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ITERATIVE AND PADE SOLUTIONS FOR THE

WATER-WAVE DISPERSION RELATION

PART I: INTRODUCTION

1. In linear water-wave theory, the dispersion relation

2
w = gk tanh kh (1)

describes the relationship between wave frequency w = 2n/T and wave number

k = 2n/L for gravity waves on water depth h where g is the gravitational

acceleration, T the wave period, and L the wavelength. It has been shown

(Mei 1983) that for a given w and h Equation 1 has a pair of real roots,

k = ±k , representing the propagating wave mode and an infinite number ofo

discrete imaginary roots, k = ±ian (n = 1,2,...,-) , representing the eva-

nescent wave mode. The terms k and a are real and i = FI . The prop-

agating wave mode represents progressive waves, while the evanescent wave mode

represents local disturbances or standing waves which decay out in the far

field. The latter is particularly important in the study of wave-structure

interaction which involves measurement or calculation in the near field, such

as wave forces on a structure, flow field and free surface elevation near a

structure, wave maker design, etc. Since there is no exact explicit solution

of Equation 1 for k , the wave number is usually obtained by an iterative

method. Hunt (1979) derived an approximate solution for the propagating wave

mode k by the Pad4 approximation. Hunt's solution was given also in a0

Coastal Engineering Technical Note (CETN) (US Army Engineer Waterways Experi-

ment Station, Coastal Engineering Research Center 1982) which is currently

being revised. The approximate solution is very accurate, even in the short

wave range. In this study a Pade' solution for the evanescent wave mode an

is also developed. Additionally, comparisons of accuracy and central pro-

cessing unit (CPU) time for the iterative and Pade' solutions are presented

as well as FORTRAN subroutines for calculating wave number by both schemes.
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PART II: APPROXIMATE SOLUTIONS OF THE DISPERSION RELATION

Propagating Wave Mode

2. Equation I is rewritten in the following form:

y = kh tanh kh (2)

where a = w2h/g . Then a pair of real roots ±k exists as solutions of

Equation I. The solutions can be represented graphically as the intersection

points of the two curves, y = kh and y = o/tanh kh , as shown in Figure 1.

V

y 

-

kh

ykh
I vxaY = anh

a T

.ko
h  

Iko

h  

k

Figure . Real roots of the dispersion 
relation

Iterative approximation

3. An iterative algorithm for calculating k is easily established byo
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using Equation 2 and following the dashed arrow lines to the intersection

point as illustrated in Figure 1. A FORTRAN subroutine, PKITER, for calcu-

lating k using the iterative approximation is provided in Appendix A.

Padi approximation

4. By employing the Pad6 scheme, Hunt (1979) obtained an approximate

solution for Equation 1 in the form of the following rational function:

1 + d m a

5. The first nine values of d are: dI = 0.66667 d = 0.35550
m 1.2

d3 = 0.16084 , d4  0.06320 , d5 = 0.02174 , d = 0.00654 , d7 = 0.00171

d8 = 0.00039 , 9 = 0.00011 . A FORTRAN subroutine, PKPADE, for calculating k0

using the Padi approximation is provided in Appendix A.

6. Calculated results of k for various values of a by the itera-

tive scheme with the truncation errors of 10-8 and 10=6 and the Padg scheme

with M = 6 (six terms) and M = 9 (nine terms) are given in Table 1. It

Table 1

Comparison of the Results of the Iterative and Pad6

Approximations for the Propagating Wave Modes

Calculation k h Relative
Technique a k Error

PKPA6* 0.001 3.16280480E-02 1.58E-07
PKPA9* 3.16280480E-02 1.58E-07
PKIT6** 3.16275484E-02 -1.56E-05
PKIT8** 3.16280430E-02 0.00

PKPA6 0.010 1.00166971E-01 2.99E-08
PKPA9 1.00166971E-01 2.99E-08
PKIT6 1.00167469E-01 5.OOE-06
PKIT8 1.00166968E-01 0.00

(Continued)

* PKPA6 and PKPA9 are the Pad6 solutioLs of M = 6 and M= 9, respectively._6
** PKIT6 and PKIT8 are the iterative solutions with truncation errors of 10

and 10 8 , respectively. The values of PKIT8 are used as reference values
for calculating the relative errors.
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Table 1 (Concluded)

Calculation khRelative
Technique 0 Error

PP60002247E0 1 -3.10E-08

PKPA6 .5 2.25487360E-01 -3.10E-08

PKIT6 2.25487841E-01 2. 10E-06

PKIT8 2.25487367E-01 0.00

PKPA6 0.100 3.21595936E-01 8.40E-08

PKPA9 3.21595936E-01 8.40E-08

PKIT6 3.21596366E-01 1 .42E-06

PKIT8 3.21595909E-01 0.00

PKPA6 0.500 7.71706799E-01 5.81E-06

PKPA9 7. 71704463E-01 2. 78E-06

PKIT6 7.71702707E-01 5.07E-07

PKIT8 7.71702316E-01 0.00

PKPA6 1.000 1.19985791E+00 1.49E-04

PKPA9 1. 19968005E+00 1. 18E-06

PKIT6 1. 19967884E+00 1.67E-07

PKIT8 1. 19967864E+00 0.00

PKPA6 2.000 2.06858341E+00 1.57E-03

PKPA9 2. 06522702E+00 -5. 38E-05

PKIT6 2. 06533819E+00 2. 42E-08

PKIT8 2.06533814E+00 0.00

PKPA6 3.000 3.01938365E+00 1.63E-03

PKPA9 3. 01459484E+I00 3. 72D-05

PKIT6 3. 01448277E+00 -3. 32E-09

PKIT8 3.01448278E+00 0.00

PKPA6 3.500 3.51050861E+00 1.20E-03

PKPA9 3 .50657600E4-00 7. 62E-05

PKIT6 3.50630882E+00 0.00

PKIT8 3.50630882E+00 0.00

PKPA6 4.000 4.00588653E+00 8.04E-04

PKPA9 4. 00298773E+00 7. 93E-05

PKIT6 4. 00267030E+I00 0.00

PKIT8 4.00267030D+00 0.00

PKPA6 5.000 5.00205761E+00 3.21E-04

PKPA9 5. 00067224E+00 4. 37E-05

PKIT6 5.00045361E+00 0.00

PKIT8 5.00045361E+00 0.00

PKPA6 6.000 6.00082146E+00 1.25E-04

PKPA9 6.00017538+00 1. 69E-05

PKIT6 6.00007372E+00 0.00

PKIT8 6.00007372E+00 0.00

6
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indicates that the Pads solutions of M 6 and M = 9 are within accuracies

of 0.1 percent and 0.01 percent, respectively, in comparison with the itera-

tive solutions with truncation error of 10 Besides the convenience of an

explicit form, the Padg solution in Equation 3 also saves CPU time. For cal-

culating the twelve values of a , the amount of CPU time saved is shown below:

PKPA6* PKPA9 PKIT6 PKIT8

less than
0.0012 0.0012 0.9302 0.9998

Time in seconds.

Evanescent Wave Mode

7. In Equation 1 there are imaginary roots k = ii where U is real.

Inserting this expression for k into Equation 1 leads to the following

equation:

2w -ga tan ah (4)

8. The real roots of Equation 4 correspond to the imaginary roots of

Equation 1. Equation 4 can be rewritten as

y -h = tan ah (5)

where a = (w 2h)/g as before.

9. These roots are the intersection points of the curves y = -a/h and

y = tan ah . Since tan crh has an infinite number of branches, there is an

infinite number of discrete roots, a = ± (n = 1,2, ... ,) , as shownn

graphically in Figure 2.

Iterative approximation

10. An iterative algorithm for calculating a n is established by using

Equation 5 and following the dashed arrow lines to the intersection point as

illustrated in Figure 2. A FORTRAN subroutine, EKITER, for calculating an

using the iterative approximation is provided in Appendix A. Calculated re-

sults of a (n = 1,2,...,10) with truncation errors of 10- 8 and 10- 4 are
n

given in Tables 2 and 3, respectively.
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A 7 '; 7 %T2 7V -' 7 .( 7 7 7 -(:" -K - 7 r7
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0 0 h cth a 7h3

Figure 2. Imaginary roots of the dispersion relation

Pad6 approximation

11. For brevity, Equation 4 can be rewritten as

o = -x tan x (6)

where x = ah In order to take appropriate account of the multiplicity of

roots, let

x nn - x' - < x'< 0 and n = 1,2,...,- (7)S 2 -

Substituting Equation 7 into Equation 6 gives

a = (nt - x') tan x' (8)

From Equation 8, we have

x' as a + 0 (9a)
nnl

x' as o" 4 OD (9b)

2
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12. Therefore, for convenience the following rational function for

approximation is chosen:

x- 1 (10)

1 + E' b m

13. Note that Equation 10 is by no means the only form for the approxi-

mate solution of Equation 8, as one can readily understand from the Padg ap-

proximation (Baker 1975 and Bender and Orszag 1978). Expanding the functions

of Equation 8 and Equation 10 into a series and matching the coefficients as

in the Pad6 approximation, we obtain the following values of b (m = 1,2,3,m
4,5):

b1  b2  b3  b4  b5

n = 1 0.20264 0.06159 0.01395 0.00182 -0.00065

n = 2 0.10132 0.01283 0.00083 -0.00003 -0.00001

n = 3 0.06755 0.00532 0.00017 -0.00001 0.0

n = 4 0.05066 0.00289 0.00006 0.0 0.0

n = 5 0.04053 0.00181 0.00003 0.0 0.0

n = 6 0.03377 0.00124 0.00001 0.0 0.0

n = 7 0.02895 0.00090 0.00001 0.0 0.0

n = 8 0.02533 0.00068 0.00001 0.0 0.0

n = 9 0.02252 0.00054 0.0 0.0 0.0

n = 10 0.02026 0.00043 0.0 0.0 0.0

and the solution of the evanescent wave number is

,a h = nl - - (11)
n1 2y( 1+4 2b n)am

~m=l

14. We should note that computational experiments in this study indi-

cate that an increase in M (such as M = 6, 7, 8, 9, or 10) does not improve

accuracy in the short wave range at a = 4 , 5 , and 6 . Therefore, we choose

M= 5 in the calculations. A FORTRAN subroutine, EKPADE, for calculating

a for n up to 10 using Equation 11 is provided in Appendix A. Calculated

11
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II
results of a (n = 1,2,...,10) are given in Table 4.

15. Comparisons of accuracy of the results in Tables 2, 3, and 4 are

shown in Table 5. It indicates that the Padg solution in Equation 11 gives an

approximation with maximum error of 1.5 percent at a = 6 in comparison with

the iterative solution with a truncation error of 10-8 . The error becomes

* smaller as a becomes smaller. We should note that the large value of a

corresponds to short waves; for example, T is about 3 - 1 sec for

a = 4 - 6 , at water depth h = 10 m . In this short wave range, most

engineering applications are relatively insignificant. The CPU time savings

is about threefold or sixfold that of the iterative solutions, depending on

the truncation errors accepted. The CPU time (in seconds) for calculating

the ten modes (M = 1,2,...,10) of the twelve values of a is shown below:

EKIT 4* EKIT 8* EKPA**

0.03662 0.07324 0.01221

-.-, * EKIT8 and EKIT4 stand for the iterativ

solutione with truncation errors of 10-

and 10- , respectively. The values of
EKIT8 are used as reference values for
calculating the relative errors.

** EKPA stands for the solution of Equation
11.

16. All calculations were conducted on a Control Data Cyber 170 Model

760 computer. Without loss of generality, the water depth h was taken to

be 1.0 in the calculations.

12
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Table 5

Comparisons of Accuracy of the Iterative and

Padi Approximations for the Evanescent

Wave Mode

Relative Error

a EKIT4 EKIT8 EKPA

0.001 0 0 3.2E-09

0.010 1.3E-07 0 6.7E-08

0.050 3.2E-09 0 1.3E-08

0.100 1.3E-08 0 1.5E-07

0.500 4.8E-07 0 6.4E-06

1.000 2.OE-06 0 7.8E-05

2.000 1.4E-05 0 -5.1E-04

3.000 7.9E-06 0 -5.7E-03

3.500 7.3E-06 0 -8.8E-03

4.000 5.6E-06 0 -1.1E-02

5.000 1.5E-05 0 -7.OE-03

6.000 7.7E-06 0 1.5E-02
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9PART III: CONCLUSION

17. The Padg solutions of the dispersion relation in Equation I, given

by Equations 3 and 11, are rational functions which are preferable for handy

calculation. Their accuracies--being within 0.1 percent for Equation 3 and

1.5 percent for Equation 11--and CPU time savings--being tremendous for Equa-

tion 3 and at least threefold for Equation 11--should enhance wave-

scattering calculations in most engineering applications. Four FORTRAN sub-

routines calculating wave numbers for the propagating and evanescent wave modes

by iterative and Pade schemes are documented in Appendix A.

1
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APPENDIX A: LISTING OF SUBROUTINES

1, In this appendix, the following FORTRAN subroutines for calculating

wave number are documented:

a. PKITER: calculating the propagating wave mode by the iterative
approximation.

b. PKPADE: calculating the propagating wave mode by the Pads
approximation in Equation 3 with M = 9

c. EKITER: calculating the evanescent wave mode by the iterative
approximation.

d. EKPADE: calculating the evanescent wave mode, n = 1 to 10, by
the Padg approximation in Equation 11 with M = 5

2. In the subroutines, the inputs are as follows: OMGG is w 2/g ; H is
th

water depth h ; TOLR is truncation error; N is the n evanescent wave

mode; and PI = n = 3.141592654. The outputs are PK , the propagating wave

number k , and EK , the evanescent wave number ao n

3. The listing of the FORTRAN programs is as follows:

SUBRLDUTINE PKITER(OMGG,H,PK,TOLR)C
C OMGG=OMGA**2iGp H=WATER DEPTH, PK=WAVE NO.

Y=OMGG*HXJ=Y

10 XI.=X,I
XJ=Y,/TANH(XI)
IF!ABSfXI-XJ).CT.TOLR) GOTO 10
PKH=XJ
PK=PKH, H
RETURN
END
SUBROUTINE PKFA'E(OMGG,HFK)

C
C OMGG=GMGA*2/'G, H=WATER DEPTH, PK=WAVE NO.C

Y=OMGG-H
XX=Y*(Y+I./(I.+Y*(0.66667+Y*(0.35550+Y*(0.16084+Y*(0.06320+Y*
I (0.02174+Y*(0.00654+Y*(O.00171+Y*(0.0O039+Y*O.00011)))))))))
X=SQRT(XX)
FK=X/H
RETURN
END
SUBROUTINE EKITER(OMGG,H,EKNPITOLR)

C OMGG=OMGA**2/G, H=WATER DEPTH, EK=EVANESCENT WAVE NO., N=NTH MODE.

Y=OMGG*H
XJ=FLOAT(N)*PI
DX=X,J

10 XI=XJ
XJ-4TAN(-YiXI)+DX
IF(ABStXI-XJ).GT.TOLR*XJ) GOTO 10
EKH=XJ
EKzEKH/H
kE IUFN

END

Al



SUBROUTINE EIKPADE(OMGGPHPEt(,NPPI)

C OMGG=OMGA**2/G, H=WATER DEPTH, EK=EVAHESCENT WAVE NO.? N=NTH MODE.

DIMENSION B(5910)
DATA E/O20264,O,06159,O.01395,O,00182,-O,00065,O, iO132tO 9.012839
1 O.00083,-O.00003,-0OOOO1,O.06755,O.00532,O.OOO179-COOOOOO,0
2 O.05066,O,00289.00006,OOOOOO04053,O,00181,O,00003,O.OO.o,
3 O.03377,O,00124,O.OOOO1,OOO.OO,02895,O,00090,OOOOO1,OOOO,
4 O.O2533YO.OOO68PO.0OOO1,O.OO.OO.O2252,O.OOO54,O.OO.OO.O,
5 0.02026YO.0004390.O0-O.0./
P12=Pf'/2.
Y=OtlGG*H
ENH=FLOAT(N )'*F'
EKH=EKH-FPI2*(1.-1./(l.+Y*(B(1,N)+Y*(B(2,N)+Y*(B(3,N)+Y*(B(4,N)+

EK=EKH/H4
RETURN
END
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