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SECTION I

INTRODUCTION

In this report, the problem of determining the probability of kill of a

fragment •ensitive target when attacked by multiple weapons (all of them -

identical) is discussed. Both independent an.d stick delivery of weapons are

considered. This class of problem was first considered by R. Snow and M. Ryan

[2] in 1970. The methodology used in this report is -losely related to this

previous work. This is true, in particular, when it is assumed that for the

stick delivery of weapons each weapoi. is subject to ballistic errors which

are statistically independent, but the entire stick pattern is subject as a

whole to aiming error. A decomposition principle which may be verified for

single weapon delivery and independent delivery is used to obtain a general

expression for the probability of kill.

For a stick or ripple delivery of n general purpose (GP) bombs, the

probability of kill of a point target is affected by:

a. The damage function of the individual weapons.

b. The overlap between the weapons.

c. The stick delivery pattern.

d. The uncertainties due to the individual ballistic errors of

each weapon.

e. The aiming error of the center of the stick pattern.

With a preset timing of the intervalometer, each weapon i, i~l,?.... ,n,

is targeted or- aimed at a mean point of impact MPIi on the assumption that the

center of the stick pattern is aimed at the point target. Altnough this

center is usually taken to be the center of gravity of the MPIi's, different

-1
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criteria would define different centers. The •Iji's of all the weapos form

the stick pattern.

The ith weapon is assumed to be subject to an individual ballistic error

about 'its MPIi. This ballistic error is measured as the abscissa (range) and

ordinate (deflection) distances between MPPi and the actual point of impact of

the weapon. These distances are assumed to bz independently and Gaussian

distributed with ,,ean defined by the coordinates of the MPIi and with known

standard deviations. The ballistic errors of all n weapons are assumed to be

independently distributed.

Assume the x-axis to be in the direction of range and the y-axis to be in

the direction of deflection. The center of the stick pattern is assumed to be

aimed at the point target located at (u,v). Let (x,y) 'e the actual point of

impact of the center of the stick pattern. This center is assumed to be

subject to an aiming error. The aiming error is defined by the distances

x-u and y-v and these are assumed to have a Gaussian distribution with mean

zeroes and given standard deviations. The aiming errors in each of the x and - '

y directions are assumed to be independent. Further, the aiming errors are

assumed to be independent of any of the ballistic errors associated with the

injividual weapons.

To determine the probability of kill of the point target located at

(u.v). one has to construct the damage function of the stick pattern through

the inclusion of the ballistic errors. This is followed by setting up the

expression for the probability of kill of the point target by incorporating

the aiming error of the center of the stick pattern. Note that the relative

coordinate distances between the MPIi's, i=l,? . n, and the center location

are invariant. It is also clear that if the center is subject to aiming

error, the stick pattern as a whole is subject to aiming error. However, the

2
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aiming errors at each MPIi are dependent, and this dependency must be captured

when determining tne final probability of kill.

Before discussing the general problem of stick delivey of multiple

weapons subject to ballistic and aiming errors, the following problems are

dealt with in sequence:
Single weapon delivery with ballistic error (no aiming error)-,
Multiple weapons delivery with ballistic error (no aiming error):

Multiple weapons delivery in a stick pattern: no ballistic

error, aiming error present at the center;

• Single weapon delivery with ballistic and aiming errors.

There are two reasons for investigating these special situations. First,

they provide a me.ns for checking the validity of the general results for

multiple weapons by considering the single weapon as a special case. Second,

a decomposition principle which can be verified for single weapon and .- lepen-

dent delivery is later used to tackle the stick delivery problem.

Finally, the stick delivery of two weapons is discussed in detail. The

problems discussed consist in the following:

. Derivation of the explicit expression for the probability of kill

of a point target.

Determination of the optimum stick pattern which maximizes the

probability of kill.

Estimation of the variance in the probability of kill given

uncertainty in mpasurements in selected input parameters.

. . . . ..
Sir. 
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SECTION II

SINGLE WEAPON DELIVERY WITH BALLISTIC ERROR
(NO AIMING ERROR)

y ({n)
target

MPI (u ,v) •

weapon

0x

Consider a single weapon and assume that the x-axis is taken in the

direction of range and the y-axis is taken in the direction of deflection.

Define as (u,v) the coordinates of the point target. Suppose that the weapon

is aimed at (&,n) so that (&,n) is the MPI. Let the weapon subject to

ballistic error impact at (x,y). The ballistic error in the range direction

is (x-&) and in the deflection direction is (y-n). (x-E) and (y-n) are

assumpd to he independently distributed, each having a Gaussian distribution

with zero mean and respective standard deviations al and cr. Thus, if f

and f2(.) represent the respective probability density functions of (x-&) and

(y-n) one has

exp [- (. )1 (1)
2

2 70i

4
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Now the probability of Kill at (uv) given tnat the weapon impacts at (x,y) is

assumed to be given by the three-parameter Carleton damage function

D(u-x. v-y) D 0 exp{ - Co[(-V-) + RV-Y-2]) (3)
x y

Then:

Probability of kill at (uv) =

P = [Probability of kill at (uv)Iweapon impacts at (x,y)]k f

[Probability weapon impacts between (xy) and (x+dx,y+dy)]

Pk= I I D(u-x,v-y) fI(x-) f?_(y-n) dx dy (4)

Let w = x-ý and z y-n, then

Pk f f' D[(u-E)-w, (v-n)-z] f1 (w) f 2(z) dw dz (S)

Using (1), (2) and (3) one obtains

=xp -IO u C -( (v-n)-z • 2 l
Pk 1J nO exp1-Do[(( )W + R ( 41 Z)

r pLI + Z- dw dz•o1o? o'1 '02

This double integral can be explicitly evaluated to yield

Pk = uk .v-n)

p k

* -.- -. . . . . . . . .. . . . .



exp2- 1 ÷ -i ) (7)
2q lq2  q 2q

where

2l -- x (8)-

R2

_£ + (9 )q~22f.l 2

~o°

S..
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SECTION III

MULTIPLE WEAPONS DELIVERY WITH BALLISTIC ERROR
(NO AIMING ERROR)

Suppose that n identical weapons are delivered. For the Ith weapon,

i=1,2,...,n, let (Ci, ni) be the point at which it is aimed or its MPI. The

target is again assumed to be located at (u,v). Then, from (7), the

probability of kill of the target due to weapon i is

Pk. (u- 1i' v-ni)

2qq expl- 1 ( )2 + -2] (10)

21 2  1 + 2

The probability of kill of the target due to all n weapons, assuming the

weapons act independently and a1 and 02 are the same for all weapons, can be

shown to be (see Appendix A).

^(n) nn)k (u'v) a (I n[ - P k (u-ci' v-h1i)

i=1

n R R LU 2 + V-• 21
= 1- R [I - X expi- I [(_ _ + -

i=I 2qlq 2  -q, (2

Note that this expression depends on (u,v) the position of the target, and

i=1,2,...,n, which is the mean point of impact of the ith weapon.

([i,ni) is not the actual point of impact of the ith weapon. Thus (11) is not

actually a damage function which usually provides an expression for the

probability of kill of a target as a function of the location of the target

and the location of the actual point of impact of a weapon. Relation (11)

holds true whether the n weapons are dropped independently or as a stick

pattern, as long as the ballistic errors are assumed to be independent.

7



SECTION IV

THE CENTER OF THE STICK PATTERN

For a stick or ripple delivery, the arrays-of all the MPI's defined by
(ýi'ni) for the ith weapon, i-,2,...,n, form the stick pattern.

The center of the stick pattern is usually used as the reference point to

deliver the stick. For example, the center may be the point that would he

aimed at a point target.

1. The Center of Gravity

This center is often taken to be the center of gravity (i,) of the

pattern. Thus, one has

n n
Z •i •ni

and _ i I (12)n n

If (ai,hi) are the coordinates of the MPI of the Ith weapon referred to

,',n), then

n n
Sai1 =O= 0 bi1=1 i~l

2. Other Measures of the Center

It is conceivable to select other centers of the stick pattern based on

the formulation of specific criteria. One particular center which stands out

is the nne that maximizes the prohahility of kill of the point target.

Assume that there is no aiming error; then the problem under considera-

tion consists in determining the optimum location of the point target (u,v)

8



(considered the aimpoint of the center) relative to the stick pattern so as to

maximize the kill. Using expression (10), the problem can he stated as

n RR u-".
- -- I I i 2•u,v l 2q q2 2• 7

---

B'

S-.•

9I



SECTION V

MULTIPLE WEAPONS DELIVERY IN A STICK PATTERN; NO BALLISTIC ERROR,
AIMING ERROR PRESENT AT THE CENTER

1. The Model

Suppose that n weapons are delivered in a stick mode. Let

(&i,ni) =coordinates of the MPI of the ith weapon, i=1,2,,..,n;

(xii) coordinates of the actual point of impact of the ith weapon;

(7,"n) = coordinates of the MPI of the center of the stick pattern

(u,v) = coordinates of the point target;

(xy) = coordinates of the actual point of impact of the center of the

stick pattern.

Suppose now that the center is aimed at the target and is subject to

aiming error. Thus, the MPI of the center (Z,ý) coincides with the point

target (u,v). The aiming errors in the x and y directions are, respectively,

(X-u) and (y-v). These are independently distributed, each having a Gaussian

distribution with zero mean and each having respective standard deviations

ax and oy. Let gl(.) and g2 (.) be the respective probability density

functions of (x-u) and (y-v); then

91(ý-u) = 1 exp [- 2 (14)gl(•u V x 2x

g2 (-v) = I exp[- 2] (15)

Clearly, each of the points (Ei,ni), i=1,2,...,n, will be subject to the

same aiming error. Recall that the MPI for weapon i is (Ei,ni). Let (xi,yi)

be the actual point of impact of weapon i. Note that (u,v) is the center of

10



all the MP1I points (&i,nl), whereas (( ,• ) is the centgr of all actual

impact points (xl,yj). The entire stick pattern is assumed to simply be

shifted under the influence of the aiming error.

Let (ai,bi) be the coordinates of the MPI of the ith weapon referred to

(u,v), that is referred to the MPI of the center of the stick pattern. Then

(a,,bi) will also be the coordinates of the actual impact point (xkiyi) of the

ith weapon referred to (i,y) and one has the relations

ýi = u + ai ; ni= v + hi, i=,,...,n (16)

xi = x + ai ; Yi = j + bi' i1,2,...,n (17)

The probability of kill at (u,v) due to all n weapons given that (xi,Yi) is

the point of impact of the ith weapon is, using (3):

n
Pk = 1-f [I- fl(u-xi, v-Yi)" (18)

1=1

Substituting (17) in (18) yields

A n
P - i 1 [I - D(u-R-ai, v-9-b 1)I (19)

i=1

To determine the net probability of kill PkT of the target located at (u,v),

one notes that

PkT = probability of kill at (u,v) =

f f [Probability of kill at (u,v)l center of stick pattern impacts at (xy).

11



[Probability that center of stick pattern impacts between (x,y)

and (; + di, y + d;)]

Using (14), (15), and (19), one obtains:

n
PkT f f {1 - n (I - O(u-R-ai, v-y-bt)]) gl(i-u) g2 (Y-v)di dy (20)

.- ~ i=1

Making the changes in variables

w= ;-u ; z=Y-v

results in

00 O n
PkT = f f I- ii [1 - D(-w-aI, -z-b 1)} gl(w) g2 (z) dw dz (21)

-W -W i=I

which can be written as

PkT = PkT (1, a, an; bl,b 2 9"0'bn)

c Go n
f f {i - n (i - D (w+ai, z+bi)]} g1(w) g2 (z) dw dz (22)

ising the explicit expressions for r(.,.), g1(') and g,(.) as given in (3),

(14), and (15) yields

PkT (al, a2""'an; blb

SW • .Co n _a z + b ] IIb

: f 11- n [1 - 0O exp{-[(- (a)+ ) }}
-- - i=1 x y

exp[- 1 (- +2 dw dz (23)

Xay 2 a202

1 12



2. Finite Target Element

Y' (uyv)

weapon

A

0 x

Consider now a finite target element of area A. Let (X,p) be the center

of the target and (u,v) be a point on the target. It is required to determine

the probability of kill at (u,v) when the center of the stick or ripple

pattern is aimed at the center (x,p) of the target. Thus, (u,v) is no more

the MPT of the center of the stick pattern.

Because of aiming error, the actual impact point of the center of the

stick pattern is at (;,y). It is assumed that (i-x) and (i-u) are indepen-

dently distributed each having the Gaussian probability density function

= 1 exp[- 2a2 1 (24)

*2

g -)= 1 exp[- ' j ('.)
V Fir a 2a2

y y

The probability of kill at (u,v) given that the center of the stick pattern

has its impact point at i Is still given by expression (19) which is

13
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n
1 - II [1 - )(u-R-ai, v-9-bi)] (26)i=1

ýqhere (ai,bi), i=1,2,...,n, are the coordinates of the actual points of impact

of the weapons referred to (xy) or equivalently, the coordinates of the MPI's

'if the weapons referred to (i,). The unconditional probability of kill at

"(u,v) is using (24), (25), and (26)

- n
PkT (uvXu) f f {I II [1 - I)(u-i-ai, v-y-b 1 )j}-= -• =

gl (x-X) g2 (y"-) di dy (27)

Let w = x-X and z :y-I (28)

Expression (27) becomes

CO n
PkT(u,v,x,w) = f f {I - Il [I - D(u-w-X-ai, v-z-u-bi)] gl(w) g2 (z) dw dz

-= -= i=1

(0 M n u-wX'-a 2 v-z-p-b 12
If . f - i1 [ D-oD exp{- D( R 1 2 i_) 21

w2 z2

exp 1 (x2 +" dw dz (29)
2wa a 2x{ 2 J

x Y a y

Select now arbitrarily the center of the weapon to be the origin of the system

of coordinates; then X = 0 = Then, the expression for the probability of

kill at (u,v) written as PkT(u,v), as given by (2g) becomes:

14



n u'w'ai 2 vezxb{ 2,,,,PkT(UV) [ I Do - TI 1 R + e R I)
-" - i=14 x y

2
Sexp + !:)I dw dz (30)

x y

Note that one recovers expression (21) by setting u = X and v - u in

expression (29), in which case the finite target element is reduced to a

point.

Suppose that the target is a rectangle whose sides are parallel to the

coordinate axes and have dimensions 211 and 2t 2. The center of the rectangle

coincides with the origin. The fractional coverage of the target is then

A A PkT(UV) du dv

I PkT(Uv) du dv. (31)
12 2 2

15



SECTION VI

SINGLE WEAPON DELIVERY WITH BALLISTIC AND AIMING ERRORS

1. The Model

___,________

SMPI

I I

YI
target

(u,v)

deflection t (WZ)

weapon impact point

x
0

- range

Consider a single weapon aimed at the point (E,n) and subject to both

ballistic errors and aiming errors. The ballistic errors in the directions of

range and deflection are,respectively, K1 and Y1. The random variables X, and

Y, are assumed to be independent, each with zero mean and having the respective

normal probability density functions:

16



I2

f (x) ex= (32)

and11

2o

2

2 y

an .The ra`ndom variables X and Y are mt ally e t b independent eand wrinrtll

zisributeanad w aith rsetive measpetv omlpoaiiydniyfntos

Erwi) expt _; 2E = (37)

and repctv varinces

92? ?ý 2 2

VaEW + Y~ IaEI=0 + 0y (386)

dietribute)ad wih zresp beti e m reaspcie roaltydntyfcins fW

and Z..

17



For a target located at (u,v), It is required to determine the proba-

bility of kill of the target assuming that the damage function is of the form

(3) or

D(u-wv-z) = exp(- Do((U-i' + (1 )Ill (39)
X y

Probability of kill at (uv)

Pk= f f [Probability of kill at (u,v)lweapon impacts at (wz)]

[Probability weapon impacts between (w,z) and (w+dw, z+dz)]

P k D(u-w, v-z) hw(w-&) hz(z-n) dw dz (40)

Let s = t z-n

P k I I D(u-s-E, v-t-n) hw(s) hz(t) ds dt

f . I D[(u-ý)-s, (v-n)-t] hw(s) hz(t) ds dt (41)

This integral is of the same form as (6); hence, by similarity to (7), its

explicit value is 0.•

=k Pk(u-&' v-n)

R R~
X expl- [(-1i)2 + (v--)I21 (42)
2QQ 2  2 1 Q2

18



whreQ2 x + 2 + 2where Q1• x--o ++ (43)

.2 (44)

Q2 u2D 0  2 y (4

2. A Decomposition Principle

It is our purpose to show that the solution to the previous problem can

be obtained in two stages, thus leading to a problem decomposition.

Stage 1 assumes only ballistic errors (no aiming errors) in which the

damage function is of the form (3). The solution of this stage gives an

expression for the probability of kill of a target point having form (7).

Stage 2 assumes only aiming errors (no ballistic errors) in which the

damage function is of the form (7) obtained from the resulting solution of

stage 1. It is shown that the solution to stage 2 gives expression (42) for

the probability of kill of the target.

This problem decomposition is possible because:

a. Ballistic errors and aiming errors are independently distributed.

b. The Carleton damage function is similar in form to the Gaussian

probability density function.

It is easy to verify that the solution approach is commutative; that is,

in the problem decomposition, aiming error may be substitued to ballistic

error in stage 1, whereas in stage 2 ballistic error may be substituted to

aiming error.

We now proceed towards proving the decomposition principle and

demonstrating the equivalence of the two approaches.
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a. Staq_ I

Suppose a single weapon is subject to ballistic errors and no aiming

errors. Let

(C,n) = the MPI of the weapon;

(x,y) = the weapon impact point;

(u,v) = the location of the point target.

The ballistic error in the range direction is X, and in the deflection

direction is Y1 " X, and Y1 are independently distributed with zero means and

with respective probability density functions given by (32) and (33). Thus,

x X and y = +n

Assume now the damage function to be given by (3) or:

D(u-x, v-y) D exp{- DO[(7)2 + (45)
x y

Under these conditions, it was shown that the probability of kill of the

target at (u,v) given that the weapon MPI is (E,n) is given by (7) or

R R
Pk(U v-n) - expl- [(4 + (.02 1  (46)

k q q 2.( q

22

2

2. Stg 2

where ro +r (47)

2
q ?D 2(48)

2

b. Stage 2

Suppose a single weapon is subject to aiming error and no ballistic

error. Let

20



S-

(C n) - the MPI of the weapon;

(x,y) = the wvapon Impact point;-

(u,v) = the location of the point target.

For converience, the same letter symbo's are used in Stage 1, and this should

not create any confusion.

The aiming error in the range direction is X and in the deflection

direction is Y. X and Y are independently distributed with zero means and

with respective Probability density functions given by (34) and (35). Thus,

x = X + and y = Y + n

Assume now, that the damage function is given by (46) in which • is replaced

by x and n is replaced by y. Thus, the new damage function is

R R
P (u-~v-y' x - expl - ~ (`.1) + vY 1(49)

2qIC1q2 C1

whe-e q, and q2 are given by (47) and (48). Applying the usual conditional

probability approch, it is easy to verify that the probability of kill at

-- u ,v) when the MDI of the weapon iS (r ,n) is, using (34), (35), and (4):

a a

A k j= Pk(u-xv-y) g1 (x-E) g2 (y-n) dx dy

- I f Pkt(u-E)-s, (v-n)-t] g1(s) 92 (t) ds dt

R R-t
x ex + (-f -

e Pl: k q2qIq 2  q 1

I 2 t2•
I i(s dsd (
a expl 12 -+ J ds dt

xy - x y
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This integral is of the same form as (6) where, except for the multiplicative

R R
constant qxq the following substitutions have been made:ql q2

D 2, R + qj, R, q a + Ox a Thus from (7):D ' q l2' 11 20

where using (8) and (9) one obtains

2 2 2
h, = ql + ax (52)

2 2 2h2 = 2+ y(53)

Substituting for the values of q2 and q2 yields

h + 02 + a2  (54)
1 -20 1 x

2

h _ = R + CF + a2 (55)
2 20 0 2 y

Comparing (54) to (43) and (55) to (44), one immediately notes that

hi = Q, and h2 = Q2

Thus, expression (51) becomes

RR 1 p{ 1+ (.)2]} (56)11k -2QI Q ep Q +(6
k 2 1022

Comparing (56) to (42), it follows that Rk - Pk"
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SECTION VII

MULTIPLE WEAPONS nFLIVERY WITH RALLISTIC AND AIMING ERRORS

In the multiple delivery of weapons one has to consider two cases:

Case 1: Independent delivery of weapons. Here each weapon is subject to

ballistic errors which are independently and identically distributed. In

addition, each weapon is also subject to aiming errors which are independently'

and identically distribjted. Finally, the ballistic errors are assumed to hp

independent of aiming errors.

Case 2: Stick or ripple delivery of weapons. Here each weapon is subject to

ballistic errors which are independently and identically distrihuted. In

addition, an aiming error is present on the entire stick pattern, and this

error is usually associated with the center of the stick pattern. The stick

pattern is assumed to act as a $inale rigid unit and thus respond as a whole

integrated pattern to the presence of aiming error. It is Obvious that in

this case there is dependency in the aiming error of each weapon. The aiming

error of the center of the stick pattern is assumed to he independent of thQ

h)illistic errors.

Each case is considered separately.

I. ndependent Delivery of Weapons

Assume that there are n identical weapons. The ballistic errors on

each weapon are assumed to he identically and Independently normally

distrihuted with means loc3ted at the same MPI of all the weapons and with

standard deviation 01 in the x direction and 02 in the y direction.

Similarly, the aiming errors on each weapon are assumed to be identically and

23

. .* . , .

S. .. • . """. ' ." -i†- .†.† ††.† ††,† † † † † † † ††°" ',. "''." i" ' •" . % '. % ". % '"%.% -



independently normally distributed with means located at the same MPI of all

the weapons and with standard deviation a in the x direction and o in the y
Y 

'

direction. The ballistic errors are assumed to be independent of the aiming

errors. Let

(x i ,yi) : the actual point of impact of the ith weapon,

the coordinates of the MP[ of the weapons,

(u,v) the coordinates of the point target.

Assume the damage function to be of the form (3) for each weapon, i.e.,

D)(u-xis v-Yl) 0 exp{- DO((1) , (Y.')2]) (57)
x y

The actual point of impact of the Ith weapon, i.e., (xi,y 1 ), is the

result of the combined effect of the ballistic error and aiming error. This

combired effect is the net delivery error which Is the sum of the ballistic I

error and aiming error in each of the x and y directions. Thus, the foliowing

results:

1. In the x direction, a net delivery error Xi which is normally

distri:)uted with mean I-rated at C and variance

"2 2 2
x I + x

The prohahility density function of X. is

f.(x-~ 1 expi- . (4)](59)
ox • x..

?. In the y-direction, a net delivery error Yi which is normally

distributed with mean located at n and variance

24



777 !tp %!V . * .I .!-

2 2+2 (60)
"Oy a •2 y

The probability density function of YI is

Yi 2i (61)

The probability of kill at (u.v) =

P f .f . f [Probability of kill at (u,v)lweapon i impacts at (xi,yi)1

2ri

[Probability weapon i impacts between (xj,yj) and (xi+dx 1 ,yi+dyi)].

m n n

I ... I {f - n [1 - D(u-xi, v-yi)]} It fj (xn-{) fý (yi-n) dxi dyi
i=1 i=1 .i Yi

2n

Let xi - = si

Yi n ti (63)

Then,

S- n
Pk {" -k [f fu-

2n
n
n f (si) f. (ti) dsI dtI (64)

i=1 X Y

Using the same approach as given in Appendix A, it may be verified that

k 2QIQ 2  1
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It may also be verified that the decomposition principle applies here, and

that, similar to the single weapon case, the problem may be approached in two

stages. In the first stage only ballistic errors are considered with the

damage function being

n
{1 - � (I - D(u-xi, v-Yi)]}i=I

n u-x v-.Y 12(
[i - D- o exp{- O [(C-n--) + ( I (66)

= x y

In the second stage only aiming errors are considered with the damage function

being

i=n Rx YRq qR exp {- u-xl V- (67I- II 1 .i exp 2 q, + ( 2?} (67)

where

q2 = RX 2 (68)

q2 = 2 YD 2 (69)

2. Stick Delivery of Weapons

The stick delivery of weapons is significantly more complex to model.

The following assumptions are usually made:

a. Each weapon is subject to ballistic errors which are assumed to be

normally distributed, independent of each other and independent in each of the

x and y directions.

b. The center of the stick pattern is subject to aiming error which is

assumed to be normally distributed, independent in each of the x and y

directions and independent of the ballistic errors.
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The simulanteous incorporation of these two types of errors into a single

model for determining the probability of kill of the target results in an

expression which cannot be manipulated analytically. This arises from the

fact that there is dependency in the aiming errors of the weapons.

An approximation to the problem can be obtained using the decomposition

principle, although this cannot be verified. The problem is tackled in two

stages. In the first stage, the weapons are assumed to be subject only to

3•llistic errors (no aiming errors present). In the second stage, the center

o f the stick pattern is assumed to be subject only to aiming error (no

ballistic errors).

Stage I

Assumt. that there are n identical weapons. The ballistic errors on

each weapon are assumed to be identically and independently normally

distributed with neans located at the different MPI's of the weapons and with

standard deviations a in the x direction and a2 in the y direction. Let

(xi,yi) = coordinates of the actual point of impact of the ith

weapon, i=l,......n;

(Cini) = coordinates of the MPl of the ith weapon, i=1,2,...,n;

(uv) = coordinates of the point target.

Assume the damage function of the ith weapon to be

Uo- ,

O(u-xi. v-y1) - O exp{- DO + ( ()]I7)
K 

y 
x 

-The damage function of all n weapons is
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n
{I - ii [I - D(u-x 1 , v-Yi)]} (71)

1=1

The probability of kill of the target is immediately given by (11) or:

n) n - + { 2. (72)(u'v) 1 -n R expl- [- 1 )2qlq2  q +

Let now

(•,n) =the center of the MPI of all n weapons;
(ai,hi) = the coordinates of the MPI of the ith weapon referred

to its center.-

Thus, ýi + ai ; ni = n + bi (73)

Substituting (73) in (72) yields

;(n) ^(n)ukn(u'v) = k(uv4)

Su" - expn- RR2 - (74)
2q I1 2q 2  2 ) (q 21)]

It is evident that in the presence of ballistic errors only, if the MP!

of the center of the stick pattern coincides with the location of the point

target (u,v), then

S= u and v

so that (74) becomes independent of u and v resulting in

-n RR , ,28 (

expj_- () (+.q.)2(75)k 2q 8 q 7
i=1 2 1q2  2
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Stage 2 -

Assume that for the stick pattern as a whole the center is subject to

aiming error. Let

(•,n) = coordinates of the MPI of the center of the stick

pattern;

coordinates of the actual point of impact of the

center of the stick pattern;

(u,v) = coordinates of the point target.

The aiming errors in the x and y directions are, respectively, (x-•)

and (y-n). These are independently and normally distributed with zero mean

and with respective standard deviations ax and a Let g1 (.) and g 2 (.) be the

respective probability density functions of (.-) and (Y-n); then

i -g9-) _ ex p[- ) (76)

X x

exp[- ) (77 -

12. •

y y

The damage function is now assumed to be given by expression (74) obtained

* from stage 1, in which • is replaced by x and n is replaced by y. Thus, the

new damage function is:

"P(n)(u-i, v-i)

n RR Iu'-a V-y-b.
=1 - 2q1 e 2  + ( }]} (78)iI "2qq q2 ?

q2"

29
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where q, and q? are given, respectively, by

2 n + (79)

q 1 2_%D 21

R2  -2(0
2

2 2D 2 (0

The probability of kill at (u,v) using the new damage function is now computed

using conditional probabilities.

11kT Probability of kill at (u,v) =

SI .[(Probability of kill at (uv)l center of the stick pattern impacts at

(x,y)] [Probability that the center of the stick pattern impacts

between (x,y) and (x+dx, y+dy)]

Using (76), (77), and (78) results in

ikT = f ( i(n) (u-i, v-i) gl(ý-i) g.(•-,) di dy (81)

Let s x- ; t =y- (82"

Substitu'ing (82) in (81) yields

r~k j " (n ), u
-- kT . pk)(u-•).s; (v-Pk)-t] g 1 (s) g.(t) ds dt (83)
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Or written explicitly, (83) becomes:

- n (vnR)-t-b

nkT f f {i - R [1 - x expi- q t 2]]

2q 02 t2

•wo- exp[- 2 2-+t ds dt (94)
2ax ay 2a2 272

x y

3. Special Cases

Two special cases are considered. In the first special case, the MPl of

the center of the stick pattern is assumed to coincide with the point

target. In the second special case, one assumes that no ballistic errors are

present and a previously obtained result is recovered.

a. Special Case 1:

Here one assumes that , coincides with (u,v)

or .=u and n=v

Expression (84) becomes independent of Zn, u, and v, and one obtains:

t- W n R Ry (s+ai)2 (t+bi) 2
AlkT n 11 2x YI-I I exp 7-½ 2 + 2 ]]

i=1 2qqq2 2

exp[- (S2 + t2-) ds dt (85)?,Waxay22 22

x y

h. Special Case 2

In the absence of ballistic errors, it follows that

=0 and a2 =
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Expressions (7q) and (80) for ql and q2 become

R R
" q (86)

/2o D-0 0

R R
Thus D X Y (87)0 2qlq 2

Substituting (86) and (87) in (84) results in

n (u-Z)-s-ai 2 (v- )-t-bi 2"11kr = [I i - " I - Do exp{- Do[( R . + .
-.. .. i=l x y

1- s + 2 ds dt (88)
2oa ?x[ ? - .)I

x y 2aX 2Y

In the case when the MPI of the center coincides with the point target,

u=F and v=n, and expression (23) is recovered.

c. Remark

The general expression (84) provides a means for calculating the

probability of kill of a target point located at (u,v) given that the center

of the stick pattern has a V~Pl located at (C.,n-). This expression is also a

function of all the (ai,bi)'s, i=1,2,...,n, which are the coordinates of the

MPI's of the weapons referred to the center

In case when the center is selected as the center of gravity of the

MPI's of all n weapons, the quantities ai and bi must satisfy the following

relatiogis

n n
b-
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As a general rule, expressions (94) and (85) can be evaluated in closed

form. In particular, when n=1, a, = 0 = h, and expression (84) reduces to

(50) with { - and n = n. The reduced closed form is given by (5).

4. Finite Target Element

Consider now a finite target element of area A. Let (,,u) be the center

of the target and (uv) be a point on the target. Suppose that the center of

the stick pattern has its MPI at (Xu) so that

X and n u

It is required to determine the probability of kill at (u,v). The approach

used here is different than the one used in Section V-2, although one ohtains

similar results.

Expression (84) becomes

n R R u-X-s-a.

'kT (uvA,u)= f 1 (I- t' 2q - y expj- [ q, )-- i=1 2qq 2

+ 2 )1 d 2dtS t2 "•

qt 2I-0o expl ds dtq 2 • 2, a y -.2 .
x y

Select now arbitrarily the center of the target to be the origin of the system

of coordinates. Then X = C) = 0 and the expression for the probability of kill

at (u,v) written as IakT(u,v), given by expression (89), becomes

33
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- - n R R u-s-a.
n[I J I - I 1

- -b 2 t2-.._.,

-v-t-1bi l ' exp[- 2( + -7)] ds dt (gO)

2 x y o a y

Note that this expression reduces to (30) when a1 = 0 =

Sunpose that the target is a rectangle whose sides are parallel to the

cori)r..ite axis and have dimensions 2z. and 2Z.. The center of the rectangle

coincides with the origin. The fractional coverage of the target is then

2 ? 21

_ FC f j , T(n) (u,v) du dv (91)
-k2z kT

F 4 2 - - 1"

. °
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SECTION VIII

STICK DELIVERY OF TWO WEAPONS

1. Expression for the Probability of Kill

It shall be assumed that the center of the stick pattern ([,n) is aimed

at the point target located at [ = u and n = v. The expression for the

probability of kill of the target is given by (85) with n=2. Rewriting the

expression we obtain

-(2) 2 R R (s~ai)2 (t+bi'"1i) kT I I[ x y expl- +
2q p{q 2 2 q2-=- i1 2 qq q 2

2 2 2-
I exp[- (-- k2 ) , to

x y 0 a-x y

The following expressions are now defined: -

Rx I (s+a,)
U i ( s ) 22 - e x p [ 2 ( I ?3 ) - .

V•2q? q -.
2

R (s+a5
(s) X

q2

91(s -2r-a exp - 95),

y') )

9

g2 (t) - expt- t

y y
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Expression (92) may be written as follows:

jI(): I {i - i [1 - Ul(s)Vi(t)]} g1 (s)g 2(t) ds dt

f I [UI(s)VI(t) + U2 (s)V 2 (t) - Ul(s)Vl(t-)U2(s)V 2(t))
-00-

g1 (s) g2 (t) ds dt

f U,(s) g (s) ds f VI(t) 92 (t) dt
CO

+ U J2 (s) gl(s) ds. f V2 (t) g2 (t) dt

-f 1I(S) U2 (s) gl(s) ds * f Vl(t) V2(t) g2 (t) dt (97)

*-Each of the integrals in (97) can be evaluated using the results of Appendix

S. Consider each of these integrals separately.

"R 2
I ,i(s) g1 (s) ds - /2 exp[- 2  (98)

1 2 62 Y

where Y2  - 1 (99)

2 2

a1  0 al
1P=- + 0/- 1 (100)

2? 2 2 2 10q ax q,

al1 0 a1

36



Substituting (q9), (101)) and (101) in ()t) results In
aI

Ua(s) q (s) ds x eXPI- I 1 1 &
., =q_ -1 -- +l~~~ ~ U2Sqlsd or2-q jr•O Tr 2Tq

1 ~_exp[ __a (1f2)

By analogy one has

h 2

I VWt) g 2 (t) dt - y 1 exp[- 2 1 (103)
1S 2 22 2

/2, • /q) +2 T q + a

2  ;y

'5 s* x[ 1 2 -2] (104

IU2(s) q19 (S d~ e x q1- :--(14

SxRx I exp[- 2.•(l• ... T

-,R b 2

f V2t) q2 (t) dt-- exp[T 2 q 2 (105)
-- •'T f + +

2 ay

It remains to compute thp last two integrals In (17). Aqain using t'.'e rvq',sP

of Appendix B, one obtains:

fr I(s) U2 (s) g,(s) ds

11 2 1i6

: - .s -2 - . ,

where Y 3 .+ (If7)
2 q2  2 q2  02
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2 2 2 2 .. ,

a1 a2. o (a1+ 82•) (109)):::

0 1 2

Substituting (107), '108), and (109) in (106) results in ."".

2

x 1 1 q

x

(aqa ) L .

a a( + 82 a)

exp1- 2 I 2 - 2 1 ]109)

3 q 1 + - ""q, 02

-x

Su s it t n (107) +18) aa)d (19 in..6).esu.s i

II( eS) 19)).x(s. ds(.

2~ ~~ ( +q''i• aa

1 22
-e+ ,-)- 2 2 H(1

2 2 2q 2  2o~q
R~ (ay +qa

Ry analogy one also has ':[:

Li-

v" v (s ) v 2 ( s ) 97 (s ) d s :-.

222 2Y exp{- l + b•) (b, + b,) ..- ' '

4q2 1 2o? + q2 22Ly + ? :].,
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The explicit expression for the target probahility of kill may now be obtained

by substituting (102), (103), (104), (105), (110),and (I11) in (97) which

results in the following:

-(2) = !L 1 1 1 1 1_-_
kT 2 2exp- g ( 2 2 2 2)-

,/r,,q2++ 2  2- 2 q ++o q +

S2+2 y V(y
+ 2

R2  2 ' 2,2 2 2."-"
____ _ c- exp{- q I + ba) ( ( 1I x- .,-

2 2 22

R exp1- • 2 +b2) (abI + ab2)" avi(I. ----

-2 22 22 y2 L ....

2. Optimum Stick Pattern i]7.

The first question that arises is whether it is Possible to select the

values of al, a2 , b1 , and b2 in an optimum fashion so as to ,naximnize tihe value "-]

of the probability of kill for the two-weapon system,as dictated by expression -.-

(112). Such values do Indeed exist. Rather than solve the general problem .

two special cases will be considered corresponding to a drop pattern along the"]-

x-axis in the direction of range, or along the y-axis in the direction of""-

deflection.

Let .'2

1 1 (3

2q2 q 2  + 2 1? 2

39'"

2.~~~~- Opiu SikPatr

The ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ .fis usinta rssi hthri.spsil oslc h

values ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ' ofaabad 2i-notmmfaho oa omain h au

o the... pr b b lt of. kil fo the two - - •- ° -- ---.. - ---- --weapon. -.te~a dic ate by."----------'. :-.•- expr ssio



R2

Cx (114)

2q1  2q2 f7~ ý+q

Substituting (113) and (114) in (112) results in

~(2a I ab____

1 ke 1+2+ 22 2)1
q +a q + a

7 2a2+b

+C 1 exp{- 22 2 2

I 2  2.) (aI + a2 )
2 Q2 a- C2 expi - -12q aI+ a2 2 2

2q2yx+ ql

2 2

ex pj- b, [ + b, )
2b 2 2 21(1)" 2q 2 2a + q 2

Without loss in generality, it shall be assumed that the MPI of the stick

pattern coincides with the coordinates of the origin which is also the

.. location of the point target.
i

Case 1: a 1  -a 2 = a; b 1 = 0b 2

The stick delivery is along the x-axis, and the MPI of each of the tw

weapons is equidistant from the origin (the target point). Expression (115)

as a function of a, the decision variablz, hecomes

-(2) a2 a-

S? C exp(- C exp(- -- (116)
kT 2 2 2 - 2  2)

Differentiating (116) with respect to a and setting the result equal to zero,

40
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one obtains

dIf kT (a) C1  a 2C 2  a 2

a[ 2 ep( 2 - -exp(- (117)
dJ(2(a) C2 2 2 C2a2|-

The solution to this equation yields the value a 0 0, which corresponds to a p

minimum, and

c2  q 2 +2 1 ÷ exp[a 2 1_ 1 1-
C 2 xpl 2( 2 +__2_q" q x

or 2.2

C q-+a
a2  1 ql (119)

1 1 1
7 2 2 + 2

q1  q~ 1

which corresponds to a maximum.

Note here that Case 1 corresponds in practice to a drop of two bombs from

the middle of the aircraft at a distance 2a from each other with the target

equidistant from the MPI's.

Case 2: a= 0= a.; bI -b2 b

The stick delivery is along the y-axis, and the MPI of each of the two

weapons is equidistant from the origin (the target point). In practice, this

will correspond to the simultaneous drop of two bombs from under the aircraft

wings assuming each bomb is a distance h apart from the body of the aircraft.

Expression (115) as a function of b, the new decision variable, becomos:

fl(2 b) = 2 C exp( - b b• + -y C -.- b WO)kT' 1 2C2 72(-_) (2)i

q 2 +, aq.2
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Differentiating (120) with respect to b and setting the result equal to zero,

one obtains:

.~(2)(bCuT ()' b) CI 2 C2 2
kT bI 2 2b11

db 0= b( 2 2 exp(- 3  2 -7.--q--+a) exp(-" )]q (121)

q + q2 q ?

The solution to this equation yields the value b = 0 which corresponds to a

minimum, and

C 2
2 q2 + 0-Y exp[b 2 (1 1 122  (122)
C1 q2  q 2  q+

or 2 2
rC

2  q2 + 2

1 n(C 1 2 q 2
b2 = 1 (123)

1 1

2q2 "

which corresponds to a maximum.

3. Example

The following data are given

Rx = 15 ft ; Ry = 30 ft ; DO = 1.00

1 = 30 ft ; a2 = 20 ft ; ax Z 150 ft ; 100 ft

From (79)

R2
2 xq 2- +Oj

2
() + (30 )2= 1,012.5

"242
o4



Hence, ql 31.82

From (80)

2
q2  ?n +o __

2

.

S(30) (0)2
(2 = 850

Hence, q2 29. 15

From (113)

R R _ _ _

C __x_ I i1-
+ x y 

"-'

2 2 q+2 2

lo1?..5 + (150) .850 + (100)-

: (15)(30) I .014,087
2 153.34 104.16 0.

From (114)

C= x y

"2 2 
-

2 q T27, 7 2q2 TP;7+ +

(15)2 (0
c 2 = (--__ _ _. 2

(2)(31.82) /(2)(lso), + 1,012.5 (2)(29.-5) /(2)(loo) 350

S(.016,482)(.106,9i) - .001,762,1
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Optimum value of a

From (119)

2 q• + a ".2..-

c 
q

2 1:-a = o t
1 1 1

.001 762,1 1,012.5 + (150),

._014087 I 012.,
1,012.5 2 1,012.5 +. (150)2

L .

In 2.904.8
.OO096638q 1,103.45.000,966,38q .>-

Thus, a = 33.22 ft. '

Optimum value of b

From (123)

2 2q + 0,Y : :
in (2 ? 2I"

qC 2
b2 1 q2

1 1 1". "

*2 2 2
2? y

.001 76?71 850 + (100)'-
i n (. 0 1 4. 0 87 850

-1 .-11

-5 ? 850 + (100)2

= In .596,7) 413.q6
.001, 130.4

b = ?0.34 ft.
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Computation of the Kill Probability

a. At the minimum value: a = 0 b

From (116) or (120)

U(2) = 2CI - C2

-- (2)(.014,087) - (.001,766,21)

= .026,41.

b. At the optimum value- a 33.22 ft, b=O

From (116)

P(.221 .,021). 2 (33.22).
"kT 2 ( (.001,762,1) exp[ 1.112.5 J

(2)(.014,087(.976,Bl) - (.001,762,1)(.336,235)

- .026,13.

c. At the optimuv. .zue a 3, b 20.34 ft.

From (120)

H(2) 21,.014,,-)7) CIL4[ l (20.34)2 2 - (.001,762,1) exp[- (2"3)"'
kT "2o850 + (100) 850

: (2)(.014,087)i.981,115) - (.001-,762,1)(.614,636)

.026,56, ."

At least for this example, an optimum configuration of a two bomb stick L

pattern does not seem to -Irprove the probability of kill significantly.
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4. Error Estimation in the Probability of Kill

Although it is theoretically possible to obtain a closed form expression

for VarfTT when uncertainty exists in the input parameters which are

Do, Rx Ry, , l.a 2, a x and o , nevertheless,the resulting expression becomes

extremely cumbersome and quite unmanageable even for the case of n.2

weapons. The methodology, however, is not different than the one developed in

[31 where Taylor's series was used to obtain an approximate closed form

expression for the variance of the probability of kill. The difficulty stems

from thrPe causes:

a. A total of seven input parameters may have Inherent estimation errors

which will, in general, be expressed by a 7x7 varlance-covariance matrix, thus

involving a total of 28 variance and covariance terms which must be specified

numerically.

h. The general expression (which is (95)) involves n MPI's whose

incorporation as general input variables adds to the problem complexity.

c. The form of the expression (85) involving terms under the product

sign is not easily amenable to differentiation with respect to the seven input

parameters. These operations must be performed in order to obtain the terms

of the Taylor's series expansion.

For these reasons, the problem of variance estimation has been reduced to

one consisting of the following:

a. The number of weapons involved is limited to 2(n=2).

h. The stick pattern is the one for which aI a a 2 z a, b= 0 = b?.

c. The only input parameters for which an error in estimation is of
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significance are 0,. Rx, and R. the other input parameters are

assumed to be kr?, wn exactly, thus having zero variances and covariances.

Using this simple situation, the methodology used can be illustrated and more

complex caseýs can be dealt with similarly. Under the stated assumptions one

uses expression (112) with a 1 a a 2 = a and b1 - b2  0. Substituting for the

2 a 2
values of qI and q2 as dictated by (79) and (80) in (112) results in

R2 1 RR2xT y 2 D 1 x 2 % 2 y 1 x

2 1 L2 12
R 2? 2 2 2 2 2 Rx 2 1+ C,) _ • a + 2,' exp[-a _2 + 1 (124)

In general,

S(2) a12) (DO') i::12:.i:5
11kT = kT (Do, RxR (15

Let DO' Rx. and Ry represent, respectively, the means of O0 , Rx. and Ry.

1(2)
men, an approximate estimate of the mean of [ is given by, I~kT

ý[ (2) -(2) -( 2 ):::::

"kT kT (O x' Ry(

The Taylor's series expansion will now be used to determine an approximate
exprssio forCar[(2) "

expression for Tarlnq 1. Expanding (125) as a Taylor's series about the mean

of Do, Rx, and R and retaining only first order terms yields.-
y

(2)

R() (DOORxRy) n (2)'(xDORy) + (D-6 . "T
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•llkT

+(R - R) + (R - Ry)"ky (127)x X)-aR y y 3R

where the partial derivatives are all computed at the point (0oRxRy).

Transposing r)(16,Rxy u ) to the left-hand side. squaring and taking
"ii

expectations on both sides of (127) results in the following expression for

-Ph•Var[ R kT

3r) 22) (2) 2 7a kT
VariLkT~ VarfDoo -W-) + VarFRx] (----)

"" .R"x

-(2) 2 1(2) a(2)UkT kJ kT '

+ Var[Ry] (R + 2CovrDoR1x] (-YT _( R
y x

~(2) -(2)

+ 2 Cov[ R (kT kT
0 y 

-
0 

:_

12) -(2)

2 CovrR Ry] a-k--- _ (12R) ..-..
x y

wherP aQ-.in 1ll the partial derivatives in (1?8) are computed at (n 0, RxyR .

It now remains to compute these partial derivatives from expression (124). "

In expression (124) let

21 2 1 R 2- . -

A R R + 2+ x 2 + 2 2 y2 Y p 2 X 2 + 2 -1-(sm 01 °2 (...L + 2 -° exp[- -2 (•o + ° 1
x - 0 2 y 0 o

2A 1 2 -
= R (~q o~) 2 exp[- 2 (q + ax) 2 (129)

R ~~~~~ ~ ~ ~ . -R- q+X +y ep- 1X

Let al so
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I-___ 2 1 R2 -.

4 2 y ý0 1 20

2 1
R 2. 2 R 2 2 2 Rx 2 1

+ +~ (~~-a '+ ZaC exp[ -a +2 +a)
0 I

2 x 2  1 2 2 22 1 2 + 2 -a 2.q2 (130)
R I q c ) q~ (2 ?o qx 2(- q

Thus

H(2) A - (B3')
kT

and, in general,

afkT zA 3B (132)
-(. = T*) - Tr

Recall also from (79) and (80) that -

R2
2 2qO + a (133)..

0
R2 •

q2 y +(2 (134)
?q2- ?D 2

The following is obtained

aA A 2 2 2 -1 2 2~ 2 -1 2 22 2 2 -2(15
-- 2,- ([R (q 1  + ax) + R (q2  a ax) - + ax) (13]5

04)

-3B -B -fR 2 ?q 2 1 R ( 2 a 2 ( 2 1+R2q + 2a

aD 4 2 LR( 1 X I x o~ I- Rxq) y 2 ~ ( + ?a
0

2 2 2 2 (136)
-2a R X( 1)
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- A - X) + 2 21 ---- - (qI + X (137)
X x 0 0

2
a_ B 2 1 X 21 2)~ 2
*1 _ 2R

aA (q 2  2)-1) (139)

R R

yR Ry 0 7 - 0 2

5. Example

The following data are provided

Weapon: 5EAKL; Target: 3172; Impact angle: 750; Impact Velocity: 900 ft/sec

DO .594,85; Rx = 59.21 ft; Ry - 122.92 ft.

Var[Dl0  = .000,29; Var[Rx] = 2.120,4; Var(Ry1 = 8.268,2

Cov[DO.Rx] .000,61; Coy[DoRy] -. 000,43; Cov[RXRy] -1.474,43

01 = 30 ft; 02 =20ft; a z 150 ft; O 100 ft

It is required to determine the following:

• The optimum value of a which determines the stick pattern.

* The maximum probability of kill.

* The error on the probability of kill given the variance and covarlance

on the impact parameters Do, Rx and Ry.

Consider a stick pattern where a1 = -a 2 and = b2 - 0

Solut ion

The following quantities of interest are to be computed:
2

1. ql and q, from (79)
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2
2. q and q2 from (80)

3. C1 from (113) p

4. C2 from (114)

5. The optimal value of a from (119)

6. The maximum value of a(2) from (116)

7. The value of A from (129)

8. The value of B from (130)

9. (check) The value of [_(C) from (131)kT

0A aB aA aB aA aB
10. The values of -D 0 - -. a R -R-x TR-y' and from (135) to (140)

12)
3;kT | -

11. The values of a--k using (132)

(2)
12. varflkT ] from (128)

1. Compute q, from (79)

2 X-q -- 2 t 1.-"
0

(59.21)2 2

2( .594,85) + (30)

- 3,846.813.6

S62.022,69

_. Compute q2 from (80)

R22 - y- o 2 ._I.
qI2 2 D0 2 - -'
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2
= £122.92 + (20)?
= 2z7594.:"

13,1on.114,7

"q= 114.455,73.

3. Compute C1 from (113)

C .2

1 2~a /7q + JI

1 " 1

/(13,10.114,7) + (100)2

ý59.21)(122.92) 1
(2)(162.317.0)(151.987.2)= .147,50R,3

4. Compute C2 from (114)

c~ 
°.-y

C? 2 2 12ý2 / 0÷ • .-.
2q v2?a q 2q a q
I x 1 2 y 2

(59.21)2

(2)(62.022,69) !(2)(150) 2 + 3,846.813,6

2

(2)(114.455,73) /()(0)2 13,100.114.7

= (.127.876,7)(.362,796,3) = .046,393,2
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5. Compute the optimal a from (119)

C2 q2 + 2-In ( 112 ' .

a = 1 1 1 :!
2 2 2 2

In P.046,393,2 3,846.813,6 + (150)2

.147,508,3 3,846.813,6
I I1-

3,846. 3,846.913,6 + (1Sf) 2

i

.767,370,6
.000,259,955,4 - .000,018.977.6

= 3,184.403,7 ft 2

a = 56.430,5 ft.

6. Compute ( from (116)kT"

(2) 2C exp 1 a2  a2
- 1 2 2 z c 2 exp(- 2)

3+184 403,

(2)(.147,508,3) exp[- 2 3,846.813.6 + (150

2 3,146.813,76 +I10)2

- (.046,393,2) exp(- 1 3,184.403.7 
-

.277.716,053.2 - .020,274,2160
I

=.257,44.
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7. Compute A from (129)

2 1 12( 2 2 2 a 2 1
R R(q +a q a exp[l-~- (4~ + a)

(is0)) y2 "1 ,-
(59.21)(122.92) [3,846.813,6 (150) 2

1

(13.100.114,7 + (100)2 2 exp[- 3,184240371 [3,846.813,6 + (150)2Il

A z (59.21)(122.92)(.006,160.783,5)(.006,579,500,6) exp (-.060.432,425,5)

= .277,716,077.

8. Compute B from (130)

1 1'
q22 1 2 2 1 2 2a2 q7 2 1 -'

R q ( +?C Iq (q• + 2a exp( q-2

1 2 1 (52
(59.21) (122.92)- (62.022.69 1" [3.846.813.6 + (2)(150)2-

(114.455.73) 1- [13,100.114,7 + (2)(I00)2]- exp(- 3 184.40. _)

1 22(59.?1)2(l?ý-92)2( .O15,1?3,131,7) (.004,524,617,8)

(.008,737,002,5)(.005,496,487,6)(.437,008.355,5)

.020,274,21.,2.

9. Check the value of f.k2 from (131)

^(2) A - B"kT

= .277,160,077 - .020,274,212

- .257,44
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1(). Compute the value of th~e partial derivatives from (135) to (140)

A rm(135)

~A .. ±. (q + 2)l ' ~2 2 +~'1- 2 2 2, 22
R 2D (q +x0 1 + R q2 (q + R x (q1  + ,

0

-, 1 92. { (59.21)2 [3,846.811.6 +(150)

4(.594.85)2

+ (122.92)? f 11.100.114.7 + (100)~1

-3,184.403.7 (59.21)2 [3,846.813.6 .(150)~)

77.16±2ZL( .133 .064.443,q +.654,080,146.2 -. 016,082,814.2)

(4)( .594,85)

-.151 .291,759,11.

b. from (136)
aDr

00

3B r~~ R2o ql)2-1 R? (q 2 2a I R

59 45)2

+(59.21)2 [3,846.813.6 +?(150) 2 1L

2
+ (122.92) (13.100.114.7)-
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m -

(122.92)2 [13,100.114,7 + 2(000)..,

(2)(3,184.403,7)(59,21)2 (3,846.813,6)2.

aS - .020,274.212.2 (.911,357.3 + .071,771,807.4

0 4(.594,85)

+ 1.153,373,596 ..456,473,536- 1.508,849,6)

.015,52q,209.

c. ý-R from (137)

- R a2R (24 2?

x D0 0 D

59.21

(.277,716,077) (59.21 - (2)(.594,5) [.3,846.813,6 + (150)2]"i

(3 184.403,7) (59.21) [3 21.+ [3,846.813,6 + (150)22

S(.?77,716,n77)(.i,16,RP9,o3) - .*O1,A881Rq,3 + .000,??A.3j?,4)

.004,229.161.

d. B-R-- from (138)
x

•R2 R R a Rx ?2
8-~ BLR 2 D q )- P-~ (q + 2a~ -~--( 1

59 .12
020274,212.2 5 4.8-5.- ) 3,8.13.6,)
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59.21 2 1.

- (-' .94 .85) (3.846.813.6 + (2)(150)']

(3,184.403,7)(59.21) (3,846,813,6)]2-+ (.594.85) 3,.681 .6

• a. .020,274,212.2 (.033.778,078 - .012,937,681,5

.001,018,876,1 + .021,41g,702,2)

.000,836.133,3. -

e. from (139)

y aA y 2 -1?i?
_A l __ (q__ +a A 2 D Y)-

1 122 .92 . .

.277,716,077 {122.92 - .59 ),-" [13,100.114,7 + (100)21

= .277.716.077 (.008.135.372,6 - .004.472,712?)

= .001,017,17q,7.

f. B from (140) -

2R R

B 0Ry (q,(q 2a=

0- .0.274,212.2 2 -__ 2.92 I

•--• yo 13,100.114,7 - O (2) o) (10-

.020,?74,212,2 (.016,270.745.7-- .007.6.966,4 -.(003,')1 444,3)

.000,106,689.7.
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(2)
kT

11. Compute from (132)

-(2)
3nkT 3 A aB

a.- D

= .151,291,759,2 - .015.529,209

.135.762,550,2

(2)
1 b _KT ~ a B

)3R aR ax x x

= .00d,229,161 - .000,836,133,3

= .003,393,027,7

-(2) •
_kT aA B"

c. •y -Ry "•y!i

.001,017,179.7 - .000,106,689,7

.000,910,49

(12)
1'. Compute the value of Vart kT ] from (128) -

".ar T.2)(, .135.762,550,2) 2

+ (2.130,4)(.003,393.027.7)2

+ (9.268,2)(.000.91nl.49) 2

+ (2)(.000.61)(.135,762,550,2)(.003,393.027,7).

+ (2)(-.000,43)(.135,762,550,2)(.000,910,49)

+ (2)(-1.474,3)(.003,393,027.7(.000,910,49)
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Var lkT ] =.000,005,345.1

+ .000.024.526.5

+ .000,006.854.3

+ .000,000.562,0

- .000,000.106,3

"- .000.009.10q,2

= .000,028,07?,4.

Note that VarCRx] contributes 87.36% of the total variance. The standarI error

(2)
on I~kT is

0-(2) r.000,028,072,4 .005,3"akT

-(2)
A two standard error confidence interval on RkT is

f (2) 4 2 , .257,4 t .010,6.
k r " ,( 2 )

I-.
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SECTION IX

CONCLUSIONS AND RECOMMENDATIONS

A theoretical model is formulated to provide an expression for the

probability of kill of a fragment sensitive target when hit by a stick of -

weapons. Each weapon is assumed to be subject to ballistic errors, and the

stick pattern itself is assumed to be subject to an aiming error.

A detailed anAlysis is provided when the stick consists of two weapons.

This Arialysiq includes the following:

a. The determination of the optimum stick pattern.

b. The evaluation of the probability of kill of a point target.

c. The determination of the variance of thP Probability of kill given

that the input parameters are subject to estimation error.

Although the mathematical analysis becomes quite cumbersome when the

number of weapons in the stick pattern becomes greater than two, nevertheless,

i is recmm-inded that alternative methods, such as numerical analysis and/or

recursive schemes, be investigated to provide computationally valid ways of

analyzi,(J the system for an arbitrary number n of weapons. Specifically.

tho inrlysic would result in the following:

a. The determination of the optimum stick pattern.

h. The numerical evaluation of the probability of kill.

c. The determination of a numerically computable expression for

Var[Pkl, given the variance-coiariance matrix of the seven input

par'aineters.

It is also recommended that a similar analysis be performed for the case

involving sLick delivery of multiple weapons whose main effect is blast.
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APPENDIX A

VALIDATION OF AN EXPRESSION

The purpose of this appendix is to establish the validity of Pxpression
(111,):-

Define as (u,v) the coordinates of the point target. For the ith weapon.

i--.2.... ,n, suppose that it is aimed at (f. .ni) so that (i is the MPI.

Let the ith weapon subject to ballistic error impact at (xi,yi). The

ballistic error in the range direction is (xi-ýi) and in the deflection

direction is (yi-ni) • (xi-Ci) and (Yi-ni) are assumed to be independently

distributed each having a Gaussian distribution with zero mean and respectivE

standard deviation a Ii and a 2i' (xi-.i) and (y i-ni) are also assumed to be

independently distributed between weapons. If fli(-) and f 2 i(-) represent

the respective probability density functions of (xi-i) and (yi-ni),one has

2

fi ( exp[- -V]-j(A-1)i a.?U-2

Yi ,2 LP^ ," nil

f (yi-n.) = exp[ .", i=l,?,...,n (A-?2i 2i

Now, since dll weapons are identical, the probability of kill at (u.v) for

weapon i, given that it impacts at (xi,Yi), is given by the three-parameter

Carleton damage function

D(u-xi. v-Yi) = expi- DORT 3  + (1)21 (A-3)0 y
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If weapon i had acted individually-, without the contribution of the other

weapons, the resultant probability of kill of the point target (uv) would be

given by (10) or

PR xR Y epV-T) 1 2

Rk. (u. = -1--exp{.- 1-[.(.) 2 +(-._2i} (A-4)Pk(-{' -nl=2qli q2i 2

R 
2

where q = Ii (A-5)

R2__+02
q =2i (A-6)

0

It is required to show that the kill contribution of each weapon in the

presence of ballistic error is independent of the kill contribution of any

other weapon so that the net probability of kill of the point target at (u,v)

is given by the well known formula

n
(UV) 1 -(U [i - Pki(U-i. v-nj)l (A-7)

i~l

Tho rt.s•iT, will , shown for the case of n=2 weapons. The method can easily

be extended to an arbitrary number of weapons. Now

(2)Probability of kill at (u,v) - P

I f f f [Probability of kill at (u,v)lweapon 1 impacts at (x 1 ,YI)

and weapon 2 impacts at (x 2 ,y2)1 [Probability weapon 1 impacts between (xl,yl)

and (xj + dxj, y, + dyl) and weapon 2 impacts between (x 2 ,y 2 ) and (x 2 + dx 2 ,y 2

+ dy 2 )] (A-B)
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But,

[Probability of kill at (u,v)lweapon 1 impacts at (xl,yl) and weapon 2 impacts

at (x2 ,y2 )] =

1 - [1 - D(u-xl, v-yl)]I1-O(u-x 2 , v-y 2 )] (A-9)

Using (A-i), (A-2), and (A-9) in (A-8) results in

2= ) f f 1 {1 - [1- D(u-xI,,v-yl)][l-D(u-x
2 , v-Y 2 )]

k ~ -IM .4 -.W-

f 1 1 (x 1 -&1 ) f 21 (YI-nl) f 1 2 (x 2 -&2 ) f 2 2 (y 2 -n 2 ) dx1 dy1 dx 2 dy 2  (A-10)

Reducing expression (A-9) and using it in (A-10) results in

(2) = f f D(U-xlV-Yl) f 1 1 (x1 _C1 ) f 2 1 (y1 -n1 ) dxldy1

+ f D(u-x 2 ,v-y 2 ) f 12 (x2 -C2 ) f 2 2 (y 2 -n2) dx 2dy 2

"- [ f f D(u-xl,v-yI) f 1 1 (xl-C1 ) f 2 1 (y-l'n) dxldyl]
.- u .,•

I .f f D(u-x 2 ,v-y 2 ) f 12 (x 2 -&2 ) f2 2 (y2 -n2 ) dx2dy 2 ]

The integrals in (A-11) can be reduced to form (6) whose explicit evaluation

is of the form (7). Thus, using (A-4)

P2) = Pkl(u.pl,v-nl) + Pk2 (u.& 2 9v-n 2) . Pkl(U.{1,v~nl) * Pk1u2(U_2,vn 2 )

1 - [- Pk1(u-{1, v-n1 )] [1 - Pk2 (u-&2, v-n 2 )] (A-12)
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If the ballistic errors have the same standard deviations, then

iI

2 2 = 20 for all i

Cr2i = 02 for all i
21 2

qli = q for all i

q2 i = q2 for all i

and PkiU - Pk(U-{, v-ni.)
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APPENDIX B

EVALUATION OF AN INTEGRAL

It is required to evaluate the following integral

0- n (x+Oi)2
n( * l 2,',"a; n i 2 '0 2,,n) = I exp[- ½ 2- - dx (B-I)-- i=I Bi

The well-known formula

2

f e dy = r•-, (B-2)

will be used in the sequel.

The problem will be solved for n=1 and n=2 and a general expression for (B-i)

will be inferred.

Case when n=1

The purpose here is not in obtaining a final reduced answer (which is Ba 4•),

but rather to obtain an expression whose form can be generalized for any n. From

(B-i)

1 (x+a 1)2

e p - - - d x( - )
II(aI,BI) : I. exp[- 2 2 d67
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Now 2

C1 1

( 2BI BI B2  •

Let
'Y 12 (B-5)

1

2
1- (B-6)

c= 1 (B-7)

1

Using (B-5), (B-6), and (B-7) in (B-4) yields

(X+a1) 2x2 C1 61

2 - 1 (x + 2 x + 1) (B-8)
I

1 2 51 2

¾ 2

'Y +i + 9- Y L (8-9)f

2

I x + 1i-2 + 6 1 - .-- (8-10)
1 Ti

Substituting (B-10) in (B-3) results in

C £2
-f• exp{- [y 1(x + ÷x 6 - d

68



2

exp[- YI (x + l)21 dx. exp(- ½(61 -12 (B-11)

In the integral of (B-II), let

then

dx = 1 dy (B-13)

and (B-11) becomes

2 £2

1~~ (C1 is 1 exp(- -~~dy - exp[- 1(61 -

12 1

2

1- 2w ex[--6 -- )] (B-14)
Ii ,2 (61 c

m'% 61., and EI are as defined in (B-5), (B-6), and (8-7), respectively.

Case when n=2

I L X~a) (x~ 2)2
12 (a IA 2 ; 01,82) = f exp{- x +2 -+ 2 dx

2 Oi 2

Now

22 12.a 2
- = 2L + 2 -X +-2 +- + 2-X +

2 2

= 1 1 ? 1 x 2  (8-16)

69



Let

1Y + - (B-17)
2 B02

1 2

2 2

a 1  a 2

1 • + (B-19)

1 02

Using (B-17), (B-18), and (B-19) in (B-16) yields

X a )2 (x+a 2 ) 2  _2 2
(x+a 1 ) 2 -x-a 2-- 2 £ 2 6 2 (8-20)

2 2 Y2 (x + 2 -+-
81 02 Y2 2

2

( 2 62 _21)

2

2 2 2 (B-22)

Substituting (B-22) in (B-15) results in

12 (' 1 , a 2 ; 01, 02) '

2

f exp{- Z [ 2 (x+,-) + 62-1 (B-23)

It immediately follows that
2

12 (' 1 ," 2 ; 1,102) - exp[- ½(62 -2 (2-24)
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62 62 and e2 are as defined in (8-17), (B-18) and (B-19) respectively.

General Case

Let

n 1 (B-25)'rn *= -
i=I 8.

2

n aI (B-26)

n a i (B-27)
Cn i=i1 Bi

then

2Sn (X40i )

in 2,"'n "2 .... n = f.C exp[- 2 - dx

'Y Ixl (6n~ )
__2 nY"n
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