
7D-A53 788 R COMPUTTIONL METHOD 
FOR WINGS OF RBITRRY PLNFORM 1/1

C84(U) NAVAL POSTGRADUATE SCHOOL MONTEREY CA C S JONES

UNCLASSIFIED DE 4FG 28/4 N

ENINNIEShhh



1111 .0 1 28 11 25

a., .32.



NAVAL POSTGRADUATE SCHOOL
00 Monterey, California

DTIC
EL EC T E;

SMAY 1 7 1985)

THESIS --

A COMPUTATIONAL METHOD

FOR WINGS OF ARBITRARY PLANFORM

by

Christopher Stephen Jones

December, 1984

L Thesis Advisor: T.H. Gawain

L- Approved for public release; distribution unlimited -

C.2 6



SECURITY CLASSIFICATION ',F THIS PAGE (When Date Entered)___________________

REPOT DCUMNTATON AGEREAD INSTRUCTIONSREPOT DCUMNTATON AGEBEEORE COMPLETING FORM
1. REPORT NUMBER 2.0y90Sg

4 3. RECIIENT 'S CATALOG NUMBER

4. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOD COVERED

A Computational Method For Wings Of Master's Thesis
Arbitrary Planform December, 1984

S. PERFORMING ORG. REPORT NUMBER

7. AUTH4OR(S) 8. CONTRACT OR GRANT NUMBER(&)

,Christopher Stephen Jones

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT, TASK
AREA 8 WORK UNIT NUMBERS

Naval Postgraduate Schocl
Monterey, California 93943

II. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATEp

Naval Postgraduate School December, 1984
Monterey, California 93943 13. NUMBER OF PAGES

________________________________________59
14. MONITORING AGENCY NAME II ADDRESS'if different from Controlling Office) I5. SECURITY CLASS. (of this report)

Unclassified
a. DECL ASSI FICATION, DOWN GRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT (ot the ebetract entered 1.' Black 20, It different from Report)

IS. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue orn reverse *da it necessary and Identify by block number)

Lifting Surface

Wing Aerodynamics
20 ABSTRACT (Continue on reverse side It neceseary &..d Identify by block number)

The computational method developed in this thesis permits
the calculation of the aerodynamic performance of a wing of
arbitrary planform. Both basic and additional lift are
analyzed. This treatise is restricted to thin wings in steady,
inviscid, incompressible flow. The method uses a grid system
of control points over the wing semi-span. The circulation
over the wing L: considered variable with discrete values at

DD I1JAN73 1473 EDITION OF I NOV 65SISOBSOLETE Ucas
5 NOI2*LF 01. 60 1SECURITY CLASSIFICATION -Ow4IS PAGE (When Date Entered)

2.1



. . . . . ... 7 - . 7

SECURITY CLASSIFICATION OF THIS PAGE (Wheun Daa ntret)

the specified grid points. Finite difference equations are
utilized to determine these discrete values. Control point
indeterminacies are evaluated analytically. Matrix inversion
is required for solution by the method presented. Details of
the matrix technique are developed in Ref. 4. A brief summary..
of the principal computational relations is included. No
numerical results are yet available but are expected during
the next phase of this research.

p. 9

S N 0 102- LF014- 6601

2 SECURITY CLASSIFICATION OFl THIS PAG(WYh.n Data Ent~tod)

.. '.: .. & . .. . . . . . . . . . . . . . . .-- '



Approved ior public release; distributon unlimiten.

A Computational Method
For Wings Of Arbitrary Planform

by 0

Christopher Stephen Jones
Lieutenant Commander, United States Navy

B.S., Te.:as A & I University, 1968

Submitted in partial fulfillment of the
requirements for the degree of 0

MASTER OF SCIENCE IN AERONAUTICAL ENGINEERING

from the .

NAVAL POSTGRADUATE SCHOOL

December, 1934

-

Christopher Stephen Jones

Approved by: //'// .,_______,___
T.H. Gawain, Thesis Advisor-

M.F. Platzer, Chairman,
Department of Aeronautics S

! J.N. Dver

Dean of Science and Engineering

9

. . 2. .. .



ABSTRACT

The computational method developed in this tnhesis

oermits the CE4calclation o-f the aerodynamic Qer-formance o-f a

wing of arbitrary planform. Both basic and additional jii-t

are analyzed. This treatise is restricted to thin wings ar-

steady, inviscid, incompressible flow. The method Uses a--

qrid svstLem of control points over the winq semi-span. The

circlation over the wing is considered variable with

discrete values at the specified grid points. h3.nir-=

difference equations are utilizedl to determine these

discrete values. Control point indeterminacies -,kr e

eRJalL~ated analytically. Matrixz inversion is required +or

solution by the mnethod presented.. Details of the matrix'f

technique are developed in Ref. 4. A brief summary oi1 t khe

p rIn c Ipl A.IComp L ta ti on a I rel ati ons is i ncl1uded. No

r'.iaieri cal resul ts are yet available but are expected durn no

-anext~ phase of this research.
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I. PAf-GROUND)

The overall research of which this thesis forms 7a part

has a three-f'old purpose. Firstly, it is intended ftoC

instruct the student about the fundamental equations that

govern the aerodynamics o-f wirngs 4nl incompressib'e tow.

.3econdl yq it teaches the student how to convert the

fUrdaFm entall eq~atiOnS into a form suitable for n u Me r i 7A

raF.cuiation on the digital computer, and to carry o ut thea

comple- program-minq required for this purpose. Third!~'

rrethe -First two objectives have been accompl ished. 4-nhe

computer- program itself provides a Useful pedaqooi cal a n-d

design tool -For illuStratinr, the effects of v a ros 1 W IfO"

design paramenters on the ftinal aerodynamic performance cI

awing.

Lcdr. J. L. FPar'-~s made a creditable start towa rd th e

lrtobjective in his thesis [Ref. 1]. However. in r.

Ii mni t ed ti me :-ivaila-7-kbIe, e Was S tn a b I t o inahke s i P i Ia r 7

pro gress toward the second or third objectives.

Iwas evident early in this present a n aIyS I th At

P a~~ r-5 cmpu~tational technique had some f 1 aws. The -

e:-pec-IAti on was that these -Fl1aws WOULI be reA-011

rdlscover-ed and soon corrected and that objectives two and

three would be rather quick.-ly and easily comleted. T -1a t

has not been the case'

R



As the investigation actualiy developed, a whole series

04 obstacles was encountered and each was in torn

eventuail y overcome. The progress was neither ouic: nor

easy. 1n edery case, it was found that the seemino

obstacle was really attributable to some conceptual error. Z-2

Once the error was found, the obstacle disappeared and the

investigators gained a deeper insight. Some of the major

obstacles that were encountered and eventually overcome are

discussed in the following paragraphs.

Confusion about the proper type of computational grid

to use, whether staggered or unstaggered, and the grid size

necessary ,for accuracv was a major factor. An 8 by e

unstaggered grid over the semi-span is now used, for gooo

rasson.

Another point of confusion was how to deal numerica1y

with the singularity that occurs in the governing integral

equation. One option is to avoid the problem by stagge-i.ng

the goid of field points with respect to the grid n

control points. The other option, which was chosen cr

this investigation, resolves the indeterminacy by rioorous

nslvysis and as a consequence allows the employment 0+ a

simple unstaggered mesh.

A third point of confusion concerned the evaluation o

the partial derivatives of the circulation function.

Sho ld analytical or finite difference methods be used to

repnesent these derivatives? It was found that araiyticai



oifferentiation is incorrect and that finite aifferences

iust te used.

Stii another coni-usinq ooint concerned the validity ot

representing the circulation function by a Fourier series.

While this procedure is widely advocated in the technical

literature, it was found that a much simpler and clearer

formulation can be obtained otherwise.

Boundar-; conditions also caused some confusion.

Soecial conditions apply at the leadino and trailing edoes

and at the wing tip and midspan. These quite comp ie:.

boundary conditions have now been fully and rioiOU.! 'V

analyzed and incorporated into the formulation of- the

probl em.

It is evident from the foregoing discussion that tni s

research has amounted to a major education in bsi7

aerodynamics and in numerical methods. In these resoects

it has been a richly rewarding experience.

However, in view of the foregoing obstac Ies *s,

oroblems, the time schedule has oF course been Crea- '

deiaked from that which was initially anticipated. Thus.

there are no final numerical results at this partic-l'ar

=7aoe of the inyestigat-on. There is also no more ti+-ne

avaia~ble to this investioator. Hence, this final aspect

wil have to be completed by some subseouent invest ioatoCr.

-e 'ertheless, what the present effort nas oroduceo, tc. a I

sL?,hecLent worker, is A very sooh stiateo and reinrpd

1 ,. ... .



enurnr x ii methon C, T14 7his rnethod na~s now evolved totO00FV

that 'P ~n e con-!lO r~fltJ~ oce to orOOI;durera t

~~nrI~~~ ecurt pe151FCLI t

t-i



Again, reversing tne limits of inteqration and Mte

a r__ si .gn o+ the intera Fo the integral euIa-_ m n

tne iFOuce, veiocity due to the trailing vortic:ry Decomes

ly
= L(. jG (8)de ..

D. TOTAL VORTICITY EFPECT

The total induced velocity at a particular 'tro-

point is the summation of the effect produced oy the

vorticity over the wing and the effect produced bv the

trailing vorticity. This means that for each controi

point, the right hand side of equation (4.24) must b e

evaluatea at every f eld oint over the entire wing surface

and smed. Thi-s sum will give the e-fi-ect r-cuced Ih

viY-ticity over the wing. Also, for each control point, the

-ight hand siae of equation (4..9) must be evauare at

.... st or a.iong the entire trailing edge of the wi n x.r

-.-rimed. Th-:s sum will give the effect produceo bv tn:

a1ig vorticit,. When both of these are aooe., r '

total v'orn:icitv effect at that particular control point ..

evaluated. This may be expressed as a combin-ation St

equations z4.24; and (4.39) as follows, where w is r.
p - -

,-,tal induced velocity

p = 4 p + w p , . ,

• 5.



aain two non-oirnensionaI cir-cuation functions. fhe

CeveIopment 1S Similar to that presented above for t e

circulation over the wing and results in the foiiowing.

COs iy i = Qc(r and E/s = 2iAR (4.29'

( = (2 AR ( ) 4. T.9-

- Zd'= n (4.L

dv and dy v

N _q AR (d ) 4

rt = (xt - Xp + -(1(4.

G = I - E(xt - xp) ! rt ]  .

Equation (4.2) may now be written as

+1

-- (2'~ G (r
wp %i

Now, transforming to angular coordinates

Equation (4.. .5, now becomes

p 4Tr

-4

[°( --



=~~)J ii~Fsrle ( o-
0 0

Equtati on '14.24 is 1 the governing equati on -or t he i nd uce-2d

vellocityT at each control point due~ to the summation of tnhe

ecets c every field point on trwe wing plan-rorm. Nqote

that all tactors inside the integral are a t unction of - wing

plIan -orm geometry except -for the twjo partial derivatives i-

the circul~ation - unction. Also note that equation (.4

becomes indetermi nate when -n his

condition occurs when the control point and the field colnz_

cci nci de arid is discussed later.

TRAILING VO-RTICITY rRANSFJR111TION

11Rnv of ecuLations (3Ithrougth 1-7.14) are 2dentlcal at

the trailing edge and simply require the subscript t to

te added to the appropriate variable. However, since is-

constant at +1 along the trailing edge a few 0+ t he

equRAtions change S il~t Ily a nd atre rewritten h es - E? Cr

Sbecomes xt = xL+ c ~.2

(--.B) becomes xp= '<Lp + c (4. 2

(12) b ec omes d xt =[1 (2/ AR) 2r IYdn 4. 27

(3_.14) becomes dxt =,/gdrL ~4. 28'.

The circulation along the trailing edge of the wing is.

Sfunction of the spanwise coordinate 'rL only. cons.id~r



F4. 1 b

± -

sin' ___ o9 ( ei 19 (3 ) de

trom wnicn it toDilows that

2 rL

(T) = 0(' "-)

( ' - - ,\/ (4 -.-:CJ.

51 jrx1 9 Zu~ - - Te

Ecuai.lr 4. lj now becomes

lIT

1 . -Fslr +C - , ,-.2 .

Upon reversing the limits of integration and reversing tn~e

aigeoraic sign of the integrand, equation (4.2.._.-1r can be

written as

21
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giving two equations which reduce to

A1

AR

, r' z f.4. , , -.

(i) A R j C

Now, the following expression that ocu rs in equarion 4, i

p Ux
<>x - ":P (~F) + ':  - (p  ,4..,!!.

can be expressed in terms of I and yias follows

C " -- rt-p -4. i

Regrouoing r-ms in equation (4.12) and setting

F = (- - xp) - (Y)- Y. )/ " (4. i-.)

dk- dy c d[ d L  (4. 14."

Equation (4.1) may now be written in the following (orm.

+1

B. CHANGE OF FT TO ANGULAR COORDINATES

Utilizing equations (.16) and (..17) together with a

non-dl-mem;sional circulation +unction in the (,e)-,Iane te

+oiiowing transtormation can be made

21"



i -. . i . . .* I I . .. ** .. . * II _ II *_ I I I l

r-e-fers to values along the trailing edge of the wing. I "

.s desirabie to transform these equations to equi va ,e-t

fz.rm- in the angular coordinate system.

A. CHANGE OF fr TO WING COCRDINATES

Circulation has the dimensions of velocity ti mes

distance. Consider two separate circulation functions, one

non-dimenstonai with respect to semi-span and fr-ee =,Cream

velocity, and one non-dimensional with respect to mean

chord and free stream Velocity. The following

relationships can then be established

A

V. P<,.:,y) =V.7 Fr(J,YL); E/s =2/AR 4.4-.

-yA= (2/AR) F(},fl) (4.

A

" tD / " AR ; -- YL)" ' -::: "

~7 cC~ d~t'1'y•o".= 1 -Il

Substituting equations 13 ) and (3. 14) into ,..-6 ,aive

4AR ,"t t -c-

RegrouDing terms

The coefficients of di and of dr must separateiv vanish.

2.. . . . .. .... .-. .



IV. GOVERNING EQUATIONS

The vertical velocity induced at any particuiar contrzoi

point consists o- that contribution made by the vorticitv

distribution over the wing planform plus the contribution

made by the trailing vortices behind the wing. Farts

rRef. 1] provides a quite detailed derivation of tne two

general equations +or induced velocity. Both equations ma "

also be found in many other aeronautical references such as

Bertin and Smith [Ref. 2] and Kuethe and Chow [Rei-. ].

Fhe following form of these equations was utilized in this

anal ysi s

w 4.

Wp - 4,2- .-(-)

where

r2 2
k _ p) + (y _ p4.-,

and rt2 is obtained by replacing with xt in equatio

( 4.3 .~

Equation (4.1) is basically the same asc F-ark S eqOUator,

6) where w is the velocity induced at a contr-ol oor t

due to the vorticity distribution over the wing sLUrtace,

Equation .4.2) is the same as Far-t's equation ,L.) wher-e

wp is the velocity induced at a control point due to the

trailing vorticity behind the wing. Subscript t her-e

19
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cd

Left Wing TipI

Figure 2. Linear Coordinates (I TOL versus
Angular Coordinates (~8
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U.. . *I I I

Ai'ULAR COORDiNArES

it is oesi 'Raole to transiorm the wing pianform from the

(1.-plane into the (9,e)-piane. This is accomciisneo.

using the relationships

= .5 *(1 - cosd-s 0 dO I C.5 sin n7C

From equation (3.16), as varies from zero at the leadino

edge to I at the trailing edge, 0 will vary from zero ,tr.

respectively. Fr-om equation C3. 17), as Yvaries trom -1 a7

the left wing tip to +1 at the right wing tip, e wili vary

from Tr to zero, respectively. These limits are important

in subsequently developed integral equations. An adder

bonPus of this transformation is that it results in mesr,

points near the leading and trallino edes ano wing riF-

be closely spaced, allowing finer resolution in tnesa

ctritical areas of analysis. Fig. 2 shows the relationship

between the linear coordinates (1,Y) and the angUL Sr

coordinates ,).

1 7

. . . . . . . . . . .. . . .. >



E'. NON-D I MENS IONAL COORDINATES

The first, change ot variables involves a transtormation•

t"-om the (xv)-pIane into the (I,Tj -piane. in re - -

following relationships, non-subscripted variables re-er to

field points, while variables with subscript 'o refer to

control points.

y = Y ; dy = d'_.

yp

x L = ' .3. 4)

"Lp = T.-.. 4

c = (2/AR) 1(I +) _- 2TrL] (3.5)

cp = (2/iAR) [ (I +1) - 2fp] (3.6)

x0 = >Lp + c . "

dxL = d 9.

dc -(2/AR)2 "TdY (.3. I I

dx = dxL + cdl + dc

- AdrL+ cdl + j[-(2/AR)2T'-d- L ]  (3. 12)

I/ A [ (2iAR)2 I3 t) "

dx cdj +L/U¢d. 2.r. 14!

T = (1 - taper ratio)/(l + taper ratio) (.. l5.

This transformation simplifies the algebra C-f the

problem significantly. The chordwise dimension now varies

from 0- at the leading edge to +1 at the trailing edge,

while the spanwise dimension varies from -1 at the 1eft

w.ng tip to +1 at the right wing tip.

16
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III. WING GEOMETRY AND COORDINATE TRANSFOR:MATION

A. WING GEOMETRY

The wing geometry considered in this developmenr

consists of a wing planform symmetric about midspan witn

straight leading and trailing edges containing 'Fl

discontinuities, except at midspan where allowance is madue

+or sweepback. The wing has no control surfaces. H

typical wing~ is Pictured in Fig. 1. with the geometric

coordinates labeled. The wing is completely specified by

three factors, the aspect ratio, taper, and the ieadina

edge sweep.

Al coordinates on the wing are normalized t ca

semi-span length of one unit. Sweepback at the wing tip is

Lainda (A). Eta(YR) is the normalized spanwise cooroinate.

Parameter Tau (r) defines wing taper. XI(i) is the

normalized chordwise distance from the leading edge.

SigmaT" is a sign parameter, +1 for the right wing and

+or the left wing. The mean chord(E) is a function oit

aspe-ct ratio(AR), that is, E 2/AR. This analysis

involves two coordinate transformations. The

transformations proceed from the (-, y)-piane to the

non-dimensional (1,yv-plane, then to the (95,0) anguiar

coordinate plane.

14



b~sF-3 ac-o addi ti onal i ift distL-ri buti ons are both known, -ne

c ,respomd i ng i nlLcu ed dra--g c-an read ilIv be cal cu Iatec.

n r s a n a Iys 1s develops a mL-t n d to l aCUi are -7,C

spanwise anud Qhordwise pre -ssure distributions over the winq

which are necessary in designing the wing Stru~cture-

Althouoh Paris' calcu'lations did not achieve a~

satisiactory -esult, he pointed out areas of concern t -or

po-ss ibl1e errors a nd- indicated a need t-or -f urtn =r

Where Parks used a staggered mesh between comrrol

ponsand field points on th e winq t-o av'oic Tr4ue

ndeterminacv,, encountered whenever a coawn t.-o' pol nt am d

field point coincide, the present analysis resolives true

ildie:termi nacy and work- witfh c ontrol poinrts and--

-t superi mposed upon each other. Also, the _ r _

s7.-iL1ticon emnployed byPrsto represent t Ie C ir CL!lr _kT

Oistriabut--or, na0s been discarded. Instead,

tr b.- ti or i s now represent ed more si mpl y and direCt i'.7

thue /alu Les ofthe circul ati on at the f i el o c, 1 -tt

themselvyes.



i I i. i NTRODULT iOI

i"is anavsis is a continuation o- a previou_s -tC U V

,-onducteo by John L. Parks, Lieutenant Commander. Uri te.

States Naval Reserve [Ref. I].

The concept o.t a continLoULS vorte.- sheet of v-. a

strength over the wing, trailing to infitnity alt o.t tne

Wino is utilized to determine the value oi the circUiaTiCI-

LUnction at a finite number of control points on tne .

Ihe vortex sheet strength is restricted by the tur.ta

condition at the trailing edge of the wing ann b- tP.e

requirement of no flow through the wing at the specitien

Co ntroi poI nts. The oresent analysis is restr: c_ e -

s teady, inviscid: incompressible flow about thin wi,-os wITrM

straight or swept leading and trailing edges.

Wing aero yna mi cs involves tjo +, Undamen7ai ascecI-s.

_ir- - esairen basi,- i it mastribution may me s-eci-i:c.

o'jer tne WI r,4o and the correspondi ng wi rg camoer b'-t ie

.. ter ri.ned. Second, a flat plate wing may be s ceci e _o

t-,irh the resuitant additional iiit distribution to De

i- -.i ruated. Once the additional lift di=tritutio 15

i'nowr., other pertinent aerodynamic parameters may me

oetermined; notably, the slope of the wing lift curve an0

the location of the aerodynamic center. Also, when the

12
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.. .. 'VcREF N I3 E 7HT 1 T iON I N ETEI- Ir.4: iF-L_;'-4~ f• D .E T--E,-;

ELkatiOnS '4. 24) and t4. 7q) may oe evaiuateo bv 5-ev5ra

oifterent met ods. The relationship between the CeomeiLr C

placement o1- the control points and iieid points is- oer,-_ =

ore o- the most imoortant factors. Winr symmetry R E:,

m nIon n e rmt the anal - -4L to utilize controi oei 1 Q e1-.

o'nty one semi-5sn ot the wino_. The effect of fiejo pc nfls

and trailing vorticity must include the entire :in4

piarnfo!-m: however, symmetry about micspan aoain --I -fi t

ur-1jfi n 0+ numerical values over only, One semi -sar.

;he right semi-span is chosen for this analysis.

As mentioned be.ore, equation (4.24, become

iFdeterminate if the control point mesh and the field ooiPt

mash coincide. Equation (4.7-9) also becomes indeterminat.e

"when the spanwise coordinate of the trailing vorticit an_-

t-e cnnce.ned ,-ontrol point coincide. ,No te tht

e,3ua r;on (4.4) apoproaches zero. as the spanwi se cooroi n r e

r:f the control point and the trailing vorticitv converq-

One ,lethod to avoid these indeterminate points i_ to

=a,-crier th different meshes so that they never c-i;-I c(;

Another method is to determine an analyticai lImIt or

pr-incip31 value of the integral as tre indeterminate poirlt

is approached. The second method is chosen for tia

.-aalys-=is and is presented in the following paragrapns.

26
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IN'DETERMnILNATE PO3INT OVER WlUiG

ni :r, m tor arid he derominator of e'uation 4.24 are b-:r -'.

.erQ-, tesuiino in an indeterminacy. Since an indeterminac,

ca3, oni y occur at a control point, ai occurrences are

cntine, to the right semi-span. All geometric varae

arn sigma, the sign parameter, have a positive vaie on

this section of the wing. Fig. ' depicts an explooed viet

o± a mesh point singularity. The discrete value o0- te

circulation at the singular point must be determi ned.

Recali that the circulation function itself is continuous

over the wing; therefore, it is continuous in the oroximiz.-

o t he singuiar point. Variables u and v are

introduced to reoresent small devi ations in ano M.

vicinity of the singularity. If AR represents Lrre

contribLutior o the singular element to the i ndL ;e0

velocitv at the singular point. the following rei at I C_, .s

is established

ou dv

where symbol is an abbreviation that stanos Tor :r-e

integrand of equation A4.24). Now, let

* o . . . . . . . . . . . , * . , , . . ..- * •* - . . •- '
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v . -- .- .• U * ,* U - .- .. . . . • . . .. .. *LU Eg* E.,. . . I I-w ' "- . . .-. .- . ; : 
r  

- .. - - -. z 7 7 -

V = (9-9# 5J ) I"

V ) =(5.

where F' represents the expression in brackets in equation

(4.24)

An analysis of equation (4.24) in the immediate

vicinity oi the singularity results in the +oilowing

+ (2iAR)[(1 +r) - 2,rL (5.]

p =rp + (2/AR)[(1 +-r) - 21%ylp]lp 5.

Ox--) = (V-rjp) +(2/AR) C(I+T) (I-I )-2(rI -rp p ) I 5.*'-

i= cos 19 cos(9 +v) = cos p - sin v (5.)
p -p p

ip =cosp (5. 9
p

- = - sin e v (5. 1-

p

0.5(1 - cost) = o.5[1 - cos(p+u) I

= 0.5(1 - cos OP + sin u) p5 1)

) 0.5(1 - cos O) 5.12

(1- .=5 sin Op u (5. 1')

(r, - rIp1p) = (%p-sin 6p v) (I +,:.5sinD L-)- l (5no U) .

= Ipip + Yp 0.5sinop u - sinep v ip

p p-in v(sin n pu- rp p ( 5

Simplifying and neglecting higher order terms in u, v-,

29
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and uiv,

1~ (vr,3/2)SIrn OpJU + -'-ifl Op j1)v + .(5=1~

Substitueting equations (5.10), (5.13), and (5.16) into

(5. 7)

Au + B (. 17)

where and B~ are known functions of Al 001 001 IPT 7p,

and AR. The denominator of the integrand of equation

(4.24), in the immediate vicinity of the singular point ma-1

now be expr-essed as

[' E(Au + EBv)~ + (-s inep V)2L k5.1e

inC; ( pis fixed, let -sin O = C, then,

I (Au + EBv) +- C v 1 ~ (5. 19)

Assume, by analogy with the above development, that the

numerator of equation (4.24) may also be expressed as

function of Lu and v, namely

F' Du +Ev (5 20)

Now, switching t11o polar coordinates with '~the polar

radius and ',x' the angle, let ut= cos a and v sin oL

The effect of the singular field element Must be

determined. An integration over the entire element

prodUCes the required result. The integration covers a



total anal e o+ -21Y and a pol ar radi us varyi ng f rom zero a t

the cente- o-r the element to its ou~ter bOunds. Eq ua t ion s

19 and (5.20) expressed in polar coordinates become

r'-' E cos oL 4Isi n C)+C2 si O

j (.09= -1

where J-Oe.-) is arn abbreviated form of the term in bracl'etcS.

F' I D cos c~+ E sin ot] 5. 3

H Ox) (5. 24

where WOO. is also an abbreviated form.

Note the polar symmetry of each of the above functions,

that is

H(cfL+Ih J -(CL) 5.25

Theref ore, if AR' is the effect of tnie indeterminacy

4R' J H 6412 5. 7~

The value of this integral is zero by reason of o-ddl

polar symmetry. This proves that the effect, of the

singlar field element on th~e control point is zero and may:k

be neglected.



B4 INDETERMINATE POINT ALONG TRA2 ILING EDGE

As r~approaches Ti, in equation (4. 39) G approachies

zero; therefore, the integrand is indeterminate. Note that

-X X' does not approach zero. since is the

-coordinate of the center of the concerned control polnt

and _t is the x-coordinate at the trailing edge of the

wing. In the immediate vicinity of the singularity."/

r- 'fLP) becomes very very small, but remains fijnite;

therefore, it can be represented as a small value times

constant. Let this constant be (xt - ;therefore. a
p.

(Yl-qp)approac-hes zero, the following relationships mayv

be established

Vtp Y (t x P~), where E? 1

pp

rtz = t x p +e

p

The integrand of equation (4.3) may now be expressed as

_____ -u e*~? {X, (x-)It.~

which can be reduced to

(5. e32)



Thus, in the limit, as approaches T P, e approaches

zero, and the value of equtation (5.:2) becomes zero. This

proves that the trailing vorticity contribu~tion directiyv

downstream of a control point makes no contribution to e

velocity induced at the control point.



W . W .

VI. PRELIMINAR' FR-_ LEM A N PLYSiS

Consider a given wing planform for wnich he - hre e e

parameters aspect ratio, taper, and leading edge swee p a=kr-e

known values. The correspondi ng lift distribution ano

therefore the circulation distribution over this wind are

quantities to be determined. All quantities Ln the

integrands of equations (4.24) and (4.39) are known exc e..

for the partial derivatives of the circulation function.

A mesh size adequate to represent the desired ift

distribution, while not requiring an excessive amount o

numerical calculations, is desired. A mesh consisting 0. -

eg,, -hordwise stations and siteen s t atio s across 4-

enti-re wino span is arbitrarily selected and sho-uld croduce

th d desired accuracy. As previously mentioned, w no

symmetry about midspan allows all computations to. be ma0M

with the numerical values on the right semi-snan.

A. WING GRID POINTS

This analysis involves mapping points on the wing from

the physical (xy)-plane to corresponding points in the

'o )-plane and -ice versa. Fig. 4 depicts a uni-orm

rectangular grid of points in the (0,0i-piane, constructed

as oi lo ws

= A(i-C:.5) A0= 2e =T/8; i 1 ,Z',..... ,..

I I



__= 0 ~ Right Wing Tip

bD bfl

Left Wing Tip

F-'gure 4 Computational Grid in(,8 Plane
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= J-.5)" A= 2( =IT 1 ; 1 ,2.. 8 (6.2,

A so, a.7 ng the leading and trailino edoes o,7 the wing

while along the wing tip and at midspan
IT/ 4 ..et i = (; (m i, =IT ' .-", ' m_. "- . .

MS
The above equations will produce 64 grid points on the

rioht semi-span with each point centered in its respetive

rectangular mesh block. The ri' subscript varies soanwise

from right wing tip to midspan while the i" subscript

varies chordwise from leading edge to trailing edge. The

unknown values of the circulation function at each of these
S

gid points must be determined.

For every field element on the right wing there e -1sTs

a c.orresponding mirror image field element on n-e i -;t

wing. By utilizing the symmetry between each field element

and its mirror image, the range of: the 'j" subscript can be

restricted to 8 vice the 16 it would otherwise be. Fig 5".

depicts the Planform distribution of the C1 rcu at n

inrtl on with appropriate subscripts for matri an-

corresponding vector representation. All quantities L4itH

numeri caI values at respective grid points may be

designated similarly. Shoul d it become necessary t'

transform from matrix notation to vector notation or

vice versa the following relationships are used, with '..

denoting the respective vector subscript.

if = _,i - 1) + j where r =,i) 6S.

2
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- ~ ~ ~ ~ ~ --- - -- - -, . . . . .

Right Wingtqip

S ,' ) w

U, LI

F (8,1) _ ___F,,(6~8)

Midspan

Right Winc ip ,_.

(i) F I) • (1• (5-)

SFv((3) • (k),

L

F (8) Fv(64-
Midsparx

Figure 5. Gamma Matrix and Vector Grids
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=t: H 4~- 1 'k/8 b,.; inteaer division)

= ~ ~ w 8( ) er e 1 F'~)( 7,

B. VARIABLE NOTIATION

T he csub scrI p notation i ntroduced in the aDO'~'

par-agraphs is used extensiv,,ely in the subSeqL:ent an a I y s

The following notation for varIous fu n ctonso.nn

derivatives is a1SO used. Note the dif+erent ex prEs s io

that correspond to the same numerical Va-lue.

The 4irst derivatives o+ the circulation function

- fj,i) v Lf*

70,.

Fh- s-crn derivatives at the leading and trailing edge

(;r' L

2h ~oddrvt-~ ~Idn n riigeg



Irhe ii t ,3i strihu ton is -Ies ignated as +olIows

-r'- I -,'-4- 6 1
IFhe ' _~ dTsc1bL, ti04 at the2 ieadirq a00 tr'ailingO e20 .2

ACB Ll = PL i c" .'.

C. LIFT DISTRIBUTION

Consider Bernoulli "s e uation for the pressure acove

the winq ano below the wing

+ + (cL + 7-

PuL

Rearranging and simplifying gives

(PL-Pu)-- AP _.

tiL: t

en, e

and

Now, combining terms from above

( c (5,,. 0AR c L

:b :,-_-. :. . . . - . .- ".. .- - . " : - .: . . . _ ' • . - : :



Fro-A

920 Iva-lues o- the la-Ft ha-Rnd si des of te atove h

e quari 3 ones ar dletermi ned b"V equatiens 67 a5 and 7.7

hesluinfor the Circulation values reoutr-es;

m, a I TI) n .5 r t

c:- i-? , cai ons (7 17)a.d 15a--

cc Cui'~ate -a; scanwlse der-vat-ves o-f tf-e 1r cu It

A~ucin II variables5 on th e rIg h t hand - s l

aut on s (7 -4 and ( 7 25) are now known. The wino ±IC i a

tr crion Tay ve wrIten 7 a s

B'r is a 64 by 64 mat rix of infLuEn ce Coe++fimr

w h os eat def in it ion i s i mpIi ed by equat ion s Q7,24~

(7~7) more detAiled anailyi ofmtmE i -'e

V.-ADDITICNIAL LIrFT

In the- additional lit problen>m "P -1, rh t

c r 2 sure diz:t r ib ut ion Over- t he w ino) 7 is dje s Ire. *-

n r-1n previou--;sly d e v&eIc pc-d e-quat io Sre rC. Ied

U1.1&o) cl4)F'~l + C/ ri2:j 7. c?



EQuations .7. 2 7.24 and (7.25). when evaiuate d T

each control poi nt oter- te semi -s Cn p :rH.ce 1 r + n;

eL at ion s in the S f t cur unknown -ai e Lrh---

circulation iunction. The soiution to this v m s t er"-

eqaat ins produces the desi red VAI Lies 0t the ci rcuit t

function at the mesh points over the right semi-spa-.

E. PASIC LIFT

in the basic lift problem a pressure distr -ti.but -s

soecified over the wing, leaving the corresponding wInC

slcoe function to be determined. in this case, eQ Iaton

b . 22, k rearranged, gives the chordwise derivatives -

-i'clation function at each mesh point on tne win o1 .

F 8 ( 4 ) S I ? .-.

At the leading edge, equation (6.28) applies

r_ = AR

Now, equations k'7. 1-) , (7. 14), and 7. 16) are e- press1ons

for in terms of the unk;nown circulation values. These

equations are repeated below with known v11e collected 0n

the left side of each eqtiation.

(r j,l) + ,0/4) L(., = (1/ 6 ', 7. /60) 6

.2 .



L. FIE LDL E L F01EET ;-44C 1MAGE ELEMFN-,T

f rc e-+L semi-sp.4n -: the alqebrz. I c ~ifl c.. F s

4e-

one Datcons] stin 1~ - 0-1 th- !tIO)r -E

aert cll :r 4ield oolint or the richt 0e~sa a<sO

o ,- e -n tr o c 1r nt, rr ao re r Do r t crrorr s _1 -D C_' ~ _

aeMI -sa an -r A- e~ s e E c: ont o' DC. n__ T h m

concept applies to P' t he t r _.I 1 ng vo)r t Ic 1ty 1 -. t n-,D

a q r11~eje Etlations t4.-4) and (4.~ aQ!

mool 1 iec s I IGht v soC t na t the e c t o4 a f 1elo Poirnt on

th riqnr seml-spar. and the ei_-+ect 0.: its lrna'qe on tne

semi -oar may be us-n: qtCC5 rW re:E Vr *r e~5 T, rvrt-

r tO.. ~ the i:irp 1 represent the rq~

cEae m1-sp r. a n- Ia [ucInt reprcCsert t. e i±

.. vF"vV r z n 4 §

4 TrARJJ(~-.'



* - ..o-

-or,# ins may be used in this case. For ttre I ht w1n' " "

rzp Tes' pints

+i

Central difference formulas are also the same

At midspan, allowance is made for a OiscontinuiyV in

the slope of the circulation function as mentioned

previously. Again, a polynomial suitable to a.ti sv

boundary conditions is assumed; therefore, let

= A(8-8) + e8 71-

-A A + A 2 (e- 8E) 7.72C.-

Satisfying equation (7.19) at I = 6 and i = 7, and solving

for A, and A-), gives the needed coef*icients in eouatons 

(7. 19) and (7.20). Now, applying equation Y7 a- 7

midspan and equation (7.20) at midspan and at j = 8 gives

Fm(i) = (/)F( 6 ,i) -(5/ 4 )( 7 ,.) + 215/81(8,z 7.2 , -

= (/AO)F [(1/2) l(6,1,-(7,i +(/,)](7 22)

50
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= (/24.(Y - 7. 12,

Di +erentiatinq again,

Applying equation (7.11) at two trailing grId ooints.

solvinq for A7, and substituting into (7.12), a diference

ex~press.;onfor in terms of ( i,7)and i o) is bta - a

as follows

R) = 7-/..... _.) ) + "3/"3) f( i F)J (7. 14

A1 so

Ft = (-1 2 6 )F(j,7) + 27/2) 6F(•iB) (7. 15)

For mesh points 2 through 7 in the chordwise dir.ctin.

central differences are used which results in the followino

i= (i!A )[(-Ii2)Rji-1) + (Ii2)f(ji+l)' &7i6"

The difference equations for the trailing edge ann ,

central points are also valid for the basic lift prclemT.

SPANWISE DERIVATIVES OF CIRCULATION

Along the right wing tip, the circulation is zerr--

however, the first derivative is finite. These cond2tmon_-

are precisely analogous to the boundary conditions along

the 1eading edge for the additional lift. Hence, the same .-

di fference equation developed above for these boL;ndary"

4q1

%. 

• .

.°.



°

Eouations (7.6) and (7.7) satisfy the boundary conditions

for the additional lift. These are that FT vanish and is
I

finite at the ieading edge where 0 = 0. Applying equation

at two grid points adjacent to the leading edge,

solving for A and A-, and substituting into equation

(7.7), a difference expression for r in terms of I and 0

isobtained as follows

S= (iiA )[I 1 + I3 . 78

Therefore, for any mesh point adjacent to the leading edge,

the following subscript notation is used for I

ji (1i4 )[F(j,I) + (/3)F(j,72)] (7.9)

A similar analysis applied to the basic lift results in the"

following

(,)) = ( + 6 F(J1 l)] 7. 1-))

The procedure for determining the difference orm _ i-

applicable near the trailing edge requires defining a

function for the circulation that is numerically equal to'.

Ji at the trailing edge with first and second derivatives

equal to zero. This requires beginning with a cubic

equation; therefore, let

rr + (7.11)

Di;ferentiating once,

48
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Epressions fo" the partial derivatives o- tne circiazior .-

uction In terrms of the u n Kn own c1r u a ti, n V\/_'JeS -S

edd a-.d are ,derived belo.

When sciving the basic 1it proOiem with 0 speci ie ea

rssr e distribution, the unknown iS the win1 s loCe

f.r Ctio.n wp. This solution involves mu~ltiplication bv Z4

by 64 mfatriM x ut i nversion of the matrix is C.r-

requi re.

B. CHORDWISE DERIVATTVES OF CIRCULATION

In developing finite difference equations, a polynomial

is passed throug, a number o+ points in the particular area

of interest. The polynomial used in each case must be of

s + Iciert order to ensur-e that the required derivatives

exist. and it must satisfy the boundary conditions. The

+inite difl-erence equations utilized for the central.

dl-fference formulas require a point on either side of th. e

point in question. Hence, the central difference equatons

a:-e valid fot all mesh po'._nts except those that ie -

ada e nt to thre leading and trailing edges. For The

leadlng edge, let

+ + + +[7

Di fferenti ati ng.

rF = A 1 + O 0 2 j (7.7)
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sum of two components associated with the basic i.ift ano.

te additional .i1t, respectively. Thus

w = +*J +)W (7.p E B

where wpB reflects the slope of the wing camber sur ae -''.c

according to the relation

while

pA= -I (7.5

reflects the uniform change in wing slope per ra0ian M

additional angle of attack.

Note that the right hand side of equation
I

consists of the sum of equations (4.24) and 4.J7). Wne

solving for the additional lift, the only unknowns .-

equations (4.24) and (a4.9) are the derivatives of the

circulation fLunction. These derivatives are e'presseo in

teTrms of the initially unknown values of the circuIatio 0 .-

With si...ty-tour unknown values of c Ircul at io n, si :.-t-V-t uLr

equations are required for a solution. Each control co.nt

gczeraces an equati on nvol ving terms of tne uUnvnown

IrCu 1ation distribution. This produces s i>. t -our

eq atio-n .. in ' "ty-four.- unknowns which must oe coi 'c

simultaneousy to determine the circuliation values. Ths_

s ,tion involves the inversion of a 64 by 64 matrl.'. .-

46
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VII. GENER AL FF'ObLEM ANALY5IS

A. PROBLEM SFECIFICATION

As mentioned previously, t.le calculation sequence may

involve determining the wing slope function from a

specified basic lift distribution, or determining the t

distribution from a specified wing slope function. F!+

interest here are both the basic and additional ii-Lt

di stributi ons.

The values on the right wing span are utilized in aii

calculations. The right wing span is divided ir.o eiort

chorowise and eight spanwise -stations, resulting i.

sItv-four control points over the semi -span. To sa t i-

the condition of no flow through the wing surfa-e, thM

induced velocity nust balance the normal component of re

free stream velocity, or

Setting the -free stream velocity to one unit an

approximatino sin ( with ak for small angies of attac -A.

gives

.- = W = W +

By analogy with equation (6.2), the overali wino siooe

function at each control point may be represented a_ the

45

. . - ."'.. . . .. . .



Again note that the specific additional lift

coefficient CPis identical w.ith the lift curve slope

(dCL/do.) and is numerically equal to the value that the net

additional lift would reach if linearly extrapolated to an

additional angle o+~ attack. of one radi an. Once agai n

however, the additional angle of attack (0 - is

restricted to small values.

Basic and additional li-Ft are also discussed in Ret. 3

.



It 15 Use-Ful to designate the product O

as t-he "net" acdi tionai circulation and to desiqr--re efl

quzkntity r(,) itself a s the "specifiic' anditionFl-

Ci rcul ati1onl.

Differentiating equation (6.=2) with respecC t-o 0( g.v'55

S+

Not~i ce that k~ r,9)as the cniaracter o~ Ci ~Cu I 1C-

per radian, and that it is numerically equal to the L-;

wh.I ch trie net circulation woulo reach if i inear 1v

e .tra~polatsd to an additional angle o4 a t t a c of on e

radian. In fact, the additional angle of a t ta ck (C- 0(

isretrctd - small values; the'-efore. tn~ ~

-dditional circulation remains small in comparison with the

Speci-fic additional circulation.

All other aerodynamic parameters which are proportionai

tcj, circuiation follow a linear iaW analogous to that sta_;tEd

1- equations (6.-72) and (.3 For example. the wing i--

coefficient C; con-forms to the expressions

L L CLE< + O(BCLA 4~

dCL + C LA 6 --.

4'.
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E. MiLDSPAN AND WING TIP REUIREMENTS

Olcn:; mre rignt wJ ng tip. denoted by ESlscript: R c he

boundary conoitions are

At midspan,denoted by subscript -m , allowance is made

for a discontinuity in slope of the circulation +uncticn.

Note that the circulation function is continuous. at

midspan, but its derivative is di sconti1nUOUS at this

location.

BA ESIC AND AIDDITIONAL CIRCULPATION

An understanding of the concepts of basic anoc

additi.onal c--rculation is necessary in the analysis of tmics-

problem. These concepts are briefly reviewed here.

Lonsider the circulation +Ltnction FT(o,e) o* a given

wi.ng at some arbitrary angle of ttc . This mayb=

e1:pr-?ssed in terms of a 10'as5ic" circulation +u nc --I rp

FE(0,9 and a "specific" additional circulation fUnction

f,,,oe)as follows

where C(- o(c) is termed the additional angle a+ attac>:.

42



tLUMCtlOl witn respect to at zero also. To SLMMar i.-e inr

eau.- .ior tor M

C 0.) P~3 r

(00. r -(j) C (

Ne'tco~der the todto tha t the p:-e-.

coe-ticient is infinite at the leadina edqe i-or

additional li-ft. At the leading edge, C = and sin

znere*-nre, the denominator of equation (6.22) 1is 'PS air

L C. . Thuts is -finite a t the Ie adIi nga edge -o r z e

-dhional i-t unrieinqatOnr
addT SU.Mai~edin e~a- form

AIL PL = j +U~

,inally, +for the basic li-ft the pressure coeficien- --a

f1-riTe at the ieading edge. A similar analysis to iiha:r. t-

che t.-E-ihing edge Using L'Hopitai, s ru 1e rLsuIlts in

s-e-ond deri -ative o-f the circul~tion +UTFCtion% With. res=3sc:

t- being a 41nite Valuie. SLmmarized in 9(Lat!lOn -or-

r:2 ,L PFL (J) 3/AF) P9L/c = 'Inte '~ H

(L
41



Or, in the notation introduceo in section B

D. LEADING AND TRAILING EDGE REQUIREMENTS

The boundary conditions pertaining to equation .

for the basic or ideal lift, and the additional ii+t,

determine the nature of the circulation function and its

derivatives. The Kutta condition fixes the pressure

coefficient at zero at the trailing edge. For the

additional lift, the pressure coefficient is infinite a7

the leading edge. However, for the basic lift, _ "

pressure coefficient at the leading edge is finite. These

specifications together with equation (6.21) or e.2,.

determine the nature of the circulation function.

First, consider the Kutta condition which requires tat

the pressure coefficient be zero at the trailing edge. The

.snato o-F equation (6.22) 1s also zero at zhe tra i1no

edge, since 1Y and consequently, sin = CO. This means

tha- must not be finite or the quotient becomes

infinite. Therefore, Frg at the trailing edge must be Zero.

resulting in an indeterminacy. Using L'Hopital"s rule _CO

determine the limit, which must be zero, the denominatior

becomes cos 1T' = -1 and the numerator must be zero. This

fix<es the value of the second derivative of the circulation

40
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T r (j,i- + j1t2)F 1. ,

- ri--zU i -/l.Tr(, 7 " + (/13;FjE>] (7.i4;

Feui = (i/A)F(Ii) + (1/-r(- 7 1

F0 I 'i 1AS) 1M[(- x ;/RJ-li) + (1/2)F i+1 4 i)] .7 I')

,e r +(-(8 i)= (I/tO)) r (1,/--->a',i)-2Fk 7,i.; * -" '  )+ )FC,..i ) ] 7....

Fu. "-' = (-I/2 6 )r (3 , 7 ) + (27/26)F(JB) (7.15)

The wing slope function in this case may be written as

A) = A (kp r,(k) 7.34)

k

a 64 by 64 matrix,: of iniluence .oet:i,.erzr

whose e-:act definition is again Implied oy eqL; ations 7.244

and '725). Matri,' A must be iverted in this case t-.

determine the circulation function.

Once the circulation function is known, i ts dervati..e

With respect to 6 is found by substitutilng the knowr v_:

into e.qUatOn.. 7) (7.14), and (7.16'. EqLat n _

is then utilized to determine the pressure distr!7ut7D-.

Other aerodynamic parameters may then be readily caicL:.m

for the wing in question.

The matrices and calculation procedures presented :n

the above paragraphs are described in detaii in S

concurrent analysis conduCted by E. M. Barber [Ref. 4].
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Vi ll . SUI1WiRY

The solution of the system o+~ equations developed

this analysis is best suited +for processing v mti-

metodson a digital- computer. SUM are- urmry Y f t

:oceolural steps requi red in th ca u t n or t Ie

additiornal lift and the basic lift are given in t TME-

;n ow;o no paragraphs.

A . ADDITIONAL LIFT

Given wp= -1:

First1, cal1CUlate Matri-N A utilizing eqUati ons r';

714- (7. 15), (7.16), (7.17). (71) ad(.3)tetr

wi th the planf orm parameters in equations k(7 .24) an d

(7. 25).

Next, invert matrix A and multiply by vector- t C.

determine the ci rculation values.

dijw de er mi ne tI-e chordwise deri Va I ve 0-f 1:he

u'ruOaticin functionr utilizing e~jUat1ors (7. ')*(.l,

Fina'ily, use equation (.,.222) to calculate the pressure

di str-ibit ion.
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P~. BA~SIC LIFT

G~iven F(j,i).

First.* calcul ate the chordwi se derivative oil the.

circulation function using equation (62),and the secono

derivative -factor using equation (6.28).

Next. compute the circulation function LiSin'g equations

(7.9), (7.14), and (7.16).

Now, compute matrix B. >
Finally, multiply matrix B by the circlation vector ito-

obtainrk
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!X. CONCLUSIONS

Although no0 numrerical results ar-e yet available, there

a re ample grounds for confidence in the val idi ty o4~ the

ca cul -=ttio. method presented i t1 ~hi s -thasi s.

dleriva3tio~ns are based on sound mathematical procedures ar'

ss4o7os This afnaLysis, along with the parallel e4_r

presert-ed iJnr RFI . 4, has sat is Fi ed the i ni t ial purpose c

teove-ail research effort, which was to develop

adequate mathematical model fnor calcul ating the aerodyjnamic:

Meriotrmance of a wing of arbitrary pianfnrm in inV Sio'.

incompessible -low.
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