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The development of symbolic algebraic manipulation systems for use on the digital
computerNis a fairly recent technical innovation that has not even begun to be fully ex-
ploited. The potential for application of these systems to the nonnumeric resolution of
complex problems seems boundless. The purpose of this report is to provide the results
obtained from the utilization of one such Astate of the art system, MACSYMA, to provide
high-order expansion formulae for the classical orbital eccentricity function found in celestial
mechanics theory. These formulae are generally applicable to low eccentricity orbits, and
the relative ease with which they were generated demonstrates MACSYMA's analytical
prowess. This report was reviewed by Dr. R. J. Anderle and Mr. R. W. Hill.

Released by:

THOMAS A. CLARE, Head
Strategic Systems Department

'-- Y C -d 5s

'fECTED

IJ

I.



NSWC TR 84-3 55

CONTENTSI

Page

INTRODUCTION .......................................................... I

THE K pqe) ECCENTRICITY FUNCTION ..................................... 1

DICSIN................................

REFERESINES............................................................32

APPENDIX

TABLE OF K~p (e) ECCENTRICIT'Y FUNCTION FORMULAE FOR

2 < Q 10, 0 <p < 5, A ND IqI <2............................... A- I

DISTRI13UTION .......................................................... (1)



NSWC TR 84-355

-.

INTRODUCTION

Although digital computers have been performing complex numerical computations
for several decades, their application to the solution of nonnumeric problems is a relatively

recent development.' 2 Several sophisticated symbolic computer algebra systems currently
exist and can serve as a most valuable asset to the scientific researcher. 3,' 4 Such systems
can provide general solutions to a wide variety of problems in a manner that eliminates the
need for tedious, manually performed algebraic operations, while simultaneously minimiz-
ing the likelihood of introducing errors into the solution.

One such "state of the art" system is the MACSYMA computer algebra system de-
veloped by the Mathlab group at the Massachusetts Institute of Technology.5 In this work,
MACSYMA has been used to generate expansion formulae for the eccentricity function
through tenth order in the orbital eccentricity. These formulae are presented in tabular
form for 2 < k < 10, 0 < p < 5, and I q I < 2 and may be used to verify numerically
generated values for K pq(e) or applied directly to the analytical resolution of orbital dy-
namics problems. For the sake of completeness, the following sections also include a mathe-
matical description of the function K2  (e) as well as a comparison of results with those
obtained by other workers.

THE K Q (e) ECCENTRICITY FUNCTION

The K pq(e) eccentricity function is related to the G pq(e) function used by Kaula6

through the expression

G (c l ) = el" 'K p (e) ( )-['-.
pjq Pq

where.] for (I > 0:
S

0..
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q (-)r 2p- 2- ( 2p.- Kpe=-I -,-v "  ; I kri k-t

K((e'."- k=O = t 0 r!t! ( + k- k

Q - + (I + H)r -t - 9 (2)
2

fo r q < 0:1

":-" ql 1 ) Z . _rt I k-

K "(e) Y- - kYO rYO tY0 r!t! (1 ) (3) -1
+ 4 Y)r+t-k ( - )k

and tor q 2p "

Q-I Q ( k 2p- -2 - 2p Q

' K pl(2 IV_ )(e) = ()-2( (1 - y2 k (4)".."k O (2ktj 21-) k.".

where

7 = /  - e2  (5) - -

1 ~ ~and" .-

' -- (6)
p =[

DISCUSSION

(luation 2 through 4 of the previous section were coded in the MACSYMA pro-

grainuning lalnguage and processed by the MACSYMA svstem to generate the tables of'

c\pansion formulac provided in the attached appendix. Since the majority of satellite
orhit, to which thc sc results might he applied are of low eccentricitv. it was fo, nd to be

adequate to set the upper limit for the mimmation index k in lquations 2 and 3 to
5 and constrain the q subscript to q 1 2.

2.2. "-S -

:-. .1.21



NSWC TR 84-355

* The MACSYMA generated results were compared with those obtained by other workers

*and agreed identically With those fouirthi-order formulae presented by Giacaglia7  for 2 <
< 4, 0 < p < 4, and I q I 2. The MACSYMA formulae also compared identically with 1
Kaula's' fourth-order expressions for G (e) for 2 < V < 4, 0 < p < 4, and I q I < 2.

except for the cases (Q, p. (1) = (4. 1. - 1) and (4, 3. 1 ) where Kaula's second term

*should be 330/ 16 instead of 33e' /10. A comparison was also made with fourth-order

results for G2- (e) for 0 < P) - 2 and i q I 2 given by Goidreich and Peale.' The
ag-reemient was identical except for the cases (V, p., q) = (2. 0. - I ) and (2. 2. 1). where

*their first term should be -e12 instead of e12, and (2. 2. - 1) where their second term

*shIould bc - I 23e' / 16 instead of' - 1 23C3 ,' /5.

* Consistency chiecks were also performed upon01 the MACSYMA formulae Using the
following relations: 10

and

KV)- O(p- +t I) + Oe 2  (8)

General overall acgreemient was attained to this order of accuracy.
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APPENDIX A

TABLE OF K p q(e) ECCENTRICITY FUNCTION*
FORMULAE FOR 2 < Q < 10, 0 < p < 5,

AND Iqi I 2

r the sa ke of hrevit% use is ma de of the pro pert) K in presenting the following tables.QkrVu Q Kf . -q

Ad
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Ip q I p q Kipq

20-2222

2 4 6 8 1
I e 5 e 143 e 9097 e 878959 e

28-1221 -- +-- ------ -

2 16 384 18432 1474568 17694720@

2 4 6 8 1W
5 e 13 e 35 e 5 e 49 e

28 228 1- ---- + + --- --

2 16 288 576 36@@

2 A 6 8 1@
7 123 e 489 e 1763 e 13527 e 180369 e

20122-1 +- + +
2 16 128 2848 16384@ 655360@

2 4 6 8 1W
17 115 e 601 e 1423 e 48619 e 275587 e

2@222-2 + +
2 6 48 368 69120 2419298

2 4 6 8 10
9 7 e 141 e 197 e 624@1 e 262841 e

21 -2212 + + + + + +
4 4 64 80 23040 89680

3 27 e 261 e 14389 e 4239@7 e 55489483 e
2 1-1 211 -+ - + - + + + +

2 16 128 6144 163848 1966@88.

210210 - -- -- - - -I
2 2

sort(l-)I e I + e

2 4 6 8 1
1 e 55 e 1177 e 172981 e 9657097 e

38-2332 - ---- +

8 48 3072 92160 1769472@ 1238638W48

2 4 6 8 1
5 e 7 e 23 e 61 e 23453 e

38-1 33 1 - + ----- +--- +

4 48 288 1440 691298

A -3

-+7
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Ip q pq K p q  ..

2 42- e 15 e 7533 e 81 e

30133 0 3-6e + * + -.-. - --',

64 64 16384 16.-

4 68
2 67 e 98 e 32753 e 4669 e

30 @ 33-1 5-22e + - + -- -

24 9 11520 17280

2 4 6 8
!27 3065 e 2438@5 e 798865 e 49537175 e 13O509569 e

3 @ 2 3 3 -2 ---.......+ . .-----.---- +---------- +- -

8 48 3072 18432 3538944 49545216

2 4 6 8 10
11 49 e 15665 e 684503 e 3937739 e 15899369747 e

31 -2 3 2 2 -- +---- + + -------- ---- - --- --- - +

8 16 3@72 92160 393216 123863M4k.-

3 1 -13 2 1 -------- --------

2 2 4
sqrt(l - e 1 (I - 2 e + e

4 6 8
2 239 e 3323 e 1193893 e 492717 e

31 @ 32 1 + 2 e ---- ------ -------------- +
64 576 147456 46M800

2 4 6 a8
I e 245 e 463 e 27929 e 4286563 e

31132-1 3 - + + + ++ ..---
4 48 64 288N 3456;_

2 4 6 8 1@

53 39 e 7041 e 89317 e 7447867 e 650531@47 e

3 1 2 32 -2 -- + + + + + +. 

8 16 1024 1040 655368 458752M

2 6 8 1@

I e ii e 1477 e 6989 e
40 -2442 +

2 3 36 6912v 4@32kV

:\-4
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Ipqlpq Klpq

2 4 6 8 18
3 75 e 393 e 1251 e 25371 e 275439 e

48-144 1+- ++..

2 16 128 2648 163840 6553600

4 6 8 18
2 199 e 655 e 13325 e 72461 e

4 0044 0 i Ie + + + .

B 36 2304 5760

2 4 6 8 1"
13 765 e 37925 e 1493M85 e 3289075 e 62149637 e

40144-1 -+- ++..,

2 16 384 18432 9834 7@77888

2 4 6 8 18
51 321 e 2613 e 47583 e 379419 e 4247043 e

40244-2 --- + 

2 2 8 160 2560 89688

3
4 1 -2 4 3 2

2 2 4 6
sqrt(t - e ) (- 4 + 12 e - 12'e + A e

2 4 6 B 18

1 33 e 1865 e 169229 e 499765 e 411616969 e
4 1-143 1 -+ + + + + + ":.:

2 16 384 18432 32768 17694728"

4 6 8 10
2 65 e 139 e 30311 e 588173 e

410430 1+e + + + +--.---•-• "
16 18 2384 288N8

2 4 6 8 18
9 3 9 63 e 22737 e 2927457 e 172753887 e4 1 1 4 3-1 + + + + +:

2 16 128 2048 163840 6553600

2 4 6 8 18
53 179 e 977 e 81553 e 649547 e 35552851 e

4 1243-2 ------- +-- + -+ + +
4 24 64 5760 27648 1075200

2 4 6 8 18
155 e 835 e 12953 e 242797 e 5511593 e

4 2 -2 42 2 5 + + + + + +. •

12 32 288 3456 53760
A+-S
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Ip q p q Kipq

4 6 8 18
301 3743 e 2016079 e 4823461 e 20321424821 e 346318732157 e

93 2 9 6 -2 - + ---- + + - + + +.

8 24 3872 2304 3538944 24772688

2 4 6 8 10
89 %1 e 2072387 e 30799309 e 49909418551 e 14144477757409 e

9 4-2 9 5 2 -+ + + + + +

8 B 3072 11520 5898240 6193152N_

2 4 6
94-1951 (64+336e +280e +35e)

2 2 4 6 8 18 12

/(sqrt(1 - e 2 (16- 128 e + 448 e - 896 e + 1120 e - 8% e + 448e

14 16
- 128e + 16e ))

2 4 6 8 10
43 e 11887 e 994855 e 473226805 e 71957389547 e

940958 0+ + + - --- + + +
2 64 1152 147456 7372888

2 4 6 8 1@
145 e 18531 e 88091 e 34856761 e 728862887 e

9 41 95 -1 6 + + + + + +. •

2 24 48 576@ 43200

2 4 6 8 1
179 1559 e 995215 e 2284221 e 70227789V9 e 638446189813 e

9 4 2 9 5 -2 - + ---- + - - -- -- + + +

8 8 1024 640 655360 22937680

V 1--
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I p q I p q Kipq

6 8 1-

2 65 e 265 e 8U915 e 5M9655 e
92-1971 5e + + + +-+...

3 3 288 6912

2 4 6 8 1
5 e 1655 e 69055 e 32227525 e 177233315 e

92 970 + + + + +

2 64 1152 147456 294912

2 4 6 8 1@
55 e 915 e 3775 e 62827 e 3885819 e

92 1 9 7 -1 + + + + +
2 8 32 128 2560

2 4 6 8 18
455 1365 e 1432825 e 183243 e 1264544829 e 37457929817 e

92297-2 + + + +,-- + +
8 8 3872 1152 1179648 1769472.

2 4 6 8 18
31 1001 e 728481 e 5369863 e 10479640175 e 4968366161891 e

93-2962 -+ + + + + "
8 24 3072 5768 3538944 6193152"

2 4 6 8 1
49 e 3589 e 181457 e 12645013 e 2 26653877

9 3 -1 9 6 1 2 + + + + + +
2 24 288 5768 345688

2 4 6 8 18
27 e 5895 e 53239 e 23783421 e 3465568467 e

938968 + + + + + +
2 64 128 16384 819-

4 6 8 18
2 800 e 7139 27043 e 1369364531 e

93 196-1 8+53e + -+- -- + -- +
3 72 9 1728W

A-1 8

. . .,. .
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Ipqlpq Kipq

2 4 6 8 18
859 64867 e 73661797 e 605735603 e 4671361372183 e 255917766%961 e9 0 29 9-2 + + - + ..--

8 24 3872 5760 17694720 6193152W

2 4 6 8 18
11 49 e 27509 e 1751 e 3831427 e 55658551 e

91-2982 -- --- - + +
8 8 3072 1152 393216 2477268

2 4 6 8 18
41 e 475 e 591 e 45@9 e 107079 e

91-1981 -2+-- + + +
2 8 8 128 320

2 4 6 8 18
53 e 10655 e 467369 e 71447509 e 2188918677 e

918980 - +--- + +-,--

2 64 1152 147456 7372806

4 6 8 1A
2 5851 e 35141 e 1897571 e 78885121 e

9 1 1 98-1 12- 193e +- ---- + +--...
6 16 720 4320

2 4 6 8 18
641 8183 e 4719817 e 12842891 e 1616611371 e 214589553877 e

91298-2 + + +..-"-"+-"- -

8 8 1024 1288 131072 22937600

2 4 6 8 18
5 45 e 31005 e 29885 e 47673655 e 4464073067 e

92-2972 +- + + -

8 8 1824 256 131072 4587528

A-1 7

S . ... . ,,- .
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p qpqq K-pq'

2 4 6 8 10
9 783 e 33795 e 225143 e 481921089 e 48852422813 e

84-1 a4 1 + -- + + + +.••

2 16 128 2848 163840 6553608

2 4 6
848840 - (16+ 168e +210e +35e)

2 2 4 6 8 1A 12
/(sqrt( -e) (-16+ 112e - 336e +560e -560 + 336e -112e

14
+16e ))

2 4 6 8 18
49 1813 e 948555 e 6417187 e 9184555933 e 24711168097 e

98 -2992 . .. . . +.. . . +..-

8 24 3872 11528 17694720 88473600

4 6 8 10

2 4121 e 317263 e 2638483 e 149923637 e9 a-19 91 -4+95 -- + +...I

6 144 720 43200

2 4 6 8 1
117 e 51327 e 573825 e 207368845 e 16531322157 e

988990 - -I + +- +.

2 64 128 16384 819208

2 4 6 8 1.
935 e 117175 e 846305 e 78993175 e 33396533 e

961 99-1 14--+- ---- +-- ----- +..

2 24 36 1152 3456

A-16

t . .. . . . . . •. -+
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Ipqlpq Kipq I
2 4 6 8 10

149 e 7005 e 51513 e 223569 e 46990503 e
82286-2 42- -- -- -- +----.-.---- ----

4 32 160 256 25600

2 4 2
8 3-2 8 5 2 - (336 + 560 e + 105 e )/(scrt( -e

2 4 6 8 10 12 14
(-64+448e -1344e +224@e -2240e +1344e -448e 64e))

2 4 6 8 10
5 433 e 56077 e 10099021 e 24@8719349 e 146849722309 e

8 3 -1 8 5 1 - - ------ - -------- - ----------- - ------------- - ------------
2 16 384 18432 1474560 35389440

4 6 8 10
2 1387 e 51035 e 1292339 e 171620111 e

830850 1+14e + - + ++ +-.-,-.+--.--
16 144 !152 57600

2 4 6 8 10
13 765 e 28143 e 1534433 e 34350181 e 33392327199 e

83 1 85-1 -- + ---- --- ---- + -----
2 16 128 2048 163840 6553600

24 6 81
103 3053 e 46325 e 4144921 e 506333237 e 80.85662K59 e

83285-2 --- + ----- ---------- ----- --- - ------
4 24 96 2880 138240 96768N,

4 6 8 :0
27 2 8127 e .728.. e 3603907 e 5*2553 e

.84 -+----+ - ---------------- +-----

2 16 16@ 768 448N'

A-I 5
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p qlpq K-pq

4 6 8 10
2 1251e 1957e 3261e 126249e

810870 1-18e +--- ++....--
16 16

2 4 6 8 10
21 1911 e 5505 e 470857 e 275593591 e 13561818053 .

2 16 128 6144 491520 58982400

2 4 6 8 10
249 4643 e 122621 e 5731619 e 30655519 e 1122269891 e

8 1 287 -2 + + +.... __

4 8 64 1920 11520 8M640"

2 4 6 8 10
103 e 3899 e 50363 e 848807 e 4 3839569 e

82-2862 1 - -- + + -...-- +
12 96 360 2160 4838400

2 4 6 8 10
1 99 e 3795 e 216251 e 49870857 e 4956626553 e82-1861 -+ + + - +--...-i-..+"

2 16 128 2048 163840 6553600

4 6 8 10
2 47 e 707 e 540877 e 8581691 e

820860 1 2 -e +- + ...+ ---- +-

2 9 2304 14400

2 4 6 8 10 10
17 5 e 28345 e 3196075 e 138380365 e 7635333395 e 3579441729 e8 2 1 8 6-1 /+ + - + + ..

2 16 384 18432 294912 7077888 179200

A-14
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Ipqlpq Kipq

2 4..,,,10
9 81 e 1845 e 11169 e 106389 e 1345311 e

8 0 -2 8 8 2 +- --------- --
2 2 16 8 1280 4480

2 4 6 8 18
7 1815 e 131831 e 14758887 e 1379540071 e 10805815223 e

2 16 384 18432 1474560 17694720,

4 6 8 1@
2 1963 e 75595 e 5113919 e 37315013 e

8a0880 1-46e +------
4 36 1152 7200

2 4 6 8 10
25 5337 e 352899 e 21222321 e 3416816241 e 6483396851 e*80 188l-1 -- - - -+ ------

2 16 128 2048 163840 262144

2 4 6 8 10
173 10585 e 603415 e 3152105 e 595640575 e 5065352177 e

80288-2 +-+-+...-..--'---

2 6 48 72 6912 48384

2 4 6 8 1@
3 13 e 5 e 491 e 115411 e 9817%73 e

8 1-2872 + + + + +
4 8 2 120 9216 3225680

2 4 6 8 10
3 165 e 2225 e 99355 e 542995 e 6124775 e8 1 -1 8 7 1 -- + - - + + + .... +:+.,

2 16 128 6144 98304 23592%

A-I 3
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IpqlIp q Kipq

2 4 6 8 10 -
27 e 385 e 24509 e 1548977 e 29426953 e "

72175-1 7 + + + + + +.....-
2 6 144 3840 34560.F -

2 4 6 8 1.

235 1025 e 147075 e 5723405 e 2410472275 e 2213883275 e
72275-2 --- + + + + + +

8 48 1024 18432 3538944 16515072

2 4 6 8 18
55 2405 e 207871 e 56046421 e 2665585811 e 269963728819 e

S73 -2742 -- + + + + + +.....--
8 48 1024 92160 17694720 82575360

2 4%

24 + 60 e +15e
73-1741-"--

2 2 4 6 8 1@ 12
sqrt(1-e) (8-48e +120e -160e +12e -48e + 8e)

4 6 8 1@

2 4535 e 18397 e 16083629 e 6324397591 e
730740 1+13e + + ---- + + ---.- +,

64 72 147456 3686406

2 4 6 8 1s
147 e 7369 e 136175 e 4604159 e 45857329 e

" 7 3 1 7 4 -1 5 + + +---+-. .--. ,...,
4 48 288 3840 17280

0%

2 4 6 8 18
129 1353 e 382853 e 8385863 e 1242373407 e 181184734241 e

73274-2 -- +--- + ---- + + + - ---------
8 16 1024 10240 65536 45875280

A-I2
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Ip q Ip q Kipq

2 4 6 8 18
3 3 e 2331 e 6841 e 1169469 e 176068467 e

7 1 -2 7 62 -,. + +t + + + . +:

8 16 1024 10248 655360 45875288

2 4 6 8 1@
9 e 13 e 241 e 51577 e 106531e43-

7 1 -1 7 61 - + + + ++. ..-

2 6 36 3840 345680

4 6 8 1N
2 2015 e 220 e 3523685 e 3230695 e

718760 1-lie +- + + - +...
64 9 147456 147456

2 4 6 8 18
267 e 2687 e 9651 e 134619 e 399951 e

7 1 176 -1 9 . ... . + + ++ . ..- --.- '.

4 16 64 1288 2568
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