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FOREWORD

Tris techmical repert documents a computer algorithm for the "influence num-

bere ! that gevern the relationship between certain subsets

-

the earth's gravita-

tirmal potential expansicon coefficients and "lumped coefficients,"” each of which
summarizes the yravitaiional effect of an entire group of potential expansion

coefficients on the inclination resonance of earth satellites.

The work was pertormed in the Space and Surface Systems Division as part of a
larger effort, with the purpose of establishing equations of condition for groups
of gravitational field parameters as a contribution to the validation of the

WGS~84 Geodetic Parameter Solution.

The present report was reviewed by C, W, Duke, Jr,, Head of the Space and
Surface Systems Division; R. L. Kulp, Head of the Space and Ocean Geodesy Branch;

and Dr. C. Qesterwinter, Rescarch Associate.
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INTRODUCTION

An artificial earth satellite is said to be in [(/u resonance* with the
earth's gravitational field when it performs { nodal periods while the earth re-
volves u times relative to the satellite's precessing orbit plane. Near reso-
nance, the perturbations caused by those tesseral components of the earth's gravi-
tational potential with which the satellite happens to be in resonance generally

exceed in magnitude all the remaining tesseral perturbations,

Near resonance, the rate of change of the orbital inclination of the satel-
lite may be expressed as an aggregate of several more or less complicated func-
tions 1invelving the parameters characterizing the resonance type, the orbital
elements, curtain quantities named "lumped coefficients," and time., The 1lumped
coefficients are linear expressions consisting of the scalar products of sets of
expansion coefficients of the earth's gravitational potential (in the sense that
each lumped coefficient is associated with a specific potential term order) times
a second set of parameters customarily called "influence numbers.” The latter are

essentially functions of orbital semimajor axis, inclination, and eccentricity.

Satellites with sufficiently short orbital periods will, as their orbits
decay, pass through resonance or, frequently, through a succession of different
resonances. While orbital resonance effects are not restricted to the orbit
inclination, conditions for acquiring useful inclinatiorn resonance data have been
especially favorable, giving rise to a large body of investigations (References 1
through 78). Most of these are undertaking to evaluate the lumped coefficients
for empirical time sequences of resonant inclination values, There is almest
always an attempt made to subsequently infer numerical values for the geopotential
expansion coefficients related to the lumped coefficients found, Most ol the
investigations seen are confined to specific resonance cases and to specific satel-
lites. Some however attempt a synopsis (see especially Reference 671, An coffort
was recently made at the Naval Surface Weapons Center (NSWO) to svstomaticslivy
review the entire body of published research work ard to compile all Tumpedt
coefficients listed., A system of linear conditional equations complete with the

customary statistical information was senerated 1for the gpeopotential  oxpansion

*For details, see the Jdicusasions of roesonance 1 Referenees ol 350,
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coefficients, the latter being the system unknowns, and ranging up to degree 42,
each identified lumped coefficient contributing one cquation, A general, numeri-
cal solution for those geopotential parameters contributing to the inclination
resonance cases treated in the just-mentioned collection of literature will in due

course be executed.

As already stated, a necessary ingredient of the conditional equations are
the influence numbers, These are, essentially, geometry factors reflecting the
orbital parameters at resonance. As a generally valid theory of the influence
numbers could not be located in any of our sources, it was derived starting from
the Lagrange planetary equation for the 1inclination variation. To document the

resulting computer algorithm is the purpose of the present report.
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ALGORITHM FOR THFE INFLUENCE NUMBERS

"Radius of the Earth” (semimajor axis of reference ellipsoid)
in km, Default value: R = 6378,140 km,

Semimajor axis of satellite, in km,

Orbital eccentricity

Orbital inclination

Integers, characterizing £/¢ orbital resonance.

Normally, o« = 1 or 2, In most cases, £ will be larger than

5 and smaller than 50,

Integer, denoting magnitude of the resonance term (order of
"overtone"), Generally, y will be equal to 1 or 2, Generally,
it will be a positive integer,

Integer (positive, negative or zero) associated with the magnitude
of the orbital eccentricity, For the present purpose, the

following values of gq may occur: O, *1, %2, 23,
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THE TINFLUENCE NUMBERS

=
1l

ay - q (1)

m = By (2)

-~
1]

B -a)y +¢q (3)

If K is even

t =@y +2r =m+ 2r (4)

a3
Ao

m. = B (%) ]
3
p_ = %(E -y +t5qtr (6)
==K+ r (6a)

If K is odd

fy + 2r + 1) =m+ 14 2r (7)

~
]

n =5 i (8)

(9)

X‘v'r—-
+
al

! 1
P, =56 = @)y + 5+

= f,—(K + 1) +r (9a)

T T O S/ , T (10)

Frpectod masimun value for rn1v
e

- 50 (1)
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The influence numbers are then

FAN
F

q,k r, R 2r G@pq

o = DTS 4 L (1)
Jve

AN? m
0™Pg

0Pod

where

p=p (113h)

0) (13¢)

LI}
o~z
~~
a

1

Po = p(r = 0) (13d)

Note that the influence numbers are dimensionless quantities.

INCLINATION FUNCTLON SUBROUTINE

. _ L~ (L +m)! = on f20-2p\ [ 2p
l‘A(mp — FA(’mp(l) - 2([)!(6 - p)! * Z D n £-m-y
N

'min

C3(’—m—2p—2!. N

. gm={+2p+2, (14)

U o= cos (l i) (1)
2

: . | .

S = sin (5 1) tla)

o= aaxn N, (Cem=2p) | U7
min

= min[(E-my, (20-2p)] o
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(£ - m12e + 1)(2 - 50

Nem = F \/ 4

+ m)!?

Gm =0 for m#0
= 1 for m=0
FANem = N@m * FAfmp
FECCENTRICITY FUNCTION SUBROUTINE
- - 1q| 2,4 ,lq]
G =G E:"]- 1+B B
(pq qu( ) -1 ( )
N
2k
* 2: \Y W B
ezo Cpak’fpqk
g = =
1 + 1 - e2

Stop summation over k when

For p o2 U/

2, p =p
q" = q

2, p’ = - p
a’ = -

[G]N+I and [G]T

v

(19)

(20a)

(20b)

(21)

(22)

(23)

agree to six significant figures.
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I . ~ r . ’ r
v =y 28" - 28 (=D (¢ - 2p + q)e
{pagk o h - r r! 24

For q > 0, h =k + ¢

For q < 0, h =k

ii -2p’ - 2p" + q)e T
h - rfr! 28

Z
v

For ¢ >0, h=k
For q <~ 0, h =k - q

To avoid difficultics arising from use of negative arguments, calculate the

binomial coefficients occurring in Equations 26 and 29 as follows:

1
B I (32)

B mayv be expected to be a positive integer alwavs. A mav assume negative values.

ALGORTTHM TOR THE LUMPED COEFFICLENTS

Let € and S(, be the normalized expansion coefticients of the geopotential -
n n
and O med 8 theelr unnermalized counterparts, then
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MATHIMATICAL BACKGROUN
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APPENDIX A

NUMERICAL TRIAL DATA FOR THE INFLULNCE NUMBEK AJCORTUi
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where Nﬁm is the normalization factor specified by Equation 19. The relationship

among the lumped coefficients, E&’k and gg,k’ the potential expansion coefficients

and the influence numbers is

rMAX

=q,k Wk

- ¥ qf
r=0

1% - Cor (35)
i rMAX

» =q,k — q,k iy (36)
k Sm T 1§0 Q Stm

3
b Note once more that the influence numbers as well as the potential expansion
-

coefficients are dimensionless.
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The followiny derivation should be viewed in conteoxnt with the iatraducticn
ro this report. lagrange's planctary equation (or the inclinaricon variatinon was

adepted from rages 287 and 288 of Reference 33 and reods o 1ol loes

n

11 h R , .
SR — % z: J, =1 =% Re[jl(( - 2p) cote i - omoconec

de ; {(mba
‘f 2 {m
I - e Mpa

mp U Cpqle) e livg 00 o
[(mp(L) ((qut) l(‘]'J(n‘.pq)] {(BOLS
e
c = {{ - Ipyo + (¢ -2 M+ m(. - 5y - mh, B -
" frpa (£ ip)s (¢ P+ q@)M + m( 3) e (50 .

+ S 3O T
{u Sfm (B03) T
mh,. = tan—](S, /C, ) (ROLY
Am £m’ “fm
where a, e, i, ., . are the familiar crbital elements, M is Lhe wmean sotien, K is

the equatorial “radius of tne earth," M is the wean anomal, § s the <iderea!
Treenwich time of the epoch of the elements, and CEm ani Stm are tho unoormal ized

cxpansion coefficients of the gravitational potential.

Also from Page 288 of Reference 33, for 1/« resonance there

-
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~
—~
.
o
.
=
g
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as well as Equations 3 thrcugh 1l
meaning of beta, alpha, gamma, and

"Algorithm for the Influence Nuwbe

¢ rom

Again from Page 288 of Refcorence S

F. (i) = j(e_m)

. FA m,p,i
{mp Ale,m,p, 1)

where the function FA is spociiicd

I . - ({-m)
F z
{mp (1) J

is the Normalized Inclination runc

version of FA and is defined by Ly

G (¢) Is the Feceentricity Vogetd
1{ p(l

Reterence 79 and dis foy our

FAN(L,myp, 1)

from the main body of this report. For the
L
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Soo 40 - m) equal to an even number:

! (-t
0o - !

, KoL ee e RECN

Ea it Lm

L(E-my L . ({-m)
fm?) St Ympq “

H
|
-
(92}
[
=
~

- W) COS AL
' £m

N . —_ ot o B]A‘
ngJ ces \fég gw) sin mAE“ ( )

1 . .

pa)
]
P
[
5
P
wm
~
A
Py
-
~~
et
=
=
=~
~

- (B15) SR

S S g (B16)
ST T e T ) T e &em/Jem

$in n{«nl =N, S, /1, (B17)

and, Finally,

i  Rel.ooon] = =N, j [Efm sin ({{f - ) - S, os (.0 - g (B1%)
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v SRS :
o ar -1 (it :
S
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If one now enters Equations B18 and B20 respectivelvy inro Yguaticn B13 ana

seqguent

under the summations occurring in the

common sulmat ion index v,

wheve the geopotential expausion ceetficients appear 1 s roups

venicat

tinear

te summations over 4 ognd poare accovding to Ly
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sub-

lv Equation BiJd int> Lagrance's ploanetory oaguataeon (000, , oooetving Uit

Latter eguition moond g are «oastants while

atione 5 oand Y9 suibiect te the

thero result expressions [or the inclination variacvion

ingin may be ¢on-

tor even K

For odd

a
dt
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2r G FAN, ‘
Jrfu r £pq A {np
' : a G, b < FAN( n ‘ !
toPpd 0"™Po
R - o\ T
> (=D (hoR)
. ak . . g
Jhere rhe Qg wre the influence numbers for both ceven and ol wvalnes o0 B c
R
it should finally be stated that Equation Bl! represents the JTocinatior e
. )
bunction us defined by Allan (Reference 1, p. 1830). Kaula's loclination - . 1
Punction (Reference 79) "FK'" may be calculated as follows: -]
"1
For oeven values of (€ - m), including (L - m) = 0,
- ™) gy (B2Y)
For odd values of (£ - m)
R . . (-1 .
1= j( m) FA/(-]) = J([ mt1) FA (B30)
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