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ABSTRACT

The computational method developed in this ines:
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ermits the calculation of the aerodynamic performance of

i

+

W

P

rng of arbitrary planform. Eoth basic and additional i1+t
are analyzed. This treatise 1s restricted to thin wings inm
steady, inviscid, incompressible flow. The methoz uses a

grid systaem of control points over the wing semi—span. Th
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pecified grid points. Fimi
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difference equations are utilizedy to determine these
]

discrete values. Control point indeterminacies are

a2valuated analvyticalliv. Matrix inversion is required for

sciution by the method presented.. Details of the matriw
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technique are devalcped in Ref. 4. A brief summary of the

principal computational relati
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I. BACKGROUND

The overall research ot which this thesis forms & part

has a three—+old purpose. Firstly, 1t 1is iptended fo

J

instruct the student about the fundamental equaticns that

govern the aerodynamics of wings 1in incompressibie  flow.
Secondly, 1t teaches the student bhow to convert the
furdamental equations into a form suwitable for numerical

calcuiation on the digital computer, and to carry ocut the

complenr programming required for this urpcse. Thirdlv.
P ; g purp

=
M

arce the first two objectiwves have been accompllshed, the

amputer program itself provides a useftul pedagogical  and

esign tool for 1

o
+

lustra

.
]

ing the effects of variows w

+
T
“+

design paramenters on inal asrodynamic performance  of

5 wing.

lLedr. J. L. Farks made a creditable gstart towara the

i

A

st gbiective 1in his thesis [Ref. 13. However . in  the

.
3
o+
[»8

1ted time available, he was unable to make significart

oragress toward the second or third cbisctives.

It was evident early 1n this present apalvsis that
Farks’' caomputaticrnal technigque had some fiaws. The
. . ' . R
expectation was that these +laws would be readily ]
LI
drscovered and scon corrected and that objectives twoc and :
three would be rather guickly and easily completed. Tnat

has not been the case'!
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As the 1nvestigation actualiy developed, a whole seriezs
ot obstacless was encountered and each was in e
eventually overcoms. The praoagrass was nmeither guick nor
235V, In every case, it was found that the seeming
cbstacle was really attributable to some conceptual error.

Oncs tha error was found, the pbstacle disappeared and  the

il

investigators gained a deeper insight. Some of the major

cbstacies that were sncountered and eventually overcomes are
discussed i1n the follawing paragraphs.

(=%

Contusion about the proper type of computational gri
to use, whether staggered or unstaggered, and the grid sizes
necessary for accuracy was a maior  factor. A 8§ by 2
unstaggered grid over the semi-span is now used, for good
reEason.

Another point of confusion was how To deal numerical i
with the singularity that occurs in the governing 1nt=2gral
2auatiocn, One option is to aveoid the problem by stagger:ing
the grid of field points with respect to the ocrid of
control points. The cther opticon, whizch was chosen +or

this i1nvestigaticn, rasoives the indeterminacy by rigorou

i

=nalysis and as a conseqgquence allows the employment of a

]
4

& third point of confusion concerned the evaiuvation
the partial derivatives of the circulation functian. ?

A hidak

Should analyvtical or finite difference methods be used to R

1 S

m

repr-ecsent thece derivatives™ It was found that arailvtic

)]




e B ey e R T p——.— LAt e aaa b o o aedh adl aoe ame

-+
+
n
3
D
1
n
m
0

differentiatiorn 1s 1ncorrect and that fimnite g1

d.

must bEe us

D

1

Stai

anocther confusing point concarned the validity of

-
ot

representing the circulation functicon by a Fouwrier seriecs.
While this procedure is widely advocated in the technical
literature, i1t was found that a much =z=impler and ciearer
formulation can be cobtained otherwise.

Boundary conditions also | caused some confusion.
Speczial conditions apply at the leading and trailling edges
and at the wing tip and midspan. These guite compiex
boundary conditions have now been fully and rigorousiv
analyzed and i1ncorporated into the formulation of The
rroblem.

I+ is5 evident from the +oregoing discussion  that tmas
research has amounted to a major education in basic

aerodynamics and in numerical methods. In these resocects

1t has been a richly rewarding experiance.

[

However , in view of the Fforegoing ocbstacles and

S
m
hY
+
<

nroblams, the time schedulsa has  of course been

mn

AN

deiaved frem that which was initially anticipated. Thus,

-+

ot

hore are no final numerical results at this particular

il

r
b1

[fe]
1]
J

f the 1nvestigation. There 15 also no more tige

available to this investigator. Hence, this firnai aspect
wiil have to be completed by some subsecuent investigator.
Me.ertheless, what the present effort nas produced, toc  a10

"
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<
n
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T
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vant worker, 15 2 very sophisticated ang ret+i1ned




cal method. ThHis method has now Do1InT
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AJain, reversing tne limits of inteEgratich sng the

2igeoraic s:gn of the integrand, the 1ntegral =sguation +or
Thae irguZeg veloclty dus to the traiziing vortic:ty ocecones
v
" ! 2 G dr; de (@R
w = = -
o -
' 41 AR/ /. (n-ne) \dB
o. TOTAL VORTICITY EFFECT
The total induced wvelocity at a particuiar cControi

point 1 the summation of the effect producea oy  the

)

vorticity over the wing and the effect produced by the

trailing vorticity. This means that for easch controi

t)
i
3
I—
n
1
-
n

point, the righit hand side of eguation

evaluatea at every field point over the entire wing surface
arng smmed. This siun wiil give the effact proguced ov paat=

virrticity over the wing. Alsc, for each control point, the
“ight hand side of eguation (4. 390 must be evaiuateo st
ea~h staticr 3iong the entire tralling =sdge of ths wing and
ziommerd. This sum will give the effect produces by The
frairing Yorticity.  When both of  these are  adgea, tne
totsl wvoriicity effect at that particular control ocoant 1S

il
W}
s
byl
+
s
[n]
3
n
'
t)
Ju
1]
o)
0
ey
g
Y]
i}
-+
]
—
0
b3
)]
b3
J
1]
!
]
¥
1
I
I
]

“otal induced velocity
w = w + o o, dt
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Again  Two nNON-Cc1Mensionai circuiation functions. fhe
development iz similar to that presented above {for tne
cirzulation over the wing and results 1n the folliowing
A A
} = {vi = U 7 ‘T i T/ = /8K 3. 29
szrkxy/ = ﬁncrlxq; and €/ = Z/AR (4,29
-~ P~
(Lovr = zrer Moy (4. 30)
A o~
7). _ 2 [dR: e = g alTis
é—dy = e d gn and dy = dn (4, %1

(a_rg) 3 (ii.} (4.32)

re = Gy - oxp)T 4y - 7 (4,773
6 =1- [ixg - xp) /ored (4, 24,

Egquation (4.32) may now be written as

+ N
"p" = 4_\17(;\_2&)/' (rfvm (jvri) dn -

R3]
Now, transforming tco angular coordinates
Moy = I8 (4. e
(JQ _ (ar;) .
e D?\ 06 tog,
dn, 48

[ =

Equation (4.325) now becomes

o

v 5 o )
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Equation (4.Z4) is the governing equation +or-  the i1nducesd
velocity at each control point due tc the summation of the
2tfects of every +ield point on the wing glanform. Note

that all factors i1nside the integral ars a function of wWing

planforn geometry except for the twao partial derivatives of

the circulation funchtion. Also note that eqgquation (4, z4)
becomes tndeterminate when ¥o= M ang = . ihi1s
P n= N

condition occurs when the control point and the field point

caIncicde and 15 discussed later.

c. TRAILING VORTICITY TRANSFORMATION

Many af esguations (3.1 through (3.14) are 1d0entical at
the trailing edge and simply require the subscript t to
Le added to the appropriate variable. However, since 3 1s
constant at +1 along the trailing edge & +ew of the
2quations change slightly and are rewritten hners  for

clarity
{Z.7) becomes e = x t ¢ d, 29
(Z.8) becomes Xp T ip + Cp {4, 28)
(Z.12) becomes dx, = [ A -(Z/AR)2TI0dn VAL 27
(Z.14) becomes dig =/£1.0’er 4, 28
The circulation along the trailing edge of the wing 1S
2 function of the spanwise coordinate N oniv. Consider




2 r_~<-'-vv‘ ‘_"r‘_~_v'l-_7v'_V_r_l-A\r"—r,-‘_"‘-.r*'-‘ e — —

F‘(}.Q: = [Mg.0; (4.16)

(%)33_ + (g%“’f (%T)cqﬁ + (—;-g) ad 4,17

) 2106 op + (30)ein 0 06, -(2ag < (20)coe1s,
trom wnich 1t +0!llows that

(;F)_ 2 (;

31 = S w (4.19;

(_;_f_) o (LV‘) . 20

an sin B \3B <

Aang

(o 2 en o)< ~smo()dpds ...

(2= - L (A0)(2 g 5m0d)< + 228 3C)duds .o

éu\@

Upon reversing the limits of 1ntegration and reversing the
aigebraic sign of the i1ntegrand, esquation (4.23) can be

written as

VLI




g1ving two eqguaticns which reduce to

(i)_ E_L(ﬁf_)
ax/ AR ¢ \d1 ’
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Now, the foliowing expression that occurs in egquation (4.

4 A\
(s - xp)(é—J + {y = v }(gdz) (4. 81

i
Y]
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0
Ji]
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(A}
5
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Q
e
2
[a)
m
e
3
n
0
_}.'
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2
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n
“+y
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-
[
Q
b3
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Fegrouping terms in equation (4.12) and setting

F o= {(x - xp) - (YL—”QP)/MG' 4,17

dx dy = c dj dwn (4, 1d;
Eguation (4.1) may now be written in the following form
ot S
(2 A 3F
{ . .
wp' = —(— —_— F _— + C(W—qr) — c{idm (4,150 1
4m\AR)J /3 o1 an ]
‘1
E. CHANGE 0OF T TO ANGULAR COORDINATES ;
Uti1l:1z1ng equations (Z.148) and (3.17) together with a B 1
non—dimensional circuwiation function 1in the (¢,9}—piane the 1  1
ftoiiowing transtormation can be made
- 1
21 ;-'_j
- hl
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reters to values along the trailing edge of the wing. Iz
e desirable to transform these eguat:ons to eguivaient

forms 10 the angular coordinat=s system.

A. CHANGE OF [T T3 WING COCRDINATES

Circulation has the dimensions of velocity t1mes
distance. Consider two separate circulation functiocns, one
non—dimensional with respect to semi-span and fres sirsam
velocity, and one non—-dimensional with respect to @ean

chorad and free stream velocity. The tolliowing

relationships can then be established

A A~
Ves Mixyyy = LT M, E/s = 2/8R (4.4
A s
Moo,y = zrary N30 (4.3

-

R AR A

Substituting eguations (Z.1) and (Z.14) into (4.&57 gives

ol -(on- BB

Regrouping terms

(‘)P __) 3+ 2(£*@) dn = © (4.8
Ax AR S STYR TV /od B '
The coefficients of di and of dqumust separateiy vanisn,

20




1V, GOVERNING ELQUATIDONS

The vertical velocity induced at any particuliar control
noint consists of that contribution made by the vorticity
distribution over the wing planform plus the contribution

made by the trailing vortices behind the wing. Far

n

{Ref. 1] provides a guite detailed derivation of the two

general equations for induced velocity. Both egquat:ons mav

al=sc b2 found in many other aerocnautical references such

s
in

s

-+,
2

Bertin and Smith [Ref. 23 and kKuethe and Chow [Re

iowing form of these eguations was utilized 1n  thi

Pt
tn

The fs

analysi

A N
g 4—;”—;3 (x-xp)g‘»r(%-ﬂgéiq dxdy
)

w2 I _ (a-%)) [df (&=
| . } dH tdﬂ 4.2

1]

W' = T
4 J (44
where
>
reo= (- xp)“ + {y - Yp)“ t4. 3
and ry< 1s obtained by replacing x with xy 10 eguation
(4.%).

Equation (4.1) is basicaliy the same as Fark s sguat:ion
(Z.5) where wp’ is the velocity induced at a controi oot

due to the vorticity distribution over the wing surfacs.

tquation 4.2) 15 the same as Farbk s equation {Z.8) where
wp” 15 the velocity induced at a control point due to the
trailing vorticity behind the wing. Subscript t hers

19




Right Wing Tip

— e e ] — — -

Midspan

~s Edge

Leading Edge

v

Trailing ©

Left Wing Tip

Figure 2. Linear Coordinates (3 M) versus
Angular Coordinates ($,8)
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. ANGULAR COORDINATES
it is desiraple to transrorm the wing piantorm from the
(2,ﬂf—piane into the (¢,9)—plane. This 1s accompciilisnea

Lsing the reiationships

I-0.5% (1 -cosfr;: d} = 0.5 sind ad (T.16)
N =cosB; dn=-sinb 4B (3.17)

From =2quation (Z.14), as % varies from zero at the leadino
edge ta 1| at the trailing edge, ¢ wiil vary from zerao == W,
respeactivelv. From equation (3.17), as kaaries trom -1 at
the ieft wing tip to +1 at the right wing tip, O wiii wvarwv
from W to zero, respectively. These limits are importantc
in subseguently developed integral eqguations. Ar  acddec
bonus of this transtormation is that 1t results 1n mesrm

es ana wWing tips o

Ci
w

points near the leading and trailing e
be closely spac=sd, allowing finer resolution 1n tness
critical areas of analyvsis. Fig. 2 shows the relationship

between the linear coordinates (Z,WE and the angular

rocordinates (¢,9).

~
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B,  NOM-DIMENSIOMAL COORDINATES

The +1irst change ot variables 1nvolves a transtormaticn
+=om the (x,vi-plane 1nto the (3,TU—plane. in Tne
following reiationships, non-subscripted variables refesr to
fi1eld points, while variables with subscript ‘o refer to

contrel points.

y =W i dy = dwn_ {Z.1?
Yp = Y\p Q (3.2
ML = AGCTM (2.3
XLp = AT\P (3. 4)
c = (2/AR) [(1 +7T) - 270on] (%.5
cp = (2/AR) (1 +T) - 2773 (Z. &)
AR T Ci (3.7
Xp = fLp * Cp?p {5.8:
dxp = Agdn (3.9
dc = -(2/AR)21TCdn_ (T, 10}
dx = dxg + cdl + 3dc (3,110

= Ardn_+ cd} + 3L-(Z/AR)IZ2Tadn ] (F.12)
M= LA-z/Am 27 (T
dx = cdi + uddn (T, 145
T = (1 ~ taper ratio)/{(1 + taper ratio) {(Z.15;

This transformation simplifties the algebra cf the
problem significantly. The chordwise dimensicon Now varxés
from O at the leading edge te +1 at the trariing edgse,
while the spanwise dimension varies from -1 at the la=4t

wing tip to +1 at the right wing tip.

16
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ITI. WING GEOMETRY AND COGRDINATE TRANSFORMATION

A. WING GEOMETRY

The wing geometry considered 1in this development
consists of a wing planform symmetric about midspan witn
straight Ileading and trailing edges caontaining no
discontinuities, except at midspan where allowance is made
tor sweepback. The wing bhas no control surfaces. A
typical wing is pictured 11n Fig. 1. with the geometr:c
coordinates labeled. The wing is completely specified bv
three factors, the aspect ratio, taper, and the leacing
=dge sweep.

ALl cocrdinates on the wing are normalized to

th

semi—-spgan length of one unit. Sweepback at the wing tip 1

1}}

Lamda{(A). Eta(m) is the normalized spanwise cooroinate.

Parameter Tau(?) defines wing taper. FERE D) is the
normalized chordwise distance from the leading edge.
Sigmaid} is a sign parameter, +1 for the right wing and -1

for the left wing. The mean chord{(C) is a functian o+t

aspect ratio(AR), that is, T = 2/AR. This analysis
1nvolves two coordinate transformations. The
transformations proceed from the {(x,y)—plane to the
non—dimensional (?,nj—plane, then to the (¢,9) anguiar

cocrdinate plane.

14
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basic a&nd additional 1i1ft agistributions are both known, the

bH

ot
h
+
1]
W]

cowresponging 1ncduced drag can readily bs calcu

te

n
D
s
n
o
o
Y]

inle analysis develops a metnod to

i
o)
M

sparnwise and chordwise pressure distributions over the wing

whnich are necessary 1In designing the wing structure.
Although Farks’ calculations did not achieve 2

satisfactory result, he pointed cut areas of concern +or

possiblie 2rrors  and  indicated a nzed for furonsr

1]

investigsation.

Where Farks wused & staggered mesh beatween cConitrol
points and +ield points on the wing to avaid The
indeterminacy encountered whenever a2 control point andg

tield point coincide, the present analvsis resolives the

indeterminacy and  works with controi points and

coints super:mposed upon each other. Alsa. the =ser:ies

[l

zaiution employed by Farks fo represent the circulation

Jdistribution nas been discarded. Instead, thi=
distripation 1s now represented more simply and directiv v
the values of the circulation at the fiela points
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1. INTRODUCT T0M .

ini=s

ralvsis is a contlnuation of a Oravious  Study

P

-

Tonducteg by Jobn L. Farks, Lieutenant Commander, rites
States Maval Reserve [Re+., 137.

The concept of a continuouse voriey sheet ot VEr1aci

i

strength over the wing, trailing to intimp:ty a+ft o+ tne

wing is utilized to determine the value of the circulanio

a

function at a Ffinite number of contrel points on tne

£
vi
3
(W]

h

m

vortex sheet strength is restricted by the rturnta
condition at the trailing edge of the wing amg by the

reguirement of no flow through the wing at the specifieg

control points. The gresent analysis 15 restricnec 1o
steangy, 1nviscid, incompressible fiow about thirm wings witn
straight or swept leading and trailing edges.

Wing asrodyvnamics  involives two  fundamencai ASCECLS.,
Firzt, 2 desiren bazic lift ocistribution may ne Soecl =

ower the Wwing and the corresponding  wing camocer  mast ©E

determiped. Secrond, a flat plate wing may bDe sceciqtl

m

with the resultant addi tional i1+t distributiaon ta npe

Talculated. Once the additional 1+t distripution 1=
trowr, other gpertinent  aercdynamlic parameters mav oe

aetermined; notably, the slope of the wing lift curve andg

the location of the aercdynamic center. Also, when the




Eguations (4.24) and 4.39) may be evaluateg by sevsrail

gifferent methods. The relationship betwesn the geomesuric
placemant of the control points and fi1eld points 1= parnsDs
or-& oF the most impoartant factors. bing symmetry  Aacout
migspan oErmits the analysis to utilize control points over

oniy one semi-span of the wing., The effect of field points

and  trailing vorticity must include the entire Wwing

pirantorm: however, symmetry atbtcut micspan ags&in permits

wuiiiization of numerical vaiues over only one seml-soan,

...
P

he right semi—span is chosen for this analvsics.
AL mentionag before, equaticn (4,24 bacomes
indeterminate if the control point mesh and the fielid poin=z

T=zsh coincide. Equation (4.39) also becomes 1ndeterminsts

when the- -spanwise coorcinate of the trailing vortic:ty ana

=

tre concerned control po1int  coincide. Mote tThat & 1n
ssuation (4.54) approaches zerc as the spanwlez CoorginsaTte
of bhe cortrol poirnt and the trailing wvortic:tvy converga.
Onz wmethod Lo avocid these i1ndeterminate points 1= to

=t agger the different meshes so that they never coincias

u

Anothear method 15 to determine an  analytical limit or

principal value of the integral as the indetarminate point

1€ approached. The second method 1= chosen for Eai s
analveis and 1s presented in the feollowing paragrapnrs.,




fa INDETERMINATE POINT OvER WING
viber a sorural point and a fielg point cornclos, IR
)
punmerator =nd tThe genominator of aguation (4,24 are oot

zero rasuliting 1n an indeterminacy. Since an indeterminacy

confined to the right semi—span. All geometric variablzss
ang sigmsa, the sign parameter, have a positive value on
th:s section of the wing. Fig. T depicts an explodged view -

2+ a mesh point singuiarity. The discrete value o+ th

17

circulation at the singular peint must be determined.
FRecall trhat the circulation function itself 1s continuous .

over the wing; therefore, 1t 13 continuous 1n tne DrovimiTy

o the singular point. Varisbliexs o ang v ars };

tntraduced to resresent small deviations in ¢ anag B, s trs ;;
-

wicinity of the singularity. I+ AR represents Lhe

cocntributicn of the singular element to  the inducea

velocrty at the singular poirt, the following relaticrstic

15 established .

+f +€
AR = 97 cu dv (5.1

whers symboi ¥ 1s an abbreviation that stancs for rtre

integrand of equation (4.Z47, Now, let

wo= (P Py (5.2

el
<

~i




R ST e ) -

RS i v PR ...A. « [ ...«.... .......

e e e '@ Y R i o e e o
[

4

:

P

JuTod JeIn3UTS 3' juswalyd PT@T4d '€ 2andtT4g

.

- P PPA -

. p)
b

b, n

b o

. o

5

1 F >\u b\u\&

i SR £ PR OTOr -




R W W W o "
. o e T e - N L. e T N oo

YT

v v = (8 - Bp) (5.5
E Vﬁu,v) = F'/r3 (S, de

where F’ represents the expression 1ip brackets in equaticn

& {(4.24).

4

X

i AN  analvsis of equation (4.24) in  the immed: ate

vicinity of the singularity results in the following

o= Am o+ (Z/ARDE(L +T) — 2endd (5.5
xp = ARy + (2/ARIDCL + Ty - 2ngddg (S.e&)
Gimg) = AR+ (R/AR) LT (A -1 -2Tmi-on 1o sl
n=cas 0= cos@,+v) = cos &, ~ sin 8, v (5.3)
np = cos 9p (5.9
i - nyg> = - sin B, v (5.10)

3= 0.5¢(1 - cos @) = G.S01 - cos (P,+u) ]

= 0.5(1 - cos ¢p + sin ¢p ul . (5. 110

ip = 0.5(1 - cos ¢p) (=5, 120

(1 - 3p) = 0.9 sin ¢p u (5.1
(Qz - npip) = (np—sin ep v)(30+D.55in¢D u)—n@lp (5. 14) :{?;
R

= npl, + M, 0.5sing, u - sinB, v 1,

—_ 1 Y5 3 — = e
sin Qp v 0.5 sin ¢p u npzp (5,15

bl e
pay

Simplifying and neglecting higher order terms in u<, v<,

79 BN




[ N}

B

and uv,

mi-naiy) = toqy/Zisin godu + (msin O, B0V o+ L. (S0

Substituting equations (3,103, (5.13), and {(3.1&8) 1nto

(st — 2 ) = Au + BRv (5.

whera A and B are known functions of A, Bos Pos N+ ?p’ T,

and AR. The dencminator of the integrand of equation

ma S

{(4.24), in the immediate vicinity of the singuiar point
now be expressed as
g} . 2 = . .
r = CAu + BvIS + (-sin B v)yZ1l.= (5.18)
Since Bp iz fived, let -sin ep = £, then,
rY = [(An + B2 + C2,E31.3 (5.19)

Assume, by analogy with the above develaopment, that the
numerator of equation (4.24) may also be expressed as =3

function of u and v, namely

F' = Du + Ev

~
o

. 20D

Now, switching to polar coordinates with ’(' the poler

radius and ‘a4’ the angle, let u = f COS « and v = e =in ok .
The effect of the singular field element must be
determinesd. An  integration over the entire element
produces the reguired result. The integration covers a

R A
COLI i SR R Wiy . SN .
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total angle cf 2T and a polar radius varving from zerc at
the center of the element tpo i1its outer tounds, Equatianrns

Z.19) and (5.2 ipressed 1n polar coordinates become

= ~ - 2T L2 .3 = -
= = [{Acos« —Bsin a)=+C* sin 131 ! e - S.21)
= J(«) e'i" (5.22,

where J{X) 135 an abbreviated form of the term in brackets.

F'" = LD cos o0 + E s1n o] {5.25)
= H{x) e (5. 240

where H(™®) 15 also an abbreviated form.

Note the polar symmetry of each of the above functiors,

that 1s
Jiot+ W) = J(eb) (5. 25
H(ot + ) = —H{o) (5. 2480

Therefore, if AR’ 1s the effect of tnhe i1ndeterminacy

H®e L =g (5.27)
//G(«\e A

The value of this integrz2l 15 zero by reason of odd
polar symmetry. This proves that the effect of the
singular tield element on the control point i1is zero and mav

be neglected.
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b. INDETERMINATE FOINT ALONG TRAILING EDGE

As n_appraaches in e=2guation {(4.39)y, G approaches

-
zero; theretftore, the integrand is indeterminate. Note that
(g — xp) does not appraach =zero, since Mo 1s the
v—coardinate of the center of the concerned controal point
and Xy 1s the x—coordinate at the trailing edge of the
wing. In the immediate vicinity of the singularitvy,

in - qp) becomes very very gsmall, but remains finite;

therefore, it can be represented as a small value times

3

constant. tet this constant be (y = xp); therefore, as
iY[~‘ﬂp) approaches zero, the following relationships may

be establishned

(ﬂ~—1\p} = e#®iny - xp), where e << 1 (5, 251
=2 . > , 2
ry= = mt-sp) +\Q-—ﬂp)
) - L] : — -
= Gy - xp)‘(l + e<) (.29

re = (g - xp)(l + @9)0.3

-
= {xg - xp)(l + ev/2 + ...H.O0.T.2} (S, 20

The i1ntegrand ot equation (4,29) may now be expresssd as

l X¢=Xp | _ | Xg = Xp _ o
_-____ ! _— = _—— (5. 311
(n-n) Tt e (X¢- %p) (=% + &5

which can be reduced to

! e
(te=%) | | + €% =

n
4
J

e hdsdd,




o

Thus, 1n the limit, as Ylapproaches Tlp‘ e approaches
rero, and the value of equation (5.23Z) becomes zers. This
proves that the trailing vorticity contribution dir=sctly
downstream of a control point makes ne contribution te the

velocity induced at the control point.
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Vi, FPRELIMINARY FRUOBLEM ANALYSIS

Consider a given wing planform +or which the three
parameters aspect ratio, taper, and leadxﬁg edge sweep are
known values. The corresponding 11+t distritbution ang
therefore the circulation distribution over this wing are
guantities to be determined. All guantities 1n the

integrands of equations (4.24) and (4.32%) are known except

for the partial derivatives of the circulation function.

A mesh size adequate to represent the desired 114t
distributicn, while not requiring an excessive amoun of
numerical calculations, 13 desired. A mesh consisting of
2130t chordwis2 stations and sixteen stations ACESES Lne
entire wing span is arbitrarily selected and shouid proguce
the desired accuracy. As previocusly mentioned. wW1ng

symmetry about midspan allows 211 computations to. be mads

with the numerical valuess on the right s=mi-span.

A WIMG GRID FOINTS =
Y

This analysis involves mapping points on the wing from )
tha physical (x,y)-plane to corr=2sponding points 1n  the f?
i¢,95—plane and vice versa. Fig. 4 depicts a uniforms T
B
rectancul ar grid of points in the (¢,81—piane, constructed ) E
a= follows 1
.
Q. = Q¢ci-0.5); Ap=2€ =T/8: i = 1,0,...,8 PAL RS
=4 .
-1
R
r
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while along the wing tip and at midspan

B,

1Yy = ©

@
3
-

The above squations will produce 64 grid points on  the
rioht semi-span with each point centered in its

rectangular mesh biocgk. The '3J' subscript varies spanwisse

from right wing tip to midspan while the ‘17 subscript
varies chordwise from leading =dge to trailing
unknown values of the circulation function at each of these
grid pcintzs must be determinsd.

For every figld element on the right wing there ex1sts

fis2ld element on the (=X

Y
n

orresponding Mmirror 1mage

wing. By utilizing the svymmetry between each field element

.

and 1ts mirror image, the range of the '3 subscript cam be

restricted to 8 vice the 16 1t would otherwise be. Fig. o
depicts  the planform distribution of the circul aton
function with appropriate subscripts for matrix anad

corresponding vector rapresentatiocn, ALl quantities with
numerical values at respective grid points mav b=
designataed similarly. Shoulid 1t become necessary to

transform from matrix notation to vector notation or
) ,
vice versa the following relationships are used,; with Tk -
denoting the respective vector subscript. -
k=80 - 1) + j where [ 00 = [T (5,1) (.30 )
®
7o)
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Leading Edge

Right Wingtip
M1 | m(12) | r(1,3) [ (1,8)
21 | (2.2
{1\(3)1) FMH’L)

[.(88)

Midspan

Right Wingtip

[L(9)

ra7)

[, (s7)

[, (20)

[ (k)

Leading Edge

[\(64)

Figure 5.

Midspan
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1 = ks o+ 1 (/83 by i1nteger division) (S=P-9]

3= - 81 - 1 where (L3, = oo (5.7
B. VAGRIARBLE NOTATICOH

The subscript notation 1ntroduced 1n the apove

paragraphs 1s used extensively in the subseqguent

The +cllowing notation for varilous functa

derivatives 1s aiso used. Note the diffesrent exprecssions

that correspond to the same numerical value.

The first derivatives of the circulation function
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rivatives at the leading and trailing

The swercond derivatives at the leading and trailing
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C. LIFT DISTRIBUTICH

Consider Bernoulli ‘s eguation for the pressure abov

m

iy

oo

Pyt @/ TN+ W /TIT = op v RID) [Me — ¥y sTIT L7

Rearrang:ina and simplifying glves

M=£=AC =2(—§1-)=:A =:(§—F—) (5,18
Ve b 7 T

ax AR ¢ 191 B

(if)z 5'\n2¢ (;g) (&, Fi

Mow, combining terms from abocve
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Eguations (7.2), {7.24% armd (7.25), when evaluated =2

fal

2ach Control point over the sem:—sSo3n, produce S1atv-+our
equations in  the sizty—fcur unknown vaiues of The
circuiation function. The solution to ftmis =ystem of

)
]

eguaticns produces the desired values of the circuisti

[a}

tunction at the mesh points over the right sami-span.

=geci1fied over the wing, ieaving the corresponding wing
slope furcticn to be determined, in this case, eqguat:iocn
{6,222, r2arranged, gives the chordwise derivatives of  the

Zi1rculation function at each mesh point on ¢

J
D
3
ot
a
e
m
n

S

14
%
i

f'¢<;,i‘> = ——C({)Singﬁ}- P(é‘,i-) 0
At the leading e=dge, equation (4£.28) applies

g = 2 PG

r+
ot
n]
3
1]

Now, equa 1on

mn
n

i (7.10), (7.145, and (7,15} are supres

m

for rB 1n terms of the unknpown circulation values, Thes
enquations are repeated below with known values coliectesd on

the left side

]

f pach eqgquation.

r'¢(_1,1) + =fA¢_z'4>f"¢¢Lr.:_j:: = (/aprelti, (7. 1u
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0. FIELD ELEMENT A&ND IMAGE ELEMEWNT
Fzoali that tre aonlv differences 1n thae values over ©n#
riget oand left semi-—gspan are the algebraic siagns oy W: Fb(
arnd (. Therefore. wp' may b2 thought of as having  fwc
oarts, one part cons1sting  of the contribut:on tThat =2
carticulsr field point on the right semi—-sgan makss on &
zpRt: fi1ed gontrol poaint, ard anotner part consisting of Thie
—ontributiorn that  the 1mags  field point o tne les+t
z2mi—~2pan Tsbes on the  same  cantrol DoIMT . The =zam=s
concept applies to wp”, the traiiing vorticity intearasd
aiang the trailing 249ge. Eouvatiorns (4.324) ard (4,39 are
magified slightly so thnat the effect of & Fiela point on
the right semi—-span and the =2ffect of 1t tmage op the la2+i
Semi -sSnan may be csictiateg simultarnecusly, using  =yomenr .
reiations., et the =satb=ssripr i represent the rignt
sem1 —Span and izt supscriot Z represzent tne iefro
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zarditions may be used in this case. For  the right  wWing

r%(l,l) = (1fA5)£f¥1,1} + (1/3)r%2,i3] i7.17
Central difference formulas ars also the same
rbkj.l) = il!bei{(—lfz)rkj—l,i) + (1/2)r&j+1,i)] (7.1
At midspan, allowance is made for a discontinpuiify 10
the cslope of the circulation Ffunction as mentioned
previously. Again, a polynomial suitable to satisfy  the
boundary conditions is assumed; therefore, let
2 ;o -
(M-Tg =na,(8-05 + (1/2>az00 - B0 7 (7,19
— 4 a— e
sing
re =a;, +AaB-0yp (7.0

-
7

Satisfying =squation (7.19) at j = &6 and 3 = 7, and solving

for A; and Ao, gives the needed coefficients 1in eguatiocns

i7.19) and (7.20), Now, appiving eguation {7.19) aT

midspan and eguation {(7.20}) at midspan and at j = 8 gives
r;(i) = (Z/B)r(é,i) - i5/4)r(7,1) + CIS/B}P(:,z) (7,232
rem(i) = <1/A9)£r(é,,i) - 3‘"(7,1) + zﬂa,wj (7,223
r%(e,x) = (1/AB 1«1 2)r%6,1)—2rﬁ7,1)+(3/2)r28,i)1(7.23}
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r'¢= (1A (T - = ¢

Applving equation (7.11} at two trailing

wpression for Fa in terms of V(i,?)and r%jiﬂ} 1= obtarned

D

s follaws

W

P&(j,B) = (1/A¢)[(—3f13)r2j,7) + (s/l?)P(j,B)J (7,14}
Alsa
rllj) = (—1/26)r<j,7) + (27£25)r2j,8) {(7.15;

~—

For mesh points 2 through 7 in the chordwise direction,

zentral differences are used which results in the following
(geirr = aapc-nlGi-u + arala,isns oae

The difference sgquations for the trailin

[ln]
i
[n 8

[in]
D
1]
5

2
)
o
{]]

central points are also valid for the basic lift preopiem.

. SFANWISE DERIVATIVES OF CIRCUHLATION

]

Along the right wing tip, the circulaticn 15 zerc

however ; the first derivative 1s finite. These cord:t

-
J
]
i)

are precisely analogous to the boundary conditions aiong

the leading edge for the additicnal lift., Hence, the same

difference sguatiorn developed above for these boundary
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Equations (7.6 and (7.7) satisty the toundary conditions
for the add:itional l1ift. These are that [' vanish and Fd 1e
finite at the ieading sdge where ¢ = Q. Applying equatiocn
(7.6 at two grid points adjacent to the leading edge,
solving for A; and AL, and substituting i1nto eguation

(7.7}, a difference expression for F¢ in terms of Fl and F%

1= cbtained as follows
l"¢ = gl + /ol (7.8

Therefore, for any mesh point adjacent to the leading =dge.

the following subscript notation is used for F¢
Fb(j,l) = (1/A¢)[rnj,1) + (1/3)P(j,2)3 (7.9

A similar analysis applied to the basic lift results in ths

following

F¢(j,1) = (1/A¢)[—(A¢/2)EF¢¢L(;) + &l¢i, 1113 (7.10)

Y

The procedure for determining the difference formuila
applicable near the trailing edge requires definirng a
functiocon for the circulation that is numerically esgual to
r; at the trailing edge with first and second derivatives
equal toc zero. This requires beginning with a cubic

=2quation; therefore, let

- r't + (1/76)0A (Y - @)= (7.11) R
]
-
Differentiating once, n
LIS
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Expressicons for the partial derivatives of the cilrcuiatian

function 1n fTerms of the unknown cirsulsticon veiuss  ars

E
o
1}
o]
n
n
oo
<
re
23
Pl
rt
T
m
o
e
0
R
n
b
[
+.
rt
0
3
n]
7
e
D
3
b2
2]
r+
TJ
W

=pen: t

-
n
[u}

pressure distribution, the unknown 1

n

[w}
11}

the wing =lo

utiorn 1nvolves multiplication by 3

ot

v This so

pr

44 py &4 matrix,; bput i1nversion of  the matrix

™
ul
7}
n

b

£. HORDWISE DERIVATIVES OF CIRCULATION
In develaoping fini1te difference eguations, a polyncmial
is passed through a number of points in the particular areas

of interest. The polynomial used in each case must bDe of

rt

sufficient order tg ensure that the requirsd derivatives

exist, and 1t must satisfy the boundary conditions. The
finite differsence equations wutilizeqg Ffor the central,

difference formulas require a point on either side of the

point 1n guestion. Hence,; the central differesnce zguat:or

i

are val:gd for all mesh points except those that e
adiacent to the leading and trailing edges. For the
leadirng edge, let
2 - . .
= 2,9+ (1/2)A0% + 0reTs (7.4
Differentiating,
i)
Mg = AL + A 0 + ore?s (7.7)
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sum Of twoc components assaociatead with the basic i1ft &anc

additional ili1+¥t, respectivaly. Thus

o
D

; = 4 + (ol - } ~ (7.2
Wy Wo £-'8 dB‘pr (7.0

where “oR retlects the slope of the wing camber surtacs

according to the relation

Wop = (32/‘3;-:) —alg (74
while

¥ A = = (7.=
reflects the uniform change in wing slope per ragian o+
additional angie of attack.

Note that the right hand zide of 2guation CF L
consists of the sum of eguations (4.24) and (4,39, wWhnen

solving for the additicnal 1i1ft, the only unkrowns :in
equations {4.24) ang (4.3%9) are the derivatives of ths
circulation function. These derivatives are eMpress=sc  in

+ the circulatian.

Q

t2rms ofF the i1nitizally untnown values

Witk s1u*ty—four unknown values of cirrculation, =1 tv—four

squations are raquired for a solution, Each control ocoInt =Y
N 3
v i -
gererates an  equatiorn 1nvolving terms of  the ununown :
. -1
zirculatian distribution. This produces sixtw—four ]
L
equaticns 11 sidty—+our upknowns which must be sotivec .
simultanecusly to determine the circulation values. Th:= L
z=oiwtion 1nvolves the invers:on of a &4 by &84 matriv. <
)




vII. GENERAL rROBLEM ANALYSIS

A. PROBLEM SPECIFICATION

As mentioned previously, the calculation sequence mavy
involve determining the wing slope function fram a
specified basic lift distribution, or determining ithe lift
distribution from a specified wing cslope function. T4
1nterest here are both the basic and additisonal iift
distributions.
The values on the right wing span are utilized 1n ail
calcuiations. The right wing span 1s divided 1ir°c eigrt
chorcwise and eight spanwise stations, resulting im0
si1vty—fouwr control points over the semi-span. o satis+ v
the condition of no flow through the wing surtace, the
induced wvelocity must balance the normal component of tne
free stream velooity, or
wo F Yoo Sim OL = ézfév Fal
Setting the +Fres stream velocity to one urt =Y atn
approzimating sin® with o for smail angies of attacy, g
. 3
gives R
@2/ - = W = W+ w_ " (7.2} 1
p P p ’ - 9
Bv amaiogy with equation (&.32), the overall wing siaoe S
function at each control point may be represented  ac  the -
-
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e

Again note that the specific additional 11ft
coefficient Cip1s 1dentical with the 11+t curve slops
(dCy /de¥ ard 1s numerically =qual to the value that the nat
additional lift would reach if linearly extrapolated to an
additional angle of attack of one radian. Once again,
however, the additional angle of attack (X = &Xg) 15
restricted to small values.

Easic and additional li1+t are also discussed 1n Ret. .
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It

is useful to designate the

as the '"net? acditional cCirculation

progduct

and

quantity r%(¢,93 itself as the ‘“specific” adgditicnal
circulatiocn.

Differentiating equation (5.32) with respect o & Gives

c&[ M$.6r: =0 + [\ig,6 V&L I

Mptice that r;i¢,3) fhas the character of circuiaticon
per radian, and that it is numerically =2guai to the vaiue
wihich the net circulation woulag reach 1§ fineariy
eztrapolatsed te an additiocnal angle of attack ot ocne
radian. In fact, the additional anglie of attact (X - K
is restricted to smail values; theretaore, the et
additional circulation remains small in comparison with the

specific additional circulation.

All cther

aarodynamic parameters

which are proportiona:

to circuiation follow a linear law analogous to that ctated
1 2quations (&.732) and For example, the wing li+t
coetficient CL contorms to the expressions

i = C + et . ; £ a4

L,L _LE \°( qU)CLA Lér, L4l
and

dC,

—_— = ) 4+ [, A L&, 35

il L& H, 1S
dat
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E. MIDSFan AND WING TIP REGQUIREMENTS

Aicng tne rignt wing tip, denocted by subscript R, the
oundary conciticons are
ki) = o (5. 300
=) = [Rar=o (6. T1)
36 Jr
At midspan,denoted by subscript ‘m’, allowance i1s made -
)
for a discontinuity in slope of the circulation Ffuncticn. ’
Note that the circulation function 1s continuous. £
midspan, but 1its derivative 1s discontinuous &t tnis
location.
F. EASIC AND ADDITIONAL CIRCULATION
AN understanding of the concepts of basic aro )
additional circuiation i1s necessary in the analysis of this
prooliem. These concepts are briefly reviewesed here.
Consider the circulation function | (9,00 of a given )
wing &t saome arbitrary angle of attack o, This may bp=2
seupressed 11n terms  of a '"bpasic" circulation function R
r%(¢,9} and a "specific" additional circulation function !
F;s¢,9> as follows
r'(¢5,6:: = PBc¢,6> + (eL—akE)r'ﬁ@,Ga (&, 32
where (o - dg) 15 termed the additional angle ot attack.
42
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tunction with respect to ¢ at zero also. Te summarize i

sSausTion form

Tsa-* Pbttj) = O

r'¢¢,_ tjy = 0

AT
[
-~
1]

Nexst, consiger the condition that The

cetficient 1s 1infinite at the leading edge

additional 1ift. At the ileading edge, @ = O and si

cherefsre, the dernominator of eaquation (&. 227 1

23 o. Thus, F; is finite at the leading edge
additional iifth. Summarized in =guation form

A 1) = + o0
sl S o

Finally, for the basic 11+t the pressure coeffi

-+
Joo
B
o
a

2 at the leading edge. A similar analvels to

ne !

[a]
-
-

‘a1li1ng edge using L 'Hopitei 's rule results

cecond derivative aof the civrculation function with

r
]
jSS
jay

eing a fi1ni1ta value. Summarizced 1n =2guatiop

Ao = Pty = «a3saR) [gg /e, = Finite

= r%L(JJ = O

(5. 25

0 ¢ = 2
= &agmin
<o ne

+orm

(WP )

PAh. T




Or, in the notation introduced i1n section B

i1 8 rr¢<1”l'> ey

Jid = (Y=Yt

AR/ ( c({) o &;

D. LEADING AND TRAILING EDGE REGUIREMENTS

The boungdary conditions pertaining to eguation (oL 2d:
for the basic or ideal l1ift, and the additional i1+t
cgetermine the nature of the circulatiﬁn function and 1ts
derivatives. The Kutta condition fixes the
coefficient at zero at the trailing edge. For the

additional lift, the pressure coefficient 1is 1nfinite at

the 1l=ading edge. However, for the basic 11i+ft, the
pressure coefficient at the leading edge is finite. These
specifications together' with eguation (5.21)  or (. 220
determine the nature of the circulation function.

First, consider the Kutta condition which reguires that

r+
M

he pressure coefficient be zero at the traiiing edge. h

sznominator of sguation (6.22) i1s alsc zerc st the traiiin

)]
[N
"2
mn
]
™
u
!
@
O
il
Y]
o]
0.
n
0
o)
n
11}
0
[
1}
3
[
e
~
0
e
o}
S S
i
-
oy
[
Ul
3
i}
U
|
i 1)

n

that r% must not b2 finite or the quotient becoms
infini:te. Therafore, rB at the trailing edge must be zerc.
resulting in an indeterminacy. Using L 'Hopital 's rule o
determine the limit, which must be zero, the denominatior
becomes cos 17 = -1 and the numerator must be zeroc. This

fixes the value of the second derivative of the circulation
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Fag,i» = ctraorcarsa e, 27,1+ Ma, 107,20
Gy = m1ze T, 7+ arrza o, (7.15;

Tha wing slope function in this cass may bes written

W
Il

whare & 15 2 &4 by &4 matriuw  of influence cosfficierts

)

whose exact definition is again implied by equations (7.24)

Matrix A must be .| iverted in this csase to

determine the circulation function.

Once the circulation function is known, its derivative
with respect to ¢ is found by substituting the krowr va:iues
intoc eguations (7.9), (7.14), and (7.14). Equation S De
is then utilized to determine the pressure distrihutise,
Other aerndynamic parameters may then b2 readily caiculatsn
for the wing in guestion.

The matrices and calculation procedures prasented 10

the above paragraphs are described 1n

Barber [Re+. 41.
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The solution of the system of eaquations developed 10

this analysis iz best suited for processing by metraw

methods on a digital computer. A brieft summary of tThe
procedural steps required in  the calcuiations for the
additiormal 1ift and the basic 1ift are given 11n the
fallowing paragraphs.
A. ADDITIONAL LIFT

Givern w, = —1:

First, calculate matrix A wuwutilizing equations ({(7.9:.

o

7,14y, (7.15), (7.1

[

Y, (7.17:, (7.18), and (7.23) together

with the planform parameters 1in equations (7.24)  and

(7.25).

Next, invert matrix A and multiply by vector w, to
determine the circulation values.
Mo, determine the chordwise derivative of thea

b1
0
o

crrculation functicn utilizing eguations (7.9, (F.14:,

Firmrally, use equaticn (5.22) to calculate the pressure

distribution.




T ——_——— T iR R A AR I e SR B S Pt A A R A
: - n
s B. BASIC LIFT
d
. Pl : {5 1 ). . L.
t Given Fij,1): S
}
. First, calculate the chordwise derivative of the ‘
. circulation function using equation (4§.22), and the second
derivative factor using equation (&.28). ;ng
) I
Next, compute the circulation function using equations
(7.9, (7.14), and (7.1&8).
Now, compute matrix BE. .-
’
Finally, muitiply matrix B by the circulation vector to
obtain wp.
o d
—
v
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IXx. CONCLUSIONS

Although no rnumerical results are yet availabkle, there
are ample orounds for confidence in  the validity of the

caiculatiorn method presentedg in this thesis. A11

derivations are based on sound mathematical proczdures snd

“*

assumptions. This analysis, along with the gparaliel effor:

ef. 4, has satisfied the initial purpose of
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which was to develeop &an
adeguate mathematical model +for calculating the sercdvynamic
nerfarmance af & wing of arbitrary planform 10 inviscic.

incompressible +1ow.
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