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INTRODUCTION

The elastic-plastic stress—strain relations for a rod have been derived
by T. Wright (ref 1), and the differential equations of the rod itself have
been cast into variational form. The variational principle using bilinear
functional and adjoint formulation has served as a basis to determine
numerical solutions by the finite element method. This principle has now been
extended to coupling systems such as in the impact dynamics. The present
hyperbolic type partial differential equation has two dependent and two
indepenﬁent variables, with coupling in the spatial domain. This new
formulation is also ready to be used for the coupled impact problem which is

given in the Appendix of this report.

THE VARIATIONAL PRINCIPLE
A dynamical system can be modeled by the matrix vector partial
differential equation.

L(2) y(&) = -Q(%) (1
with appropriate boundary and initial conditions. In the above equation, L is
a matrix linear operator in both spatial and temporal domain, y is a vector
dependent variable, Q is a vector forcing function, and  represents all
independent variables, both spatial and temporal.

The inner product < > of an adjoint forecing function 5 and the solution
(y(%)) of Eq. (1) can be used for the purpose of estimation. This inner

product 1is <Q,y>.

1Wright, Thomas, W., “"Nonlinear Waves in Rods,” Technical Report
ARBRL-TR-02324, U.S. Army Ballistic Research Laboratory, Aberdeen, MD 21005,
May 1981.



An accurate estimation can be made by constructing a variational

principle (refs 2-5). By using the adjoint variable y as a Lagrange
multiplier for Eq. (1) and adding to <Q,y>, we have
TLE] = Qy> + G,(QLY)> = Q¥ + T, + <,Lyd (2)
To keep the system symmetrical, let us define the adjoint system as
L(E)Y(E) = Q&) (3)
By using the original variable y as a Lagrange multiplier for Eq. (3) .and
adding to <Q,y>, we have
T21ys7] = Q9> + <3, (@Ly)> = Q3> + <5, + <Ly %)
The relationship of the adjoint system to the original system is
D £ <;,Ly> - <y,£;> = Dg (5)
where D is the bilinear concomitant (ref 2). Combining Eqs. (2), (4), and (5)
one obtains

J1 = Jg + Dg (6a)

In order to keep the functional symmetrical, we have

Il >
N

Ji [J1 + J2 + D¢l (6b)

2Stacey, Weston, M., Jr., Variational Methods in Nuclear Reactor Physics,
Academic Press, 1974.

3Shen, C. N. and Wu, Julian J., "A New Variational Method for Initial Value
Problems, Using Piecewise Hermite Polynomial Spline Functions,” ARO Report
81-3, Proceedings of the 1981 Army Numerical Analysis and Computers
Conference, 1981.

4Shen, C. N., "Variational Principle for Gun Dynamics With Adjoint Variable
Formulation,” Proceedings of the Third US Army Symposium on Gun Dynamics,
Volume II, May 1982, p. IV-108.

5Shen, C. N., "On the Extremum of Bilinear Functional for Hyperbolic Type
Partial Differential Equations,” ARDC Technical Report ARLCB-TR-84008, Benet
Weapons Laboratory, Watervliet, NY, April 1984.




which is of the form

— - 1 - 1 - De
J1 = LQ,y> + <y, + 3 <y,Ly> + A <y,Ly> + > (6c)
Similarly,
- - 1 - 1 - De
Jy = KQ,y> + {y,Q®> + E {y,Ly> + E {y,Ly> - -E (6d)

INTEGRAL OF BILINEAR EXPRESSION
The integral of a bilinear expression for a two-dimensional problem
having a system of second order partial derivatives in time and in space can
be written as
Xp bp - )
L=/ | 9yx,t),y(x,t)]dedx (M)
X0 to

where Q[y,y] is a given bilinear expression in the form
Q[y,y] = yeT8ye = YxlAyx = YIBy + y [Ty + yThyy (8)
The subscripts t and x indicate the partial derivatives for the functions y

and y. The matrices A, B, and P are diagonal and I and N are off-diagonal.

I~ I | I I I
| 12 0 | | b2 0o | | p12 0 |
A= | | , B =] | , and P = | | (9)
] 0 azz I ] 0 bzz | | 0 pzz |
| _ | _ | _
I I I~ T I~ 7l |~
| 0 Y1 | | 0 n | | w | - lwl
T = } } , N = } l , y=1 1 andy=1_1 (0
Yo O n 0 | | u | | u |
I _ I I | [

Equation (8) can be integrated by parts. Two different forms of
integration and end conditions are given. The first form of the integral is

obtained by integrating by parts on the adjoint variable.



I, = - II{YTBYtt = YTAYxx + yTpy + yIPy, - yTNyX}dtdx

+ [ yTByedx - | yTAygedt + [ yTPydt (11)
which gives

1, = [[ - w(bZpupp-ag DiggtP1 St Yiuyg npug)dtdx

+ ff = u(bzzutt-azzuxx+P22u+Y2w2-n2wX)dxdt

Xb - L tb
+ [ [wby&w + ubZu] dx +
X0 to
Xp - Xp tb - - Xp
[ [wayZw, + uagZuy] dt + [ [wypu + uygw] de (12)
Xo X0 to X5
- Xp = ’ - tb
I, = <y,Ly> + / [blzwwt + bzzuut] dx
X0 to
ty - - Xp tb - - Xp
- [ [ayZwwy + agZuuy] de + [ [vqwu + Yauw] dt (13)
to X0 to X0

On the other hand, we can perform integration on the original variable to give

Iy = -/ [{yTByee - yTAygx + yTPy = yTITyy + yINTy, Jardx

[yTBydx - [yTay dt + [yTNTydt (14)

which gives

o= ff(-w)(blzwtt-alzwxx+p1zw-quX+n2uX)dtdx
+ 1 (~0) (b1 Zuppmag Pugytpy 2u= Y)Wyt mwy)dtdx
Xb t

+ [ [wbyZwetubyZu,]
%o t

b tb - - %p tb - - Xp
dx - [ [wayZituaZuy] dt + [ [wngu + umw] de (15)
o to Xo to Xo

= Xb = - tb tb - - Xp
I, = ~<y,Ly> + [ [byZww, + bpPuug] dx - [ [ap &y + apZuu,] dt +
Xo to to Xo
tb = - Xp
+ [ [ngwu + muw]  dt (16)
to X




x

To keep the form symmetrical, we take the average of the previous two

expressions
- : 1P L Grynipats
I==-1I,4=-1,=-~ - (yLyt+yLy)dtdx +
2 27 2P i e, 2
E -y LR N, Fu N OO, S, ¥
+ f(yTByt+yTByt)|t dx - E f(y Ay ty Ayx)|x dt + E f(y Py+y Niy)dt (17)
[o] (o]
which gives
1 - 1 - 1 *p orE - = - by
I =-=Ly,Ly> - = <Ly,Ly> + = f [by “(wwitwwe) + by (uugtuup) ]  dx
2 2 2 "x4 to
1 % e - I - Xp
- = [ lap Awwtwwy) + by X(uugtuuy)] dt
2" &5 Xo
I, IEp - - %
+ - [ [(y1tm)wu + (yo+m)uw] dt (18)
2 "igg s
where
|~ —l - - |
| L1; L2 | - Ly Lyo |
L = | [ 5 =Y = - | (19)
| L1 Laa | | Lp1 Loz |
| | | |
- 32 32 . 32 32
Ly = Iy = b® oo+ p1” - a® =3, Lpp = Loz = b2 ==5 + pa? - ag? ——3 (20)
- 3 - 3
Lig = Lyjg = = —— L1 = Loy = —- 21
12 12 w2l 21 = (21)

It is noted that we have used the following relationship in obtaining Eq.
(21)
MM ~=-Yr=1 and n - v3 = ~1 (22)
by comparing Eqs. (10), (21), and the last equation in the Appendix.
For a spatial and temporal partial system, Eq. (5) becomes
Xp ty Xp thp —-

p=f | ;Lydtdx - [ [ yLydtdx (23)
X0 to Xo tg



By equating Eqs. (11) and (14) and solving for D in Eq. (23), we are
converting the double integral into single integrals in terms of the boundary
conditions.

We can express the quantity D, as the sum of three parts for end

conditions D;, Dy, and D3 as

D, = Dy + Dy + Dj3 (24)

The terms in Dy involve the initial conditions of y and y as

Xp - ty
Dy = [ (yTByt-yTByy)|  dx
X0 to
P e B g,o | = o b
= [ [by%(wwe-wwp) + by %(uug-uup)] dx (25)
Xo to

The terms in Dy involve the boundary conditions from the second partials

of vy and y as

tb = - = Xp
Dy = —f (yTAyx—yTAyx)l dt
to Xq

t = = - - b's
b 5 5 b

= = [ [a) ¥(wwe—wwy) + agZ(uug-uuy)]  dt (26)
to Xo

The terms in D3 involve the boundary conditions from the coupling terms.

tp - - th - - %p
D3 = [ (yTry-yINTy)dt = [ = [(yp=m)wu + (Y-mp)uw] dt (27)
to to Xo

THE SYMMETRICAL ADJOINT SYSTEM
The adjoint independent variable T in Figure 1 can be expressed as
T = T t -ty

= | (28)
T~ To tp = Lo




2o ng,;'t\:éo) X=X, . &
Ii\‘; tb- L’[(X/ :?-:fb)
N r \
/'t j(z}@:/{o}- g(zl’é\ztl’)
%A Y+ (=, t=t, ""j{-(x/é:fb)
/’E=t5 %(7(/ %‘:h)
%:to 3 (I, :6\ =j:o)
f%:’z'o i: k gv( '% ) %sz :—Xl\
£t g (x, E=ty)

30{2:’@)— Yy (x, £ =£,)
gt (x,E=t)= ~Yelx, e

Figure 1. Image Reflection of the Adjoint System.
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which gives

T= T for t = t, (29a)
and
T=1T, for t =ty (29b)
It is noted from Eq. (28) that -
T = To = Tp ~ to (30a)
T=Tp+tg -t (30Db)
dt = —=dt (30¢)
d d
_— = - (304)
dt dt
and
y(x,t) = y(x, T = Tptty—t) (30e)
Let us assume that the adjoint system shown in Figure 1 gives
y(x,t=t) = y(x,t=tptty-t) (31la)
ye(x,t=t) = -ye(x, t=tpytty=t) (31b)
Yx(x,t=t) = yx(x,t=tprty-t) (31c)

A

" where t is a dummy variable for t.

We may define the adjoint system as the image reflection in the time
domain of the original system. Equation (31) yields the following known
initial conditions:

y(x,t=tp) = y(x,t=ty) (known) (32a)
yelx,t=tp) = -ye(x,t=tgy) (known) (32b)
The interpretation of the above equations gives the initial conditions of the

original system as the far end conditions for the adjoint system, since the

adjoint system is a reflected mirror of the original system in time.




INITIAL CONDITIONS FOR THE ADJOINT SYSTEM

We take a symmetrical approach for the initial conditions of the adjoint

system as
Y taty) = y(x,t=te) > Fe(x,t-tp) = -ye(x,t=to) (33)
;(x:t=to) = Y(x’t-tb) ’ ;t(x’t-to) = -Yt(x’t'tb) (34)
where y and ; are given in Eq. (10). Thus Eq. (25) becomes
Xp
Dy = | by2dx{[w(x,t=ty)we(x,t=tp) + w(x,t=tp)we(x,t=ty)]
X0
- [W(x,t=tp)we(x,t=ty) + w(x,t=ty)we(x,t=ty)]}
Xp
+ [ bp2dx{[ulx,t=ty)up(x,t=ty) + u(x,t=ty)ug(x,t=ty)]
X0
- [u(x,t=tp)ue(x,t=ty) + u(x,t=ty)up(x,t=ty)]} =0 (35)

Since the integrand of Eq. (35) is zero, the above satisfies Eq. (25).

‘ THE GENERALIZED BOUNDARY CONDITIONS
Let us consider the operator L in Eqs. (19) through (21). It is assumed
that elastic springs are installed at the ends such that
Yx(xpyt) = Kpy(xpst) x(xp,t) = Kpy(xp,t) (362)
Tx(Kort) = Ko¥(Xo,t) » ¥x(kost) = Koy(xo,t) (36b)
where Ky, K, are diagonal matrices. If Eq. (36) is substituted into Eq. (26),

we have
Dp =0 (37)

Since Dy = Dy = 0, Eq. (24) becomes D3 as given in Eq. (27)

De = D3 (38)



CONDITIONS FOR THE COUPLING TERMS

The sum of the functionals J; + I is obtained by adding Eqs. (6¢c) and ‘ )
(18) as
Xy th - =
b b 1
Jy+ 1+ [ [ (QytyQ)dxdt + T+ B + V + = D3 (39)
Xy to 2
where
1 *b B B SO b
T = = [ [by X(wgwtwew) + by “(ugutucu)]  dx (40)
2 Xo t
[o]
1 B S gl == Fb
B =-- [ [a]%(wgwtugw) + ag“(ugutugu)] dt (41)
2 "ty Xo
1 - - %p
V== [ [(yptm)uw + (Yam)wu] ~dt (42)
2 "tg X0
and ty = - Xp
D3 = = [ [(yp=m)uw + (Yg-np)wu] dt (43)
to X9

From the last two equations, one obtains

1 th - - %
V+=D3= [ [(Yuwrygwu)] dt (44)
2 to Xgo
We can let Eq. (44) vanish by choosing
g, = 7p = 0 (45)
which gives
1
V+§D3=O (46)
From Eq. (22) one obtains
m=1+y=1 (46a)

10




Thus, the functional for the original variables and adjoint variations becomes
Jp = -1 +<Q,y> +<Q,y> + T + B (47)
The sum of the two functionals Jo + I is obtained by adding Eqs. (6d) and (18)
as
X t - - 1
b b
Jo+I=[ [ (Qu+tyQdxdt + T + B + V - = D3 (48)
Xy to 2

where T, B, V, and (1/2)D3 are given in Eqs. (40) through (43). By

subtracting (1/2)D3 from V we have

t - - X
1 b b
V-=D3-= f [(npuw+nowu) ] dt (49)
2 Eo Xo
In this case we let
n=n=290 (50)
Then from Eq. (22) one obtains
Y1 =-l+mn=-1 (51)
Tp=1+m=1 (52)

Thus, the functional for the adjoint variables and original variations becomes
Jog = =I +<Q,y> +<Q,y> + T+ W (53)

which gives the same form as Jj shown in Eq. (47).

THE FIRST VARIATION
By taking the variations Sy and Oy separately, we let
8J = 8J(8y) + 8Jo(dy) = 0+ 0 (54)

Then one obtains from Eqs. (40), (41), and (47) that

§J1(8y) = -8I(8y) + [/ Qby dxdt + ST(Sy) + 8B(dy) = 0 (55)
where
- Xh = - - = ty
ST(8y) = = [ [by%(we Swrudu,) + b22(ut5u+u5ut)]t dx (56)
X0 o

11



1 % an 'y 5 A S o= D
SB(8y) = - E ft [a1 (wx6w+w6wk) + aj (ux6u+u6ux)]x dt (57)
o o

and -8I(8y) can be derived from Eq. (18) with v} = Y3 = 0Oand np =ny =1

- Xp tp - -
—81(8y) = = [ {[bpZedwe - pLAwdw = aj g Suy] +
X0 o
[bzzutﬁaé - pp2uéu - azzux5;x] + [uy Sw-vy 6u] Jdedx (58)

The second term on the right side of Eq. (54) is

835(8y) = =81(8y) + [[ QSy dxdt + ST(8y) + 8B(Sy) = 0 (59)
where

X} = = . - tb

§T(Sy) = = | [by2(wdwptwe w) + byp2(udugtuedu)] — dx (60)
2 "x4 to

1 th - - 4= - Xp
§B(8y) = - = [ [ay 2(whugtuy dw) + ap?(udugtuydu)]  dt (61)

to X0

and 6I(8y) can be derived from Eq. (18) with m; = np = 0 and -y1 = Y2 = 1.

Xy tp = - .
~8I(6y) = - | [ {[byZwedw - pp2wdw — ay ey dwg] +
X0 bo
[bo2urSup = pp2udu - apZuyduy] + [~wydu + uy dw] Mdedx (62)

The adjoint equation has the same form of the original equation by dropping
and adding the bars simultaneously on every variable.

Equations (55) through (58) are the key equations to be used for the
finite element method. It is noted that the first variation 8J1(38y) is the
‘same as the first variation 8J(dy) by adding or dropping the bar on top of
the variables and their variations. We do not need to solve for the adjoint
system in Eqs. (39) through (41) since these give exactly the same solutions

as the ones of the original system.

12




CONCLUSIONS

The functional in bilinear matrix vector form is symmetrical about the
original variables and the adjoint variables. The Euler-Lagrange equations
for the coupling systems are derived using the fundamental lemma of the
calculus of variations. By integrating the bilinear matrix vector expression
by parts, one can obtain the bilinear concomitant in terms of initial and
boundary terms. The adjoint system can be arranged in a manner that it is a
reflected mirror of the original system in time. Thus the initial conditions
for the bilinear concomitant become zero. Generalized boundary conditions
using many types of "springs” relating the various spatial partial derivatives
can be defined to satisfy the boundaries of the concomitant. Algorithms are
developed for use in the finite element method by taking the first variations
of the functional. These algorithms are simplified because the adjoint system

gives exactly the same solutions as those of the original system.

13
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APPENDIX
The wave equation in rods derived by T. W. Wright (ref A-1) is given as

the following system:

2 c?
Wgg + =————u = 5w (A-1a)
&g A2 u & c12 S
5 tu 4 A c? (a-1b)
u - [ ~——u+ -wg]l = ——5u A-1b
£E . i g ey 2 TT
which can be transformed to
(X+2u M2u
——— W = T W -u, =0 A-2a
T ol xx) x ( )
c? H 2( &) . )
Wy + (== ==5 v = 7= uygy ¥ —7——= u) = A-2Db
P P A ) (A=2b)

With appropriate group of parameters, we have the following form:

blzwtt = alzwxx e P12w - Uy 0 . (A-3a)

Wy t+ b22‘1tt = a22uxx e p22u

0 (A-3b)
The above system of equations can be expressed by a matrix vector form of

equations as

I R
| L1y Ligl lwil | 0] :
| L =1 | (A-4)
Ly Lyl lul O]
| e W B
where
32 32 3
Ly; = bj2 =——5 - aj;2 =—— + p; 2 Lig = - — A-5
11 17 302 19527 e° o, L2 ., (A-5)

A_IWright, Thomas W., "Nonlinear Waves in Rods,” Technical Report
ARBRL-TR-02324, U.S. Army Ballistic Research Laboratory, Aberdeen, MD
21005, May 1981.

15



2 2
L = 3_ d L =b 2 .E.)__ - 2 3_.. + 2 (A-6
2, e and L2 2 \Ba 821 32 T P2 )

which can be written as Eq. (1) in the text.
The notations for the wave equation in rods are:
w = axial displacement
u = radial strain
£ = z/a = nondimensional axial coordinates
T = ct/a = nondimensional time

a = elastic stored energy per unit length

c1 = Y(M2u)/p = longitudinal wave speed

cy Yu/p = shear wave speed
A and u are Lame” constants

The above system of equations was first developed in different form by

Mindlin and Herrmann (ref A-2) and can be grouped into a single equation as:

32 2 §2 92 o2 2 Mu cp? 82 o2 (2
[(==5 = ==3 ===)(==3 = =3 ==3) = 8§ —= ==5 (<=5 = ==3 ==3)](w or u) = 0
3E2 12 912 9E2  cp2 a2 b o2 (agz cp2 Cbz)]( 1)

(A-7)

A'zMi.ndlin, R. D. and Herrmann, G., "A One-Dimensional Theory of Compressional
Waves in an Elastic Rod,” Proceedings of the First U.S. National Congress
of Applied Mechaniecs, 1950, pp. 187-191.
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THE PENTAGON
WASHINGTON, D.C. 20315
COMMANDER
DEFENSE TECHNICAL INFO CENTER
ATTN: DTIC-DDA
CAMERON STATION
ALEXANDRIA, VA 22314
COMMANDER
US ARMY MAT DEV & READ COMD
ATTN: DRCDE-SG
5001 EISENHOWER AVE
ALEXANDRIA, VA 22333
COMMANDER
ARMAMENT RES-& DEV CTR
US ARMY AMCCOM
ATIN: SMCAR-LC
SMCAR-LCE
SMCAR-LCM (BLDG 321)
SMCAR-LCS
SMCAR-LCU
SMCAR-LCW
SMCAR-SCM-0 (PLASTICS TECH
EVAL CTR,
BLDG. 351N)
SMCAR-TSS (STINFO)

DOVER, NJ 07801

DIRECTOR

BALLISTICS RESEARCH LABORATORY
ATTN: AMXBR-TSB-S (STINFO)
ABERDEEN PROVING GROUND, MD 21005

MATERIEL SYSTEMS ANALYSIS ACTV
ATTN: DRXSY-MP
ABERDEEN PROVING GROUND, MD 21005

NO. OF

COPIES

12

N el el

COMMANDER

US ARMY AMCCOM

ATTN: SMCAR-ESP-L
ROCK ISLAND, IL 61299

COMMANDER

ROCK ISLAND ARSENAL

ATTN: SMCRI-ENM (MAT SCI DIV)
ROCK ISLAND, IL 61299

DIRECTOR

US ARMY INDUSTRIAL BASE ENG ACTV

ATTN: DRXIB-M
ROCK ISLAND, IL 61299

COMMANDER

US ARMY TANK-AUTMV R&D COMD
ATTN: TECH LIB - DRSTA-TSL
WARREN, MI 48090

COMMANDER

US ARMY TANK-AUTMV COMD
ATTN: DRSTA-RC

WARREN, MI 48090

COMMANDER

US MILITARY ACADEMY

ATTN: CHMN, MECH ENGR DEPT
WEST POINT, NY 10996

US ARMY MISSILE COMD
REDSTONE SCIENTIFIC INFO CTR

NO. OF

COPIES

ATTN: DOCUMENTS SECT, BLDG. 4484

REDSTONE ARSENAL, AL 35898

COMMANDER

US ARMY FGN SCIENCE & TECH CIR
ATTN: DRXST-SD

220 7TH STREET, N.E.
CHARLOTTESVILLE, VA 22901

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH AND DEVELOPMENT CENTER,
US ARMY AMCCOM, ATTN: BENET WEAPONS LABORATORY, SMCAR-LCB-TL,
WATERVLIET, NY 12189, OF ANY ADDRESS CHANGES.




TECHNICAL REPORT EXTERNAL DISTRIBUTION LIST (CONT'D)

NO. OF
COPIES

COMMANDER

US ARMY MATERIALS & MECHANICS
RESEARCH CENTER

ATTN: TECH LIB - DRXMR-PL

WATERTOWN, MA 01272

COMMANDER

US ARMY RESEARCH OFFICE
ATTN: CHIEF, IPO

Pe6ly BOX L2201

RESEARCH TRIANGLE PARK, NC 27709

COMMANDER

US ARMY HARRY DIAMOND LAB
ATTN: TECH LIB

2800 POWDER MILL ROAD

DIRECTOR
US NAVAL RESEARCH LAB
ATTN: DIR, MECH DIV
CODE 26-27, (DOC LIB)
WASHINGTON, D.C. 20375

COMMANDER
AIR FORCE ARMAMENT LABORATORY
ATTN: AFATL/DLJ
AFATL/DLJG
EGLIN AFB, FL 32542

METALS & CERAMICS INFO CTR
BATTELLE COLUMBUS LAB

505 KING AVENUE

COLUMBUS, OH 43201

ADELPHIA, MD 20783

COMMANDER

NAVAL SURFACE WEAPONS CTR

ATTN: TECHNICAL LIBRARY 1
CODE X212

DAHLGREN, VA 22448

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH AND DEVELOPMENT CENTER,
US ARMY AMCCOM, ATTN: BENET WEAPONS LABORATORY, SMCAR-LCB-TL,
WATERVLIET, NY 12189, OF ANY ADDRESS CHANGES.

NO. OF

COPIES



