁNZ +d) is a (1 -a) - level confidence
interval for 8.

Theorem 2. P IQNZ -8|<d)z21-a.
Ve first state a2 lemma.

Lemma 3. The conditional disbt‘ributian of §N given Gm and Xy, Xp,
, 2 = v3v - 2
... 28 N(8,02/S,) where S, § (X XNZ) .

This is the anelog of lemma 1 and can be proved using
similar technique. ‘e now prove theorem 2.

P(|3N2-3|<d) E{P(|§N2-B|<d|5m.X1,X2,...)}

E{20(drS,/0) -1} by lemma 3

2 E(20(t)_ 5(m-21G, /o) -1}

=2 1l-a.

We note that theorem 2 holds even when the }(i are not normally

l- 5 -




P e T Nl P AR IR b A S R A SPud SR g e o M <o M A S N P st S e St STt et e I e
- . .. W N B R e T I A AR o LS

' ) ..
/ distributed. —
' Since the estimate of o2 is not updated as we sample sequen-
tially, procedure 2 is inefficient. It behaves like Stein's Al
" procedure for the estimation of the mean of a normal population. f'_'.'_;.'_:;:
| In fact N2 , T
- K(S;) = E(l (xi-xNz) ) e
2 -2152/42
2 E(t]_ ,m-2152/a%) |
. S.42 o7 /72 .
4 Soty_o/2(8-21/23_/n |
- = t2 - 2 .
. so that E(S2)/Sp = ty_, ,,(m-21/2) 5 > 1. o
o If the estimate of o2 is updated sequentially, we obtain the . ‘.J
u following procedure. .
» ' :
g Procedure 3. (1) Obtain a pilot sample of size m. (ii) Sample
n .
sequentially until ¥(X, - Xn)2 2 axz1°r21/d2 where {a_} is a sequence S
of constants converging to Zl_u /2. N
a We expect procedure 3 to be the most efficient, but unlike i ‘ )
procedures 2 and 3, the specified coverage probability is attained - '_’
only asymptotically. Procedure 1 is least efficient since we have :':j:ljf:i
_ to deal with the additional problem of prediction, however, it has g
i the advantage of requiring only two sampling operations.
4. A RELATED PROBLEM
A problem related to fixed-width interval estimation of 8 is ::l'_'-'lll
3 that of deriving a test procedure of H:B8 =8, at level ag which A
,! has power at least a; at B=8g+4, A>0. We can make use of our . 1
I;' earlier results to solve this problem. For instance, we can use
:Ll procedure 2 to obtain a (1-a)-1level confidence interval for 8 S
- with width 2d, d<4 and reject H if 8¢ lies outside that interval. ]
. The resulting test has level op and its power at B=8g+4 is =
3 Pggsal I3y, =80l > @) 2Py 4(By, > B0+ d) .
! =E(PB°+A(QN2>80+dlom,xl,...)} :—j
L o
-; . - 6 - -‘.‘-
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'y T
] ' = E{1-0((d-a)¥s,/0)} -
2 EL-0((d-a0t) o (m-215,/d0)}. :

. If we choose d such that (A- d)tl-uo /2 [m-2)/4 = tu; {m-2], then the
. power is at least a;. As expected, if d=4A, then the power is at

least ¥; as 4 +0, the power increases to 1. )

The technique we employ so far is to condition on the xi and

then treat them as if they are fixed. An unconditional approach
E treating the Xi and Yi symmetrically is described below. Without

loss of generality, the hypothesis is H: 8=0. Assume that we

. are sampling from a bivariate normal population

' (xi) N (5L P3V))
. Yo £ ptv v2
g

then H is equivalent to p =0 and the usual t test rejects H if |r|
is tco large where r is the sample correlation coefficient. Since
the distribution of r depends on the parameters only through p, we
can determine the sarmple size such that the level -a test of p=0

H N\ AT
RY. 7.

has power a; at another p value. Bock (1977) makes use of Fisher
Z-transformation to derive an approximate formula for the required
sample size

) -1
zl-ao/Z'(n'3) tanh™ “p = zl_al.

Since p =0/(1 +62)? where 8 = B87/0, the following procedure
suggests itself.

Procedure 4. (i) (Cbtain a pilot sample of size m. (ii) Sample

sequentially until 2, 42 -(n- 3)éta.nh-16n(::\) le_ml where

Sn(A) 8 (a)/(1+8 (A)) 6 (a) = 8% /G and

Tn i(x —X )2/(n - l) (111) Perform a two-sided t test treating

the final sample slze N(A) as if it is fixed. Thus if -
=8 (E(X —X )2) /o , we reject H if |T )I >t /ZIN(A)-2]. T

e .v.-n...-lv“. f

,‘r.v‘. R
’ Ce e
PP SO SOT W PE

The following theorem asserts that the test procedure attains ::."_:::j
the specified level and power asymptotically.

Theorem 3. g_i.gx PB O(|TN(A)| <t /2[N(A) 21) = 1-ag,s

7' T .'."'.'.'- R -.v .
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.
2im P, ([T, ] >t (N(a)-21) 2 0. L
aag B=0TUN(A) T l-ag/2 1 2]
Proof. (i) Since r, = Tn/(n-z +Tr21)i where T is the sample -
correlation coefficient computed from (X;,Yy), ..., (Xn,Yn), - ff:;
1-op = pB=0( lTnl < tl-ua/zm"zl ) o]
=P _(Hn-3) tamn Iz | <C_) ]
8=0 n n §
g where =(n-3)§tanh-l(t (n-21/(n-2+1t2 [n-2] )é) On ]
- G 1-ag/2 1-09/2 . :
k the other hand, when 8=0 .
3, -1 .

(n-3)*tanh T N(0,1) as n + =,
1
’. so we must have g‘i’: , =.Zl_a°/2. Since N(A) + = a.s. as A + O, 3
F- 2im CN( a) = zl-aq /2 @:s. and it follows from a theorem of Anscombe I
. $1852) that when 8=0 o
: 3, -1 ]
(N(8) - 3)*tanh ™ ry )y + o N(O,1).
) 5 i - )

) Thus 2in Py |TN(A)| < tl—uo/Zm‘A) 21)
t A.)O / i )
= 2im P (I(N(A)-3)§tam'1r | <c ) J
aeq B0 N(a)' " “N(a) ]
L j
=1-ag. _i
. (1i) Assume for the time being that under =4 I
: Yot ]
2 (N(8) = 3)%tanh™ "y yy > N(Zl_ao/z—zl_al,l) as 4+0, (1) ]
'F then 13 Py_y(Tya)1 > t1oqp /208D - 21) =
’ .  JUNRE S | o4
‘ 2 i-i’g’ PB=A((N(A)-3) tenh rN(A)>CN(A)) )
= ay.

E— , To prove (1), we fix v, o, u, t and define n(A)~ 3 to be the least 1
. integer greater than or equal to (zl-ag/Z‘ Zl-ul 12/( tanh-lp(A))z >1~
: where p(2)=8(8)/(1+8(2))! and 6(a)=at/o. Under =4 L
(nta) - 3)5(tamh‘1r - anh’lp(A)) + o N(0,1) as a-+0 E?_g_fi
n( A? 1% ! ’ 2o
- -

-8 -
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equivalently
. 3 -1
(ni(a) - 3)tanh Led)D N(Zl_uc/z-zl_al,l) as A+0 (2)

from which (1) follows if we can replace n(A) by N(A). To that end,
we note that if X, is N(u,t2) and Y, is N(y,02) independently of X.,

i
then the conditionel distribution of Y -+sxi given Xi is N(y + 8X,,

02). The advantage of this representaiion is that it enables usito
deal with a single array of random variables rather than a double
array. In particular, we can show N(aA)/n(A)+1 a.s. as 4+0. A
generalization of Anscombe's theorem enables us to replace n(A) by

N(a) in (2), we omit the details.
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