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delayed 0.55 sec after the signal itself, with re-
flectivity equal to 1.0. (0.55 sec is the observed
pP delay for LONGSHOT; Cohen, 1970). The actual
LONGSHOT spectrum, shown in Figures 2-9, rolls off
toward zero frequency at about the same rate, with
respect to the control earthquake.

2 From LASA subarray AO beamsums: the P spectrum of 8
LONGSHOT superposed on that of the nearby control
earthquake of December 12, 1965. The LONGSHOT spec-
trum has been shifted down to make its peak coincide
with that of the earthquake, to which the vertical
scale applies. Note that LONGSHOT rolls-off toward
zero frequency at about the same rate, with respect
to the earthquake, as does the anticipated zero-
frequency pP hole, shown in Figure 1, with respect
to a flat spectrum. There is no correction made for
instrument response; 5-point smoothing is applied.

3 From LASA subarray B3 beamsums: the P spectrum of 9
LONGSHOT superposed on that of the nearby control

earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.

4 From LASA subarray D3 beamsums: the P spectrum of 10
LONGSHOT superposed on that of the nearby control
earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.

5 From LASA subarray E2 beamsums: the P spectrum of 11
LONGSHOT superposed on that of the nearby control

earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.
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6 From LASA subarray E3 beamsums: the P spectrum of 12
LONGSHOT superposed on that of the nearby control
earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.

7 From LASA subarray E4 beamsums: the P spectrum of 13
LONGSHOT superposed on that of the nearby control
earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.

8 From LASA subarray Fl beamsums: the P spectrum of 14
LONGSHOT superposed on that of the nearby control
earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.

9 From LASA subarray F3 beamsums: the P spectrum of 15
LONGSHOT superposed on that of the nearby control
earthquake of December 12, 1965. Note the roll-off
of LONGSHOT toward zero frequency, with respect to
the quake, due to pP interference. Refer to Figure
2.

10 The LASA AO-subarray beamsum spectra for the 17
LONGSHOT P wave and the preceding noise. The plus - "
symbols represent the P-wave spectrum.

11 The LASA D4-subarray beamsum spectrum of LONGSHOT 19
corrected for instrument response. Observe the
large peak at zero frequency. Similar anomalous
peaks appear in the spectra of the control earth-
quake, the shot beamsum residuals, and the pre-shot
noise, scaled in each case to the rest of the spec-
trum, as shown in Figures 12, 13, and 14. The win-
dow length is 51.2 sec. There is no smoothing.

12 The LASA Cl-subarray beamsum spectrum of the control 20
earthquake corrected for instrument response. Ob-
serve the peak at zero frequency. Similar anomalous
peaks appear in the spectra of LONGSHOT, the shot
beamsum residuals, and the pre-shot noise, scaled in
each case to the rest of the spectrum, as shown in
Figures 11, 13, and 14. The window length is 51.2
sec. There is no smoothing.
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13 The mean spectrum of the beamsum residuals of 21
LONGSHOT as recorded at the LASA D4-subarray,
corrected for instrument response. Observe the large

peak at zero frequency. Similar anomalous peaks ap-
pear in the spectra of LONGSHOT itself, the control
earthquake, and the pre-shot noise, scaled in each
case to the rest of the spectrum, as shown in Fig-

ures 11, 12, and 14. The window length is 51.2 sec.
There is no smoothing.

14 The LASA AO-subarray beamsum spectrum of pre- 22
LONGSHOT noise corrected for instrument response.
Observe the peak at zero frequency. Similar
anomalous peaks appear in the spectra of LONGSHOT

itself, the control earthquake, and the shot beamsum
residuals, scaled in each case to the rest of the

spectrum, as shown in Figures 11, 12, and 13. The
window length is 51.2 sec. There is no smoothing.

15 To the left, above, is the LASA AO-subarray beamsum 23
spectrum of the LONGSHOT P-wave corrected for in-

strument response. Observe the pP hole around 1.9
Hz, and the anomalous peak at zero frequency. The
window length is 6.4 sec. There is no smoothing.
At the right, above, is the F spectrum for the same

window. Observe the pP hole around 1.9 Hz and also
that at zero frequency. The latter hole indicates
the likelihood that, as zero frequency is ap-

proached, less and less of the estimated energy in
that part of the spectrum is indeed part of the sig-
nal, even though the 25 waveforms in the sum are
beamed right at LONGSHOT. This suggests that the F
statistic may be used to estimate just how much of
the spectral energy at a given frequency is spuri-

ous, and to correct for it. That idea is developed
in the Appendix.

16 To the left, above, is the LASA B4-subarray beamsum 26
spectrum for LONGSHOT, corrected for instrument
response. Observe the sharp peak at zero frequency.
The window length is 51.2 sec. There is no smooth-

ing. At .he right, above, is the same spectrum

corrected for the beamsum bias by means of the F
statistic (as s function of frequency). Observe
that the sharp peak at zero frequency is now absent,
replaced by a hole.
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17 To the left, above, is the LASA F4-subarray beamsum 27

spectrum for LONGSHOT, corrected for instrument

response. Observe the large peak at zero frequency.
The window length is 51.2 sec. There is no smooth-
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INTlRODUC(TlON

lTre first signal, i.e.. thre 11 wave, arriving at. at s ei smog raph)I f rom i a shllw OW 'I(' SC-

Iii(' event~ Will be rTiiXc~ With its own reflctioni off the surface of t lie ('iit h1. Tthe

recorded signal. s(t ) may be reprecsented ais the 1' wave, p(t ), of the event pl us its

unriistorted echo reversed ini phasi anid detayed( by t.i rye d:

s (t p (t) r p(t - d)

where r is the reflection coefficient, which can range frorni 0 to 1. If P/)()) is t~l r powe r

spectrum of p. then the spectrumi of the signal S is (Cohien, 1970):

I'c, +[ +r" - 2*rcos (w, d)

If thec reflctivity, r, is 1, as it tends to be at. the lower frequencies, then the speetrurn

of t tie recorded signal is the Spect.rui of the P wave shaped by tHe factor

21 -cos (w d)1

Thus the signal spctrUmn will go to zero at every frequency, w at, which

11 the power spectrumn of the 11 wave itself is flat., then the spec trurn of tLlic recorded

signal will have a sinusoidal shape. There will be a series of regularly spaced holes cen-

tered on frequencies the locations of which will depend on d, the delay. That- is, thle

hole locations, will depend on d expect, for thle hole centered on frequency zero, which

is, of course, always at the one location.

The factor shaping the signal amplitude spectrum, i.e., the square root of thle

power spectrum, is

V72 i1 -cos( w*d)] 0 "

'fhe size of this hole produced in the amplitude spectrum by thle interference of thle

reflected signal may be characterized by its half width, i.e., its width where it, has

reduced the, spectrumn by one half. This occurs when





c) Scattering of surface-waves to body-waves in the vicinity of Oie event. is reduced ;0.

the lower frequencies since the scatterers in the crust are smaller thari the

corresponding wave-lengths. This ensures that energy which has not undergone .he

pP cancellation does not fill in the spectral hole and conceal it, as it may do at. the fun-

damental frequency and its harmonics.

d) It cannot be disguised. The flat spectrum characteristic of deeper events cannot.

be simulated as can a discriminant such as complexity, which characterizes earth-

quakes but which, conceptually at least, can be imitated by an array of nuclear shots

fired in rapid sequence.

The difficulties associated with the use of thc very low frequency hole as a di criin-

inant arc these:

1) The low frequency part of the signal is not optiMumly recorded. The short-period

rer-ording systems in the field have responses which drop off sharply at the low end of

t -",n. The long-period systems operate just in the frequency range of interest

but at tow gai,." that permit the observation of the P waves of only larger events.

2) The six-second rnicroseisms dominate precisely the portion of the spectrum of in-

terest.

3) Though there are now mid-period recording systems going into the field, they are

not installed in arrays and thus their data are not susceptible of the analytic tech-

niques required to overcome the microseism noise, which is well organized.

-3-

.-- '. -- . ' - - . -. . . . . . . % . >.- ...- . . . , -- " . - . - - -.-- . -
• " _ " .' ' : -. ...... . . .',-.".. . . . . : . " - - " " ' -,--.''" " " '"' " 

2



The problems associated with the very low frequency discriminant are not, how-

ever, necessarily insuperable. Since the six-second microseisms are well organized

they are susceptible to array processing, and may thus be removable. There are abun-

dant data, both past and present, from short-period arrays. These records will admit

of array processing which may allow both the suppression of the microseisms and the

reconstitution of the low-frequency end of the signal spectrum.

. . .. . . . o" . " ."." ." . .'.......-...................".......".....................-...... . - . .o. o
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0l*3S'lVATIONS 0FI* IItI*: pi- VERCY 1.0W l' ""QUI-NCY 1101 -K~
IN SI I0iff-I'ERI0I PXI'L.OSION Sl'iEC'IUA

In the present. rese arch to (Wiluate the feasibihit~y of uinrg the very low freq atrlicy

hole as, it disc ri n nard. we first. e xamine the spectra of eve rit-s larg e eriot I~ l tot

o~verwhielmi the rxlierosuisri noise. We do this simply to verify that. there is such a h ole

to be observed in the short-period data, given the Steep roll-ofT at, the low-frequency

end of the response of the short--period systems. We choose the IASA short.-period

SUbarray records of the Anhitka test. LONGSI 10T,. The event. is suitable because I) it. is

at telescisrnic distaiie, 2) it. is large enough to be just. within the dynamnic range of the

systemn, thus affording the maximium signal-to-noise ratio, and, 3) at. the time of

LONGSIO 10' he entire array wats st~ill in place. having 25 short.-period vertical seisniloic-

ters per subarray. Also, at control event, is available for comnparison. Arn eart.1qulake

took p1lace at few tr on this afterwaird. on Decemniber 12, mw9(3, witi u bout. a e i of

LONGSI OT and 0.65 magnitude unit, smialler, and the I.ASA recording of it. has survived.

The CStirrated depth of the earthquake is 49 kilomneters.

An idea of the appearance of the spectral hole we may expect- to see is giveni in

Figure 1, which shows the anticipated effect, on an othierwise flat. amrplitude spectrumi

of p1, interferenice for the depth of burial of LONGSV 101. The expression for t.his spec-

trumn was derived in the introduction. A coefficient of reflectivity of 1.0 is assumed; the

event, is at teleseismic distance. The amplitude spectrumn of l.ONGSliOT should have at

hole of this size, shape and location superposed on it.

Hlowever, the signal as recorded has been reshaped by earth response arid iristru-

mnent. response, which will distort the features we are attemnpting to identify. Ncvertlie-

less, the control earthquake has also been through the samie physical filters arid its

spectrum can be used as a template against which to compare the shot. spectrumn to

locate and identify its distinctive features. Since the anticipated source spectrruni Of

an earthlquake is flat at the lower end, up to the corner frequency, we can expect-

L.ONGSIIO'to have an amplitude sp-ctrum which differs in shape from the speetruni of

'-5-



-- -- --------- -

,,**4.-+.

+ +

+

I.-, - 4

C-O

L-J 4

0

---

LU)
M ,,,

I--
C

,,---'.

*-1
O00 , 25 0 50 .75 1 0 1 25 .50 1 75 "- .

FR[UUENCY H-1

NO INST CORRECTION 0 PT SMOOTHING,'

Figure 1. he effect on a flat signal spectrum of a reflection

delayed 0.55 sc after the signal itself, with reflectivity equal

to 1.0. (0.55 sc is the observed pP delay for LONGSHOT; Cohen, -

*1970). The actual LONGSHOT spectrum, shown in Figures 2-9, rolls -..

off toard zero frequency at about the same rate, with respect to.-..

the control earthquake. -

'.' . . ... .. .. . il iI .(Lmit



the control eart.hquake as Figure 1 differs from constant ampi tud e.

For that comparison Figures 2 through 9 juxtapose actual P-wave spectra of

LONGSHOT with those of the control earthquake. Each figure contains the P-wave

bearnsum spectrum of the shot superposed on that of the earthquake, both fro--I

records at a specified LASA subarray. The two events were of different magnitude aind

so to facilitate the comparison of the spectral shapes the LONGSHOT spectra in th.se

figures have been adjusted vertically such that the maximum amplitude of the shot

coincides with that of the earthquake. Thus the scale on the ordinate applies only to

the earthquake. (The adjustment is entirely graphical to facilitate visual comparison;

the shot data themselves were not normalized to the earthquakes'.)

We use subarray beamsurns rather than single traces for computing thesq- pocLra.

In so doing, we rnaximize the signal-to-noise ratios, but we also avail ourselves of st.a-

tistical control over the signal estimates by means of F spectra, which are defincu for

beamsurn spectra but not for those of single traces, as discussed below. The usual limi-

tation on bearnforming that. a trace can only be shifted an integral number of thl data

sample-inLervals is avoided here. Tc form the beam we shift a given trace the integral

number of sample intervals nearest to the exact time-delay required, and then we

Fourier transform that record and shift the remaining fraction of a sample interval in

the frequency domain. Thus we avoid possible artifacts in the spectra that might result

from beaming inaccuracies, especially at higher frequencies.

In each of these figures the spectrum of the LONGSHOT P wave can be seen to fall

below the earthquake spectrum uniformly and steadily, from the peak at about 1.0 Hiz

back toward zero frequency. Between that peak and 0.15 Hz the shot spectrum drops

off about -14db. on the average, with respect to the earthquake. Note that this is equal

to the anticipated fall in amplitude, shown in Figure 1, where from the peak amplitude

at 1.0 liz the spectrum drops to about -13db at 0.15 Hz. This is the observation we

sought to make. The very low frequency discriminant survived the filtering effects of

-7-
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transmission through the earth and through the sensor, in spite of being only rargi-

nally within the range of the seismometer frequency response. Note that in each of . -

these records in Figures 2 through 9. both for the shot and for the earthquake, the

noise, is A least -20db below the signal, as shown in the example in Figure 1f).
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Figure 10. The LASA AO-subarray beamsum spectra for the LONGSHOT

P wave and the preceding noise. The plus symbols represent the

P-wave spectrum.
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I

AN ANOMAIOUS PEAK AT ZERO FREQUENCY IN LASA SHORF-PERIOD SPECTRA

We would like to be able to identify and measure the very low frequency discrim-

inant in the spectra of underground nuclear explosions without having to resort to the I

spectrum of a control earthquake as a template with which to compare them. That

necessity imposes an extra constraint on the use of the discriminant. One objection is

that a suitable nearby earthquake may not be available. It is desireable to be able to

remove the instrument response and estimated earth response from the shot record to

observe and measure the discriminant hole directly. However, in the case of the LASA-

LONGSHOT data, upon correcting for the amplitude response of sensor and recorder we

find instead of a hole, a spike, or hump, more than 40db above the rest of the spec-

trum. The significance and the source of the spike are not immediately apparent. It is

present not only in the shot spectrum, as. for example, in Figure 11; it is present in the

earthquake spectrum, l-igure 12; in the spectrum of the beam residual, Figure 13:; and

in the noise spectrum, Figure 14. In all the spectra the spike is approximately propor-

tional to the rest. of the :pectrurii, i.e., it, is present in the spectrum before the arrival

of the signal, arid when the signal arrives it increases proportionally.

Though it is not at once clear how to account for the observed hump around zero

frequency, it is possible to decide whether it is part of the signal. We can do that

because our spectra are computed fron beamsurnmed seismograms. An F spectrum ts
p

defined for every beamsurri, and whether a band of energy in a certain frequency range

belongs to the beam may be inferred from that F spectrum. The F spectrum is simply

the F statistic as a function of freque-ncy, arid the V" statistic at a given frequency is the

ratio of the energy in the bearn to the residual energy at that frequency, all tines the

number of channels minus 1. For a discussion of the F' statistic in signal processing,

see Shurmway, 1971.

Figure M5 shows an examiple of ore of the IASA-I,ON(;SI10T short-period bearisumi

spectra and its accotnpauiying V spc t.ruri. Note. that. the. holes due t.o pl' int.erferei mie.

-8- U
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• ~Figure 11. The LASA D4-subarray beamsum spectrum of LONGSHOT ..
" corrected for instrument respoflse. Observe the large peak at
~zero frequency. Similar anomalous peaks appear in the spectra of

the control earthquake1  the shot beameum residuals, and the pre-
• shot noise, scaled in each case to the rest of the spectrum, as
:". shovn in Figures 12, 13, and 14. The window length is 51.2 sec.

There is no smoothing.
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Figure 12. The LASA Cl-subarray beamsum spectrum of the control
earthquake corrected for instrument response. Observe the peak
at zero frequency. Similar anomalous peaks appear in the spectra
of LONGSHOT, the shot beamsum residuals, and the pre-shot noise,
scaled in each case to the rest of the spectrum, as shown in Fig-
ures 11, 13, and 14. The window length is 51.2 sec. There is no
smoothing.
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at very low frequency and at the fundamental frequency are both represented in the F

spectrum. The hole at the fundamental frequency, around 1.9 Hz, can be accounted for

by the drop to near zero of the amplitude level at that point in the signal spectrum, ,

since the F spectrum is proportional to the estimated signal-to-noise ratio. But there

is a hole in the F spectrum at very low frequency as well, in spite of the amplitude max-

imum at that point. This is accounted for by the residual energy, that is, the energy

not in the beam, i.e., noise, which, notwithstanding the magnitude of the energy in the

signal spectrum at this point, is so much the greater and reduces the signal-to-noise

estimate to near zero.

The significance of the low F statistics in the vicinity of zero frequency is that it is

improbable that much of the energy in that band of the estimated signal spectrum is,

in reality, part of the signal. So the spectral estimate of the explosion P-wave indicates

largU dIipitude niear zuro frequency, but its F spectrum shows that that enurgy prob-

ably doesn't belong to the signal after all. Notwithstanding, it has obscured the very

low frequency spectral hole we seek.

-hus the large amplitudes near zero frequency, which are orders of magnitude

above the rest of the beamsurn spectrum, do not belong to signal, that is, they are not

organized and are not part of the plane wave, and yet they appear when the signal

appears. Nevertheless, the same phenomenon is present in the earthquake records,

and so in lieu of explicitly removing this and other extraneous effects, i.e., instrurmnrit

and earth responses. as we should prefer to do. for the present we can continue to use

control earthquake specLra with which to compare the explosion spectra. In effuct we

are subtracting the log sp'ctrrurn of the control earthquake from that of the shot.,

which ryiournts to dividirig out the extraneou.is t ef(!c:ts implieitly. Still, it rerliaiiis a

sigriificint. objective to uordriv, to do ill Lhat. explicitly, without the control evct t,

since a sliisfict.ory cont rol enrt l hiuake Iiiay nt (eXlst
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COIMiI'M''IN(G PTUR IJP:MSUM ill{IVrl~ HIM

We account. for tle I rl c1nItIy of Iarge rg iptit tIdeVS near zero frequeInIcy by oh IIrri o

that t he bearsurnI is a biased est iIlat.or, rnot.witist aIdi Ig its beit rIg th oI )tIIT I ttI! I-

inator for plane waves. Thus beanisunrnming reduees (but dot'.; tiot tlI il-I )

incoherent noise by a factor of one over the square root, of the numnlbe r of" tiit 5, t1,t

the noise remnant rernains. lut. that observation suggests lhat. tUi -niiinant. itse(lfIi iy

be estimated and removed from the spectral estimate, correcting the bias, and indeed

iL can. In Lhe Appendix we develop a function Lo apply to beanisum spectra which

corrects for the bias. The development is based upon, and Lhe bias correction factor is

a function of, L,- F sLaListic. The factor is (I,-1)/1", and, like F. it varies with frequency.

Applied to the spectra of the LONGSHOT P wave, the bias correction indeed

removes the very low frequency hump in the LASA bearnsurn spectra of subarrays Hi

and "4, as shown in Figures 16 and 17. (Note that Lhe only other correction applied to

these spectra is for the response of the seismomeLer and recording system.) Powevcr,

the technique doesn't prove ef'ective for all of the IASA subirrav bti111s. Only I,' " of

them respond. In the case of the others the F staListic around zero frequency is sirni-

larly low, but unfortunately not sufficiently low to make the correction factor small

enough to effectively suppress the dominant ampliLudes in that band. The difficulLy

remains.

Note that care is taken in the spectral computations to ensure Lhat each window of

data has zero mean and zero linear trend, and a window contour is selected to minim-

ize side-lobes. The particular window chosen is one of several optimum windows intro-

duced by Nuttall (1981).

To test the hypothesis that the very low frequency hump is an artifact of the

LASA-NORSAR short-period recording system, we recovered the simultaneous record-

ings of LONGSHOT made on the long-period seismomeLers at LASA, which were collo-

cated with the short-period subarray center elements. The hypothesis can be at once

-25-
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substantiated (or definitively eliminated) by comparison of the spectra of simultane-

ous, identically windowed records of the collocated seismometer pairs. The corn-

parison may also offer a remedy for the problem. Since the response of the short-

period system at low frequency is not based on actual field or laboratory measure-

ments but is merely extrapolated from measurements made in the short-period band,

and is thus open to question, spectral comparisons offer an alternative calibration

technique directly employing the actual response measurements made in that fre-

quency band on the long-period system. Should such calibration of the very low end of

the short-period system's response be confirmed by repeated measurements and com-

parisons with the long-period data, the new measurements would be used to replace

the exLrapol ited calibraLions.
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CONCL.USIONS ANID RIECOMMI:NI)ATONS

W(- k ivr' (cniirrlifiton t hat theI very low ftii'1' diwiirimiiant i.c., th hok, lini

ve'ry io,~ fr-quetin' tic to 1)] iter-fere'rice' ill gone riwllracr ('xplosioll SJI

trit. is lpr('serv( in sl'orlt-pefl()d s('eiNmi recordIigs. hiS )' IS Sown)rpacl

subarray to subarray, in comparisons of I .ON\(;SI1 withi i c oritrol earthlquake. ill

record igs of those eve nt~s Made at. I ASA. This iii cans thl at it powe rfulI disc riinait ,

previously neglected, is available with presenit. recording systemns. It remains to hc

seen whether, in application, the discriminantl is to be observed directly in the ex-

plosion spectra, or will be measured in comnparison with spectra of control earth-

quakes, its in this report.

M icroseis is occupy, anid obsc ure precisely II i spctral band ini wliicli we i

to observe the very low frequency discriminant. Hut both they arnd the signals of inl-

terest are highly organized and well suited to maximum-likelihood array processing

which permits the unobstructed observation of one signal in the presenice of irnotli-

er. We have developed a linear high-resolution frequericy-waveniurniber prOUces:,

which operates at the limit of such refinements and is eminently suited to this task.

i.e., the resolution of signals not well separated in azimuth and velocity. (Smart,

1976). In its linearity it has an advantage not shared by conventional high-

resolution techniques: its spectral estimates are undistorted by non-linear opera-

tions. Spectral distortion is a significant arid undesirable side effect of non-linear

manipulation.

A demonstration of this capacity to recover the low-frequency portion of the

spectra of smaller signals in the presence of microseisms, and to reveal the very.-

low frequency discriminantL in explosion seismogramrs is urgently called for.
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AI'I'I;N D)IX

Thic correction for beamnsum spectral bias

Thc 1 XIp ct c'1 al iit1 of ,l11)ilt uMle r(411111 loll iIIIQV(l h)y silInTrIrr 111) A, I0 ISI

waiveforrns from ian arraiy of se isriorrict erv s-; I.s Ia,,~UJtirt t ore (I'll I"

bet~ween waveforris is te no. IhU lamlp] LUeS of tire surirried waiveforin irue ir oiniicj

by division by N,)

T'hus, notwi thst.arrd irg that. it, is ani optirriurii signal estimiator, beam uni urHIIiirIg IS

biased. It doesn't. til oget.her reniove the noise; it. reduces it, by a factLor of -- (at.

best). The remaining noise contamninates resulting spctral estiiates of signal. lo0w-

ever, that.residual noise (which may be larger than the signal in portions of the Spec-

trurn) ca-,n itself be ustirriated frOrri the l'-statistie. Ci ieii an orun riuio si-,g ii >;.

may be corrputed.

To cal culae a correction factor for the bi ased Spectnrurn we corn pute til' il

expected bias (in the frequency domnain) assuming zero correlation between the nloiseC

at, one station and that A another, and between the signal and the the noise every-

where. The bearn-shifted and F'ourier transformed array-recording of ani event, nricy be

represented by d1, where d is the complex transform coefficient, at a given frequency,

of a single channel of data, and n is the channel index of the n th seismometer staition.

Let the data be composed of S. the signal itself, plus b, the background (noise).

d,=S + b- (A-1)

Since the records are beam-shifted Lhe delay, or step-out, across the array has been

removed from the signal, so we take S to be identical from channel to channel. T he n

the complex Fourier coefficient of the (normalized) beam sum at the given frequency is

-31-
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S , (A-2)

(Note that Fourier transforming and summing is identical to summing in the time

domain and then transforming.) Let the subscripts r and i identify the real and ima-

ginary terms in the complex spectrum. Then the squared magnitude of the coefficient

is

r2
-~~S 

4.+n1

=N

I S1 2 + kbs + 4S, bnr+ Sbi (A-:I)

Note that the cross terms in N bn have an expectation of zero by our assurption

that the noise correlation between sensors is zero. Then, since the expected value of

the third term in (3), above, is also zero, by our assumption of zero correlation

between signal and noise, the beam-sum spectral estimate (squared) has the expected

value

1812 + ~ ~12isle +  I bn

at each frequency.

Similarly, the expectation of

-I I- I 2  Ng2S+bmI 2  (A-,
ln i

I S 12 + L , 2
Nn
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In ltw frequen y do)I I Iiri tI ' I -st itl t.1(' for bcio o.1m 4.: d(firlrd ,s

,N N,) N (A-S)

d,

N N '

Subst.i tLotIg our signal model

(N-I) S 12 + bn
J ,n ( A -B )

IS 12 + I " 1 2 - S- 1 2  b.12
IV

n2 Nn

1S1 2+ I'

F N > j 6 - (A-7)

Thus, with Lhe bias removed, our esLimate of the signal amplitude squared, at I given

frequency, is

S1 2 = (F-i) 1 bn 1 (A-B)

Since

S12+ Ib I - ,, 12

F= I N 12 (A-9)

N 2 2

IS +l+  Ib,12 In
N" F F

and

(F- ) - 2 (A-i)
ISl2= n A-11

F -
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L

IS V(U--IT -L4d (A- 12) .

That is, the beam sum amplitude spectrum times the square root of

(F - 1) / F is an unbiased signal estimate. (Note that (F - 1) /F is, of course, fre-

quency dependent.)

Note that the range of expected values of F is from 1 ( when

ISI goes to zero) to - (when Ib n 12 approaches zero ). Notwithstanding this

range of expected values, estimates of F can fall below one, in which case the correc-

tion factor becomes (F - 1 ) / F < 0. Since a negative amplitude spectrum is mean- -

ingless, we take the factor to be zero when F < 1 .
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