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Hui flu

Abstract

Consider parametric LP:

sets AY+e0(-d 0 + ~) > b

where M is a positive definite (not necessarily symmetric) matrix,

K >0, ; isa parameter, ;cS -N> : ex - 0*

For each fixed e S, we can solve (1) and it's dual problem and get

optimal 0 ,Y , , The question is, is there a ; S such that

after solving the corresponding LP and normalizing the dual price -x , it

turns out that it /eig - ;? In this paper, we are going to show that

under certain conditions, such a ; does exist.

The economic interpretation of the above model will be given at the

end of the paper.
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Notation:

min (0, 0, ... , 0, -1) f y

(P;): (j [K

Y >0, 0 >0

which Is equivalent to:

AY +0(-d 0+ I-) b

0 < Y < K, 0 > 0

The corresponding dual problem Is:

max (0, %) [1

set*

(Di: (,:) [A .. ~+ ~ ] <(0, 0, es, , 1)

a > 0, W > 0
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which is equivalent to:

ax -vK + %b

Sot.
:xA < a

0
%(-d + ) < -I

S > 0, a > 0

Let F(PS) and F(Dx) denote the feasible regions of (PF) and (01)

respectively. S N (w > 0 : ex 1).

Definition. Let D c Rn , U c Rm , a point to set map f : D+ P(U) is

k -k kupper hemicontinuous at i c D if for all x * x and y C f(xk)

such that y k + , we have ; e f(i). If f is upper heaicontinuous

at all x c D, f is called upper hemicontinuous.

Lemma 1. If (Y : AY>b, 0< Y < K)' $ and for allc c S, do- > 0,

then for any ; e S, (P) and (Di) have optimal solutions.

Proof. From the assumption we know there exists Y ( (Y : AT > b,

0 < Y < K), therefore

-1, 010 [Y 1 o, (Y [-KI
0 0

-d o +

which implies that for any i a S, (IA) is feasible.
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On the other hand, we know that (x > 0: A x > b) is bounded if and

only if {x > 0 :Ax > 0) - {0}.

-1 00

(Y>0: [-d k >01

=0[Y] > 0 • a (0)
4(-dO 

+ N) e >0

therefore for each 4 c S, F(A) is bounded, therefore for all e S.

(P) and (D;) have optimal solutions. Q.E.D.

Now define a point to set mapping f: For all ; c S,

f(;) - (S1 : (a, X) is optimal solution of (D;))

Under the assumption of Lemma 1, f is well defined on S, i.e., for

all ; C S, f(;) 0 #, and furthermore, f(;) is a convex set (that is

because f(%) is the projection of a convex set into a lower dimension).

Normalizing f, we get another point to set mapping f: for all

s • S : 1(6) - {-/ex: % C f6)}.

It is easy to see that under the assumption of Lemma 1, for all

e S, f(s) 0 #, and f(s) is a convex subset of S.

Using these definitions, our question becomes: is there a fixed point

of 1?

Theorem I. If for all ; e S, d -l > a > 0 and (Y : AY > b,

0 < Y < K) then there exists e •S such that c 16).

3



Proof. First we prove f Is upper hemicontinuous and then use this to

prove F is upper hemicontinuous; finally we apply the famous Kakutani

fixed point theorem to show the existence of fixed point of f

For all :e S, i - 1, 2, ... and + for all -m f ('M

and it* + we show that -x cf()

By our definition of f, for all ig f(19 ), there exists 0*1

such that (a~ , 's* ) is an optimal solution of (Dx '). From strong

duality theorem of linear programing, there exists (Yi , e * ), an

optimal solution of (Ax ), such that

SiI
b -aK - 0 1

Sinc (Y *I *i 0 AJ S i

Sic Y is feasible for (P% a, (d ft.R < AY -h,
0 Ai -

I - 1, 2, ... and by assumption, d M xm > d > 0 i 1, 2, ..

0 < Y < K, we conclude that 19 * , i - 1, 2, ... } is bounded. Combine

this with (1), we know (a *i - 1, 2, ... ) is bounded. Since K > 0,

a *1> 0, this implies (a *I, i - 1, 2, ...) is bounded. Therefore there

exists a subsequence a* i converges to a*. Without loss of generality,

assume a *+a then from (1), weknowthat B0 *1 O 0and

mb-aK-- (2)

Since (a *i 1 is feasible for ( I wehae i *A<a*i

*.i(- 0 + j ^I *I *
m (- + ) -I, - > 0,a > 0. Letting i we get xA < a

m(-d 0+ kx^).< -1, % > 0, a > 0, i.e., (a , % ) is feasible for

0Ai). Similarily, we can assume Y * Y *and (Y , 0 is feasible

44
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for (Ai). Because (2) holds, by weak duality theorem of linear program-

ming, (Y * 9 * ) Is an optimal solution of (PA), and (a , % ) is an

optimal solution of (]A), therefore, % c f(;), f is upper hemicontin-

4 uous.

Next, we prove f io upper hemicontinuous.

Fo l c S, I - 1, 2, ... and + %-i, for all /i ex ) e(g 1)

*i / 1and (x eX)+4-xby assumption(Y : AY >b, 0 < Y< K) we

know 0* > 0, 1 - 1, 2, ... , therefore by complement slackness,

4*1 0 Aj ^
'x (d -mpg) 1, i - 1, 2, * .Since we assume di - M% > d > 0,

I - 1, 2, ... , we know (w , 1, 2, ... ) is bounded. Without loss of

generality, assume: + i then

11 /eli + 1u/emz,-x i-e;-%Z

Since we have already shown that f is upper hemicontinuous, we know

i- eiu0: e f(Si), but ex* - 1, therefore nc Y(;), therefore,f

is upper hemicontinuous.

'Under the assumption of Theorem 1, the assumption of Lemuma 1 still

holds, so for all % e S, f(;) is a nonempty convex subset of S, and

we have proved fIs upper hemicontinuous, therefore by Kakutani Fixed

Point Theorem, fhas a fixed point. Q.E.D.

Next we weaken the assumption of Theorem 1, and prove the existance of

a fixed point of ?1.

Theorem 2. If (Y : AY > b, 0 < Y < K) I ,and for all C c ,

do - MNk > 0, Ido - Mi'U > e > 0, then there exists a ; c S such that

5
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Proof. Since the assumption of Lemma 1 still holds, we know that for all

c c S, f(49) 1 * and f(;) is a convex subset of S. The proof of

upper hemicontinuity of f is similar to the proof in Theorem 1, so we

leave it out. We now show that f is upper hemicontinuous implies

is upper hemicontinuous.

Aj i A *I *j A

For all e ( S, i - 1,2,... and 19 * K, for all (NiIe: ) C(i)

and ( /ex )+ it

Case 1. If there exists a subsequence n*iJ + k%* where k c (0, i),

* A
from the upper hemicontinuity of f, we know kx c f(g), but

It - Icw/(ke-K) c f(;), therefore in this case f is upper heml-

continuous.

Case 2. If for all k e (0, 4.), there does not exists iIJ + kx ,

then there exists a subsequence x*iJ, j m 1, 2, ... , such that

ex*iJ 4,. Without lose of generality, assume eu + 4-. Since

xi b - a K a * 0 still holds, (9* , i - 1, 2, ...} still bounded.

Dividing the above equality by e * I , (*i b/en* i ) - (* K/exi )
ci c * i *i

-- (* /ex *). Letting i + -, w have i*b - lim i-(a K/ew )* 0.

Letting i - (o* /e*), {I i - 1, 2, ...) is bounded. Without loss

of generality, assume C * , then C _> 0 and limi (a K/c : ) - C*K.

*. 1 *1 *j 0 + Aj *
Dividing % A < o and it (-d +Y ) < -1 by es and letting

i + M, we get x*A < C, x*(-do + N) 10. Because u 0 and

(-do + A6) < 0, there exists k > 0, such that ki (-d0 + MX) < -1,

kx A < kC, k > 0 kC 2 0, kx b - k.K - 0. This means (kC, k) is

6
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feasible for (DA). On the other hand, (Y : AY > b, 0< Y <K) 0, so

there exists Y , such that (Y , 0) is feasible for (Pi). Because

kx b - ke "K - 0, by weak duality theorem, (k&, kx*) is an optimal

solution of (D x) and (Y , 0) is an optimal solution of (P%), therefore

kx c f(u), it= [kn*/e(k*)j c f(n), i.e., f is upper hemicontin-

uous. By Kakutani Fixed Point Theorem, f has a fixed point. Q.E.D.

Economic Interpretation:

Let A be the technology matrix of an economy and Y > 0 the level

T
of production, Y - (YIP Y2 ' "..' Y) . The net production available for

consumption is AY. Let 9. be vector of capacities available ;o that

Y < K. Consumption is a vector b + Od where b is the fixed part, e

is a scalar, and d is the variable part that depends on relative

prices. We assume, at fixed relative prices, the economy acts so as to

maximize 9,

max

S.t.
AY - (b + Od) > 0

0 <Y <K

We assume the variable demand d depends on relative prices %. Thus

if 1 - x, let us suppose d - -(1/ei^) M, where H is positive definite

but not necessarily symmetric matrix.

We play a little game. We guess values for n, compute d, solve

the LP and determine optimal 8 , Y , a , . Next we form (normalized

%) /en and compare it with (normalized %) %/es. If equal, the

game is over, i.e., we have found an equilibrium price. If not, we guess

.
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another w and try again. Question is: is there a choice of n such

that (% /e: ) - (n/el)? Under the assumption of Theorem I or Theorem 2,

such equilibrium prices exist.

Finally we would like to point out that the theorems and proofs can be

generalized to a n-period planning model.

Acknowledgement:

The author would like to express her appreciation to Professor George

B. Dantzig who suggested the problem and provided guidance throughout the

research.

References:

1. G.B. Dantzig, Linear Programming and Extensions, Princeton University

Press, Princeton, 1967.

2. C.B. Garcia, and W.I. Zangwill, Pathways to Solutions, Fixed Points,

and Equilibria, Prentice Hall, Englewood Cliffs, 1981.

3. R.W. Cottle, Lecture notes on mathematical programming at Department

of Operations Research, Stanford University.

4. B.C. Eaves, Lecture notes on mathematical programming at Department of

Operations Research, Stanford University.

I.

!8

b> *" ' .* ", r V,: (' . t.'.v''£:, .''".. '""':"''< " %.''" " . '



UJNCLASSI FIED
* ~~SECURITY CLASSIFICATION OF THIS PAGE (When _________________

REPORT DOCUMENTATION PAGE EADM DSSTRUCT1Pom
*1. REPORT NUMBER ai. BowT ACCESSION No S ReciPiewTs CATALOG NUMBER

SOL 85-10 A4b- A 15 -2-(.0.__________

4. TITLE (and aSte) S. TYPE OF REPORT G PERIOD COVERED

EXISTENCE OF EQUILIBRIUM PRICES FOR A Technical Report
* SIMPLE PLANNING MO)DEL 6. PERFORMING ORG. REPORT NUMBER

1. AUTHOR(s) 0. CONTRACT OR GRANT NUMNER~e)
Hui Hlu NO0014-85-K-0343

-S. PERFORMING ORGANIZATION NAME AND ADDRESS Ia. PROGRAM ELEMENT. PROJECT. TASK

Department of Operations Research - SOL AE OKUI UBR

Stanford University NR-047-064
Stanford, CA 94305

11i. CONTROLLING OFFICE NAME AND ADDRESS IS. REPORT DATE
Office of Naval Research -Dept. of the Navy June 1985
800 N. Quincy Street IS. NUMBER OF PAGES
Arlington, VA 22217 8 Pp.

*14. MONITORING AGENCY NAME A ADDRESS(it dIflvnt fivo Cgners'"nd Office) 15. SECURITY CLASS. (of we ropow)

UNCLASSI FIED
IS&. OECL ASSI FICATION/ DOWNGRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of me.s Repot)

This document has been approved for public release and sale;
its distribution is unlimited.

*17. DIST RIBNUTION STATEMENT (of Me abetract entwd in &1eeS 20. it *itffk~ boai Report)

* 10. SUPPLEMENTARY NOTES

IS. KEY WORDS (Conflne en reverse side it see.m awld #dmUb by Slee amber)

linear programming linear parametric programming
dual upper heiicontinuity
fixed point

20. ABSTRACT (Conlne an reers aIdw It "oessay and fdo.Uts bp Wleek numbe)

SEE ATTACHED

FORM143 E
DDIJAN 7s 14 DTION OF INOVSSIS@BOSOLKTE

4 SECURITY CLASSIFICATION OF THIS PAGE (SOw" Me- Swem



8KCUWIItY CLAIIMFiA'I@o OF TISS PAGO4IWlft DIe 8me. ,0

SOL 85-10: EXISTENCE OF EQUILIBRIUM PRICES FOR A SIMPLE PLANNING MODEL
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Consider parametric LP:

min -- (I)

s.C. AY + e(-d 0 + M)>b

0 <Y<K 0>o

where M is a positive definite (not necessarily symmetric) matrix,

K > 0, % is a parameter, C c S - {i > 0: ew - 1).

For each fixed e S, we can solve (I) and It's dual problem and get

optimal 0, Y*, 0, *. The question is, is there a ; c S such that

after solving the corresponding LP and normalizing the dual price i , it

turns out that % /e * = i? In this paper, we are going to show that

under certain conditions, such a : does exist.

The economic interpretation of the above model will be given at the

end of the paper.
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