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''"ABSTRACT

-':In this report we deal with new coneepts for determining the astro-
goodtic defection of the vertical, in the sen that we determine
the )and fl defleotion osponents completely independently of the
mowledge of the astronomic coordinates, latitude and longitude,
hence reducing the time and cost of field work. The first part of
this paper is devoted to finding a relationship between the deflec-
tion components with respect to a star or stars positions. We have
found that thef and q eomponents are related to either the
differenoe between the astronomic ad geeodetic star zenith distances;
azimuths; parallaotic angles, or- are based an a star rate of change
La azimuth and aenith distance with resoet to time. Except for the
last one, star pairs maust be considered. In the second part of this
piaper, we oasider a earthed that deals with the solution for the
deflection appo meta I ad t7 from observation of star pairs, as
function of the astraomic and geodetic senith distances. The effect
of errors in evaluating the deflection components and as well as
the polar migration, are considered

INTRODUCTION

The deflection of the vertical at a point is the angle which the
physical pl m ne at this point makes with the corresponding normal to
the ellipsoid.

0) Consider, figure 1, a sphere of a unit radius with its center at the
observation station. Let Z be the astronomical zenith and Z be the

W goeodetic zenith. Let S be the point on the sphere where the fine of
-j sight to a star intersects the unit sphere at a certain instant of

.- 5 055...... . . . . . . . . . . . . . . . . . . . . .



Let Z end be the zenith distance of the star with respect to, Z and

%_ lpeatively. Ths point of oo@Iespondqnce to the direction o? the
mZ pole, wich has the semith distance (900-0) and (900 -), witb.

respect to Z and Z ; t and are the star's hour angles with
respeot to tie aeta mih o sad geodetic meridians respectively. P
amd P , are the star's parllactic angles with respect to 2 and
repively, so that aooordifa figure I: a

Za 3 Z,. P,- P,

Let Z T be an arc of a small circle at which 3 is the pole, then
ST z .s. ince Z Z is a small circle of arc, we may assime that
ZT Zg 9 a aplain ifile, with a right angle at T. Lot

y Z- -
mZ5 T

vertioivith respect to a star position.

*-.i'*-

Lot 0 be the single between the strnomic and geodetic vertias.
Incea 6 is amLi, as ave:

The Mle Za 3 g ia s mU, s a me weuhve:

* . (1)!

Lot us drem the amo Z A from Z. perpendicular to the astronici
meridian. Ve then iale£

A Za . the Tcponent of the total deflection of
the vertical along the meridian.

A Z5  4- the component of the total deflecti on of
the vertioal along the prime vertical.• Ze 1-t~o ompo e o he fora dthe tono

In the rectangular spherical triangle APZ we have for the -'p

and p7 deflection components:

c el (- (2)
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Lot Us s ho the defleotem omponents and / w , ith respect
to a star, position, cam be dfimd independently of astronomic
coordinates.

A Z is the star's astronomic azimuth, and KZ A is the geodetici9
axiuth. The aatremoeui azimuth Is represented by (Fig. 2)

*1 .f C-

Figure 2. Relatiomhip between Astronomic and Geodetic Azimuth.

and the geodetic azimuth by

0< - WS • (5)
The difference in azimuth consists of two parts

of these two parts the Second (44i4 is always very small. Using the

o , cdc a .CSA+ "CCe-, C b A ":"

on theapherial triangle Z Zg figure 1, we obtain:

- st(f1-Q}S= Cd 4,QL ,- -a ,04 , C1. (8) ::.0
By treating 0 as maill, we obtain

441 (P.- &4= ;t NO, - U,) 9 ,.
hence:

For the second part (Q%-W4 we make a quite similar development, with
regard to the spherical triangle Z Z P. Taking again equation (7),
we have 0 g r

' ,. t-z94 WX =. W., go- IF ) ..
()U lf.,

IV . -". -- -- -"-



and hence: 9

(12),.-"-

- f' l= A -(Q,4)1
From equation (4) w eh :..-.. -"'"W(1.

A-go= 4
hence

Rleplain n equation (6) the values of (V - U1 ) from equation (10)
and (U - from equation (13), ye obtain:

A-0 + .(;-Z) a C (14)

With respect to the Gretewich meridian we have from figure 2:

w c-- L.(15)
Where ,L are the astronomic and geodetic longitudes respectively
taken positive to the west.

It follows then.hat:

in the triangle AZ?, we have:

Substituting iA equation (14), the value of shown in equation

(17), we obtain

This equation links the deflection of the prime vertical., component,
to the astroamic and getic asimuth and paraliatio angid of a star
position.

Deflectious of the ertical as a Function of the Absolute Deflection
of the Vertical 0 a" . Astro.omic Azimuth U,.

- I

Ve determine the two components and 17 of the deflection of the
vertical to the north and east, from

Ws~ 3 4  L9 1( (1WJ 07)

For the triangle 3 Za Z| applying the trigonometrical equation

£Ln a W MLC~c.~b CA 018)

4
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We have:

As IP

an.
hence, It follows

(19)

BY treating SP as sma, we obtain

i = :..::-z-Z(20)

hence

From equation (i) we obtain

U1 - A-Il (22)

from which equations (17) beoome

and the absolute deflection of the vertical

is derived by equation (15)-

and from, equation (3)

and heoe n-c.e-_ _

a4" z (25)

The sin to be considered is derived from equation (23).

If the deflection component , is derived from equation (16), we
my obtain the deflection oamponet % from

(z')

5
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Deflections of the Vertical as function Either the Astro and Geodetic
9nitb Distaee or '.laot.o Am Awes.

From eq astim (23) we hae for evaluating

%inC016A-4 0 Ur*1IdoA 4 043Iq, 4WA (2T)
From tiure (2) we get:

(28)

Bcue(P - Pa) is small, we assume .

hence: Z (29)

and

,, ;, , = Pr ) " -(30) -'.

Inserting the values shown in equations (29) and (30) Into equation
(27), we finally obtain:

A- t(-z), (&#-P4), 4 A!.A-(31)
For the deflection component in the prime vertical, we have:

tin a~t4T~ 4etNcI j e 4/it," A (32)

Substitutisin this equation the values shown in equations (29) and
(30), we set .)A.'(

This equation is deducted from figure (2). Let u see if the sign .si-.,
of n is correct. From figure (2) we have

and

hence equation (33) must be rewritten as follows:

Jr i-Z) ~a*%A t(44f)4'"tZa#YA (34)

Collecting now the basic equations that express the components
and rt of the deflections of the vertical in term of the astronomic
and geodetic coordinates of a star position, we have

(-Z) sA . P1 -A (31)

k-Z)~~~~ A 4"° OI (4

01...-.,
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Equation (18) makes possible the calculation of the amount of the
deflection cemponent in the prime vertical on the basis of the '-

derived astronomic asimuth and parallactic angle (independent of the
station astromic coordinates) and the calculation of the
corresponding values in reference of the geodetic system. Equations

(31) ad (3) ovluate, and 4 as function of zenith distances. "
and parallactic anles. Me can omibine equations (18), (31) and (311)
involving the koumledge of only on term, either (ZZ) , (r or -
(N-A). Eliminating (Z-Z) between qquations (31) and (34), we obtain: - ,

0( 10 - AZ4(35)

and by eliminating (Pg - a), we get:

04.10( + n4 ~ocnA- (36)

Because of the smll values of and , it makes no difference
whether the astronomic or geodetic azimuth is used. To obtain * --
and t7 as a function of azimuth, we eliminate (P - P a) between
equation (35) and equation (18), thus we obtain: a

(3)

FINDII TME ASTMO=EODETIC DEFLECTION OF THE VERTICAL

Ve shall treat exclusively the methods of determining the
astogeodetic deflection of the vertical; for this depends only upon
the actual alection of iwhic equation among those shown in (18),
(31), (3 ), (35), (36), or (37) is to be solved. Ve consider in this .
report a method for the solution that deals with equation (36):

Z =-J l .0C:.::4

The other methods for the other equations shall not be considered in
this report. It shall be published in sequel reports.

FIRST METHOD - DELECTIO OF TIE VERTICAL BT EQUAL ALTITUDES OFj
STAR PAIRS.

Let the altitude or zenith distane. of two stars of known coordinates
be observed at the instant when they cross the intersection of the
center vertical and horizontal lines. Let Z be the constant zenith
distance of observation of an individual star's pair; LI and L, be
the horizontal scale readings and let T1 and T2 be the respective
time of observation. The turns system is synchronized from radio
signals transmitted by a well known time service station. Stellar
positions must be taken from the Four Fundamental Catalogue (K1).

In the triangle $11P2 applying the formula of cosine, we have:

G~l S. ~(38)
Z L. de

7 '%
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where
rM (T2;-l , + IC) -C -)(39) '":

e is a constant the value of which is:

C=O
If the observatioa tiAm in regulated to sidereal time, and

a 1.002737909

when mesa time is used.

In the triangle. $1Z2 using the formula of cosine in the fots:

.9 W (40)

and since

Z Z,.Z.
we have

2. Ce Z Z 1 zL -0 A)b+~c (141)

hence

24 , i (42)/- C*11 4 '

This formula can be simplified. Observing that we can put:
e ZZ = I--,.vA

2.d.1.- / (143)

we get

which is the rquired formula for computing the zenith distance.

EVICT O ERRORS IN EVALUATING Z

To discuss the effect of errors in the data upon the zenith distance
by observation of a star pair, and hence also the conditions most
favorable to accuracy, we have by differentiating equation (53)

8
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From equations (47) and (48), we obtain by differentiation,

sf (d.-,,) Or(46)

from whiob equation (54) beoomee

VAM Z 
°°ro44)4T

This equation above that, in order to reduce the effect of errors on
T TI, LI, uud as such as Possible, we must make tan 1/2(L C - L1 )
J great as possiles, and hence = L2 - 1., the difference of the
azimuth, should be as close to 180 ° , and with not large zenith
distanoe. Furthermore, the first term in the right side of equation
(56) cam be reduced by choosing one star to the north with large
declination and azimuth less than 300, with respect to the meridian
plane, and the other star satisfying the condition that,

112~ ~ ~ ~~4 ttcodto 44)'(,r-)> W5/£iII
In that condition we have that the great circle S is greater
than 0 , so is less, than unity.

Equation (52) allows us to compute the zenith distance Z, which is to
be usod in equation (36). The geodetic zenith distance must be
computed. Considering its eval'uation. Let the time be related to
the Greenwich mean time or universal time (U-T).
Let

L = geodetic longitude, positive toward west
B geodetic latitude
0o a sidereal ti*e" at 0 U-T

= star geodetic hour angle
4K •z right ascension and declination of a star

z star geodetic zenith distance -

The hour angel C is computed from

and the zenith distance from:

C4 Bii C 6n~ (49)

To satisfy equation (36) we must know the geodetic azimuth, which is
computed from

Ana . (50)
/3W '4W-45S.

9
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INFLUENCE OF THE POLAR MOTION
p

The astronomic zenith distance Z, as computed from equation (52),
refers to the instantaneous vertical position while the geodetic
vertical refers to the mean position at the date of the
observation. Hence we proceed as more convenient to reduce the
geodetic coordinates to the instantaneous pole position. The .
International Latitude Service continuously observes the variation of
latitude at several stations and thus determines the motion of the
pole, and publishes the coordinates of the instantaneous pole and
date for correcting observed values. The geodetic coordinates
reduced to the instantaneous pole position at the date of field
observations is accomplished by means of the equations p

4.~~~~~ x,4L+Y %I

L= . .-
Here we take longitude positive to the west. Hence B. and L., are
the values to be used in equations (57), 58 and (59), to compute
and o- . The term containing (latitude of Greenwich) is usually
omitted.

CONCLUSIONS AND RECOMMENDATIONS

A great need exista for the determination of the deflection of the 1..
vertical. The equations presented and illustrated in this paper can
be advantageously employed. The conclusions to be drawn are the .
following:

The classical method of determining deflection of the vertical
components are in terms of the geographic coordinates:

,i (A-L)O ~ 6..,.

Therefore for the determination of the deflection of the vertical
there is only one eans, that is the comparison of astronomic and
geodetic latitudes and longitudes. L..

The equations we have derived for the computation of the deflection
of the vertical components do not require knowledge of the astronomic
coordinates latitude or longitude, hence reducing the time and cost
of field work. Three different procedures have been found to compute
the deflection components. Equation (35) gives the components as
function of astronomic and geodetic parallatic angles. These angles
can be obtained by observing star-pairs on different, arbitrarily
chosen, fixed vertical planes. The star image transit times over
several vertical reticle lines are to be reduced to the central
vertical line. For further details see reference 2.

10
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,- Equation (36) gives the deflection components as function of the

astronomic and geodetic star zenith distance. A method for the
omputation of the absolute zenith distance is included in this
report. It m also be derived by observing a set of stars in a
fixed alnuentar. A method of independent equations to obtain the
alumoantar zenith distance in shown in referenee 3. The
detersi-tim of zenith distance by this method is less prone to
observational errors than it is with the determination of latitude or
longitude. Iquation (37) gives the deflootion components as function
of astronomic and geodetic azimuth. Absolute astronomic azimuth can
be computed as indicated in reference 4.
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