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FOREWORD

The long-range propagation of acoustic transients produced experimentally
from absorption of laser energy by water is examined theoreticallv. The linear
theory, which it-is argued, applies for ranges r » r, where viscosity effects will
dominate, results in a diffusion equation for the transient pulse form. The
solutions exhibit '"solitonic" behavior, the linear 1/r peak pressure falleff law
going over eventually to a 1/r? law rather than the much more scvere exponential
law which applies to pure tone (harmonic) waves. The scale distance for the
cross-over to r-2 behavior (fresh water), ri = 0.33 kme (2t )2, where 2t; is the
transient pulse width (one-half the period) in usec, is predicted to be 14 meters
for CO; laser induced pulses observed below threshold for vaporization. Above the
vaporization threshold by a modest amount, 2t; = lusec and r| = 330 meters;
calculated pressure levels at 1.5 km in the r-2 region, are 40 db re: 1 ubar and
the pulse width has spread to 2.5 usec. Necessary generalizations are described
briefly for taking account of salinity in sea water, and of non-linear acoustic
effects.
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CHAPTER 1

INTRODUCT ION

Laser energy absorption in water results in the production of high frequency
pressure transients. This was observed experimentally, long ago,l,Z and is
expected theoretically. The mechanism of coupling depends upon the laser wave-
length, and the light intensity in the absorption region. CO0j-laser light,

\ = 10.6 um, is absorbed in a very thin surface layer whose thickness scale at the
lower end, set by Beer's law, is of order 10 um. Illuminated spot sizes are set
by beam quality and focussing geometry. Assuming direct thermal absorption by the
water, surface vaporization from 20°C requires a local energy density

Uy = 2.63 KJ/cm? (=629 cal/g). This corresponds to a laser energy threshold of
order 2.6 j in order to vaporize a 10 um surface layer of 1 em? cross section.

In recent experiments at NSWC, wusing a 10 joule (rated) TEA multimode €O, laser,
varying conditions have been examined, for energies ranging from about a tenth of
a4 joule up to 6 joules, and for spot sizes from 0.1 cm? to a few cm?. These input
conditions casily straddle the threshold energy density upy, and the induced
pressure pulse-form characteristics reflect a threshold effect. Higher frequency
transients, 100 - 400 ns oscillations, have been observed for lower laser
intensities while lower frequency pulse-forms, 2 us oscillations, are produced
trom high laser intensities. The latter have somewhat larger peak pressures, and
for intermediate laser intensities both kinds of pulse are often present together;
these pulse-forms frequently show a high frequency, relatively low amplitude
"leader oscillation,”" followed by a somewhat stronger low frequency main pulse
oscillation.

Mt - VRENEEREEE MRt o Wbttty andiA Rl

Observed pulse-forms are broad-band, however, since only a single pressure
oscillation cvcele, or two, of the main pulse bodies occur. (See Figure 1). Even
at rather close ranges the peak pressure amplitudes are generally not too high
b tor the application of linear acoustics (e.g., 25 bar at a distance 2 cm vertically
. below the laser spot, in one instance. See below, Section 2, for acoustic
’ approximation criteria). At certain longer ranges, r > rg say, where r is the
distance ot a ficld observation point from the illuminated spot, and r, is a scale-

o length for assumed dominance of linear absorption over nonlinear offccgs {sec below),
s approsimate lincar propagation and absorption of the pulses is expected. In
i this report, [ present the application of lincar theory to pulse-form, or, in

I . . . - . .

Carome, L. F., Clark, N. Ao and Moeller, C. L., Applied Physics Letter, d,

1oad, p. 95,

f “Carome, L. F.o. Mocller, €. k. and Clark, A, N., J. Applicd Physics, 40,
» 1969, p. Llol.
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other words, wave packet, propagation and absorption at long ranges. The
predictions of linear theory alone, without need for invoking possible nonlinear
mechanisms, are qualitatively different from the case of a single frequency, or
pure pure tone (harmonic) pulse. In the latter case, the sound wave aplitude is
attenuated exponentially, with an extinction Loetf1C1ent g proportional to the
square of the trequency, for high frequencies: B = kw?, where w = 2nf is in
radians/sec. But the radial falloff law for a wave pagket turns out to be a much
less severe, power law. The reason is that the above harmonic exponential
attenuation law implies a diffusion equation for wave packet pulse-forms, with
radial distance in the role of "time'"; that results in pressure pulses at long
ranges which are convolutions of short range forms with the corresponding Green
tunction. To determine the law of long-range propagation and absorption for wave
pucket pulse-forms, it is necessary therefore merely to evaluate solutions to that
cquation.

5
The simple diffusion equation that results from 8 = kw” in linear acoustics

must be generalized if relaxation effects are also present, as in the casc of sca
water for frequencies below 100 - 200 KHz, or so. (alculations from that important
generalization are not given here.

The key assumption I have made is the dominance, asymptotically, of linear
dissipation over nonlinear advection. Pulse propagation including nonlinear
advection effects as well as viscous damping can be investigated to better
approximation with an acoustic Burgers' equation treatment. A recent study of
this cquation by Crighton and Scott3 has yielded an asymptotic form in agrecment
with that obtained herein. (See Eq. (14.8).) llowever, experiments readily yicld
the pulse-torms for r~ry, which can supply initial data for linear analysis, and
further theoretical work is planned to model close-in regions, as well as to
compute cffects of relaxation mentioned earlier for sea water. Finally, of
sreat importance also will be the very close-in coupling region of the first mm,
or so, because it is here that the dynamical arena for main pulsc formation is
located.

The organization of the report is as follows. In Chapter 2, I review the
tdealizations of acoustic theory and identify the scale length ry for dominance
of linear viscosity in pulse propagation, absorption and distortion. In Chapter 3,
I derive the diffusion cquation for the pulse forms. In Chapter 4, I examinc
general properties of the solution for the propagating pulses. In Chapter 5, 1
work out a representative model example exactly and display general features
derived in Chapter 4. In Chapter 6, I generalize to a complete class of cxamples,
illustruting again broad propagation features identified earlier in Chapter 4,
such as '"pure tone' ,rapid attenuation, and long-range power law peak pressure
fatloft (r-! and r —) for wave packet pulse forms. In Chapter 7, I discuss
generalizations and extensions of the present work, including the "solitonic
framework for understanding results of the ecarlier linear thecory developments.
In Chapter 8, 1 conclude the report, and a mathematical appendix is attached at
the end. (Sce ..\ppondi,\' A)

~ 11

3. . .
t'righton, D, .

, and Scott, J. F., Phil. Trans. Roy Soc. (london) A292, I3, 170,

to
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CHAPTER 2

REVIEW OF ACOUSTIC SCALES

The acoustic approximation is that of linearized hydrodvnamics, with the
fluid particle velocity v small in magnitude compared to the sound speed, defined
as

c = J(ap/ao)s , (2.1)

. . . . . 4
where it is assumed that the fluid particles undergo adiabatic processes. In
equation (2.1), ¢, p and s are particle pressure, density and specific entropy.
The Navier-Stokes equation is

>
e ) ] 5
Vo, (\70‘/) Vo= - % Ip o+ W v, (2.2)

where v = u/p is the kinematic viscosity, with u = 4/3 n + ¢ the dynamic
viscosity, and n, ¢ the shear and bulk viscosities, respectively; for water,

v = 0.045 cm®/scc. Equation (2.2) neglects x,t dependence of u arising from that
ot local pressure and temperature%(T) through u = u(p,T}. Finally, thg flow is
assumed compressible, so that Ve v * 0, but irrotational, so that Vv x v = {
implies cxistence of a velocity potential ¢,

-> —
v = V¢ . (2.3)
For small density deviations p” = ¢ - ., from the ambient value ., the

pressurc difference, p” = p - p,, from the corresponding ambicent value Py can be
computed from cquation (2.1) as

5
p° o= c6 o’ o, (2.4

4Lunduu, L. D. and Lifshitz, E. M., Fluid Mechanics, (Reading, MA:Addison-

“esley (Pergamon), 1959}, Chapter 8.

*
At 20°C.
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where ¢y is the acoustic (lincarized) sound speed. Equation (2.4) holds to good
approximation in the presence of irreversibility due to general viscous (and

thermally induced*) damping

except for the extreme high frequency case of acoustic

over-damping, which can be safely ignored.**

Note that p” does not have to be

small compared to P 1n equation (2.4); only p’/oo << 1 is assumed, whence, from

cquation (2.4), p°/p C2 << 1. For water, p~ << 22,5 Kbar. A second relation,
assuming also p‘/QO <<71, viz.
3h 1 2 . 1 A
Fraiie 55—;) + v Vo = - o P’ o, (2.5)
fOlths from equations (2.2) and (2.3) if the nonlinear advection term
(v o)V is ignored, and if Po have vanishing gradients. The neglect of the
i viscosity term in comparison to Qhe dominant first and socond terms of
- cquation (2.5) is justified again in the absence of acoustic over-damping.**
@ The equation of continuity,
.
-
3 iy - > .
= — 4 ( Ve V) n = -~ pVe v , (2.6)
- 5t
7 ‘
« - - - -_)
E; again to the assumptions of small p” and v, becomes
-
"
. Jp - >
—_— = - n K;J [ JAVS (2. 7)

- (hc sound attenuation caused by thermal conduction can be 1ncluded ,by replacing
= v in the cxpression for B8 (see below) by v Veff = V * KT,O 0 (p/o L )*, where for
water (AIP Handbook, 1972), the thermal conductivity

5.8 x 10 erg/cm - sec - K and the volume coefficient of thermal expansion
2.07 x 107%K"1, both at 20°C, and where ¢_ is the spec1f1g heat at constant
essure. Iho 1ncreasc this causes is only opogo, i.c., 10-5 cm?/sec over

1.5 x 10-< cm? /sec

o=
3
pr

* K

This neglect corresponds to the condition R~ ° »>> X, where X is the reduced
wavelength for a given Fourier component. Using the form
2 1 -1.2

1 -3 M

. = N . ;] = { M 1 i ~ E > ~0, » F
N : =53 CO k“v, the condition becomes A >> 7 \)/c0 ¢0 A for
v = 0.045 cm™/sec. For comparison, at 1 Miz, X = 1.5 mm, five orders of
magnitude greater than 90 R.
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Combining equations (2.3), (2.4), (2.5), and (2.7), onc gets

,

2 32

L2 ) s -0, (2.8)
ca gt~

. . > . ~ . -
The smallness condition on v can be made precisc for solutions ¢ obeying
equation (2.8). For outgoing spherical waves, r¢ = f(t - r/co) satisfies
equation (2.8), so that

TR N I
¢ At T oar (r¢) = T

- &
~—~
ty
]
=

For a pulse disturbance having scale-length X, the last termis of order ~/r in
comparison to +¢/)r, and is negligible for sufficiently large r. Combining
equations (2.3), (2.5), and (2.9) onc gets

v /¢

R
= PN o
N R U (2.10)

and the condition on fluid particle speed becomes V/CO << 1.

To include the simplest effects of damping, which is the purpose of the
present report, consider the relative magnitudes of the advection and viscous
(second and fourth) terms in ecquation (2.2). These are of order

b d o 2 3
l(v oV)v[ ~ vT/x nonlinear term,

2-r
i

s
]vY Vi o~ owv/xT viscous terms.

'he ratio ot the two is

nonlincar ter S 7 ]
Lincar termi o vX o px o pt

T al
vViscous term \ (2.11)

\)w(,c“ v.r()m

Qy cquation (2. 10), where o = ¢ /X is the frequency corresponding to the time scale
tor the pulsce.  The condition thut the viscous term dominate is thus

p g 2aw ()f = (0. 283f(water). (2.12)

.t tat . .- PR o eteme " . ) P
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I is in Mz, thcn p~is in bars; f = 0.5 MHz gives p” < 112 mbar for water; in
this case, p*/o, 0= = 0.7 x 1075, Note h ere also that ¢, = 1.5 mm/us gives
= 3 um, so the neglect of i/r in equation (2.9) is |us%1f10d for r 3 mm.
The dominant ideal acoustic terms in equation (2.2) are of order
f;il Vi~an /e first term,
1 | T TR gt o
L
L.
3 ;l-‘p‘\~1ﬁ/‘ A ~op /e, third term
P } 0 00
k
In relation to these, the nonlinear advection term is
4
p | 5
} ‘ e . - -
wnlinear term v /X Y ) -
4,L car te | ~ /% .__N*l,.; . (2.13)
|odcoustlc terms| wV o 2
® "0%0
¢ So, tor a moderately strong p” = 22.5 bar, the nonlinear term is only

(22.5/22.5 x 107) = 107” times the dominant ideal acoustic terms.

When it can be assumed the peak pressure disturbances do satisfy the

! condition for the acoustic approximation, then (2.12) identifies a scale distance
- tor validity of a linear absorption and propagation model, by the requirement

. that the peuak pressure disturbances at Ty satisty

- - — RETY N g il A
phtfp) = =gt (2.14)

where tis a suitably chosen frequency scale value (Fourier component) for the
disturbance at r = r . For smaller values of r the propagation may be acoustic
to vood approximation, but the viscous damping deviations from "ideal" behavior
should be less then the nonlincar deviations. For r = however, linear
damping should dominate the nonlinear effect unless a sc?F—sustalncd cquilibrium
ot viscous and advection effects conspires to yield a sustained Tavlorlike shock.

Fowill examine the propagation of pulses from r = r, to longer ranges
acsuming that only the viscous etffects need be considorog. The results will be
seen to sisrece with theasymptotic form found by Crighton and Scott, i their
analyvsis ot the acoustic Burgers cquation (sece Section 7 hereind.

i

“Urichton and Scott (13
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CHAPTER 3

LINEAR ABSORPTION AND PROPAGATION (r >ro)

A dispersion relation can be derived for the linearized equations. Using
equation (2.4) to eliminate p”, equations (2.2) and (2.7) when linearized are

o>
%L—+ A—Vp' - vsz =0 (3.1)
vt N
N
ap” 2. >=0 -
o) Vv .
5t T %Y (5.2)

. L
Assuming a waveform exp i(k-r - wt),

2 . -
(-iw + vﬁ“)g + ioolfp’ = 0 (3.3)
2> o> .
ipqcnk-v - jwp” =0 (3.4)

. > - > - . . .
In the far field, kr>>1, k = kr and v = vr, where r is a unit radial vector;
equations (3.3) and (3.4) become

(—iw+vk2)v+ipalkp' =0 (3.5)
2 .
- ipocokv-iwp' = 0 (3.6)

which give the dispersion relation,

*' 2 . -1

_ | —iw+vk in 'k
2 ! 0
E. det | =0, (3.7)
- . 2 .
| luﬂbok -iw
having the solution
. RS R} -
k= 2 (l-iva/ch) V7 (3.8)
Ch 0
R Jﬁf v 22 4 ke’ (3.9)
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This dispersion relation implies a diffusion equation for travelling wave pulse
forms.

To derive this, notice first that ¢, v = Voo p°,n” , at large r, all have the
form r-lr(t - r/co); e.g.

pT = A (¢ - /ey, kr>vl, (3.10)

for the case of no damping. (See equations (2.9) and (2.10).) The case « = 0
in equation (3.9) gives k = m/co, which implies the equation

[o%;
s}
@
s

1
CLAN T (3.11
Sr o at
since it holds for every Fourier component; equation (3.11) is obeved by
- rp” = A f(t - r/co). For «x # 0, equation {(3.9) gives
2
9£=--i—i+K3§, (3.12)
{ ] or 0 9t 5t
while the variable change (r, t)»(r", t°), where r" = r and t~ = v = t - r/co,
] so that
9 5 1 3 3 3 -
% ’r ~ dr” S it 3t T oat” (- 15)
- gives
2 2
- of 37 f <
ﬁ *a—{=v<’——2, (5.14)
oT
b
bk where | dropped the (formal) prime on r in the last line.

Equation (3.14) is a diffusion equation for the acoustic amplitude, with r in
the role of the "time" and with "spatial' variable t = t - r/c, being the physical
time variable for the pulse form itself. Thus, asymptotically,

pe o= % f (r,1), (3.15)

where t satisfies equation (3.14). Typically, r, is already in the far-tficld, so
near-field "corrections” to equation (3.15) are physically uninteresting.

Let f = f(r,,t )-f (1) be the pulse-form at r = Ty the solution to the
initial value prgh]cm £9= f  for f(t,r), the pulse for% at r >r_, is given from
. - 0 0
cquation (3.14) to be
. -1/2 . . . 2 -
f{r,tv) =(4mcp) dt fo(r Yexp{-(17-1) " /4xpy, (5.10)

e " e -t .t . 0y - i- - - ST, ". '.. ‘.. Y At t . . ) S e T - B -
A R T SRR AP P ST T et Lt A L L S Tt e . o . -7 . DR P N S S S P S = e T T T A U U R U R
LW S VL PRLY S WP SV R W VPR N T S WY VEFE WS WE TSP P $E.FREEE. T LV TRTE PR PR PR PR VSTV STE TS VS TS POV VN PN ST el bt Dthnina
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where o r - r,. In evaluating equation (3.16) it is important to remember

that spherical sound waves have zero impulse;” this follows from equation (2.5),

fo check this, we can substitute equations (3.15) and (3.16) into cquation (3.17),

+- +¢ 40
. -1 . . o=1/2 . 2.
f din” = Ar dr fO(T ) (A Ep) dr exp {-(t7-1)7 /4t

PN -0

;\r'lJ diof (e7) (3.18)

/ de £ (37) = 0 (3.19)

. « e - T e e
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CHAPTER: 4

GENERAL PROPERTIES OF THE SOLUTION

For pulse forms fO(T) having finite width T, €quation (3.16) implies another
scale length r;.> r,, defined by the condition that t, equal the width of the

Gaussian propagator, which is 2 x (2eo) 172, e, 0
~ - (8 -1 2 4.1

ry - Ty Epg = (8k) T 4.1
This c¢an be written also as

. - - l -1 )

ll - Y‘O =0 T3 30 , (4.2)
where

0 = . [0 K (».";w)-' , (4-5)

in which .72+ is the pulse bandwidth. The three spatial regions, divided by

" and rl, are shown in Figure 2.

It r -+ r , the Gaussian is narrow compared to f,(t) and behaves like a
Sfunctron in cquation (5.160) if fO(r) is smooth enough,

- 7 o
R b exXp [-(t’ - T)“/4»<n] —_> (1 ~ 1), (4.4)

Yo, = f (1), r << r

(4.5)

1)

vresponding to no distortion.  From equation (3.15),
. AL
fr,ty o - f r <« r
, ; 0(1), <

10
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A N L S W W N R VO Wl WL W Sl SRl WA WL,
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Where r >> r , the Gaussian is broad compared to f
about 7 = 0. Now equation (3.16) gives

0° and may be expanded

f(r,t)

(Jngnfl/lylﬁdt' fO(T‘){CXP(‘Tz/JKV)‘I‘ %; [CXP(‘T:/JKu)]+ ---}

4o (3.7}
- o M
(4nKo)l/" 3?- expl-17/4xn) |o —JIQ dv” ot . (1t7) ,

neglecting higher terms, and where [ have made use also of the zero-impulse
property, cquation (5.19). LEvaluating equation (4.7},

+ o™

_3/2 2

f(r,o) = —= .}rdr' 17 fo(r') ) 5/2 T exp(-t7/40 ), ¢ > Ty (1.8)
3 _oo

which agreeswith the form found by Crighton and Scott.? Thc/gwo peaks of the
pulse are at 1 = i_(ZKD)l =, for an overall width of 2(3((11“_, while the peak
amplitude is

+ 1

o = 1/2 = 2 -1 _2 - - - ,—\I >
F = £ (2e0) /%) = 20 /M de ENESY LN N

From ecquation (3.15), taking o = r - ry 2 r, one finds

+.0

— 2 _D
pl‘)kz 2\ Kk ! E-:; fdr’ T’ fotr') r -, r > ry o (4.10)

-

5
so the very long range peak pressure falloff law is r ~. The cnergy in the pulse
involves the integral of p’2 over all 1, and, owing to the spreading of the
packet in cquation (4.8), goes like r-7/2,

17 f (1) were a pure harmonic, f, = C sin w.t, -* < 1 < +=, Ay would
be zero and equations (4.2) and (4.3) ‘would give ' r, = v, In this case,
r - r,  is impossible. Although r << r,, accordingly, is well met, the
Gaussian does not act like a S-function and equation {4.6) doesn't apply
cither. [Equation (3.160) can be evaluated exactly, and onc gets

v

® S

. “Crighton and Scott 13, 1979,

.

Ih.
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4o
1/2 - . . 2
f(r,1) = (4mcp) dt” Csin wgt” exp | ~(t” - 1)7/4p
+o
/2 - : , g I S
= (dmkp) Im | Cexp lugt dt" exp (1m§r” - (k) T (4.11)

. 2 _ , L ’3
= [m [Lexp (leT - KmSO)] = CXp(-bSO) fo(r), CS - Kug

which is the correct pure tone attenuation law.

From a practical standpoint, to produce large values of T, in equation

(4.2), which gives sound levels like those in equation (4.6) for longer ranges,
cquation (4.3) shows that what is needed is small pulse bandwidth Aw. Equation
(4+.11) then suggests further that a "pure tone carrier' on the pulse will be

attenuated expotentially at a rate appropriate to its frequency.

[ will exhibit these qualitative features explicitly in exactly soluble
cases in the next two sections.

.' '.‘. --’ ‘-‘ .’. S et - . . . '- - < ‘-‘ - .t - Tt - . -
ST T SN T YL i PP PUIP Y Yy G Py Uy O\ Iy Y WY DT Uy DR YR
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N CHAPTER &
h REPRESENTATIVE EXAMPLE

A convenient analytical model of the pulses observed at long ranges
experimentally* is (C < 0)

fOLT) = Ct exp(-r2/2t§), —o < T < 4+ @, (5.1)

.—Y-V'“—V“'"-, —

F' tor which equation (5.16) can be evaluated exactly (see Figure 3). We have

+ oo
-1/2 5 7
f(r,1) = (47xp) 1/2 C.f' dt’t7exp | - —lé T - 4io (17 - T)’]
1

—oo 2t

2¢p -3/2 2 2 2kp
= Crell + =5 exp - 7° 2tl 1+ = . (5.2)
t; t

The width of f_ (1) is 2t}, the distance between peaks at t = + t, (2t 1is half the

period of the single-gycle gscillation shown in Figure 1), so equation (4.1)

A gives o 8k)"7(2t,)° = t,“/2x, which conveniently represents (but somewhat

: underos%lmdtcs**) the radial distance for transition of the form in equation (5.2)
' between short and long range limits. LEvidently, equation (5.2) displays the

*' limiting bechavior predicted in Chapter 4 for r << ry (equation (4.5)) and

{ r >- r) (cquation (4.8)). Over the intermediate ranges the pulse form (5.1) is

S preserved here, and the pulse spreads, having width

b
; 1/2 1/2
Co= () = 2t o1 + 20 TSN R 5.
) 0 0 1 tZ 1 Cl )

1

(93]
—

*
At shorter ranges. the pulse looks like a sawtooth. Sec also Reference 7.

**See below, page 16 (eg. (5.8)).

/ Crighton, D. ¢
13, 1979,

., and Scott, J. F., Phil. Trans. Roy. Soc., (London) AZ92,

13
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The pulse bandwidth, Af = Aw/2m, is a function of p,

-1
/ 2
A = = 2
Af l/ZTrr0 (4nTl 1 + _Ko/t1 ) . (5.4)

For one unfocussed beam condition, 2ty = 0.2 usec, and peak pressures are
tyvpically 1 bar at r~0.1lm, vertically beneath the laser spot. For certain
focussed beam conditions, 2ty=1 usec, while 1 bar peak pressures are seen around

! rx0.5m, again vertically beneath the spot. From equation (2.14) with
X f~ (4t1)'1, these values correspond to rg(unfoc.)~0.14m and rg(foc.)~3.5m.
: To get T tg%g T0,° 2t, in equation (4.1) so that p; = tf/ZK, and use
© = 0.6 X 10 sec</cm; this gives r, (unfoc.)=p, = 8m and r (foc.)=py = 200m.
%; summarizing, for the pulse in equation (5.1), linear theory predicts 1/r peak
f pressure falloff out to r,, roughly, and 1/r2 falloff at longer ranges beyond--

where ry-~ 8m under unfocussed conditions, and r -~ 200m under certain typical

. . 1
focussed conditions.

Combining equations (3.15), (4.1) and (5.2) (with C = - 1), the expression of
the acoustic pressure is
. A - 2,2
P =?. ——-——1:—‘—'—'3—720 exp [-%‘T /tl (1"‘0/01)] (5.5)
(1 + 0/0q)
Por )
- 00 . Zeexp - aroren]| (5.6)
32 Y 2 1 1
r(l + '>/wl,)

where pé is the peak pressure at r = Iy The peak pressure for r > T, is

P T
R Jel Ul (5.7)
px  r(l + 0/01)

Lquation (5.7) is plotted in Figure 4 for the focussed beam example above:
ry = 3.5m, p: = 142 mbar, p, = 200m. The cross-over point, of the intersection

of r-! and r-< asymptotes, is at ri = V/ce Py = 1.649 ) = 330m.

’) ~ .
Since p, is proportional to t], it can be extended considerably if t, is
increased experimentally. Numerically,

Cz Vo ep

1 in usec. (5.8)

N
r = 0,33 km o(2t1)“, t

1 1

Conversely, oy can be reduced considerably hy reducing t) experimentally,

14
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This identifies the practical problems of (i) pulse forming in the very close in
coupling region, at the spot, and (ii) what pulse forms might be best for
desired pressures at long range. In particular smaller period pulses can be
studied more conveniently experimentallv due to the smaller scale required by ¢
Equation (5.7) is plotted again in Figure 5 for the higher frequency, unfocusseé
beam example above: rg = 14 cm. py = 7.4 mbar, and oy = 8m. In this way, the

theoretical predictions of the asymptotic linear theory described in the present
report can be confronted.
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CHAPTER 6

MORE GENERAL PULSE FORMS

The example equation (5.1) is a special case of a general (and mathematically
complete) class, which I will display in this section, in part for possible later
utility. In preparation for this, consider again equation (3.16), but in the
frequency domain now f(p,t) is a convolution, so its Fourier transform is a
product. Let

flp,T) = — ¥ko,w)e-1MT (6.1)

-0

stand to define the Fourier transform conventions, as well as f(p,w). Inverting
cquation (3.16) gives immediately

2
?(r,w) = ?b(w)e-pr , (6.2)

which, by the way, constitutes a recovery of the harmonic exponential attenuation
law. Combining equations (6.1) and (6.2), we get another formula for f(p,1),
cquivalent to equation (3.16), and which can also be derived directly from the
harmonic attenuation law by the superposition principle,

+
* 2

£(i,1) = f %‘ ?O(w)e“”‘“’“’ ) (6.3)

The zero-impulse condition, equation (5.19), requires, finally,
fO(D) =0 . (6.4)

For the example in the last section, cquation (5.1), one has

e

1

'
o1

S I . 1 22 s
l“(LJ - 1 2 Ltl . eXp (- 3 t] . . (6.)

ST S Y el

. .
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Pvidently, f)( yoand ?}(m} arc exuactly the same tunctional ftorms. This is a
nroperty shared by all the eigen-functions of the quantum mechanical harmonic
cscrllator owing to the symmetry of the Hamiltonian under interchange of position
v nomentun, vizo oof Ho= U/ 2(pso+oxs °).  The eigen-functions are products of
Common Gaissian factor, oxp (- —/JrT‘ in the present notation, and lfermite

dhoneinals 0t c Sty omo= 0, 1, o.0 1t can be shown that the zero-impulsce
anditron seledts the Udd-plrlt\ oscillator eigen-functions, allowing only

RS B o SRR

Iy o>y 50 oo Bguations (501 and (6.5) are the lowest, m = 1, cigen-
ranctions. In tfact, any modo dtgly well-behaved function f (3), tending to
cerooat s osutficiently rapidly, and satisfying equations 23.1&)), can be

capanded,

) Uty = ¢ oo/ exp [ -
- : : T /rl) I

where, explicity,

L.-/t » (().())

[T
—1o

F +
). 1 1 hl hl
T coee -- det i) Ho(t/t exp {- = 17/t° 6.7
il moo, - 0 ) mL / 1) I 2 / 1 (6.7
R T ¢
] ~
I . . ¢ . - . { ~
For <incfce canponent, "Hermite-pulse' forms, having ¢ ¥ 0, for all
+t n, vio. tor
12,2
! vt e b sty exp V- o5t/ 6.8)
i an non 1 I 2 1 ’ ( '
Cheodunction fopossesses exactly I/2emn + 1) cycles. Tor example, t 1(r)
Soocsuation 15011 goes through a single tull oscillation cyele; for n= 3, the
cornite polvnomial  is an alternating cubic and £,_(7) exhibits two oscillation
cles, the Gaussian tactor pulling the POI\HUMqu down toward zero at infinity.

llu cases no= 5 and 5 are shown in Figure 6. The = 5> case is not a bad
representative of the lower curve in Figure 1: but for large n, the curves will
tend towards symmetry about the mid-point, where the peaks will be smallest, and
these are rather "unlikely" individual shapes. Nevertheless, the large n curves
dre pulse-carriers of increasing overall (pulse) width, of order 2n /“t so theyv
arce usetul tor a brief propagation study here.  (The carrier frequency is of
order 1/2en + 1)/2 nl/2 t = vl./lt1

The propagated Hermite-pulse forms, tfrom equation (6.8), can be evaluated in
closed form from cequation (6.3). | do this in the Appendix; the result, cquation
15) with the constant < re-inserted, is

»ee, for instance, Lugen Merzhacher, Quantum “Cthlnlt\ {New York:John Wiley §
sans Ine., 1961), pa. 56 et seq., for propcrtICs of the oscillator oxvon-tunatlon«.

-~

N




Y

Y
4

o
'F_.

re
L

NSWC TR 82-522

2 n/2 2 -1/2
t, 2t / 2t /= s I
1 1 1 ) V2,2 (6.9)
tn( , ) o= S Ui -1 l“l — -1 o —5- |expl- 57/t
t \t” t” t” - p
where
2 1/2
t = t + :':A‘ .
. ] (6.10)
Lgquation (6.9) for f(,, 1} reduces to top(t) for ,» = 0, and displays 1/2e(n + 1)
oscillation cycles, accordingly . For n » 1, the oscillations disappear completely
hevond o = t13/2u since this is the value for which the common agrument of the
siuare roots in equation 6.9 changes sign. At . = t]2/2¢, we have
n
. 1 .n [ 2 2
vt o= ¢ =2 ] ex -1 /4
n S (Ztl) P /4ty (6.11)
“n 2 2
— [/t exp |-t /47 ).
v 1 1

where | have used ip(2) = RALFAL 0({n’1)for large ©. Peak values of this
pulse-tform expression occur at 1 = f(Bn)l/ztl. Beyond .=ty </2«, the argument of
Hp is imaginary, and all the coefficients of the polynomial take the same sign
{after extracting a factor i.) See cquations (A.17).) So, all that is left of
the tlermite-pulse is two endpoint transient-pulse oscillations; the (n - 1) cvcle
"Hermite-carrier” center of the pulse is gone! See Figure

. ST -, . . N . . . . . - . . N
. - e, W, - - R, . <t -t - N R
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CHAPTER 7

GENERALTZATION AND EXTENSIONS

The observation that acoustic pulseg undergoing linear attenuation with an
extinction coefficient proportional to w= should obev a diffusion cquation is not
new, and was made long ago by Landau and Lifshitz.?

However, in the literature of subsequent acoustical theory, Burgers'
equation,

N (7.1

has been used to represent combined nonlinear, and linear viscosity propagation
effects.!V The advantage to this is that cquation (7.1) can be solved oxuctl_v.l1
For onc-dimensional geometry, Blackstock has derived”

2
" -2 B au 3 u - 5
Ko |\t e == (-2
T
where B/A is the nonlinearity parameter arising from the equation of state p =
P("’S),
-1 -2 .2 <
P =Pyt Aoy o7 % Bno S | (7.3)

and where u is the fluid particle velocity. As previously, 1 =t - ¢ 'x
is the retarded time. Notice equation {7.2) reduces to equation
(5.11) it the nonlincar term is dropped.

For spherical waves, a more complicated torm taking into account additional
nonlincarity effects associated with spherical spreading, and neglected in the

See Reference 5, page 301,
oo
Crighton and Scott (13, 1979

]
nhitham, G, B., Lincar and Nonlincar Waves, New York:Jdohn Wilev o sons, Inc.,

1270, Chapter 1.

* the most readable source, with primary retferences, is Bever's “"Nonlincar
\coustics. !
19
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TEE TV v TR Ty

. . . . 12,13
analvsis T have given, was also derived by Naucol 'nvkh and co-workers 727 7and by
Rlackstock. 't Starting from

S I E N FU S PR L
Yy - 2A 3T

c

(7.4)

2y
3]

tfrom which again ecquation (3.14) for f = ru follows 1f the nonlinear term is
dropped, a modified Burgers' equation was derived for the quantity W = u e

log r/ro, where r, is a "source radius," and where the independent variable r is
replaced by a "stretched coordinate,' proportional to log r/rp. In the modified
form, * in equation (7.1) is replaced by a function of r, and the resulting
"Burgers' equation' has not been solved exactly.15

T Y Y, (OO . fasuAChciaain . LD
—
—_
<

! These generalizations can be undertaken for the present problem, but the
¥ extension to the more general form of 8 (w), to take account of the knees
associated with onset ot chemical relaxation, of MnSO, disassociation and
) recombination primarily, in sea water is also of interest. See Figure 8. The
{] dispersion relation equation (3.9) is replaced by
. . 2 . 1
: N2 v i e -}, (7.5)
g “0 Lo+ (et )7
» . o . 2
where G ds relaxation time, and «” 1s proportional to the salinity S5
AS . -
S= 0.06928, {7.0a)

sith A\ and B onew! constants, and S in oppts oin LBg. (7.5), also, P is the ambicent
Crecire and = 161 x o7 hary Tl In addition, te is temperature dependent

-1 . 5-1520/(T + 2735)

YL 219 x 107 Kz, (7.6b)
whoere [ois i telsitus degrees.  For T = 20°, t. = 142 KHz, and the point of
ntlection ot loo oovs, Jog £ is at {i = {1 + hI/K)l/J fg = 510 Kilz for S = 35.

TR e T
e

ihi=< siarks the location ot the knee in Figure 8. Below 100 Kilz, or so, the

i secomd tern tends ancreasingly to dominate equation (7.5) and one has
y

:;" “Naugol'mykh, K., Sov. Phys.-Acoustics, 5, 1954, p.r7y.
lj\;llﬂ.f‘(\l'n\‘Hl, K., Soluvan, S. 1., and Khokhlov, R. V., Sov. Phys.-Acoustics, 9,
' 105, p.o b2

L d 1 s -

Blackstock, DooT., JASA 536, 1961, p.2l.

. (IR . - 3

v Crichton and Scort, 19790 po 1S,

.' 20
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5
k = % + iw Tk r.7)
0
. ) 2 e 2 - .
since now Lwrs) = (f/ts) << 1. For T = 25°C and S = 35 again,

K7~ 25k,

In the linear regime, equation (6.3) is readily adapted to seca water
application, without finding the differential equation to which (7.5) corresponds.
In fact, one has simply, from linecarity,

+%
flo,1) = f g F (e T (7.8)

[}
jo 2]

where for 8(w) one inserts the imaginary part of k from equation (7.5). For the
nonlinear viscous casc, however, this procedure is too simple, and can not be
generally applicable 10

‘ Returning to the simple Burgers' equation, it is_fundamentally related to

L the linear diffusion equation because the equations,!’

L.

) JU 1 -1

_ Yo L 7.9)
B 2 uu (

3

-

% yu ) 2\ u

-~ T U - _ ~ J B K4 _v .’_

}: = ( 28 - U >.45 s {7.10)

comprise a Backlund transformation!® implying

TR

5
ju yu 37 -
-)'-;- + )——'L:‘ = 4§ ! 2 (‘ 11)
) -
N
1y o4 7U -
2L v T2l (7.12)
t X 0 b
X s

Equation (7.11) is Burgers' equation, of course, and its solutions are constructed
tfrom those ot equation (7.12) by means of cither of cquations (7.9) and (7.10).

1o

-

i . . . X} . (A .
Whitham, «. B., "lincar, Chapter 1,

Crighton and Scott 13, 1979,

18 . . . .
Ablowitz, Mark .J. and Segur, Harvey, sSolutions and the Inverse Scattering

Transform, (Philadelphia:STAM, 1981), Chapter <.
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The solitonic behaviour commonly observed in problems admitting this kind of
treatment is exemplified in a theorem applying to completely integrable systems:*"
it a solution of an initial value problem on -» <71 <+ « contains "solitons" then
as r ~ - the "solitons" remain 0(1). For acoustic transients, f = rp is 0 (r'l)
asvmptotically which is in between 0(1), which holds in the absence dissipation,
and O(exp - gr), which holds for pure-tone pulses undergoing linear dissipation.

Y
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CHAPTER 8

CONCLUSION

Lascr energy absorption in water produces experimentally observed ultra-
sonic transients, which arce predicted from acoustical theory to exhibit
"solitonic" propagation bchaviour at long ranges. Bevond a scale range ry, at
which viscous effects become comparable to nonlinear effects in governing the
propagation, the peak pressure falloff at first obeys a 1/r law, but cventually,
for r »>> r,, a second scale range, it goes over to a l/r2 taw. This result
agrees with that of a recent theoretical analysis of the asymptotic solution
to the acoustic Burgers' equation for spherical gcometry.2! Pressure transient
pulsc forms obey a diffusion equation in the linear regime, with r in the role
of the "time" and diffusion coefficient v = /.- for fresh water, where # is
the harmonic attenuation constant. When nonlinecarities are included, the
diffusion ecquation gives way to a Burgers' equation, which will apply for
T < T,o. When MgSO, relaxation in sea water is important, the propagation can be
determined for long ranges, r >> L from linear theory.

In the prescnt paper, I have examined the propagation of pulse-forms very
roughly representative of those scen experimentally, and described their
properties in detail for the linear regime, r > Ty» for fresh water.

“”('ri_;g,hton and Scott, 13, 19746,
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FIGURE 1. TYPICAL PRESSURE TRANSIENT PULSE-FORMS IN WATER INDUCED BY CO, LASER
ABSORPTION AT THE SURFACE
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FIGURE 3. PLOT OF F, (7). FOR C - 1 (EQUATION (5.1)), USED TO MODEL THE UPPER PULSE
SHOWN IN FIGURE 1
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. FOR CROSS-OVER to r~2 BEHAVIOR.)
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FIGURE 5. PEAK PRESSURE AS A FUNCTION OF r FROM EQUATION (5.7), USING A TYPICAL,

LOWER AMPLITUDE, FASTER PULSE (DARK CURVE) (THE UPPER CURVE SHOWS A
PORTION OF THE PLOT FROM FIGURE 4.)
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FIGURE 6. PLOTS OF —Hn(é)exp-1/2£2 FOR n = 3,5 (H, IS THE HERMITE POLYNOMIAL OF
ORDER n.)
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FIGURE 7. PULSE-FORM AT (' =1, = (2t1)218)(, FOR THE CASE f, (1) = —H_ (1/t;) EXP —T2/2t1. (THE
DASHED CURVES INDICATE THE ENVELOPE OF “CARRIER"’ OSCILLATION PEAKS
.. THAT WOULD BE PRESENT HAD THEY SURVIVED PROPAGATION.)
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FIGURE 8. SCHEMATIC PLOT OF THE SPECTRAL SOUND EXTINCTION COEFFICIENT 3 AS A
FUNCTION OF FREQUENCY f = w/2n FOR WATER (THE DASHED LINE SHOWS THE
FRESH WATER FORM ASSUMED IN THIS REPORT)
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APPENDIX A

”l%l—l‘lH‘Slf' PROPAGAT TON

- . . . - . - . D
lhe generating tunction tor llermite polynomials is

:. s0 the Fourier transtorm of f'on(r) {equation (6.9), with Cn = 1),

= LR T4
5 ~ ; R LA ot = A
- t()n( } -/jdtc lln(T/tl)c.\p< 1 /tl>, (A.2)

obeyvs

. f‘ ) .\ 1 - S 5
On( . n tot S 1 i I -
S e o (A.3)

n=0 -
b
5 oA\ ST+ Ztlu,is
= R tlo.\p(—‘_,tiu‘")‘ (N3
S o inll”(tl.;) .
= _‘"tlo.\q)(—‘; g “)Z T S (A3
n=0
A-1

R e St e e e e t e et et .
falala®atata aaa>sr'a’a'a’ale'a 8 a'aata & ata-adatatat o ao. - s
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by cquation (A1), whereupon,

(A0

~ _ .o N IR
t(\n("') \/_‘tll Hnttl.,)o.\p< “tl' >

bguation {A. o) verities the claim in Chapter 6, that f(m and 1ts Foarler transtorm
are the same functions. ~

o propagate f(m(f) I have to evaluate ecquation (6.3,

N
. o do —iot-0pa” F“‘ .n Soxnlotes - NG
tn(.p)‘») _[ e C - tll IlIlLtl_L)L?\I’( lt1\ . LA )

- This can be managed in the same way. We have
L
- ( ..non. o . 2,2
5 e~ (-1) st (p,T) Ot o—ur—rou SN H o(t,.)
x n 1 1 n o1 n 8
‘ T R e ET 118
n=0 ’ REH - n=0 .
i 2
y -

tl 2 N +(_‘Stl—i')A
:J_'".C—S / d.e e y AR
> -

where

tT o= tT o+ 2 (AL T
Froceeding, the right side ot cquation (AL9) is, with some re-arranging,
hl hl
t t 1 ‘]_3 i —,/t -
I 2 1 R s e, 1AL
TONpfesT v o llstl—xi) t I
p 2t '
I)
A=
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where
1. 1,
2 : 2 - 2kp \?
. 1 . 1
6= -1s —?--1 = -is{—
tO tl + 2¢p [, (A.12)
and
2 -k 1
Zt‘- “t.1 5
£ | —L -1 Lo (¢ C(xmy?)  ton. (A.13)
2 2 1 1
t t
P o

Combining the expansion of F(o,#) from equation (A.1) with equations (A.9) and
(A.11)-(A.13),

[+ . n 2 2 n/z
(-1) s f_(p,T) t -Lr /t ® . (- 1) s 2t
DR, L P pfsu
n! t 2
n=0 n=0 t
P
-1
ZtT ) tlT
H — -1 —1, (A 14)
n t2 t2
8 0
whence
n/2 -5
t 2t2 2t2 t. 1
o\t t. t
n 9] o
exp(-%rz/ti). (A.15)
For the general form, equation (6.8), one has then also
f(lv‘)T) = Z Cnfn(D,T)s (A' 16)

n:odd

A-3
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where fan,r) is given by equation (A.15). The first few odd order Hermite
polynominals are

H = 25 ,Hy = - 128 8e”,

H, = 1206 - 160£° + 3262, (A.17)
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