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EXISTENCE OF BQUILIBRIUM PRICES FOR A SIMPLE PLAMNING MODEL

Hui Hu

Consider parametric LP:

min -0 (D

RO Y

S.t. AY + 9("do + l&) 2 b

0KYSK , 620

b
"
N where M 1is a positive definite (not necessarily symmetric) matrix,
\
v K>0, % is a parameter, X ¢ S = {x > 0: ex = 1}.
N For each fixed % € S, we can solve (I) and it's dual problem and get
‘

optimal 6*. Y*, a*, x*. .The question is, is there a %X € S such that
Y after solving the corresponding LP and normalizing the dual price t*, it
] a
N turns out that ﬁ*/ew* = %7 In this paper, we are going to show that
% under certain conditions, such a % does exist.
v The economic interpretation of the above model will be given at the
; end of the paper.
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: EXISTENCE OF EQUILIBRIUM PRICES POR A SIMPLE PLANNING MODEL
d

' Hui Hu
- Notation:

N

R min (0, 0, eeey 0, ~-1) [o—
; Sete

‘ -1 o

- . Y -x

3 (PR): 121
: A -d" + Mx

o\

. >0, 8>0

which is equivalent to:
min -9

‘. .th o a

d AY + 8(-d" + Mx) > b
kS

0Y<K,0>0

3 The corresponding dual problem is:

max (o, %) [-l;]
[» Sete

' -1 0
i . (D%): (o,%) £ (0, 0, «e0y 0, -1)
b PR LY
‘ b —
2 c>0,x20
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which is equivalent to:
max -oK + xb
8et,
A Lo
x(-a° + M%) < -1

x>0, >0

Let F(Px) and F(Dx) denote the feasible regions of (Px) and (Dx)

respectively. S = {x > 0 : ex = 1).

Definition. Let D<c R", Uc R', a point to set map £ : D » P(U) is
upper hemicontinuous at x ¢ D if for all xk +x and yk € f(xk)
such that yk + y, we have ¥y ¢ £(x). If f 4s upper hemicontinuous

at all xe¢ D, f 1is called upper hemicontinuous.

Lemma 1. If (Y :AY>b, OCYSK #6 and for all % e S, d° - Mx > 0,

then for any % € S, (Px) and (Dx) have optimal solutions.

Proof. From the assumption we know there exists Y ¢ (Y : AY > b,

0 < Y < K}, therefore

HEYE

15 {[;‘Jzo

which implies that for any % ¢ S, (Px) is feasible.
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On the other hand, we know that {x > 0: A x > b} 1s bounded if and

only if {x > 0 : Ax > 0} = {0}.

={N>0: - (0} ,
(~a® + M) 0 >0

therefore for each * € S, F(Px) is bounded, therefore for all x e S,

(Px) and (D;t) have optimal solutions. Q.E.D.
Now define a point to set mapping f: For all %€ s,

£(x) = {x : (o, ®) 1is optimal solution of (D;)} .

Under the assumption of Lemma 1, £ 18 well defined on S, i.e., for
all x ¢ S, f(x) # ¢, and furthermore, f(x) 1s a convex set (that is
because f(%x) 1s the projection of a convex set into a lower dimension).

Normalizing £, we get another point to set mapping f: for all

"

€S : £(x) =~ {x/ex: x ¢ £(x)).
It i{s easy to see that under the assumption of Lemma 1, for all

€S, f(;t) $ ¢, and -f-(;t) is a convex subset of S.

R

Using these definitions, our question becomes: is there a fixed point

of f£?

Theorem 1. 1If for all % e S, d° -M >d >0 and (Y : AY > b,

0 <YK} ¥ ¢ then there exists X €S such that % ¢ f(;).
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Proof. First we prove f 1s upper hemicontinuous and then use this to

prove f 1is upper hemicontinuous; finally we apply the famous Kakutani

> L A P

fixed point theorem to show the existence of fixed point of £f.

" ~ " * -~
For all 1!1 €S, 1=1,2, 0o and ni + n, for all = 1 € f(ui)

R o n A RN

*{ * * -
and ®  +* n, we show that x ¢ f(n).

* - %
By our definition of £, for all = 1 € f(ui), there exists o 1,

* * -
such that (o 1, : 4 i) is an optimal solution of (Dni). From strong

‘W
. * *
v duality theorem of linear programming, there exists (Y 1, 0 1), an
) optimal solution of (P;ti), such that
. * * *
) x'1p - o™ik = - o™, (n
. * * A * - *
" Since (Y 1, 0 1') is feasible for (P'ui), 8 i'(do - mi) £ AY 1 ~h,
!
:: i= l, 2, ese and by “su-ption, do - M; 25 >0 { = 1, 2, eee,
o
%

0 < Y < K, we conclude that {o 1, i=1, 2, «e.} 1is bounded. Combine
-
?’ this with (1), we know {o *11‘, i=1, 2, ...} 18 bounded. Since K > O,

% *
4 o 1 2 0, this implies {o i, i{i=1, 2, ¢ee} 1is bounded. Therefore there
; % *
; exists a subsequence o 1.1 converges to o . Without loss of generality,
s *q * *q *
g assume o + o , then from (1), we know that 6 =~ » 8 , and
4 * * ®
Xb-0cK=-290 . (2)

: * ~1 7 1
1 Since (o ', ® ) is feasible for (Dx'), we have: = Ao,
" * - * * * *
bl ﬂi(-do+m1)$-l,u120,ai_>_0. Letting 1 + » we get s Ao,
'; * o - ® ® ® ®
: x (d +M)<-1,x >0,0 >0, 1.e., (6 , x ) 1s feasible for
o - * * *
(Dx). Similarily, we can assume Y i, Y and (Y, 06 ) is feasible
¥
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for (Px). Because (2) holds, by weak duality theorem of linear program—
ming, (Y*, 0*) is an optimal solution of (P%), and (c*, t*) is an
optimal solution of (Dx), therefore, I* € f(x), £ 1is upper hemicontin-
uous.

Next, we prove f is upper hemicontinuous.

For all xl e S, 1 =1, 2, «ee and LLIN x, for all (ﬁ*ilex*i) ef(ii)
and (u*i/eu*i) > x*, by assumption {Y : AY > b, 0 C Y<K} £ ¢, we
know 6*1 >0, 1i=1, 2, ..., therefore by complement slackness,

* n
x 1(do - Mxi) =], i=1, 2, ¢ee ¢ Since we assume d0

-l >3>o0,
*®
1 =1, 2, ese, we know {x 1, 1 =1, 2, +oo} 1s bounded. Without loss of

* -
generality, assume % 1 + ®, then

%*1/en*1 + Rfex = n*, x .- eﬁon*.
Since we have already shown that f 1is upper hemicontinuous, we know
7= emox e f(x), but ex = 1, therefore % e f(x), therefore, f
is upper hemicontinuous.
\ Under the assumption of Theorem 1, the assumption of Lemma 1 still
holds, so for all X e S, f(x) is a nonempty convex subset of S, and
we have proved f 1is upper hemicontinuous, therefore by Kakutani Fixed

Point Theorem, f has a fixed point. Q.E.D.

Next we weaken the assumption of Theorem 1, and prove the existance of

a fixed point of f.

Theorem 2. If {Y : AY>b, 0K YSK $6, and for all % € S,
d0 - MR D> o, ldo -Mxl >e > 0, then there exists a X € S such that

x e £(%).
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Proof. Since the assumption of Lemma 1 still holds, we know that for all

B
LT

X € S, f(;) $ ¢ and ?(%) is a convex subset of S. The proof of
upper hemicontinuity of f {s similar to the proof in Theorem 1, so we

leave it out. We now show that f is upper hemicontinuous implies 3

= W

is upper hemicontinuous.
~ - -~ * * -
For all xi € S, 1=1,2,.00 and ni + x, for all (= 1/en 1) € f(ni)

* * *
and (x i/eu 1) >R .

AN AP MO

’ Case 1. If there exists a subsequence n*ij + kx* where k € (0, =),
* ~
from the upper hemicontinuity of £, we know kx ¢ f(xn), but
* ® ' - -
X =kt /(kex ) € £(x), therefore in this case f is upper hemi-

continuous.

* *
Case 2. 1f for all k ¢ (0, +), there does not exists =« ij * kx ,

A *
) then there exists a subsequence =« 11, j=1, 2, «¢s, such that

* *
" exn ij + 4o, Without lose of generality, assume en 1 + 4o, Since

* *®
1K = -9 i still holds, {6 1, 1i=1, 2, ..} still bounded.

* *

n 1b -g
* * * * *

Dividing the above equality by ex 1, (n 1b/eu 1) - (o iK/eu i)

* * % * *
= =(0 1/e1t 1). Letting 1 + ®, we have n b - 11m1¢°(a iK/en i) = 0,

NN

* *
Letting £1i = (o i/eﬂ: 1), {€1 1 =1, 2, «s.} 1is bounded. Without loss

i *f *i
of generality, assume £~ + {, then £ > 0 and 11m1¢°(a K/ex ~) = E«K.

i

* * * a *
Dividing «x iA‘S_a and = 1(-do + Mni) £ -1 by ex 1 and letting

Sttty

* * a *
1+, weget ® AT, 1t(-d0+m)_§_0. Because % # 0 and

* "
(-d0 + Mx) < 0, there exists k > 0, such that k= (-dO + M) < -1,

LAWY

* * &®
A K, k& > OKE >0, ki'b ~ kE*K = 0. This means (kE, kx') 1s

A v S
[+,
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feasible for (Dx). On the other hand, {Y : AY > b, 0 < Y < K} # ¢, so

* * -
there exists Y , such that (Y , 0) 1is feasible for (Px). Because
* *
kn b - ki *K = 0, by weak duality theorem, (kE, knx ) is an optimal
- * -
solution of (Dx) and (Y , 0) 1is an optimal solution of (Px), therefore
* - * % * - -
kn € f(n), n = [kn /e(kn )] € f(n), i.e., £ 18 upper hemicontin-

uous. By Kakutani Fixed Point Theorem, f has a fixed point. Q.E.D.

Economic Interpretation:

Let A be the technology matrix of an economy and Y > 0 the level

of production, Y = (Yl’ Y.5 eeey Yn)T. The net production available for

2
consumption is AY. Let K be vector of capacities available .0 that
Y < K. Consumption is a vector b + 8d where b 1s the fixed part, 6
is a scalar, and d 1is the variable part that depends on relativa

prices. We assume, at fixed relative prices, the economy acts so as to

naximize 0,

Sete
AY - (b +0d) >0

0<YLKK

We assume the variable demand d depends on relative prices «. Thus
if © = %, let us suppose d = -(1/ex) Mr, where M is positive definite
but not necessarily symmetric matrix.

We play a little game. We guess values for &, compute d, solve
the LP and determine optimal 9*, Y*, o*, n*. Next we form (normalized
n*) n*/en* and compare it with (normalized %) %/eﬁ. If equal, the

game is over, i.e., we have found an equilibrium price. If not, we guess

- FX. Tk L S R R R U TR IO T T O B AU IR N SRR VLA PN RPLIL T T TRt TR SR Nl TR TR R VOE W R S SR SNTR T IO Wl AR
R e e e T T P N MDA
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another % and try again. Question is: is there a choice of 1 such
that (n*/ex*) = (&/eﬁ)? Under the assumption of Theorem 1 or Theorem 2,
such equilibrium prices exist.

Finally we would like to point out that the theorems and proofs can be

generalized to a n-period planning model.
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j by Hui Hu

' Consider parametric LP&

min -0 (1)
8.t. A +6(-a® + M) > b

. 0KY<KK , ©6>0

where M 18 a positive definite (not necessarily symmetric) matrix,
K>0, x is a parameter, XeS= {x >0: ex =1},

For each fixed =X ¢ S, we can solve (I) and it's dual problem and get
. optimal 9*, Y*, d*, n*. The question 1s, 1s there a X € S such that
after solving the corresponding LP and normalizing the dual price x*, it
turns out that =x"/ex” = %2 In this paper, we are going to show that

under certain conditions, such a T does exist.

a4 4

The economic interpretation of the above model will be given at the

end of the paper.
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