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In this study we investigate the coupling of electromagnetic energy

into a dielectric slab waveguide on one interface of which a perfectly

electrically conducting (p.e.c.) half plane resides. The geometry is

shown in Figure 1.1. The top face of the slab lies in the y' = 0 plane,

with the p.e.c. screen residing on this face in the region x' > 0. The

slab has a thickness t' and constituitive parameters. (P0' ,2'), where

E21 may be complex. It is imbedded in a lossless medium with parameters

(P0 ',El) both media are homogeneous and isotropic. A plane wave

polarized transverse magnetic (TM) to the z' direction impinges on the

top face of the slab at an angle e (0 < e < 1). We assume there is no

variation in the z' direction, so the problem is strictly two-

dimensional.

The motivation for studying this problem is two-fold. First, this

study is a continuation and extension of the work of Coblin (1983).

Second, the geometry considered provides a canonical problem which can

be useful in modeling metal-dielectric junctions. With a solution to

this problem one is able to consider more complicated structures

embodying, for example. discontinuities in the slab.

This investigation builds on the contributions of several authors.

Heitman and van den Berg (1975) have studied the half plane in multi-

85 5 13 080
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layered media, while Coblin (1983) has solved the problem of exterior

scattering from a single, lossless slab screened by al half plane. Tamir

and Felsen (1965a) have developed the asymptotic analysis of a line

source in a slab. In addition, many authors have studied the

propagation of electromagnetic fields in dielectric waveguides (e.g.,

Harrington (1961). Hessel (1969a)).

To solve this problem, one formulates an integral equation for the

current on the p.e.c. screen by enforcing the condition that the total

tangential electric field be zero on the p.e.c. screen. This integral

equation is amenable to the Wiener-Hopf technique, which provides a

solution for the Fourier transformation of the current on the screen.

Multiplying this current by the transformed Green's function and then

taking the inverse Fourier transformation gives an expression for the

scattered electric field in the form of a spectral integral. The

solution was carried to this stage by Coblin (1983), and his analysis is

repeated here in order to establish consistent notation and to provide

completeness.

Coblin carried out an asymptotic analysis for the fields in the two

half spaces exterior to the slab but not for the fields in the slab

itself. The purpose of this work is to complete the asymptotic analysis

and provide an asymptotic representation for the fields within the slab.

A detailed description of the electric field within the slab is

developed, and an effort is made to determine how various factors

influence this field. To this end the representation is developed in



3

terms of contributions from the field that would be present in the

absence of the p.e.c. screen, a collective literal wave (steepest

descent) field, a geometrical optics field. and a guided wave field.

The guided wave field is represented by a modal expansion, from which a

launching coefficient formulation is developed.
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2.1 Preliminary Developments

2.1.1 Definitions and Conventions

In this chapter we develop the solution to the electric field in

the slab. Before beginning this development we must first state the

conventions and definitions which are germane to the solution procedure;

every attempt is made to remain consistent with the notation of Coblin

(1983). The anaylsis is conducted for time-harmonic fields; a time
jtt

convention of e is assumed and suppressed throughout. With this

convention Maxwell's equations have the form

e -I- (2.1)

V x e =-2 - jW1Jh (2.2)

• * =O0 (2.3)

X h J + jue', (2.4)

where e and h are the electric and magnetic field intensities,

respectively, P is the electric charge density, 3 is the electric

4
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current density, m is the magnetic current density, and I' and ' are

the constituitive parameters of the medium.

The media are passive. homogeneous, isotropic, and nonmagnetic, but

the slab may be lossy. Each medium can be characterized by a wavenuamber

k', where

k' = k- jk!

and

k' > 0 . k! > 0
r 2.

The analysis is carried out in the Fourier transformation, or

spectral, domain, and throughout the chapter terms given in lowercase

letters denote spatial domain quantities while uppercase letters denote

spectral domain quantities. We define the Fourier transformation pair

A(k) = F(a(x)} I a- (x) e Ikxx dx (2.5)

a(x) F F 1 Wk I A(k 'j) ekx dk (2.6)wheecis r cons x00e+ j c

where c is a real constant.



2.1.2 Normalization

For the sake of convenience we introduce a normalization in the

spectral domain. Throughout the context, primed quantities (e.g., x')

denote unnormalized quantities, and normalized quantities are unprimed

(e.g., k2). Defining the free space wavenumber k0 
= w 0v 0 = 21/Ah•

k'. ko"'cA. ' = C J = O j = 1,2.

Thus,

k' =ko*k

where

k.
J .J J

In order to be dimensionally consistent we must normalize the

spatial variables to the free space wavenumber as follows:

(normalized distance) = k0 . (unnormalized distance),

so

x = ko x'

etc. For example, if the slab had a thickness of one half the free

space wavelength, the normalized thickness would be
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0
t = ko" x 0 2 = W

This normalization ensures that klx = k'x', etc., and that the

normalized quantities are dimensionless.

2.2 Development of Integral Equation

2.2.1 Integral Equation for Current on Slab

Boundary conditions require that the total tangential electric

field be zero along the p.e.c. half plane. For the TM case this means

that the total z'-directed electric field component, ez (x',y'), be zero

for y'=O, x'>O. We partition ez (x',y') into the sum of two terms,

e(x',y') = e NP(x',y') + eR(x',y') , (2.7)

where the following definitions have been made:

the total field which would result
N up with no p.e.c. screen--including the
e (x'y') incident field and the field scat-

tered by the slab

R (XIY = ) the field radiated by the current

z on the p.e.c. screen

After applying the normalization discussed in the previous section,
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k k lsina , a = u + jv, (2.47)

dk = k cosa da.x I

This a plane is periodic along the real axis with period 2T, so we

are only interested in the interval u E (-lr,Tr). The mapping has the

effect of "unfolding" the branch cuts associated with ±k 1 so that the

bottom sheet of the spectral plane is exposed in the one-sheeted a

plane. The integral may have singularities arising from G(k ,y)/G+(kx)

on the now-exposed bottom sheet in the form of leaky wave poles in

addition to the geometrical optics pole associated with (k x + ki cose)

and surface wave poles, also associated with G(kxy)/G+(kx). Under the

transformation (2.47) the integral in (2.46) may be written as

R Cosa G(k sina,y)e-Jkl xsina

ez = G+(k1sina)(sina + cose)

r

where we have defined the coefficient & as

-jE 0 (k cose)G(k coseO)

27G_ (-klCOS) (2.49)

The path r is shown in Figure 2.3 for the case of a lossless slab (k 2

real) to emphasize the location of r with respect to singularities in

the a plane.
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E R (k .y) &i -- (k2i.J C)G(kxoy)

-jE 0 (k Icose)G(k 1coseO)G(k y) 2.5
/1-G( oe)+kX)kX+ k 1cose)*(.5

The radiated field is found by taking the inverse Fourier transformation

of this expression. or

e R(x,y) =F- fER Cx,y)} _ I 4;4 j E R(k y)e- k x xdkx

-jE0. I (k 1 cosO)G(k 1 cose.O) G(k -~ejkxx 0k (.6
2w GC-k 1cose)) JG+(k x)(kx + k 1Cose)

where the path P is the collapsed strip of analyticity shown in Figure

2.2.

2.3 Asymptotic Evaluation of the Radiation Integral

2.3.1 Mapping into the Angular Spectral Plane

For the purpose of asymptotically evaluating the integral in

equation (2.46) via the steepest descent method, we map the spectral

plane into an angular spectral plane, the a plane, using the

tr ans fo rma tion
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B (k )
-x

P(k) =J(kx)G(k ) - S(k) S(k)- (2.42)
x + x + x + x x G (k

for all k
x

Applying the edge condition at the edge of the p.e.c. screen and

then investigating the asymptotic behavior of the functions in (2.43)

shows that P(kX )-0 as Ik x 1. Therefore, by Liouville's Lemma (Hille,

1959a),

P(k )0 for all k.
X X

This allows us to solve for J+(kx):

J (k ) S (k)3+(kx) G(

-jE0 81 (k cose)G(k coSe,O) (2.44)
10 2TG-(-kIcose)G+(kx

) (kx + k1cose)

2.2.5 Radiation Integral

Having found expressions for the Fourier transformations of the

current on the screen and the Green's function, we can find the

transformation of the radiated field, EzR(kxY), which is given by

m I~ I(I IyI
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A+ (k x
G(k) = S (k + S_(k (2.39)

- x

The decomposition of Coblin (1983) is valid for complex k2 , and can be

accomplished by inspection. The functions S+(k x ) and S_(k ) are given

by

+ x
S (k ) +( = +-G (k coO (2.40)

- x

S (kx) + (kCOSe) .  (2.41)

With the decomposition in hand, we can rewrite the Wiener-Hopf

equation as

B_(k )
J+(kx)G+(k)- S+(kX) = S-(kx) - G_Kx T_<T<T . (2.42)

Note that the left hand side is composed of functions analytic for

T > -_ and the right hand side is composed of functions analytic for

T < t+. Iherefore, we can analytically continue (2.42) into the entire

spectral plane where each side of (2.42) is equal to an entire function

P(k ):
x
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I (2v2i'I' (kO)H(kS,(kxV0) kx) Re(kx)>O

G (k) = (2.34)
/2 -- e H-x 'Re(k )<O

I 1i+x x

G_(k) = G+(-kx) (2.35)

where

k 1

H(k ) Ln[F[6(; I d, (2.36)x 2 jo cos 2 a ) + k2sin2  d(j

and

6(c) = jcotb-H[. (2.37)

The validity of the factorization has been checked numerically for

C2 = (4 -jl) O  The r.m.s. error in (G - G+G_)/G was observed to be
-$

less than 10 over both the top and bottom sheets of the kx plane.

This factorization allows us to rewrite the Wiener-Hopf equation as

A+k) B (k)

+ x - xJ+(kx)G+ (kx)-() G Ck) *_ < T (2.38

We must now decompose the quotient A+/G_ into two functions S+(k )

and S_(kx) such that S+(k x) is analytic for T > T_, S_(k x) is analytic

for T < T+, and



16

(81 - B2)e-J82r - (B + B2)e+JO2 t

F(kx) = 28 1 2 1 2 (2.32)(81 82 )2e-2 (81 + 2 ) 2e+J8 2 t

The first term of G(k ,O) factors by inspection into

= " I _5 1 (2.33),JkI - x

As Ikx. 81 and 82'/-7 for any k2 . real or complex. Since,

on the top sheet of the spectral plane, Im(8 2 ) < 0, Re(j8 2 t) - as

Ikx 1--. Therefore,

0 - (BI + 8 2 )e +j8 2t
F(k ) ei 21

0- (B + 8 ) 2e+J82t
1 2

'P 1.

These arguments, put forth by Coblin (1983). are restricted to lossless

media and are made for k on the top sheet only; they are unaffected ifx
the slab material is lossy. The leaky wave poles for the slab lie in

quadrants two and four of the bottom sheet, just as the proper surface

wave poles lie in quadrants two and four of the top sheet. Therefore,

the factorization is valid on the bottom sheet, also, and it is given by
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b (x) ce kIx.

Conpe-ring an infinitesimal amount of loss in the exterior liedium,

b (x) must go to zero as x--. Using this knowledge we determine that

B (k ) is analytic for T < Im(-kl). (See Figure 2.1.)- x

Since we have already shown that G(kx.0) is analytic and nonzero in

the strip Im(k 1 ) < T < Im(-kI), the Wiener-Hopf equation (2.30) exists

in the strip Im(-k 1CoSe) < T < Im(-kI). When the infinitesimal loss in

the exterior medium goes to zero, this strip collapses to the real axis

as shown in Figure 2.2.

The next step in the Wiener-Hopf solution is to factor G(k x0) into

two functions G (k) and G (k ) such that G (k ) is analytic and nonzero+ -X + x

for T > T_, G_(k ) is analytic and nonzero for T < T+, and

G(kx0) G+ (k x)G (k x).

Coblin (1983) has found this factorization for a lossless slab. In

order for this factorization to be valid for a lossy slab, G(k ,0) must

be free of zeros and singularities in the strip of analyticity,

T < T < T (which, as we have shown, it is), and we must be able to

separate it into a product of two terms, one of which must limit to the

value 1 as Ikx I--. in the strip. We can write G(kx,0) as

x x

G(k .0) = ,~~ ~~,(2.31)

where
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This allows us to rewrite (2.12) as

a+(x) - b_(x) = J+(xo)g(xox;0)dxo ,

-= < x < =. (2.29)

The right hand side of equation (2.29) is simply the convolution of j+

and g, so after applying the Fourier transformation to both sides of the

equation we obtain the Wiener-Hopf equation

A (k) - B (k) = J+ (kx)G(kxO), T < T < T+. (2.30)

For this transformation to be valid the functions A+, B_, J+, and G must

be analytic in the strip T_ < T < T+, and G must be nonzero in the same

strip. We have already shown that A+ is analytic for T > Im(-k 1 cos8).

The current j(x,0) must have the same asymptotic behavior as x- as the

scattered field, and thus it must have the same asymptotic behavior as

the incident field in order to satisfy boundary conditions everywhere

along the screen. Thus j(x,0) has the same asymptotic behavior as x-

as a+(x), and J+(k x ) must be analytic in the same region in which A+(kx

is analytic, namely, T > Im(-k cose).

We next note that b (x) is proportional to the scattered field on

the top face of the slab (y=0) for x < 0. Along the slab, as x*- we

expect this field to show the same behavior as a negative-traveling

plane wave, or
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(Coblin, 1983). This will be discussed after we evaluate the field

integral.

Considering a lossy slab and introducing an infinitesimal amount of

loss in the exterior medium, we see that either

Im(-k) < Im(poles, zeros) < Im(-k 2)

or

Im(k 2 ) < Im(poles, zeros) < Im(k').2-

Thus. G(kxy) is analytic and nonzero for

Im(k 1) < T < Im(-kl)1

2.2.4 Wiener-Hopf Solution for Jz(kx)

In the Wiener-Hopf procedure (c. f. Mittra and Lee, 1971a), we seek

the Fourier transformation of equation (2.12). In order to accomplish

this transformation, we must extend the limits of the integral in (2.12)

to include all x (i.e., x c (-o ,o)). Therefore, we are forced to

introduce the functions b_(x) and j+(x) defined by

0. x>0
b_(x) = (2.27)

unknown function, x < 0 ,

=+(x) 
=  (2.28)

0, x < 0
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T e_ Jely >0

A ( J y d (kx y )  -t < y <0 (2.22)

T de y < -t

where

-Yu(k x,y) = e- 8 s2y + rue +J8 2, (2.23)

Yd (kx.y) = e+JB2 y + rde -2Y , (2.24)

W = YdaSu - Y ayd = -j252(1 - r d ) (2.25)
du -2 u d

and Tu, Td, ru, and rd can be found by applying the boundary conditions.

When this is done, we find

G(kx y) = -juAz(k X ,y)

(B - B2)e - j 2 (y+t) - (B + B )e+ j 2 (y+t)
S (1 2 (1 )2 (2.26)

(B -B2 e-i 2 - (B + 82 e 2

in the slab.

The poles and zeros of G(kxy) on the top sheet of the spectral

plane lie between k], k 2 and -kl -k 2 (Hessel, 1969b). The poles

correspond to surface waves for a dielectric slab, and, for y = 0, the

zeros correspond to surface waves for a grounded dielectric slab



a(xy) = a (x,y) (2.16)

such that

e (x,y) = -ja z(X,y) (2.17)

h(xy) -- V [a (X,y)]. (2.18)
P0

The potential a (x,y) is a solution to the equation
2

2 -6(x)6(y) i 2az(X,y) (2.19)

subject to the boundary conditions which require triat a and its
2

derivatives be continuous at y = 0 and y = -t. Application of the

Fourier transformation to this equation yields

a2  2 - 6(y). i = 2
+ (k i - kx) Az(kx,y) (2.20)

0 0, i I

and the transformed Green's function is given by

G(kx ,y) = -juAz(k x y). (2.21)

Using the approach outlined by Felsen and Marcuvitz (1973a), we

obtain
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also in the region in the k x plane in which this transformation is

analytic. The transformation of a (x) is given by

A+k) = Fa+(x) ) = 1 e NP jkx
+ X + ;0(x) 2w Joe (x0 ex

j2E B1 (k cose)G(k1coe .0)

V w72 (k + klC°SO)

I- b- eJ(kx + k 1 cose)b (2.14)

The limit in (2.14) exists and is 0 only when

> Im(-k COSO) = T_, kx = a + jr.

Thus, the analytic function A+,(k ) is given by

j2E 01 (kx cose)G(k cose,0)
A (k) =- 0 x
+ x P0 wI (k + kcosO)0 x 1

T > Im(-k 1cose). (2.15)

2.2.3 Fourier Transformation of the Green's Function

In order to solve for the current on the half plane, we must find

the Fourier transformation of the Green's function for a line source on

the top face of the slab, G(k ,y), and find the region in the spectral

plane where G(kxy) is analytic and nonzero. To this end, we

temporarily introduce the concept of a magnetic vector potential
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e RW'y' jz(x 0 )g(x'.x 0 ;y') dx0 .  (2.11)

Application of the boundary conditions produces the integral

equation

NP 

to

e (x',0) I- 0 j (x )g(x',xo;O) dx 0 , (2.12)
z O zO 0

0 < x' < C.

This equation is of a form suitable for application of the Wiener-Hopf

technique, which, when applied, will give a solution for the Fourier

transformation of the current on the half plane. To find this solution

we must find the Fourier transformation of the no-plane field and of the

Green's function.

2.2.2 Fourier transformation of e NP(x,y)

To apply the Wiener-Hopf technique, we define the function

1 eNP(x,0) . x > 0

a+(x) 0 (2.13)
0, x<0.

We are not only interested in the Fourier transformation of a+(x), but

_ = , , | I



NP
the e , or "no-plane." component of the field can be found by solving

the problem of a plane wave of magnitude E0 , given by

e nC(x,y) = E0 e jk1 xcose+yuine) (2.8)

incident upon a dielectric slab. The no-plane component, given by

Coblin (1983), is

NP 2/1jk xcose
e xO)= - -2w E o (klcose)G(klcose,0) e 1 (2.9)

where we have rearranged the expression to include G(kx,y). the Fourier

transformation of the Green's function for a line source on the top face

of the slab, and

a. (k) = / -k i = 1,2, (2.10)
1 x I x

where we choose

Im(8 1 ) < 0, or, if Im(8) = 0, Re(8 1) > 0.

Choosing the sign of the square root in this manner ensures that the

fields satisfy a radiation condition at infinity and defines the top

sheet of the spectral plane.

R
We can determine e from the convolution of the current induced on

z

the half plane and the Green's function for a z'-directed line source on

the slab, i.e.,
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2.3.2 Deformation of r to the Steepest Descent Path

To evaluate (2.48) using the steepest descent method, we must find

the path along which the exponential in the integrand of (2.48) decays

most rapidly--the steepest descent path, or SDP, which passes through

the saddle point, as, where the derivative of the argument of the

exponential with respect to a is zero; i.e.,

d_
S-<-jklxsina)I = 0.

da 1l l

The saddle points in the region of interest are a ='r/2 for x > 0 ands

a = -i/2 for x < 0. The SDP lies on the contour through the saddle
s

point characterized by the imaginary part of the argument of the

exponential in (2.48) being constant. It is given by points that

satisfy

Im(-jk1xsina) = Im(-jk 1xsina ) = -klIXI , (2.50)

or

sinh(v) = cot(u) (2.51)

where

• (0,1!), x > 0, a = r/2

U (-.0), x < 0. a = -/2.

+

Thus, we will be concerned with two steepest descent paths. SDP through

a = n/2 and SDP through a = -r/2. These paths are shown in Figure5 5
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2.4. When the path r is deformed to the SDP, singularities will be

swept. thus contributing residue terms to ezR(x.y) in addition to the

contribution from the evaluation of the integral along the SDP. This

shows that e R(xy) is made up of components from four contributors:

1. The result from the evaluation of (2.48) along the SDP.

2. The residue obtained from the capture of the geometrical optics

pole.

3. The residue obtained from the capture of any number of surface

wave poles.

4. The residue obtained from the capture of any number of leaky

wave poles.

Tamir and Felsen (1965b) have found that the contribution to

ezR(xy) from the SDP integration. e zSDP(x,y), is equivalent to a

collective lateral wave as shown in Figure 2.5. The contribution from
GOx

the geometrical optics pole, e ,(xy), accounts for the shadowing ofz

the incident field by the p.e.c. screen. The contributions from the

surface and/or leaky wave poles, ezM(x,y). can be characterized as a

series of modes propagating and/or decaying in the slab in a manner

similar to that in a dielectric waveguide. The total radiated field is

found by summing all the individual contributors:
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eR(xy) = e SDP(xy) + eGO x,y) + X eM(x,y). (2.52)

z z z

Each component of e R(xy) is considered in the following.

2.3.3 SDP Integral

SDP(
The contribution from e S x,y) is given by the integral

r cosa G(k sina,y)e-JklXsina

e SP(xy) =t17'do. (.3
z I SDP G+(k sina)(sina + cose)

J SDP+1

This integral can be solved in a straight-forward manner by the

steepest descent method (Felsen and Marcuvitz, 1973b. Mittra and Lee,

1971b). We note that (2.53) is of the form

eSDPxy (')xq(a)
e=UP(x.y) SDP K(a,y) ( da (2.54)

z " SDP

where

cosa G(kIsinay)

K(a~y) = f. G+(k 1 sina)(sina + cose) (2.55)

and

q(a) = +jklsina for x < 0. (2.56)

1 > I I
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Making the substitution

22 = q(a q(a) (2.57)

we note that Im{q(a)} is constant along the SDP, so s is real along the

SDP. This allows us to write (2.53) as

~2
SDP -jii r -xs2
eM(x = e I H(s,y)e ds , (2.58)

M(s.y) = K(ay) s a on SDP (2.59)

We can express this integral as an asymptotic series for large

Ik Xi:

eSDP(xy) 2n -JkXn -d n /SDPi (2n M y  --

nz r e 
(dk X)n k v

as Ik1 xj- . (2.60)

The first term of this series is zero due to the factor cos(a), which is

zero for a = a , so the second term is the dominant one, and
S

eSDP(x'Y) a 2,/B2 JY(Y)-Iklx "

+j 37r- _ IklXIj

e , IklX1." (2.61)

where



26

-e ksin(21Y) x > 0

2/iZ(cose + 1)cos2(02 t )

1 2

j 11-- (k)1 ta[

Y(y) 1 I [ 2 1 2, .sin[. + (2.62)
21( cos[( cs21 2

cot[ s 21 ()]

sin[S1(2L)] cos[021(Y+] 2 <O

and

a21 =2 1(k 1 (2.63)

This expression represents a collective lateral wave made up of a

finite summation of lateral waves as shown in Figure 2.5 (Tamir and

Felsen 1965). Each lateral wave in the collection propagates for a

unique distance in the exterior medium and undergoes a unique number of

reflections ixto the dielectric slab at the critical angle. This

critical angle is simply the angle of total internal reflection e given

by

sin(e ) = t1 /c 2c 1 2
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2.3.4 Uniform SDP Result

The contribution from e SDP(xy) exhibits singular behavior for

incidence angles near w for x > 0 and for incidence angles near 0 for

x < 0. To correct for this behavior, the uniform SDP evaluation method

(Felsen and Marcuvitz, 1973c) is applied and leads to a result that has

no singular behavior at these angles. It is given by

(SDP 4/sgn(x)E0
leI (x.y) unif -P - W 01 (k1cose)G(k 1 cose,y)x

I2Q V/k 1xj + k xcose ei1/4eik 1cs

e-J k 1x e • ejir/4

$jklXj + k cose e _ 2(IklXI + klxcose)IJ -

2whxk 1
21/ 2 -j +  kX

1 Y(y)-e 4 (2.64)
we21 l'w

where Y(y)and B21 are given in (2.62) and (2.63), respectively, and

Q(Y) f- e- x dx. (2.65)

y
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2.3.5 Geometrical Optics Contribution

The geometrical optics field accounts for the shadowing effect of

the screen. It arises from a singularity in the integrand of (2.46),

the geometrical optics pole, at kx = -k1 cose. In an asymptotic solution

we would expect to encounter this field when x > 0 and not when x < 0.

This is exactly what we find; as a consequence of the Wiener-Hopf

solution procedure, the geometrical optics pole, ag = e - w/2, alwaysgo

lies below the path r and in the interval [-ir/2,w/2] on the real axis of
+

the a plane. Thus, it is swept by the deformation to SDP (i.e..

observaton points under the half plane) and not by the deformation to

SDP-. This pole is encircled in the negative (clockwise) direction,

therefore the geometrical optics contribution is given by

e o(x,y) = 2ksinay)e- Jk xsinaez(Xy =j UxRe.G+(k Isina)(sina + tose) ago

= U(x)'2/ - Eo6l(klcos0)G(k cosey)eJklxcose (2.66)

where U(x) is the unit step function,

1 1, x>0
U(x) = (2.67)

We note that
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eGO(x,y) = -e (x.y)Z Z

for x > 0. This is as expected, and shows that the geometrical optics

field does indeed account for the shadowing from the screen by canceling

the no-plane field.

2.3.6 Modal Contributions

The remaining contributions to the radiated field arise from poles

of G/G+ in the integrand of (2.46). Both surface wave poles on the top

sheet and leaky wave poles on the bottom sheet may be swept in the

deformation from r to SDP + or SDP -, each pole contributing a residue

term to ez R(x,y). Each of these residue terms can be expressed as a

product of a launching coefficient--L(O,a p), a transverse (y direction)

modal function--O(y.ap ), and a longitudinal (x direction) propagation

factor--an exponential function of x and a , where a denotes the valuep p

of the pole in the a plane. With this representation we have an

efficient form to study separately the modal structure of the field, the

factors that influence the launching of a mode, and the propagation of a

mode.

For each pole of G/G+ swept in the deformation to the steepest

descent path,



30

r -jk xsina '

e M(xoy)s1(k sincy)e 1
ekj2*Res G+(klsina)(sina + cose) ; ap (2.68)

for x> 0.

The evaluation of the residue is tedious but straightforward and the

resulting expression can be rearranged into the desired representation.

e x.y) = E0 L(e.ap)O(y,ap)eJkx (2.69)

where kxP = kIsinap . The modes that result can be segregated into

readily interpretable classes. Under the half plane, i.e., x' > 0, the

electric field must vanish at y' = 0, and all modes are governed by this

condition. For x' < 0 the slab is an open structure, and a mode set

manifesting both odd and even symmetry about the center of the slab

(y' = -t'/2) arise. Specifically, for x' > 0

2 -H(k p )

L(G,ap) = cose)cot( )B 2G(kI cose0)e xP 1-2 i/
P G_(-k cose)(k cose + kp)sin( t O IC 'k

[SP cos(B 2pt) - BBp2p tsin( 2pt)] +

p 2p 2pn2p
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*(y, a ) sin( 2 y) (2.71)

where

sip W 1(k 1 sinap), (2.72)

B2p = B2(k1sina). (2.73)

For x' < 0 odd modes are given by

2 -_ -H(k p )
1/

B (k cos e )cot ( a )B 2  
k - G(k COSe,O)eH x /

I p 2 2 1 x I x 2/2iI xA
p) G(-k cose)(kcose + kP)sin[B 2 4)]

(2.74)

2

A { B 2)os(a t) - Bl2ptsin(B t)] +^ 2 {22Bp BB2

2 2j[46lpB2psin(B 2pt) + Blp t(Bp + B (2.75)+p 2 + 2p)CO ( t) (2.76)

*(yp) = in[B 2 (Yj)I (2.76)

with 81p and B2 p given above, while the even modes are given by

B (k cosk)cot(a )B2  -G(k cose10)eH (k2)
L(,c 1 p 2p 1 x 1 x 2 ..- 1/ -,

G_(-k cose)(k cOse + kP)cos[B 4-)]
1 12p 2

(2.77)

O(ywih ) cos[B (Y (2.78)

with 8 lp, 82p , and A given above.
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The reader is reminded that these are large-x asymptotic field

representations. The continuity of e it x' = 0 is embodied in thez

integral representation (2.48). which constitutes a complete expression

for the field. The changing of asymptotic representations between

x' > 0 and x' < 0 does not contradict continuity.

The remainder of this study will be devoted to an investigation of

the poles of G/G+ and the modal fields which arise from them.



CH&PIU III: ANALYSIS OF RESULTS

3.1 Preliminary Developments

In a uniform dielectric slab waveguide of thickness t and

permittivity £2@ electromagnetic energy can propagate as guided waves in

the form of modes. These modes will propagate in the slab in the

longitudinal direction and will radiate energy into the exterior medium

in which the slab is imbedded. They can be separated into two types:

modes that are odd with respect to the center of the slab and modes that

are even with respect to the center of the slab. If the slab is

grounded by placing a p.e.c. plane on one surface, image theory tells us

that this must be equivalent to a dielectric slab waveguide of thickness

2t, but since each mode must individually satisfy boundary conditions

along the ground plane, only those modes that are even with respect to

the ground plane may exist (Figure 3.1). Both types of behavior should

be evident in the problem under consideration. For large Ik1 xI the

portion of the slab under the p.e.c. half plane (x > 0) should behave as

a grounded dielectric slab waveguide, and the portion of the slab not

under the half plane (x < 0) should behave as a slab waveguide in

uniform space. This behavior is apparent in the analysis of the poles

that produce the guided wave terms and in the analysis of the modal

expressions that result from these poles.

33
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In addition to the geometrical optics pole, two types of poles are

encountered in the evaluation of e R(x,y). Surface wave poles (SWP's)z

which lie on the top sheet of the spectral plane and leaky wave poles

(LWP's) which lie on the bottom sheet may contribute field terms. The

two types of poles give rise to two different types of waves (Hessel,

1969c). A surface wave, produced by a SWP, behaves as a propagating

mode in a slab waveguide. It propagates in the longitudinal direction,

attenuated only by losses in the slab. As it propagates, it radiates

energy in the exterior medium. This radiation decays exponentially away

from the slab, while the transverse variation is sinusoidal inside the

slab (Figures 3.1 and 3.2.a). A LWP produces a leaky wave, which

behaves much like an evanescent mode inside the slab in that it decays

exponentially in the longitudinal direction. Therefore, it does not

make a significant contribution to the total field in an asymptotic

solution. However, since a LWP occurs on the bottom sheet of the

spectral plane, a leaky wave will not satisfy a radiation condition in

the transverse direction; it grows exponentially away from the slab

(Figure 3.2.b). The leaky wave field will satisfy a radiation

condition, though, because it only exists in a restricted portion of the

si-tial plane (Figure 3.2.c). In Figure 3.2.c the center line of the

slab and the direction of growth of the leaky wave define an angle

0 ,growth  but the leaky wave pole only contributes a field term inside

the wedge defined by the center line and the angle 0 contr.* The angle

0growth is always greater than 0 contr., ensuring that the leaky wave
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field does satisfy a radiation condition in the region in which it

exists. I

3.2 Poles of G/G+

The SWP's and LWP's are poles of the quotient G(kxO)/G+(kx). Due

to the factorization of G(kx.y) in the Wiener-Hopf procedure, this

quotient takes two forms, one for x > 0 and one for x < 0. For x > 0,

a 3= v/2 and Re(k sina) > 0, so

G (kxY ) 2- Ae ) )1

I+ ~ x .1 -2 1

a -jB 2 ( y + t )  +j8 2 ( y + t )(8 - )e 2 t - (B + B2)e

1 2 1 2
S (81 - 82)e-J2 8  2eJB2t(31

while for x < 0, a = -i,/2 and Re(k sina) < 0, so
5 1

G(k .y) I -~- -we x k x  -2 YT-0

G+(k ) = ___

x J

(8 - 8 2)e-J8 2 (Y+t) I ( + B2 )e+JB2(Y+t)

( - 8 )2 e-j82t -(8 + 82)2 e+J82t (3
1 2 1 2
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The physical properties of the slab and the location of the guided wave

poles also had an effect on the launching of the modes. The large

magnitudes of the launching coefficients was unexpected, and at present

an adequate explanation is not available. Further study of this

phenomenon is warranted.

With this solution completed for the geometry considered in this

study, one is prepared to extend the work to more complicated slab

structures or to delve deeper into the physical mechanisms at work in

the scattering process.



CHAP=R IV: CONCLUSION

In this study we have investigated the scattering of an

electromagnetic plane wave by a dielectric slab shielded by a p.e.c.

half plane residing on the top face of the slab. We developed solutions

for the Green's function for a line source on the slab and for the

current on the half plane, extending the results to accomodate losses in

the slab. The total field was expressed as the sum of a no-plane field,

which accounted for the effects of the slab and the incident plane wave,

and a radiated field which accounted for the effect of the screen. This

radiated field was developed asymptotically as the sum of a collective

lateral wave contribution, a geometrical optics contribution, and

contributions from guided wave poles. The contributions from the guided

wave poles were expressed as modes giving rise to surface waves or leaky

waves. We were able to state these modes as the product of a transverse

modal function, a propagation factor, and a launching coefficient. This

launching coefficient played a similar role in the launching of these

guided waves to that of a diffraction coefficient in diffraction theory.

The launching of the guided modes was investigated in some detail, and

an effort was made to explain the physical mechanisms that affected the

launching of these guided modes. It was observed that the edge

diffraction effect played a major role in the mode-launching phenomenon.

43
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Another interesting effect is seen in the launching coefficients

for a slab in free space with permittivity lOE0 and thickness X0/2

(Figure 3.8). For this case the launching coefficient is not zero for

e= 0 and 0= 7. Normally 1(k cose), which is zero for e = 0 and

0 = i,, forces the entire launching coefficient to zero at these angles.

For these parameters, however, there is a pole of G(±k,O) that cancels

the zero of 1 (+k ). This phenomenon will occur whenever

t VE 2 -E. = nir, n an integer.

When this relationship is satisfied, the electrical thickness of the

slab is such that the no-plane field is no longer zero for e = 0 or

e = r, and modes can be excited.
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shapes are relatively independent of the location of the poles that

produce them. This further supports the hypothesis that edge

diffraction dominates the launching of modes and also shows that the

properties of the slab influence the shape of L(O,a ) more than theP

location of the poles.

The launching coefficients have only one or two local maxima over

the range of 0. The number of maxima remains the same for each pole

found for a given set of parameters. For slabs that are electrically

thin (e.g., C2
1 = 4e t' = 0.2A0" C1' = 0 ), L(ea ) has a singleti(e., 2 ' =40' 0 p

maximum, and as the electrical thickness of the slab increases the

second local maximum first appears as a bend in the coefficient and then

as an extremum. One can develop a relation for the location of these

maxima by setting the 8 derivative of L(O,a p) equal to zero, but the

resulting equation is complicated and yields little if any physical

insight.

Even though the location of a does not significantly affect the
P

shape of L(Oc p), ap has a large effect on its magnitude. Surprisingly,

the magnitude of L(O,a ) is much larger for the higher order modes in ap

given slab than for the lower order modes. For a waveguide one sees the

opposite effect--the lowest order modes in a waveguide carry the most

energy. Also, one would expect L(8,a ) to have a magnitude of order
P

one, when in, fact, its magnitude can be much larger, especially for the

higher order modes. At present an adequate explanation for these

effects is not available.
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expression similar to the modal launching coefficient and compare the

two. This expression, which we call L SDP(), has three forms. These

forms, which are comparable to the three forms of L(ea ),areP

e-H~kl)

L SDP(e) = (e)I 2 x > 0, (3.8)

21V(cose + I)cos (6 2 1 t)
12

j4AE1tan[ B (t )]eH(k )
L SDPe) = (e)- 1 21 x < 0, odd, (3.9)

6 (cose - I)cos[B2(I)]
21 l~oL 21 2)

j4Vicot[ (2)]e H(k1
LS(e) = e) 21 x <0, even, (0.10)

21 (cose - l)sin[8 1-)]
21 21 2

where

.3
k 1 6 (k cose)G(k cose,0)eJ4

4 8irV/i621 G_(-k ose) "(3.11)

Figure 3.7 shows L(e,a p) and L SDPe) as functions of e for a

representative case. We note that except near the geometrical optics

, SDP(
pole, where L Ce) is singular, the two functions have the same general

shape. They differ greatly in magnitude, but this would be expected.

These results support our claim that edge diffraction dominates the

mode-launching effect.

The launching coefficients are smooth, slowly varying functions of

e. For a particular choice of slab thickness and permittivity, their
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The transverse modal functions also give the expected results. For

both surface waves and leaky waves they show tle odd or even behavior

described previously. If the slab is loss. ss the transverse variation

of a surface wave is strictly sinusoidal and remains essentially

sinusoidal for a lossy slab (Figures 3.3, 3.4, and 3.5). Leaky waves

exhibit an overall growth in magnitude in the transverse direction away

from the screen (x > 0) or away from the center of the slab (x < 0).

Examples of the transverse variation of leaky waves are given in Figures

3.3 and 3.6.

The launching coefficient contains the influence of the excitation

on a particular mode. In this respect it is related to diffraction

coefficients computed in the geometrical theory of diffraction. We have

computed the launching coefficients of contributing modes for several

different combinations of slab parameters. From these results we can

gain some insight into the factors that influence the launching of

guided modes in the slab by the current on the half plane.

guided wave contributions to ezR(xy) are part of the field

diffracted by the screen. The current induced on the half plane excites

th slab modes even though the prinary field is a plane wave. For the

general case of diffraction by a half plane, diffraction from the edge

of the half plane has the most influence on the diffracted field. Thus,

we might expect that the edge diffraction effect plays the major role in

the launching of modes in the slab. Since e SDP(xy) is heavily

influenced by the edge diffraction effect, from it we can develop an
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zeros of an analytic function in a specified region by dividing the

region into a number of subregions and then performing a numerical

integration of the function around each subregion. Using the principle

of the argument (Hille, 1959b), the routine determined if a zero was

located in a particular subregion. If there were one or more zeros in a

subregion, the small region provided a good approximate starting place

for applying Muller's method. With these poles located it was a simple

matter to determine if they were swept in the deformation to SDP or

SDP and then to compute any resulting contribution to ez R(x,y).

3.3 Modal Field Components

With the contributing SWP's and LWP's located, we can compute the

launching coefficient, transverse modal function, and propagation factor

for a particular pole.

The propagation factor (in eq. 2.69) for a surface wave shows

propagation in the positive x direction for x > 0 and in the negative x

direction for x < ' This is expected since we expect energy to be

radiated away from the edge of the half plane. If the slab is lossy the

propagation factor shows some decay due to the fact that a moves offP

the vertical line through ±+t/2 so that sina becomes complex. For aP

leaky wave, the propagation factor shows that energy is being radiated

away from the edge of the half plane, but it also incorporates a

significant amount of decay due to the imaginary part of sina •P
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C(k ) = B2cos(B2t0 + J81sin(82t) = 0, odd modes x>O, (3.5)

C(k x ) = B2cos[82(-)] + j lsin[82(i)] 0 O, odd modes, x<O, (3.6)
2 2 1 2

C(k ) = C0[s2 ( - ) ] + j62 sin[B 2 (1)] = 0, even modes, x<O. (3.7)
x 1 22 2

By using top sheet values of B1, we can find the SWP's, and by using

bottom sheet values of 1, we can find the LWP's. For a lossless slab

contributing SWP's lie on the segment (k.k 2 ) for x > 0 or on the

segment (-k 2 #-k 1 ) for x < 0 (Coblin 1983). These segments map into the

a plane as segments with u = ±-r/2 and v E (0.Vk 2 ) or v C (v k2.0) for

x > 0 or x < 0. respectively, where Vkx is the imaginary part of the

mapping of k into the a plane (Figures 2.3 and 2.4). If the slab isx

lossy, the SWP's will still lie on or near these segments. Contributing

LIP's lie in the mapping of the fourth quadrant of the bottom sheet, B4,

for x > 0 and in the mapping of the second quadrant of the bottom sheet,

B2 , for x <0 as shown in Figure 2.3. According to Barone (1956) there

are an infinite number of LWP's, but only a finite number contribute.

This is because the SDP is asymptotic to the boundary between the
+

mappings of the top and bottom sheets (Figure 2.4). Since neither SDP

nor SDP sweeps the regions B4 or B2. respectively, at infinity, not all

the LWP's are swept, and only a finite number contribute.

The SWP's and LWP's were found using a numerical search routine

developed by Singaraju, Giri, and Baum (1976). This routine found the
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Under the screen the SWP's and LWP's are zeros of

C'(k)= (81 - 2 )eJ 2 t - (B1 + B2 )e+J8 2t, x > 0. (3.3)

In this case C'(k ) is, within a factor, simply the numerator of
x

G(kx,0). Thus, the poles of G/G+ for x > 0 are the same as the zeros of

G(kx,0), validating our claim that the slab shows the characteristics of

a grounded dielectric slab waveguide for x > 0. For x < 0 the SWP's and

LWP's are the zeros of

C'(k) (B1 - 62 )
2e-JB2-t (B1 + 62) 2e+Ja 2 t

B I - B2)e- 2 - B1 + B2 )e+JB2(2

(B e - B+ (6 + B2)e*2 x < 0. (3.4)

In this case C'(k ) is, within a factor, the denominator of G(kxO).

Thus, the poles of G/G+ for x < 0 are the same as the poles of G(k ,0),

that is, the slab shows the characteristics of a dielectric slab

waveguide in space for this region.

From the expression for C'(k x ) we can develop a set of

characteristic equations for each case (i.e., modes odd with respect to

the half plane for x > 0, modes odd with respect to the center of the

slab for x < 0, and modes even with respect to the center of the slab

for x < 0). These characteristic equations can be written as
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Figure 2.5. Diagrams of lateral wave ray paths (after Tamir and

Felsen, 1965).
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Figure 3.1. Generic field distributions for diclectri( slab waveguides:

(a) odd modes for open slab, (b) even modes tor open slab,

(C) ttgrounded-slab" mode under p.e.c.
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Figure 3.2. Surface and leaky waves: (a) surface wave, (b) leaky wave,

(c) region of contribution for a leaky wave.
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