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FOREWORD

The long-range propagation of acoustic transients produced experimentally
from absorption of laser energy by water is examined theoretically. The linear
theory, which it-is argued, applies for ranges r '- r0 where viscosity effects will
dominate, results in a diffusion equation for the transient pulse form. The
solutions exhibit "solitonic" behavior, the linear 1/r peak pressure falloff law
going over eventually to a 1/r2 law rather than the much more severe exponential
law which applies to pure tone (harmonic) waves. The scale distance for the
cross-over to r- 2 behavior (fresh water), ri = 0.33 kin (2t )2, where 2t1 is the
transient pulse width (one-half the period) in psec, is predicted to be 14 meters
for CO2 laser induced pulses observed below threshold for vaporization. Above the
vaporization threshold by a modest amount, 2t, = lpsec and rj = 330 meters;
calculated pressure levels at 1.5 km in the r-2 region, are 40 db re: 1 v bar and
the pulse width has spread to 2.5 psec. Necessary generalizations are described
briefly for taking account of salinity in sea water, and of non-linear acoustic
effects.

Approved by:

IRA M. BLATSTEIN, Head

Radiation Division
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V" CHAPTER 1

INTRODUCT ION

Laser energy absorption in water results in the production of high frequency
pressure transients. This was observed experimentally, long ago,I,2 and is
expected theoretically. The mechanism of coupling depends upon the laser wave-
length, and the light intensity in the absorption region. CO2 -1aser light,
\ = 10.6 vim, is absorbed in a very thin surface layer whose thickness scale at the
lower end, set by Beer's law, is of order 10 vim. Illuminated -pot sizes are set
by beam quality and focussing geometry. Assuming direct thermal absorption by the
water, surface vaporization from 200C requires a local energy density
U0 = 2.63 KJ/cm

O (=629 cal/g). This corresponds to a laser energy threshold of
order 2.6 j in order to vaporize a 10 vm surface layer of 1 cm2 cross section.
In recent experiments at NSWC, using a 10 joule (rated) TEA multimode CO-, laser,
varying conditions have been examined, for energies ranging from about a tenth of
a joule up to 6 joules, and for spot sizes from 0.1 cm2 to a few cm2 . These input
conditions easily straddle the threshold energy density u0, and the induced
pressure pulse-form characteristics reflect a threshold effect. tHigher frequency
transients, 100 - 400 ns oscillations, have been observed for lower laser
intensities while lower frequency pulse-forms, 2 vis oscillations, are produced
from high laser intensities. The latter have somewhat larger peak pressures, and
for intermediate laser intensities both kinds of pulse are often present together;
these pulse-forms frequently show a high frequency, relatively low amplitude
"leader oscillation," followed by a somewhat stronger low frequency main pulse
osci lat ion.

Observed pulse-forms are broad-band, however, since only a single pressure
oscillation cycle, or two, of the main pulse bodies occur. (See Figure 1). Even
at rather close ranges the peak pressure amplitudes are generally not too high
t'or the application of linear acoustics (e.g., 25 bar at a distance 2 cm vertically
below the laser spot, in one instance. See below, Section 2, for acoustic
approximation criteria). At certain longer ranges, r > r0 say, where r is the
distance of a field observation point from the illuminated spot, and r is a scale-
length for assumed dominance of linear absorption over nonlinear effects (see below),

'H, I \Wimtl c' IA linear propagation and absorption of the pulses is expected. In
this report, I present the application of linear theory to pulse-form, or, in

I
(iromc, I.. I., Clark, N. .\. and Moeller, C. F., :\pplied Physics Letter, 4,
19 ,1 , p. 95

.aroime, I.. F.. Moeller, C. I. anid Clark, A. N., I. Applied Physics, 40,
S19w9, P. 1 162.

I= - 2 . - % i " 7 . , .Z 5 ... -Z - . , .- ' .2 -1 Z - . - . . 2 . - -.

. --- -' -' a - ,.,. -'.,-, - . ., - . .. .' . .- .. ..." " ° '-- - " " .. ] .- ,-' . .. _ . - . ..
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other words, wave packet, propagation and absorption at long ranges. The
predictions of linear theory alone, without need for invoking possible nonlinear
mechanisms, are qualitatively different from the case of a single frequency, or
pure tone (harmonic) pulse. In the latter case, the sound wave aplitude is
attenuated exponentially, with an extinction coefficient f proportional to the
square of the frequency, for high frequencies: = 2 , where =27f is in
radians/sec. But the radial falloff law for a wave packet turns out to be a much
less severe, power law. The reason is that the above harmonic exponential
attenuation law implies a diffusion equation for wave packet pulse-forms, with
radial distance in the role of "time"; that results in pressure pulses at long
ranges which are convolutions of short range forms with the corresponding Green
function. To determine the law of long-range propagation and absorption for wave
paket pulse-forms, it is necessary therefore merely to evaluate solutions to that
eq uat i on.

&2
The simple diffusion equation that results from B = KWi in linear acoustics

must be generalized if relaxation effects are also present, as in the case of sea
water for frequencies below 100 - 200 Kllz, or so. Calculations from that important
generalization are not given here.

The key assumption I have made is the dominance, asymptotically, of linear
dissipation over nonlinear advection. Pulse propagation including nonlinear
advection effects as well as viscous damping can be investigated to better
approximation with an acoustic Burgers' equation treatment. A recent study of

* this equation by Crighton and Scott- has yielded an asymptotic form in agreement
with that obtained herein. (See Eq. (4.8).) However, experiments readily yield
the pulse-forms for r-ro, which can supply initial data for linear analysis, and
further theoretical work is planned to model close-in regions, as well as to

- compute effects of relaxation mentioned earlier for sea water. Finally, of
* great importance also will be the very close-in coupling region of the first mm,
-" or so, because it is here that the dynamical arena for main pulse formation is

l ocat ed.

- The organi zation of the report is as follows. In Chapter 2, 1 review the
-- idealizations of acoustic theory and identify the scale length r0 for dominance

of' linear viscosity in pulse propagation, absorption and distortion. In Chapter 3,
I derive the diffusion equation for the pulse forms. In Chapter -1, I examine
general properties of the solution for the propagating pulses. In Chapter 5, 1
work out a representative model example exactly and display general features
derived in Chapter 4. In Chapter 6, 1 generalize to a complete class of examples,
illustrating again broad propagation features identified earlier in Chapter .1,
such as "Ire tone" rapid attenuation, and long-range power law peak pressure

" falloff (r-1 and r- 2) for wave packet pulse forms. In Chapter 7, I discuss
Sgeneralizations and extensions of the present work, including the "solitonic"

framework for understanding results of the earlier linear theory developments.
In Chapter 8, 1 conclude the report, and a mathematical appendix is attached at
the end. (See Appendix A.

Crig h ton, 1). G. , and Scott, . F. F., Phil. Trans. Roy Sot. (london) .\29 1, 19-')

- - - - - - ---". .- -' .. ,' -.. -.• -" - • '-* "- 2~. '-..-. .*~- - - - - - -
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CIIAPTER 2

REVIEW OF ACOUSTIC SCALES

'The acoustic approximation is that of linearized hydrodynamics, with the
fluid particle velocity v small in magnitude compared to the sound speed, defined
a S

c jp/ Do (2.1)

4
where it is assumed that the fluid particles undergo adiabatic processes. In
equation (2.1), c, p and s are particle pressure, density and specific entropy.
The Navier-Stokes equation is

t + ( ) V 1 Vp + vV v ,(2.2)

where v = p/p is the kinematic viscosity, with 0 - 4/3 n + ¢ the dynamic
viscosity, and n, the shear and bulk viscosities, respectively; for water,*

* = 0.045 cmI2/sec. Equation (2.2) neglects x,t dependence of p arising from that
of local pressure and temperature (T) through p = v(p,T). Finally, the flow is
assumed compressible, so that Vo v j 0, but irrotational, so that V x v = 0
implies existence of a velocity potential ,

v = v (2.3)

F.or sinai I density deviations o' = 0, from the ambient value -0' the

pressure difference, P = P - P0) from the corresponding ambient value p0 can be
computed from equation (2. 1) as

p" = cO  D , 2.,i)
0

41,andau, I.. 1. and L, i fshitz, F-. M. , FIluid Mechanics, (Readingi , MA:Addison-
" .'esev (Pergamon) , 1959) , Chapter S.

.\t 200 C.

L ..............................

" " " "."" " " "" ',' , -"" '' """ ' "% - '" '+ ,'' " "." " ' - '"" % """'' . " " "" " " "''
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where c 0 is the acoustic (linearized) sound speed. Equation (2.4) holds to good
approximation in the presence of irreversibility due to general viscous (and

I thermallv induced*) damping, except for the extreme high frequency case of acoustic
. over-damping, which can be safely, ignored.** Note that p' does not have to be
, small compared o in equation (2.4); only p'/p 0 << 1 is assumed, whence, from

equation (2.4), p / 0 C2 << 1. For water, p < 22.5 Kbar. A second relation,
" assuiin- also S"/O 1, viZ.

0

+ 0 V-p - (2.5)t P 0 0 0

follows from equations (2.2) and (2.3) if the nonlinear advection term
.TJv is ignored, and if p0 ' ID have vanishing gradients. The neglect of the

viscosity term in comparison to he dominant first and s: cond terms of
equation (2.5) is justified again in the absence of acoustic over-damping.**

The equation of continuity,

" + v v7 (2.6)+t v. Ye = - Q. v (26

again to the assumptions of small P' and v, becomes

-- - ve . (2.7)

The sound attenuation caused by thermal conduction can be included 4 by replacing

v in the expression for 3 (see below) by Veff = v + KTp 0 c2 (3/p c where for
water (AlP Handbook, 1972), the thermal conductivity 0 p

5 5.8 x io erg/cm - sec - K and the volume coefficient of thermal expansion
2.07 x 10- 4K- 1, both at 20'C, and where c is the specific heat at constant

pressure. The increase this causes is only 0P02%, i.e., 10- 5 cm2/sec over
--. 5 x 10- 2 cm2 /sec.

**¢ -1
This neglect corresponds to the condition >> , where T is the reduced
wavelength for a given Fourier component. Using the form

I -S 2 1 -1 k2v
C- O .1 v2 c- v, the condition becomes >> 7 v/c 0 90 A for

= 0.045 c-/sec. For comparison, at I ,ftz N = 1.5 nm, five orders of
magn itude greater than 90

4

, "....... %,.*............•.-..% ,,... -.......
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Combining equations (2.3), (2.4), (2.5), and (2.7), one gets

V -A - 0. (2.8)

The smallness condition on v can be made precise for solutions . obeying
equation (2.8). For outgoing spherical waves, r = f(t - r,'c 0 ) satisfies
equation (2.8), so that

S ip - 1 (i ) = "' + (2.9)

c t - r )r r (2-
c0  r r

For a pulse disturbance having scale-length -f, the last term is of order -'/r in
comparison to 'y/)r, and is negligible for sufficienty large i. Comb ining

equations (2.3), (2.5), and (2.9) one gets

Vr /c 0  - (2.10)

and the Condition On fluid particle speed becomes a/csc <<ou

'o include the simplest effects of damping, which is the purpose of the
present report, consider the relative magnitudes of the advection and viscous

_,;econd and fourth) terms in equation (2.2) . Trhese are of order

(v ) V - ,nonlinear term,

2,,

V /- ,viscous terms.

lhC ratio of the two is

nonlinear term ,v l
vi scti-, s ter - - Vrc( ~v ,0 (2.11)

,.' by equat ion (2. I0) , where .o c /,i' is the frequency corresponding to the time scale

1 1or the po lIse. The condition Mt the viscous term dominate is thus

P 2.iv 0
f  = U.283f(water). (2. 12)

... . -. .. . . . . ....... ...... . . . . . . .
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it fs i n MI1:, then 1" is in bars; f = 0.S Mtz gi ves 1) 1.12 mbar for water; in
thi s c.se, /rC,)" = 0. 7 x . Note here also that c 1.5 1m/1.s ives

3 = imu, so the neglect of '/ r in equat ion (2.9) is i usyi f i ed for r 3 m

The domin ant ideal acoustic terms in equation (2.2) are of order

tW/.v c p 0 first term,t
- " p/!, p'/ oT, third term.

bi

In relation to these, the nonlinear advection term is

nonlinear term v-/ v ( 1
acoustic t 0rms wv 2-"1

o, For a moderatelv st rong p - 22.5 bar, the nonlinear term is only
y22.5/22.5 x 10" ) = 10' times the dominant ideal acoustic terms.

Mhen it can be assumed the peak pressure disturbances do satisfy the
cond it ion for the acoust i C approxi mat ion, then (2. 12) identifies a scale di stance
t'( r vali 1 d tv o I a linear absorpt ion and propagat ion model , by the requ irement

1 hat thv peak pres sure di sturbances at r 0 satisfy

[. k r ) = 2rv ,f ,(2.14)
pk 0 0

Ihe t is ;a s(iti ta v chosen frequency scale value (Fourier component) for the
disturbance at r' = r For smaller values of r the propagation may be acoustic
to u.vood a pprto x ima tion, bt the viscoos damping deviations from "ideal" behavior
:Ymild be Icss then the nonlinear deviations. For r r , however, linear
damping shuI ld dominate the nonlinear effect tuil ess a se f-sustained equilibrium
o t visc and advection effects conspircs to yiel d a sustained Tlavlorlike shock.

I will xitttin e the propagation of pulses from r = r to lon ge r rangizes
* statin;: titat o11l v the viscous effects need be considere. ['he results Will be

• ccn to ,' "cc w1ith the t .Itttotic tor found by Crighton and Scott, - i,: their
- w . le11

, i iA I ,t t11 Icoost ic Ihurgers eqoat ion (see Sect ion herein).

* " *

S" : . ....-. .- - - - - -:.. .:. ,, . :_.... ..
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C11APTER 3

LINEAR ABSORPTION AND PROPAGATION (r >r )0

A dispersion relation can be derived for the linearized equations. Using
equation (2.4) to eliminate p', equations (2.2) and (2.7) when linearized are

1-2

+ V _ 2 = 0 (3.1)

+ t 1 2 , -o 0 (3.2)

Assumino a waveform exp i(k r -r wt),

2 + -1-* (3.3)
+ k)v + i 0 kp" = 0

ip c k-v - = 0 (3.4)

In the far field, kr >> 1, k = kr and v = vr, where r is a unit radial vector;
equations (3.3) and (5.4) become

(-i,,+vk )v+ip 1kp' = 0 (3.5)

9
)i,)c~kv-iwp = 0 (3.6)

which give the dispersion relation,

-iw+vk- ip k

det =0, (3.7)

i, ck -iW

having the solution

- l - (3.8)
C (

2
.+ - + i1KW (3.9)

2c c
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This dispersion relation implies a diffusion equation for travelling wave pulse

f o rms.

To derive this, notice first that p, v = v Yp,p' , at large r, all have the

* form r-f(t - r/c0 ); e.g.

-rf (t r kr>, (3.10)

for the case of no damping. (See equations (2.9) and (2.10).) The case K. 0

in equation (3.9) gives k = w/co, which implies the equation

af = 1 Df (3.11)
Dr c0 at

since it holds for every Fourier component; equation (3.11) is obeyed by
rp' = A f(t - 0/Co). For K A 0, equation (3.9) gives

af 1 f 2f

AD Dr 0o t 2!-+ (3. 12)

while the variable change (r, t)-(r', T'), where r' = r and t ' = t - r/c0 ,
so that

_ 1 (3.13)
Dr )r' c 0 t ' at 9t '3

:, gives

Sf fDr - 3-, (3. 14)

where I dropped the (formal) prime on r in the last line.

Equation (3.14) is a diffusion equation for the acoustic amplitude, with r in
the role of the "time" and with "spatial" variable T - t - r/c0 being the physical
time variable for the pulse form itself. Thus, asymptotically,

P 'A f (r,T) ( .15)

where f satisfies equation (3.14). Typically, r0 is already in the far-field, so
near-field "corrections" to equation (3.15) are physically' uninteresting.

Let f = f(rn,T ) f (T) be the pulse-form at r = r; the solution to the
initial value pr blem f 0= f for f(T,r), the pulse form at r >ro , is given from
equation (3. 14) to be 0

%-,

f(r,T) =(47TKp)'jd -rf(V)xp{(WT/ 4 (3o1)

8
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here. r - rO . In eva lUat iIg equation (3. 16) it is important to remember
that spherical Sound waves have zero impulse; this follows from equation (2.5),

I , _., ] d = (

10 check this, we can subst ituIte equations (3.15) and (3.10) into equation (3.17),

d A \r jd- '(TJ 4-'p) dx exp {- (r -/, 

_4-)I j duf )(3. 18)
A\ r I t "'f ) , "

S0 eqtltion (3. 17) will be met ift it is met at r, i.e., if

f[ dr'fo = 0 3.19)

o.)

. .-
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CHAPTER 4

GENERAL PROPERTIES OF TIlE SOLUTION

For pulse forms fo(T) having finite width T 0 , equation (3.16) implies another
scale length r > r defined by the condition that T equal the width of the
Gaussian propagator, which is 2 x (2Kp)1/2 i.e.,

r1 - r0  P (8K) -1 2 (4.1)

0 0

This can be written also as

1 -1

' - ro = 1 0 ' (4.2)

: - .1 ) - (4.3)

in .hich .. /2 is the pulse bandwidth. The three spatial regions, divided by

r arnd rl, are shown in Figurc 2.

,It r 1r, the Gaussian is narrow compared to f 0 r) and behaves like a
-t"lict 1,t in etiat ion (3. 10) if fo0(T) is smooth enough,

S 2xp - )/4 ) 2 1(- T), (4.4)

FI ,: " t'I-, << r 1 ,  (4.5)

Id , v jndin: t,1 no dis tol)rt ion. F rom equat ion (3 15)

I, t (I),  r << r 1  . (4.61

i ~i .:.: : . : : :.~ .::. :: : ::. ::'.:::.::: .. :-i:.:::::::::::::: ':;...::.:.." : :: :::::::::: :::::" : .:::-:] :i::: :,!:: )::-::::.1 0:.'.
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Miere r >> r , the (aussian is broad compared to fO' and may be expanded
about T 0. Now equation -3.10) ives

f 1 =, T 4fI/2 -d exp(-T / ,) -t i+0

F (4.7

neglecting h igher terms, and where 1 have made use aliso of the :ero- impulse
property, equat ion (3. 19) . Evaluating equation (4.7),2 d f e0 p T2A K -i/f

.- f(r,,:) = - Jdr T" tOC ) l i exp(-i'/4,:, ), r >> r, , 14.8)

d --

I _

|-[l . () .
which agre with the form found by Crighton and Scott. 'he two peaks of the
pulse are at =n (21)/, tor an overall width of 2(.. l,, i~hile the peak

amplitude is

ST'f(r,(2o) = 2 K ( 3/ p I r, >, r 1 (4.9)

7S 0

/.Froml equation (3.15?, taking o = r- r="r, one finds

.. p~ .2 idW f" d) r-. 2 >> rl 1 (..10)

P.-K

D0

hc so the very long range peak pressuresfal loff law is r-- The energy in the pulse

involves the integral T + I p - over all T, and, owing to the spreading of the
apacket in equation (4.8) ,oes like r-7/2

.Ii" f,.(r) were a p!ure harmonic, f = C sin a rz -, < + ', .~uld2 ) a= 0
Fe zero and eqat ions (4.1 5) woulta gver 1 ... In this case,
invo le is impossible. Although r << r 1 , accordingly, is well met, fthe

a does not act like a -funct and equation 4.. 6) , gpply

* either. Equation (3.16) can be evaluated exactly, and one gets

: i giton and Scott 13, 1979.
,I.

,o,.]11

,°

m,,,,,aU 'm' m~m~m~l m":-' 'J''° m " ' h' ."....n..............o..n..,........t...."..'.."..."..."....,.......-..""-......-......
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f(r,Tr) (47TP)1/2 dt' Csin wST - exp [(ST ) T2/4Kp

112o

(4 rKp)1/2 Im [Cexp iWs'r f dT" exp (isr" (4K.) T,,] (4.11)

= m Cexp (iW T - KUS)J = exp(- S ) f ( T ) , E - S

which is the correct pure tone attenuation law.

From a practical standpoint, to produce large values of r I in equation
(4.2), which gives sound levels like those in equation (4.6) for longer ranges,
equation (4.3) shows that what is needed is small pulse bandwidth Aw. Equation
(4.11) then suggests further that a "pure tone carrier" on the pulse will be
attenuated expotentially at a rate appropriate to its frequency.

I will exhibit these qualitative features explicitly in exactly soluble
cases in the next two sections.

12

*
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CIHAPTER 5

REPRESENTATIVE EXAMPLE

A convenient analytical model of the pulses observed at long ranges
experimentally* is (C < 0)

2 2
f(T) = CT exp(-T /2t1 ) , 

-- < T < + (5.1)

for which equation (3.16) can be evaluated exactly (see Figure 3). We have

C-T X -t 1~-
f(,-,T) =(4'-KQ) -1/2 L -C Tr ex I T 2V - T)]

2K"' { 3 / 2  
T 2/t + 2p

CTo(l + exp - T/t ( + (5.2)" t

The width of fO(u) is 2t1 , the distance between peaks at i = + t1 (2t is half the
period of the single-Sycle oscillation shown in Figure 1), so equation (4.1)
gives (SK)-l(2t = 12K, which conveniently represents (but somewhat
underesimates**) tAe radial distance for transition of the form in equation (5.2)
between short and long range limits. Evidently, equation (5.2) displays the
limiting behavior predicted in Chapter 4 for r << r, (equation (4.5)) and
r - rI (equation (4.8)). Over the intermediate ranges the pulse form (5.1) is
preserved here, and the pulse spreads, having width

'0 Tjr) = 2tj = 2 * +

At shorter ranges. the pulse looks like a sawtooth. See also Reference I.
*See helow, page 1b (eg. (5.8)).

4ri'-htori, 1). (., aLd Scott, .j. F., Phil. Trans. Roy. SoC., (London) A292,
" 13, 19..

'- 15
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The pulse bandwidth, Af = Aw/2r, is a function of p,

[-".Af =- 1/27T = C A1 + 2KO/t2 (5.4)

For one unfocussed beam condition, 2t, 0.2 psec, and peak pressures are

typically I bar at r -0.1m, vertically beneath the laser spot. For certain
focussed beam conditions, 2tlpl psec, while 1 bar peak pressures are seen around
r0.5m, again vertically beneath the spot. From equation (2.14) with
f - (LItl)- these values correspond to ro(unfoc.)-0.14m, and rO(foc.)- 3.5m.

To get r1 , take T 0 = 2t1 in equation (4.1) so that p, = tl/2K, anJ use
K 0.6 x 10- sec-/cm; this gives rI(unfoc.)o I = 8m and r1(fo.)zp I = 200m.
SuMMarizing, for the pulse in equation (5.1), linear theory predicts 1/'r peak
pressure falloff out to r1 , roughly, and /r 2 falloff at longer ranges beyond--
where r1 - Sm under unfocussed conditions, and r 1 - 200m under certain typical
focussed conditions.

Combining equations (3.15), (4.1) and (5.2) (with C = - 1), the expression of
the acoustic pressure is

P~r0 - 12 2

, A /exp [ 1 /t + p/p (5.5)

r(l + ; /13/2 1 + 1

where p6 is the peak pressure at r = r0. The peak pressure for r > r0 is

p6 r 0

PpK r(l + p/pl )  (5.7)

LJquation (5.7) is plotted in Figure 4 for the focussed beam example above:
r 3.5m, p = 142 mbar, p1 = 200m. The cross-over point, of the intersectionot r -1 and P0 ==169l;53m

r- 2 asymptotes, is at r- r P, 1.649 330m.

Since 1is proportional to t1  it can be extended considerably if t is

increased experimentally. Numerically,

r= Vee. = 0.33 km .(2tl) 2 , t 1 in ;isec. (5.8)

(iConversely, I can he reduced considerably by reducing t 1 experimentally.

1,4

] .ta~. ...- **~a WZ.t~ .S .. * - - -
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- This identifies the practical problems of (i) pulse forming in the very close in
, coupling region, at the spot, and (ii) what pulse forms might be best for

desired pressures at long range. In particular smaller period pulses can be
studied more conveniently experimentally due to the smaller scale required by pl•
Lquation (5.7) is plotted again in Figure 5 for the higher frequency, unfocussed
beam example above: r0 = 14 cm. = 7.4 mbar, and o1 = 8m. In this way, the
theoretical predictions of the asymptotic linear theory described in the present
report can be confronted.

r15

...................o

-. : . i - .. . .. . .. . . . .. .. . .. ..
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I

CHAPTE R 6

MORE GENERAL PULSE FORMS

The example equation (5.1) is a special case of a general (and mathematically
* complete) class, which I will display in this section, in part for possible later

utility. In preparation for this, consider again equation (3.16), but in the
frequency domain now f(p,T) is a convolution, so its Fourier transform is a
product. Lct

=. +o

f(p,T) f 2-TTm00

stand to define the Fourier transform conventions, as well as f(pw). Inverting
equation (3.16) gives immediately

2

f(r,w) fO(w)e -KPW (6.2)

which, by the way, constitutes a recovery of the harmonic exponential attenuation
law. Combining equations (6.1) and (6.2), we get another formula for f(pT),
equivalent to equation (3.16), and which can also be derived directly from the

"_ harmonic attenuation law by the superposition principle,

= 27r 0 (w) e 1utw(6. 3)

The zero-impulse condition, equation (3.19), requires, fina lIy,

f(6()-1

I or the example in the last sect ion, equat ion (5. 1) , one has

( 1 2t i - 3 xp - t 1  . (6.)

.- "-. . *. . +. .- .."
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kidenti, t& ) and Q. are exactly the same functional forms. This is a
'pprt, 9 a e d l y all the eigen-functions of the quantum mechanical harmonic
,c I I itor ow igE to the symmetry of the lamiltonian under interchange of position
:.! :..H ,eiitiim, \ z. of 1 = l/2(p- + x ). The eigen-functions are products of a

l:,,I ti5iaI Vifctor, CNIp - .AP in the present notation, and Hlermite
I,1n,,'iia ls, IN ( 0 ), m = 0, 1, ... It can be shown that the zero-inpulsc

*ir tion svIects the odd-parity oscillator eigen- iunctions, allowing only. .. qutions (.i and (6.5) are the lowest, m - 1, eigen-

I aiict I,,t[. In fact, Any moderately well-behaved function f ( ), tending to
. t ! + q i ciuntIv rapidly, and satisfving equations 0 . 19 , can be

t - c 11 -,/t exp ( -/t& ).,
n:,,dd

where, explicity,

c . ....... .. dI 1 e2p - -/t (6.7)6 0 it M (1/t J 1 I

I ,"r in. iv c,: ,qv nt, "Iermite-pulse" forms, having c 0, for all
t ., i . .

t11 II ex 1 7 ' t2L S

: un: enut ion I i .css s exactlv 1,2_ n1 + 1J cycles. For example, f"  (T)
IL C'it1 ontt , . 11 g oos through a single tfull oscillation cycle; for n = 3, the

i ",1t a olyno'1ia is An alternating cubic and f .(:) exhibits two oscillation
:elus , the Kaussian factor pulling the polvnomi lat? down toward zero at infinity.

Ihe cases n -.3 and 3 are shown in Figure o. The n = 5 case is not a bad
upiesenitati 'e of the lower curve in Figure 1: hut for large n, the curves will

t end t owa rds symmet rv about the mid-po int, where the peaks will be smallest, and
th se are rather "unlikely" individual shapes. Nevertheless, the large n curves
are pulse-carriers of increasing overall (pulse) width, of order 2nl/-t1 

s o they
Sa'rei useful for a brief propagation study here. (The carrier frequency is of
o rder 1/2eln + 1/2n/2t VY/.lt

S The propagated Ilermite-pulse forms, from equation (6.8), can be evaluated in
closed tfrn from equation (6.3). I do this in the .\pcndix; the result, equation

A(.15) with the constant c re-inserted, is

We, for instance, lugen erzhacher, Quantum Mcchan-ics, (New Uork:Sohn Wil ev 4
{,r> Inc., I lo,1 , pg. 56 et >q., fort properties of the oscillator ci cgn-functions.

17
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t 2 t T1!2 ( 2 11/2 t
It6.9)

f" ( I l 1 1) -- e- xp _'

(..2 )l/: (6. 10)

.11;itio t (. . ) for fnt ,T) reduces to fon T) for , = 0, and displays 1/2e(n + 1)
oscil litiol cyLles accordinglv For n - I the oscillations disappear completely
beyond = t t 2_,.since this is the value for which the common agrument of the

ISu e rootS in equa t ion 1 0. 9 changes sign. At = t12/ , we ha xe

n(i I ( /-t (6. 11)

where I haI e used 2ln() - n j + ) for large 2. Peak values of this
lulse-tom express Ion occur at ' = i-2n) 1/2t 1. Beyond , =t 1-/_212, the argument of
Iln is imaginary, and all the coefficients of the polynomial take the same sign
(after extracting a factor i.) See equations (A. 17).) So, all that is left of
the llermite-mplse is two endpoint transient-pulse oscillations; the n - 1) cycle
"llermite-carrier" center of the pulse is gone'. See Figure 7.

II

,0°
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CILXPT[R 7

GLNERALIZATION AVND XTINSIONS

The observation that acoustic pulses undergoing linear attenuation with an
extinction coefficient proportional to ,J- should obey a di fusion equation is not
new, and was made long ago by Landau and Lifshit:.

However, in the literature of subsequent acoustical theory, Burgers'
equat ion,

- 11

) I

has been used to represent combined nonlinear, and linear viscosity propagation
effects lO The advantage to this is that equation (7.1) can be solved exactly. 1 1
For one-dimensional geometry, Blackstock has derived*

IL -2 B ) :I (7.2)
-ix - c -x 1 -- = K -,

w where B/A is the nonlinearity parameter arising from the equation of state p =
p ( , s),

+ A,-l c + - Bo -+ 2 7

-1
and where u is the fluid particle velocity. As previously, i = t - c x
is the retarded time. Notice equation (7.2) reduces to equation
(S1.1) if the nonlinear term is dropped.

For spherical waves, a more complicated form taking into account additional
nonlineairity effects associated with spherica l spreading, and neglected in the

" ': fe,. l l rrnc e 3 , page 31)l.

Ihton llld Scott .13, 19)
* I ,

Al. , _Fi n _ar ari N n _ (_i". 11ar-\.Cs, ,\c (%cl, o rT . 1o Ioh i I c' Sml<. ilc.
I) I') , (Thapter. 1.

I 1hC, most ru;i(lahl c s(nr'cr , with 1 p i lir r rcnrs'h, i, Bever, S l,\Nolll i fle'l"

1)

". " Jl"L-iil.;} J --'. .- -. i-' i .i.i -i'i[ i" -". " i .L .~ l .I.-..} .. ..- .-.. .. ,i . --
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In ilvsis I have ,iven, was also dcri ved by \ ,,I "n'kh md C I 12 13ind 1 b
S ilckstock. I. Start ing from

r2 ',u 1 - B 'u J" U7 4
-- I U - c U K (7.4

from which again equation (3.14) for f = ru follows if the nonlinear term is
dropped, a modified Burgers' equation was derived for the qLmmtitY t% = U
log r/ro, where r 0 is a "source radius," and where the independent variable r is
replaced by a "stretched coordinate," proportional to log r/r 0 . In the modified
form, in equation (7.1) is replaced by a function of r, and the resulting
"Burgers' equation" has not been solved exactly.15

These generalizations can be undertaken for the present problem, but the
extension to the more general form of l (w), to take account of the knees
-tssociated with onset of chemical relaxation, of MnSO4 disasso ciation and
recombination primarily, in sea water is also of interest. See Figure 8. The
dispersion relation equation (3.9) is replaced by

k - - + i - +171.- 5)

0 1 + (,.'T1I T

, e a re laxat ion t ime , and is proportional to the sal inityV S;

S 0. o1 ' ( .ua)

I) \ o B ma, erst gnts, and S in ppt; in 1 q . (7 51, also, P is the arabi ent
:.. ,. :Iid • - I .t, x IV-T bar) -

1
. In addition, is temperature dependent

S

' IS/19 1T + 2731 KIlz,

iht I is in (~is ius Ie, rees . For T = 200, f 142 KIZ, and the point of
6r 1 c t i [I I . s . I 1' t is at fi = )I * /. 1/4 fs =  510 KU: for S = 55.

ill I a k. thK loC:it i01n Of the knee in Fi gure S. Below 100 KHIz, or so, the
, . t '1 ! t cld; inc r:;s iny I Y to domin i ate equat ion 1 . ) and one I has

-:. 1' n K . , Soy I'hvs. -Acolistics, 5, 1959, p.79 .

ma ,. l' n\blh. K., Solm 'aim, S. 1., and Khokhlox', R. V., So'. lhv s.-.\roistics 9,
1 . I , p. 12.
l. l:C" I~ k ,, , I). I ., .1 \S\ , 3(1 , 1I 9 ,.1 P .21-.

mm 1"1 i ni)l ,mmmd Sv'nlt , 979, P. 1 3.

• " : " " • " . .-. - . . .: :. :. ._ .-. . .... : : . .-: :-:: :. . -. . . - - - -
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- . . 2
k (74-l KI.7)

since now (WT s~ (f/f S 1. For T 25 0 C and S =35 again,
25K.S

In the linear regime, equation (6.3) is readily adapted to sea twater
application, without finding thle differential equation to which (7.5) cor-responds.
In fact, one has simply, from i mean ty

fdw T0 (w eiw(W) (7p

where for (w) one inserts the imaginary part of k f rom equat ionl (7. 5) . For thle
nonlinear viscous caise, however, this procedure is too simple, :rnd can not be
generally appl1i cab l,. 16

Returning to the simple Burgers' equation, it is fundamentally related to
* the linear diffusion equation because the equations,1 7

J U I _ 5I uU (7.9)

)T 2

26 ' U (3 '. K10)
)xT /46

comprise a BacklUnd tranlsformat ion 18inplyin~',

)u+ Uu _

)x

Lquat ion 7. 11) i Sugr BUO e-quCilat ion, Of cour-se, and i ts so lut i ons are const rutcted
trom11 thlose Ot qu1at io Ml 12) hv. me1anls of ei ther- of equat ions (79) and ).10)

Fr~ligihtol ald Scot t .1

17 ~hitha I, .B.,' I. fe , Chapter, 1.

low t , arkI. nlSegill, Iar ,So] ut ions anId the Invter-se Scatter il"
* Tranis tun, Pi d h a:I.18), Chapter ;
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The solitonic behaviour commonly observed in problems admitting this kind of
trvatmeint is exemplified in a theorem applying to completely' integrable systems:I.
if a solution of an initial value problem on - < T < + - contains "solitons" then
is r -, the "solitons" remain 0(1). For acoustic transients, f = rp is 0 (r 1)

asvmptoticallv which is in between 0(1), which holds in the absence dissipation,
and O(exp - r), which holds for pure-tone pulses undergoing linear dissipation.

\hloi tandSCtI~r, ,'solut ions," Chapter S, P.-68

-; : 2:
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CtlAPTLR 8

CONC IlS I ON

Laser energy absorption in water produces experimentally observed ultra-
sonic transients, which are predicted from acoustical theory to exhibit
"solitonic" propagation behaviour at long ranges. Beyond a scale range ro, at
which viscous effects become comparable to nonlinear effects in governing the
propagation, the peak pressure falloff at first obeys a 1/r law, but eventually,
for r >> r1  a second scale range, it goes over to a 1/r2 law. This result
agrees wit that of a recent theoretical analysis of the asymptotic solution
to the acoustic Burgers' equation for spherical geometry.20 Pressure transient
pulse forms obey a diffusion equation in the linear regime, with r in the role
of the "time" and diffusion coefficient r / = for fresh water, where , is
the harmonic attenuation constant. When nonlinearities are included, the
diffusion equation gives way to a Burgers' equation, which will apply for
r < r . When MgSO., relaxation in sea water is important, the propagation can be

*determined for long ranges, r >> ro, from linear theory.

In the present paper, I have examined the propagation of pulse-forms very
roughly representative of those seen experimentally, and described their

*. properties in detail for the linear regime, r > ro, for fresh water.

( rJiht On Ind Scott, 1., 13 >:

r-~ , -. -...- .., .: -" _' , .o -' ': ' ' ' '' , . ."i - " :""": "''. , : .' -.; -..-- .. . . : - ' ,- : ',q '''
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p'

p'

FIGURE 1. TYPICAL PRESSURE TRANSIENT PULSE-FORMS IN WATER INDUCED BY CO2 LASER
ABSORPTION AT THE SURFACE

24
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f (T)

+1 T/t

FIGURE 3. PLOT OF F0 (T), FOR C -1 (EQUATION (5.1)), USED TO MODEL THE UPPER PULSE
SHOWN IN FIGURE 1

4.
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1000 120

100- - 100

\ r

10- 80

\ \

E

\
1- 60

0.1- lEXP 40/-= 6.4M

0.01 ro r1 (2 .5 MHz) 120

0.1 1 10 100
METERS

FIGURE 4. PEAK PRESSURE AS A FUNCTION OF r FROM EQUATION (5.7), FOR REPRESENTATIVE
OBSERVED PULSE PARAMETER VALUES (DARK CURVE) (r1 IS THE SCALE LENGTH
FOR CROSSOVER to r 2 BEHAVIOR.)

27
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100 100

r-2

10 80

AI

1 \ 60

E 0

0.1 40

0.01 EX 6M20

0.0011 r0 1000 ~z r 1(0. 1 MHz) 1 0
10 10 100010.000

METERS

FIGURE 5. PEAK PRESSURE AS A FUNCTION OF r FROM EQUATION (5.7). USING A TYPICAL.
LOWER AMPLITUDE. FASTER PULSE (DARK CURVE) (THE UPPER CURVE SHOWS A
PORTION OF THE PLOT FROM FIGURE 4.)

28
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fo

T/t1

f

T/t1

FIGURE 6. PLOTS OF -H,(4)exp-1/242 FOR n 3,5 (H,, IS THE HERMITE POLYNOMIAL OF
ORDER n.)

29
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fn

+(2n)1 12 t I

FIGURE 7. PULSE-FORM AT r 1 (2t1 )2/8K. FOR THE CASE fo (T)= H, (T/tl) EXP T 
2 /2t,. (THE

DASHED CURVES INDICATE THE ENVELOPE OF "CARRIER" OSCILLATION PEAKS
THAT WOULD BE PRESENT HAD THEY SURVIVED PROPAGATION.)

30
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10 100 1000 10,000

f (KHz)

FIGURE 8. SCHEMATIC PLOT OF THE SPECTRAL SOUND EXTINCTION COEFFICIENT fiAS A
FUNCTION OF FREQUENCY f = col2n FOR WATER (THE DASHED LINE SHOWS THE
FRESH WATER FORM ASSUMED IN THIS REPORT)

31
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APPENDIX A\

'I P USE'IROPAGAI ON

[Ec~cni-t iigtLnTCt iOn for' 11lernitO I)0I11 lja is i-s

eH t (A)2

1) e) vs

Oi 11 ~ A3

- fT t L(I C' ()A.

tt I ~ eI S, 12

t~ ~~ A 1X s(
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h\ 'ul~til I 0 . I whe eIcon0l

Oil t Il t.C'Xp Q't2 o).I

!i'lu;lt ion (IA. 0) verc I' Ii es t he CI a im il i C haptrt o ' that f an;11d i t S rO i CrI t rInA11S t') I'M

T Ia ) OfagaIte f ( Ihave to. e1"Iluate equation (0. 3
Oil

f ~ 11(.,c 72 1 1' t . c XI) 2tl (A

14
TIh is can be managed inl the same way. We have

t -t

t +' t + (2s;t-

til hi dit i' fc u tio A 9 c,,w t o e i-- ra -

t . I I1
j x 1 -,t I

tt
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where

2"(= 1 - =- 2

: \= 2
Kp , (A. 12)

and

-a tl IT ( 4 2) 1
2 2-- t1  -(2Kp) t IT. (A.13)

I tt

Combining the expansion of F(o, ) from equation (A.1) with equations (A.9) and
(A. 11) - (A. 13),

(-) nT) t1  (-insn t

L e nP
nn t n t2

n=O 
n=O

11n 2t2- - tlT-]  (A.14)

whence

t--22 l n / 2  [22 )- tt2

f (p1T) = - I--I- 1 n

n2 tr\2 (A 15)t

exp(-22 /t2  (A.15)

For the general form, equation (6.8), one has then also

f(L,) n Cfn n ( P
T)

'  (A.16)
n : odd

p-7
I .- .A-..3 .
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K where f ( ',T) is given by equation (A.15). [he first few odd order Flermite,
polynonhnals are

III = 2 1i1 3 12 8+

11 = 12O01 160F, + 32t (A. 17)

A -4
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