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FOREWORD

This report presents a mathematical derivation of the relativistic effects in satellite tracking.
Although the results are not new, the presentation of the derivations in this systematic, self-contained
way can help the user easily make modifications to suit his requirements.

This report was reviewed by Mr. Robert W. Hill, Head of the Space Flight Sciences Branch, Space and
Surface Systems Division.

Released by:

Ol F. By
OLIVER F. BRAXTON, Head
Strategic Systems Department
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INTRODUCTION

Since the advent of the NAVSTAR GPS (Global Positioning System) era, it has become more
important to correct for relativistic effects in satellite orbit determination. This is primarily so because
range to the GPS satellites is now being determined by timing the propagation of a pulse from the
satellites to the receivers. Prior to GPS, Doppler data were used to determine the orbits from range
difference or range rate.

When using Doppler data, the relativistic effects can be absorbed into a frequency bias that is
formally eliminated. No explicit mathematical equation needs to be incorporated into the computer
program. This assumes, of course, that the periodic relativistic effect due to orbital eccentricity is
negligible.

When using range data, however, the situation becomes more complicated. A pulse emitted from
the satellite carries information telling the proper time of the transmitter (satellite) clock at the time of
emission, TT,- When the pulse is received, the proper time of reception is noted by the receiver (station)
clock, R, The relativistically uncorrected range then is

p, =ctr, = 71,)

where ¢ is the vacuum speed of light. We say this range is relativistically uncorrected because two
clocks at different gravitational potentials do not run at the same rate: for two clocks at rest, the one
in the stronger gravitational field runs slower.

Because the clocks run at different rates, even if they are perfect clocks and are perfectly synchro-
nized initially, they will grow more and more out of synchronization and T, #* 7R, Where 7g is the
proper time of emission as read on the receiver clock. The relativistically corrected range then is

p= c(rR' - TRe).

Although the equations for the relativistic corrections are well known and have been published in
several papers,!*? the purpose of this paper is to derive them in a systematic way. The only part that is
not derived is the Schwarzschild solution to Einstein’s field equations. All other derivations are in-
cluded in this paper in addition to the Doppler effect.
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PP

PRELIMINARY DISCUSSION

~ o

From the field equations of general relativity, the squared line element in a centrally symmetric
gravitational field is

2GMY! 2GM
ds? = - ( - zr) dr?* - r?* d6?* - r? sin? 0 d¢? + c? ( - fr )dt2 )
c c

e

where G is the gravitational constant, M the mass of the central body, and ¢ the velocity of light in
vacuum. This exact solution to the field equations was obtained by Schwarzchild.?4

To first order in 1/c?, Equation 1 can be written as

2GM 2
ds? ~ - (1 + 2——>dr2 -rt do* -r? sin® 0d¢? + ¢? ( - GM)dt2

cir cr

- cz d,z i .‘2. : _ri ﬁo. : ﬁ sinz e(d_.¢)2 26M ﬂ : +11 26M (2)
c*\dt c*\dt c? dt cAr \dt cr ]|
2

The first three terms in the bracket are —% expressed in spherical coordinates and since
vi _ 2GM ( dr\?

-]

, the fourth term can be neglected and Equation 2 can be written as

c? ctr \ ar

e 2, VORIDE D

2,8,

ctr c?

3)

e

2G 2 |
ds=cdt|:l— M v}

S

The Newtonian potential for a spherically symmetric field due to a sphere or point mass is

®(r) = - £ (# = GM) so in terms of the Newtonian potential, Equation 3 can be written
r

2\u
ds = cdt [l + 200) _ 9—} ) “4)

c? c?

Proper time dr is the time interval measured by an observer at rest in any system and is defined by

ds

dr =—
J c
N
t’ An observer at rest in a system that is moving with a velocity, v, in a potential ®(r) then will measure .
Kj a proper time interval given by Equation 4 "
o 2 2 |V P‘:
A ®(r) vt |”
b dr= {1+ -= a 5) =
[ c? c? ( Ny
o s
1% 2
[ YN
L.
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The quantity d¢ is called the “coordinate time interval.” For two observers with different velocities
and at different potentials, dr, #dr, whereas d¢, = di,; i.e., dt; = dt, as objects observed, not as
observers.

If we imagine all points in space containing clocks which by some mechanism are kept in sychroni-
zation, the clocks will always be in agreement and show the coordinate time. This coordinate time will
be the same as the proper time for an observer at rest at infinity since from Equation 5 as v—=> 0
and ®(r)—> 0. dr— dt.

The distinction between proper time and coordinate time is very important. To paraphrase

Eddington * proper time is the time of consciousness and coordinate time is the time in physical and
astronomical reckoning.

RELATIVISTIC CORRECTION TO RANGE

SATELLITE TO EARTH STATION

We can write Equation 5 for a transmitter (any satellite, subscript T) and for a receiver (earth
fixed station or any other satellite, subscript R) and we have

20(rp) 03 )”

T
dTT = |1 +—;2——-— 7 dt (6)
2b(rg) v |®
dTR = |1 +'7~— - -E;- dt. 7

Note that there is no subscript on the coordinate time interval, dt, as discussed in the previous section.
The reason for no subscripts is that we are assuming that the transmission time has already been taken
into account. We are only comparing clock rates.

When Equation 6 is divided by Equation 7

] 2]V b 21 -0
dr 2b(r) vﬂ i 20(rp)  vg
ol U aairel B L e iy
dr, c ] ¢ c
2 b 2
| | Ur | 1 Vg
= —_ - = _ e - — < _ — “cae
t (‘2 b (rT) 5 C2 p(rR) o) +
2 J 2
which gives to order 1/¢2
dr, 1 vg, 1 v?
aRERST WLy Rbeal U hary & ®)
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Potential energy is

V= md>(r1.)

and the nonrelativistic kKinetic energy (valid to our order of approximation) is

N]N

K =—mv:..
2

Also, from classical mechanics the satellite’s total energy is

E=k+Vv=-20
2

T
where u = GM, m is the satellite mass, and ar is the semimajor axis. From above then

k=e-v=-Y2_y
2ar
and the first bracket in Equation 8 becomes
2
1 Ur 1 um |1 1
—~ |¥(r V- —|=— |V-K|=— |2V+—|=- 5= |— - —
2 T 2 2 2
c 2 mc mc T ct |7y 4aT
SO
drr 1 | u o 2ul t 1
— =l+—=|- +—=}-—]—-—
drg e |rg 2 c|rp 4da, 9)

If the recciver is a ground fixed station, then the underlined term is constant for a given station
and can be handled separately. Nevertheless, we will carry the term along.

For an clliptical orbit

rp=ag (1 - g cos Ep(rg )) (10)

where £ (75 ) is the eccentric anomaly, e 1s the cccentricity of the satellite orbit, and a is the semi-
major axis. £, is written as a function of 15 since the ground station clock is used as a standard.
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1
When we solve Equation 10 for — and substitute into Equation 9

'r
CiT_T_ _ u 3+eT cosET('rR) an
- - 2
drg 2a,c 1 - e, cos ET(rr)
but since
3+ecos £ _ +4ecosE
l-ecos E l-ecosE
Equation 11 can be rewritten as
(_1:7: s 1lp 3u —lié 2ue, cos E,(1z) a2
drp c? re 2ap 2 apc?|1 - ep cos E (7,) '

The problem now is to find how far out of synchronization the clocks become after a long time
interval (of the order of seconds, minutes, or even hours). To do this, we integrate Equation 12

] 3 Ve 2yeT cos ET(rR ) drR
el ] [ +K (13)
ct |rp 2a, 2 7€ |1 - ey cos E(15)
where K is a constant of integration.
Kepler’s equation is

n(ry - TRO): Ep(rp) - ersin ET(TR)

where
n= “”2/‘113’2
SO
ara/z
iy = (1 - epcos Eytr )) dE,. (14)
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If we substitute Equation 14 into Equation 13 and carry out the integration, we get

2 Y ¥
1 3u VR 2u” arter
ey | v |t s sinErlrg) + K. (15)
R T

If desired, we can evaluate K in terms of the time when the clocks were synchronized.
If 1, = 7, =7,, then from Equation 15

2u* a e, i v?
_ , K 3u R
K= ——;5—— sin ET(‘ro)— 6-3 ;;— zr +7 T, (16)

_For the time of emission of a pulse, Equation 15 gives

2 %o, %
Vg 2u™ a er

N T /S — T Ty
r, TR, " 2 IR _201 2| TRe T c? sin Er(rg) * K an

where 7., is the time of emission by the satellite clock and 7, is the time of emission by the station
clock. If we let 7, be the reception time by the station clock, the uncorrected range is obtained by
using the satellite clock reading Tre for the emission time

b, = elrg = T7)

and the corrected range is

P=clrg - 714 )

14 [4
where both times are read on the station clock.
From Equation 17, the corrected range then is
2 v,,% ke
SRLY VN T it AL P + K 8
PPy clre -2ar 2 TR.'_ c - T(TRe) ¢ (18)
where ¢K is a range bias due to relativistic effects.
6
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It the user has an orbit determination program that uses range difference data, he can write
Equation [8 in the form*

2 Y2 ‘/ze

] 3 VR wtarter [ _
Ap = Ap PULE N . Arg - ————— sin (E, + AE;) - sin E. (19)
vooelr a 2 r c
R T
where ET Is the eccentric anomaly at the time of emission of the first pulse according to the station
clock.

Also, if the user has already integrated an orbit such that he has satellite position r and velocity v
at various times. he¢ can avoid the calculation of E in Equation 18 and write the pcrlodlc relativistic
correction as

reu. (20)

This relation was called to the author’s attention by John T. Carr of the Space and Surface Systems
Division, Strategic Systems Department, NSWC, Dahlgren, Va. The derivation of Equation 20 is given
in Appendix A.

Note that the underscored term in all equations throughout is constant and can be handled in
various ways. For example, since the underscored quantity in Equation 17 causes the GPS clock to
run fast compared with a station clock, prior to launch the satellite clock is purposely set low to
10.22999999545 Mhz or 4.45 x 107!'° low in frequency relative to a nominal 10.23 Mhz.5 This in
cffect removes the underscored term and leaves only the periodic relativistic term.

SATELLITE TO SATELLITE
For the case of satellite-to-satellite position determination, e.g.. a host vehicle using GPS satellites
to navigate via GPSPAC, we write Equation 15 for cach satellite using subscript G for GPS and H

for the host vehicle., We still use R tor the ground station whose clock serves as a standard.

From Equation 15 then

2 12 Yoo ,
_ N I o 3u . Ur Kt ™ ¢ £ K N
Toe “Tre & 5T |, T 5, > | T, T pE Sin ‘(;(TRC) t R D
R H4¢ -
2 i %o,
_ N 1lu 3u +UR H=dy ey i i -

where the subscripts ¢ and r mean emission and reception, respectively, with K, and I\'H corresponding
to K of Equation 15.

JaY
*In going from l:quatmn 18 to Equation 19, we have used 74, = 18, - 2L Arg, = ATR, - 2L and dropped
terms of order 1/c?. ¢ ¢
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When we use

2
‘ R BN R
i U 3 1.),2e 2 rR 2(16 2
l+5l= -+
ctlrg 2a, 2
and
2
1 1 fu 3u R
Sl Yy
2 ct|r 2a 2
] 3; UR R H
L+ = - 1!‘ 5
cilrp  2ay 2
. . l .
Equations 21 and 22 can be inverted to O{ ) to give
c
2 v, % bz
Llw 3w YR\ M9 ek @r)
T, =7. - S |\—-—— +—| 1. sin T -
Re Ge (‘2 rp 2(1(; 2 ('e C2 G Re G
2 1,% 2
] “ 3“ UR .'.l.l aH €H
r. =1, - —|—~— +— |7, +————— sin £, (7 - K, . 22
Rr Hr C2 I'R ZaH 2 ”r 6’2 H(Rr) H ( )

The uncorrected range is

and the corrected range is

=dr, -1, )
Y (Rr R,

where R, is the time the pulse 1 >mitted by the GPS satellite and TR, is the time of reception by the
host vehicle, each measured on the earth station clock.

If Equation 21’ is subtracted from Equation 22’ and multiplied by ¢

2 2

- + 1 _’f_ 3u +_vi\’ L& 3# + UR
p pu clr 2 bl T(,'p clr - 2a o) T]I
R G " R “H “ r

i) (23)
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In Equation 23, the station clock has been climinated by using Te =Ty + 0 (T) and TR =T
- C e e
. ! ’ !

= + 0 (-7) from Equations 21 and 22.

el ¢

n

o Equation 23 was developed keeping both of the underscored terms in Equations 21 and 22. If
e the GPS clock frequency was set low before launch as discussed at the end of the previous section,
then in effect the first underscored term in Equation 23 is removed and we have

o e 3u 'R 2uh

- - R - _R Vi, . _ v s _ _g !

.ﬂ p =0, -1, _Ba + 5 1-”’ +——C [aH ey sin EH(THr) a; " eq sin EG(TGe):l c(Ky-K;")

g R H (24)
.

p '

o leaving one cumulative time effect. Also KG' # K; due to vanishing of the underscored term in
Equation 16.

é

RELATIVISTIC CORRECTION TO DOPPLER DETERMINATION OF RANGE DIFFERENCE

In Appendix C, Equation C-6 gives the general relativistic Doppler effect to be

200,) )" 5,
e— I [i+p. &
c? c? c

fr = fr (25)

20(r,) VA% .
c2 C2 c
v,
(l + pA ‘ i) )
¢ P

=]-= (26)

— c'
v

(l +2 _T_>
c

and Equation (-5 gives

where subscript 7 refers to transmitter (any satellite), subscript R refers to receiver (earth fixed

. d

station), and p = <P )
d‘rR

oL AP

" "‘ ... .|’ .I- 'l- ’l. "‘ ' :

CXNNNXR

-




NSWC TR 83-55

The ratio of radicals is the same as in the Relativistic Correction to Range section, so by the same
procedure used to obtain Equation 12, Equations 25 and 26 above become

f = l +.._l_ i ﬂ. +§. - 2“81‘ cos ET(TR) 1 1_di f (27)
R A\rp  2a, 2 aTc2 1 - e, cos £,(rp) cdr |I'T

If we multiply the terms in Equation 27 together and neglect terms of higher order than 1/c?, this
becomes

g JJrfe R\ Hrker [ cosEr(R) ) frdp 28)
fr =17 A\rp 2, 2 ape? \l -epcos Ep(rg)] ¢ drp’

The underscored term in Equation 28 can be seen to be a constant frequency bias that could be
solved in the computer orbit determination program. In fact, this procedure has been followed over the
years in Doppler tracking of satellites; i.e., this relativistic frequency bias has been absorbed into any
other frequency biases caused by other effects. By handling the constant relativistic effect in this
manner, the only remaining relativistic effect is the periodic term caused by the nonzero eccentricity.

In the following, we will carry the constant term along but continue to underscore it for identifica-
tion,

In tracking the satellite, we have a station oscillator of frequency, fg, with the frequency chosen
so that fg > fp max- Then, if we mix fg with the incoming signal fg, the beat frequency is

dN _
ary = s~ Ik
so when Equation 28 is subtracted from fs
aN o ffe 3w R\ Hrker ( csE®) N frdp
drg A\rp 2a, 2 arpc? 1 - e, cos Ep(Tg) c dr,
where Af = f¢ - fr-
10
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If we integrate both sides of Equation 29 from 7, to 7, + Aty and let N be the number of
Doppler counts taken over the time interval Ar, , we get

T

f 2 2f Roas ERr, ) f
v ue cos E..(r
N=afar, -4 (B 30 L RYs o T = drp += Bp.  (30)
R \rg 2, 2 R ayct 1- ey cos E (1) c
T

As in Equation 13, the integral above is

2rutarter
———;2——— [sin (E; + AEL) - sin ET]'

c
so if Equation 30 is multiplied by ?— and solved for Ap

T
2 %, %
_c I fu 3u VR 2ua " ep . .
4p -?;[N- AfArR] +—c <; - ;T+?)ATR - [sm (E, + AE ) - sin ET] . (@31

In Equation 31, the first term is the usual nonrelativistic Doppler result corresponding to Ap,
(uncorrected range difference), the second term is the constant portion of the relativistic effect, and the
third term is the periodic relativistic effect. Thus, Equation 31 above for Doppler data corresponds
to Equation 19, which was obtained by differencing two range measurements.
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APPENDIX A

AN ALTERNATE FORM FOR THE PERIODIC RELATIVISTIC EFFECT

From Equation 18, the periodic relativistic effect (PRE) is

PRE = 2utae b, (A-1)
c
The elliptic orbit equation is
r=a(l-ecosk) (A-2)
and Kepler’s equation is
% (A-3)

B (t-t,)=E-esinE.
ad? o

Differentiating Equations A-2 and A-3 with respect to time

F=gesinEE (A-4)
u -
=5 (1-ecosE)E, (A-5)
a

When Equation A-5 is solved for E, substituted into Equation A4, and Equation A-2 is used to eliminate
the quantity (1 - e cos E), one obtains

= u%a%e sin E. (A-6)

Sincer’ =r-r,thenrf=r-+Ff=r-v,so

2u Pa'te sin E
c

ojn

r-v (A-7)

PRE =

MMM
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APPENDIX B

THE CLASSICAL DOPPLER EFFECT

y y H
=
E vz
'
1
1
t,, t, t’ : t,’
'
[}
'
1
1
1
1
]
i
R T :T xx'
[}
ool — xo 4“- —!
vT(t;-t,')

FIGURE B-1. RECEIVER AT REST, TRANSMITTER MOVING AWAY

When T is at position x,, we imagine an event occurring at its origin (e.g., a light flash) at time ¢ by
T’s clock. Since the light travels at velocity ¢, when R sees the event its clock reads

X
tg = tl' +c—o (B'l)

a later time because of the transmission time x,/c (Figure B-1).

At a later time, t,', another event takes place; R sees this event when its clock reads

, X
t, =t; + 22+ (t) - t)). (B-2)
c ¢

The additional distance of travel is vy (¢, - t,'), not vy (t2 -, ) since the former is the true distance
that T has traveled in the actual time interval between the events, while ¢, - ¢, is the apparent time
interval according to R.

When Equation B-1 is subtracted from Equation B-2

v
t~ty =t; -t/ "'—cz (ta - &)
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orlet Atp =t,-t,, Aty =t -t and we have
v
Atg = Aty (1+-L). (B-3)
c

This is the difference in time intervals because of the motion changing the transmission times. The
clocks are assumed to be identical and running at the same rates; i.e., no relativistic effects.

Equation B-3 is (classically) true for any pair of events; they do not have to be periodic. If the events
are periodic (such as the vibrations of an electron producing a light wave), then £ = 1 __1
so using Equation B-3 R~ Atg T Aty

fr
fo =
R 1+°1 (B-4)
y L ! v
R
H —
i
]
]
1
3
[]
' 1
tl ’ t: t] :tz'
:
]
]
[}
]
]
]
]
:
T R |. R xx'
- %o T R G-ty
FIGURE B-2. TRANSMITTER AT REST, RECEIVER MOVING AWAY
In the same manner as before (Figure B-2)
x
t= b +27 (B-5)
and
’ Xo UR ' ]
t =l +— +5- (- ty). (B-6)

Note that one might be tempted to write for the additional transmission distance in Equation B-6
vg (t2 - t,) since ¢, -t, is the true time interval between the events. R, however, which is in motion,
has been traveling for a time ¢, - ¢, during the interval in which it has observed both events. The addi-
tional distance is then vg (¢, -t,).

If Equation B-5 is subtracted from Equation B-6

t2'°t|' =t -t +_liR— (tIZ - tl,)’
C

and put Atg =ty -t, Aty =t; - t,, then
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v
Aty = Aty + Alg

or

At
= T R
atg= T (B7)
c

Again, assuming perfect clocks, this is the difference in time intervals because of the transmission
time,
1 1

Aty fp = Kty so from Equation B-7

If the events are periodic, f R =

v
fo =fr 1-2R), (B-8)
c
To summarize to this point
fr
fr = " for R at rest, T moving away, (B-4)
1+f
v
fr=lfr (1 -ci) for T at rest, R moving away. (B-8)
T
V “"’,o \ -ITT
-

»
\

Yr

FIGURE B-3. TRANSMITTER AND RECEIVER MOVING IN ARBITRARY DIRECTIONS

To be more general, both Equation B-4 and Equation B-8 assumed R and T were separating, so in
those equations —vg~ 5 * Uy, vy > /5 + vp where / is a unit vector directed from R toward T (Figure B-3).
So Equation B-4 and Equation B-8 can be written

fr = f{ . _— Ratrest (B-9)
1+ P V1
¢
fr =fr (l +p - :)T‘) T at rest. (B-10)

.....
PR

W W W e T N W e ey




i

Cre
.

Y@L

. v
LA

o AT

P
A’ .

NSWC TR 83-55

To put both R and T in motion, we imagine a “virtual’’ observer V at rest in inertial space on the line
joining R and T. Then, since the observer is at rest, the frequency it receives from T according to Equa-
tion B-9 is

fr

= B-11
fRV ‘(’i"ﬁ) ( )

c
and the frequency received by R transmitted by V is by Equation B-10
- . g X
fo = fr, (1+p T). (B-12)

Since V is an empty point in space, the signal simply passes through so

fr, =fx, - (B-13)

When we substitute Equation B-11 into Equation B-12 using Equation B-13, we have

. g

1+p 'T
o= 1y (B-14)
1+,’3-TT

which is the classical Doppler equation when both R and T are in motion.

In Doppler tracking of satellites, we write the Doppler equation as
fp = (1—3 ) f (B-15)
R c T

where 5 is the time rate of change of the range between the station and satellite. At first glance, it might
appear that in Equation B-14 we are neglecting the receiver (station) velocity and writing 5 . BT =5 so
that to first order Equation B-14 is

1 .
fo == Ip=~ (1—%) fr.

1+%
[4

This is not the case!
To derive Equation B-15, we write the range vector as
P =Trte)-Tg (t) (B-16)
where t, = time emitted and ¢, = time received. The time emitted is obtained from

te = t,.-% ) (B-17)

From Equation B-16
drr(te) dig (tp)

paLrel
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;_= d?T (te)dte_(B.R (tr) .

R T (B-18)
dt, dt, dt,

From Equation B-17 -g»:i =1 -—g— so (B-18)is

.
=7 AT B-19
p=vp 1—F Ug. ( )

Define a unit vector g directed from the station toward the satellite. Then if we take the dot product of
5 with 7", we obtain from Equation B-19

p=p-p
) ='-“‘—‘-"b-"ﬁ (B-20)
P o UT p UTZ'—p R

From Equation B-20

so

1+§ LN
1-2 =7 d
" V7
<+ .
1+p -

(B-21)

When Equation B-21 is substituted into Equation B-14, the Doppler equation is put in the form of
Equation B-15. It is clear then that Equation B-15 is an exact expression of the classical Doppler

equation. There is no dropping of 52 /c? and higher-order terms, and the station is not considered at rest.

PR
2 8 5’4
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APPENDIX C

THE RELATIVISTIC DOPPLER EFFECT

The proper time in any system is given by Equation 5. We can then write for transmitter and

receiver
‘/ 20(rp) vy
drp =dty V1 +T -:2' (C1)
2d(rg) Ug
drp =dtg Jl + o -—;; (C-2)

Note that here, unlike Equations 6 and 7, we have put subscripts on the coordinate times, The reason
is that in the earlier section of the report our goal was to compare clock rates assuming that the trans-
mission time was taken into account.

The Doppler effect, however, arises because of the transmission time, as was shown in Appendix B.
Toward our goal of deriving the relativistic Doppler effect then, ¢ in Equation C-1 is the coordinate time
when the satellite emitted the signal, and t5 in Equation C-2 is the coordinate time when it is received by

the station.

1

dr S0 if we divide Equation C-1 by Equation C-2
T

The proper frequency is fg = é, fr=

- 2
R = < c dt, . (C-3)

In order to obtain an expression for :_:l , we write from Equation C-2
R

2
2¢(VR ) VR
drge = diy V/I L

2
20 (r v
dTRr=dtR Jl + (2R)_—i§_~

[ c
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s0
dtT dTRe
dtg _dTRr
Since the corrected range is
p=cltr,~Tg,)
then
=7, P
"TRe " TRyT¢
80
D _Tre . p (c-4)
dtR dTRr c

~"’.R
(4]
=— 2 (C-5)
’r
[«

so Equation C-3 becomes

7 206(r..) v,
(1+p-—§-)¢1+“czr ‘Lz
-

+p

7’}= c (C-6)
Jr ‘/ 26(ry )
1 ¢ ) 1+TZL— -%‘2—

Equation C-6 is the general relativistic Doppler effect. If R and T are in free space far from any
source of gravitation, ®(ry) =2d>(rR) = o and Equation C-6 reduces to the special relativistic Doppler
2

effect. If also 3% <1 and U% <1, then Equation C-6 reduces to the classical Doppler effect.
e C
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