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<// : | vABSTRACT
&\ . :

A review of the technical research on composite materials _
) used in the manufacture of solid propellant missiles Kas—besn——
‘wicpconducted. Current design methods were compared to the methode
given in the literature. Hoat of the designers oI ~omposite
structures use empirical relaticnships based on data compiled
from previous designs, to predict  the strugture's characteris-
tica. No universal approach to characterization of material
properties of composites has been found, because =5 one has
been able to adequately characterize thefnatérial properties of
the constituent materials and their ‘interrelationaships. Recent
analyses have shown that only finite element analysis (FEA) can
adequately represent the material loading within the composite
matrix. Accurate material properties, obtained caly by detailed
analysis of experimental work, are required to be used in
the calculations. The propsrties are deduced from the experimen-
tal results by computer analysis by finite elementa. Accurate
aralysias of the total structuire of a compoaita material chamber
will also require the usa of 3-dimensiocnal FEA. The use of 3-D
FE has been liimited because of computer time and costs. Howevar,
new computers will now handle reasonably sized 3-dimensaicnal

probless within acceptable limitas of time and coat. .
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NOMENCLATURE

E Young’s modulus

G Shear Modulus

K .stress concentration factor
| Inoient

p pressure

X,Y,2Z principle directions, carteaion coordinates

r,0 principle directions, polar coordinates
" volume

w waight

o stress, normal

T atress, shear

€ strain

8 angular displaéenent, in degrees

v Poisson’s ratio

{*
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INTRODUCTION

Compnaite materiala have been used for solid rocket motor
applications for almost three decades. The deslopment of these
materials progressed at a rate significantiy ahead of the basic
theoretical analysis, 8o a trial and error development program
waa the foundation for yeara of nmanufacturing. The design
parameters of isotropic materjialas are highly developed, and data
on the material properties, including most failure properties,
are readily available. However, ro similar information |is
available for composite materials. Desighers rust rely on the
neager collection of data that has been compiled from experi-
mental programs with similar designs and composite structures.

Significant work has been performed in the development
programs of rocket chambers, to teast and evaluate siib-acale
pressure vessela of similar deaign and compoaite atructure.
These sub-scale results are then acaled-up to the design require-
ments. Unfortunately, the scaling factors are not well under-
stood and failures often occur; this is pr- .marily the result of
the lack of . fundamental knowlndge of the composite atructures
material interactions. :

Study has been devoted to. thia fundamental deficiency.
Researchers have attempted to apply basic isotropic material
relationships to apecific composite structures and have had
limited asuccesa in the determination of the characteristics.
Isotropic materials such aa mnmetals, cryatals and some plastics,
are not purely isotropic: their failure properties account for
the irregularities and characterize the failure mode(s) that
recult according to the size, location and orientation of these
irregularities. Since composite materials are, by their very
nature, anisotropic, the attempt to characterize their material
‘properties with relationships that relate the defacts in their
structure to their strength and failure modes is misguided.

In this paper I will survey the theoretical development of
composite structures and contrast the theory with the current
manufacturing design practices.’ 1 will discuss the proofing
methods and those methods that are used to analyze damags to
pressurs vessels. = Conclusions and recommendations will be
offered to improve the design and analysis methods used in
current chamber design and structural analyses. '




THEORETICAL DEVELOPMENT/LITERATURE REVIEW

Laninate Theory (LT)

The general laminate theory is 'a mathematical means of
calculating the material 'properties of a composite from the
angles of fiber orientatidn and the propertieas of the layers of
the fibers. The matrix propertiwevs are included in this calcula-
tion and the matrix is assumed to be homogeneous and perfectly
bonded to the fibers. The elastic properties cf the layers are
determined from the Young’s moduli Ej13, Ej12, the shear modulus
G12, and the Poisson’s ratio vi2 using Hooke’s-law relationship:

o =Ee, ' Eqn.1

where -strain is proportional to strsss. .

The laminate properties are .calculated by using the angle of
the laminate direction and the angle of the material, which are
then added vectorially (see Appendix 1).

Theory implies that the stacking sequence and boundariass
will have no effect on laminate strength. Pagano and Pipes (11
have shown that ¢this is not true. . Their woark illustrated
significant stacking sequence effects, as well as significant
boundary effects. Tolbert (2] also reported that the laminate
theory failed in the analysis of thick-walled cylinders, but was
able to represent thin-walled vessels without serious error. . The
‘primury fault of this theory is in its asssumption of zero
boundary stress fields., It seems to accurately account for the
stress fields remote from the boundary layers.

Many researchers have attempted to confirm this theoretical
development; however, there aas been little success in correlat-
ing the experimental results to the theory. The assumptions made
-to simplify the calculations do not allow for the physical
. defects -in a manufectured laminate ntructure. of a thickness
greatusr than one-tenth of an inch [3). . S ‘

For rough calculations, the general laminata theory can be
used to obtain the approximate laminate atrength:; the result can
be refined 'by experimental ¢trial and error procedurea, Chanmis
{4] published a procedure, based on laminate theory, that can be
adapted for use on small computers or hand-held calculators.

"The relationahlps that apply to material properties are not
affected by thickness and are discussed in the theory of applied
nechanics. Fracture mechanics 'change with 3specimen thickness.
Fracture mechanics theory is highly developed for isotropic

materials, but not for anisotropic laminate structures. Further,
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the rela“ionahips between the fracture characteristics of thick
and thin fiber-reinforced laminates have not been established.

Several investigators have modified LEFM for a homogeneous
anisotropic material (see Appendix 2). They have developed
- 'expressjions for the crack tip streas field, using Hooke’s law,
for a homogeneous linear  anisotropic material in the case of
plane atrain and pure shear. The resulta were analogoua to the
isotropic material case. The reasults for non-homogeneocus
anisotropic laminates were different, but were characterized by
the "inherant flaw model™, In this model, a "high intensity
energy region" adjacent to the holes and at the tip of the
notches was -postulated. This region was assigned a dimension
which was then used in the plastic zone currection factor far
isotropic materials to modify the stress intensity factors and
the stress distribution. The investigators found that single
cracks do not nucleate and grow, as in metals, uhder fatigue
loading. This lcads to the question of how applicable LEFNM is
for composite materials. ' :

While trying to explain this phenomenon and the.characterias-
tic problem, the investigatora postulated a non-fracture mech-
anics streaa fracture criteria. A "point streas model" poastula-
ted that failure would occur when the average stress at some
distance from the discontinuity reached the critical stress.
This model worked well with some laminates, and not so well with
others.

Using the LEFM and the R-curvo cancopt, which telatos the
rising fracture toughness of the material to the increasing crack
. eaxtension, the s.ze of the plastic zone for conventional mat-
ariala of thin sheets may be consideredi For fiber-reinforced
thin sheets, the point and average stress models explain the
increase in toughness as the notch length increases; as a result
of ‘he stress distribution near the notch tip. These approaches
consider the deviation of .the load/crack open.ng displacement
curve from linearity becauso of the damage zone foraation
and self-similar crack extension. Thia does not apply in thick
laninates or in laminates with delaainations (5]. '

Shih and Logadon (6] found during their study of thick-
section graphite/epoxy coaposita- that the LEFN did not apply
directly to the composites which 'had c¢racks perpendicular
to the fiber orizntation. Thay also found that in three-point
bending the fatlure mode was interply failure. This node of
.failute feulta the basic aa:uaptions in LEFH. '

s.1£~-1g;;~* creck~prqpagetion, another --sunption of the
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homogenecus aniasotropic mode! -, is not assured because of the
anisotropy and heteroge:aj.y of the lamrinate microstructure.

Only for fractures that ::1e confineu to interlaminar planes,

where the matrix phese dominates the fracture response and
where self-similar propagation is asasured, can LEFM be used
effactively [(7]. In these cases, tests can determine the atress
intensity factors, Ky, K11, and Krir for the opening, shearinjg
and tearing modes, respectively, as well as the mixed mode of
fracture.

Other researchersa found that the valuea of toughneaa reached
asymptotic values and nonhomogeneities because of fiber size
and ply thickhness were not significant. Simple macromechanical

. models based on LEFM, such as the boundary integral_equation

(BIE) method, could be employed to predict fractures.

Further models, such as the “shear-lag model®, were develop;
ed to predict the behavior of unidirectional fiber-reinforced
composites that were sasceptible to matrix splitting ahead of

" the crack tip va. fiber. This two-dimensional model aasumes that

the fibers support all the axial force (because of their higher
elagtic modulus) and the matrix supports the ahear and trans-
verse normal forces. This method can be modified for angle ply
laminates alsc.  The micromechanicsl models, such as the BIE and
the “"shear-lag™ model, were generally more accurate in the
fracturu predictions than in the macromechanical models.

The macromechanical modela which treat the composite as a
homogeneoua anisotropic aedium do not fully explain the physical
failure nechanism, aeven when they agree with the experimental
results., The microwechanical nodels have the potential to
account for the effects of material nonhomogeneity. These
nonhonogenaities can -be addressed by careful analysis with £1n1te
elemnent uethods t8l. ,

iy .

The f£finite elenent method of failure characterization
assumes that when an iandividual finite element exhauasts all of
its capacity for strain eanergy, it fails, forming a crack. The
slement 'is then removed i{rom the nmatrix; the reaction loads it
had are transferred to the adjacent slements; its stiffness
property is reduced to zero. If the reaction loads excesed the
capacity of adjacent elemnenta, they too fail. Should the applied
stress on the compoaite rsmain constant during thia process,
catastrophic failure occura. Thias »odel can be used to study thc
basic failure processes that take place in matrix matarial. The
model . can study post-debond sliding betwsen fiber and matrix,
fiber fracture, and fibor pullout. to :.ntlon a :-w of the many

posntbilitiaa.




The full characterization of the failure of an inhomogen-
eous anisotropic laminate material is exceptionally complex. The
planar characteristics have been forsulated by Wang [9] whosao
model considers a pactially closed delamination having friction-

less crack-surface contact. The result is the classical inverss

square-root singularity with isn algebraic multiplicity of two.
With frictional contact, tne results depend on tua frictional

coefficients and the fiber orientations of the adjacent dis-

similar plies. If the delamination has a very small area of
. crack closure, the model is simplified by taking the limit of the
partially closed delamination. Wang used Leknitskii’s complex-

variable stress potentials in conjunction with an eigenfunction.

expansion method, which leads to a standard eigenvalve problem.
From this eigenvalue problem, stress singularities and the

general solution structures of deformation and stress fields

associated with composite delamination are  determined. The
complexities of the composite delamination phenomenon include the
inherent crack-tip singularity, the effect of anisotrcpy of each
constituent fiber Jlamina, and the abrupt change of stiffness or
ply orientation through the laminate thickness direccion. In
addition, the 3-dimensional state of stress and deformation that
exists at the delamination gives rise to all modes of fracture,
vhich renders the problem mathematically intractable. :

For preasure vessels and large vlanar structures, it is not '

only convenient, but accurate to model these structures as
2-dimensional. This simplification allcws accurate mathematical

fecraulation and solution with finite element analysis and methoda:

as advanced recsntly by Wang [1C) and many other authors.

. These analysea require the nateriél properties to be

accurate for the fracture conditions.. This requirement will
force the testing methods to accurately characterize the condi-
tions in the compoasite, including the fiber-resin interaction and
the resin propertiss in the laminate (1i). The resin properties
in the laminate may differ significantly from test cocupons
because of processing varjiations and conditiona that cannot be

duplicated in a teat coupon. There anay be a significantly higher

concentration of trapped air bubbles and airbdborne particles. The
aenvironaental conditions and winding variables, such as winding

apeed and tenasion, will affect the reain propertiea and, henca._

the laminate properties.

In the atructures vhere the atress state ii4 not planar, and

-4  true 3-~dimenszional atress astate exiata, the only accurate

analysis of the fracture behavior is by 3-dimensional finite
elenant. Although this method has been formulated for years, the
mathematical difficulties, because of the sheer number of

5 .




calculations required, have precluded its effective use until
recently. The structurea of principal concern include aircraft
structural members and pressure vessels that are nci perfect
spheres. Cylindrical prussure vessels have otress states that
approach planar in .(he '¢cylinder section, but have complicated
3-dimensional stress states in the dome end sections.

Wang [(12] has solved the problam of composite delamination
and fajlure using the ' theory of anisotropic laminzte elasticity
and incerlaminar fracture rechanics. These sclutions require the
use of 3-dimensional finite element analysis to accommodate the
3-dimensional stress .state and interactions of the lamirste
materials. This problem is very complex because of the geowetric
and material discontinuities and the inherently coupled modes of
fracture. Wang ' presents the effects of the geometry, the
lamination and the crack variables. The basic governing equa-
tions are 1lengthy and complex and sre well presented in (121, so
I omit them here.  His results do show that the stress intensity
factor for the tearing mode ia one or two orders of magnitude
higher than the other modea. . Wang also confirmed that the fiber
orientations, ply’ thickness, stacking sequences and other
lamination variables all effect the delamination behavior
significantly. '

A more efficient, cost-effective finite element method
was developed based on the concept of the mode III wmagnitude by
Nishioka and Altluri (131. This was a one-step, smaller mesh
refinement of their "hybrid 3-dimensional method that used a
two-stap solution with a very fine mesh.

Resign Effects

The sequence . of the ataékiné of the fiber layers has a

' significant effect on the strength of the composite [1,10).

Harakovich diacussed the theoretical implications of the atacking:

~ sequencée through the theories analyzed by 'finite element methods

{143. The use of adjacent : 0 layers leads to high interlaminar
shear stresses and that interlaminar normal stresses are very
dependent on the stacking sequence. Therefore, adjacent :G
layers should generally be avoided. Interspersed 5 layers are
praferred to reduce ~he extremes of interlaminar snear and nornmal
stresses. Thir is !"wcaune of & “mismetch” of tho engineering
properties Latween adjacent layers. The interlaminar shear

.stresses are a fraction o° the coefficients of mutual influence

that cun be ten times greater than the aismatch of Poisson’s
ratio. This mismatch reaches a peak at 10° - 15° fibher range for
20 laminae combinations. It can be reduced by a factor of two
vhcn the layers are interspersed between 0O°axd ed’layers. . ,

Layor thicknon&. both total ¢ud rcsin/ftbor ply. affcctn th.

.Q"",_ .. "77.,.
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laninate atructural characteristics. . Apart from the obvious
linear effect of multiple plies of s€p3cific strength, the
corposite’s fracture and failure characteristics are altered with
variations in thickness. The stacking sequence of the plies also
aeffecta the ovarall thickneaa; a clustered sequence of plies can
be twice as thick as an alternatéd_sequence as shown in Figure
1. Although the in-plane elastic properties of such laminates

'are independent of stacking sequence, the strength and toughness

can vary. significantly (131.
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- Figure 1.

Resin systems are formulated tc provide specific matrix
propertiea, processing characterisri:.ics and fiber ‘resin bonds.
These resins must have chemical characteriatics that are compati-
bla with the fiber(a) being used in the composite. Damage
tolerance of a compoasite structure ia a function of the resin
volume content and the plaatic flow characteriatica of the
resin. This resin also effecta the compressive strength of the
composite. The failure mode frequently observed is a delamina-
tion fracture  in the gthtough thickness direction. Therefore,
improving the compressive strength of tha resin/fiber systea
should improve the damage tolerance of the composite. Reain
systems with elastomeric additives, thermoplastic additives ana
viryl modifiers have shown improved tolerance to damage (16].

.The interlaminar shear strength of the composite is dependent

on tholfib.r-rasin bond; fiber surface traeatment may improve the
<omposite’s characteristics (171.

. CURRENT APPLICATIONS

The designers of the‘chénbora for modearn :olid.rock.t motors

use many methods. The designer ia given the parameters and

allowables for a feasible design based on previous data and
expectad gains through new materials and/or approaches. The
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of the deaign are chosen to balance reli-
raance. The reliablility is caiculated by
er of failures under normal opéerating condi-
mance of missile chasbers is calculated from
pressure ireide the chamber and the volume of
by the weight of the chasber and is repre-

Performance = PrV/W Eqn.2
hat are applied to the requirements are in two
1l and thick-wall. The typical migssile
thin-wall category, whaereas the segments for
chambers used in the solid rocket motors for
Program are in the thick-wall category. The
int between the two criteria has not been

ijer calculateas the
~nlying appropriate

limitationsa, the desi
ill experience and, after

for the
structure. He typically predicts the expected
extrapolating those that were experienced in
milar to the one in developmrent.

that he has accesa to on other similar
er derives material properties. The astructuraj
rototypes during development ‘is crucial. An
then formulated by combining netting theory,: a
d dome-contour enpirical aequations. Thesae
are varied through several dome designs to
t meets the deasign criteria. Two-dimenaional
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Theese finite eclament codea may bhe separated
after dome regions, if they are different by
This separation may
® tha computer ' time required to process the
tion is made at a point on the chamber where
nearly so, =Rembrane load. . The 2-D
lysis provides the designer with the displace-

and margins of safety are applied in accord-
Handbook V Interaction Equation . based on the
peak loads. The skirts are designed for the
nitial design of tha pressure vessel. The
r the structural transmission
providing. the handling and attaching fixture
vessel. The skirts are designed to resist
bending, differential pressure,
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Tests are required. to adjust ermpirical and seni-enpiricél
formulas and relationships which will account for designs & test
results that differ fron the previously used values. '

These hdjuatlents usually account for the differences in
material testing properties from standard tensile and coupon
tests and allow for the composite material interaction. Although

these adjustments would allow for the back-calculation of
material properties as they apply in the composite structure; the
relationships are . usually adjusted instea’ The adjusted

ielationships becose very effective for the desiyn in considera-
tion and can result in actual performance at failure bocing within
a few perceat of predictions.

This empiricism is an acceptable and prudent method of
design for those applications that closely resemble in structure,
or composition, a previous design with a given data base. For
radical designs or composite structures, the
as costly as developing the theory to the application.

Three-dimensional analysis is used when other methods fail
to account for an anomalous condition or a failure that cannot be
oexplained with existing analysis. The software and engineering
is available to make this a routine evolution and the
most design evaluations.

Current testing procedures include the instrumentation of
chambers, real-time and standard radiography, structural loading,
and the hydro-proofing and hydro-bursting of chamberas. The proof
testing of composite materials was  studied by Hahn and Hwang
f181. The lifeti-» and strength of most materials usually
show more scatter taan the oth material properties, since they
. defects in the homogeneous structure., In
the composite structures, lifetime is related to static
strength. 1
bean found to be negligible. | The actual amount of proof stress
that can be endured hags not been exactly characterized, although

empiricism would be

apparent reduction .in

Hatorialn for the composi
Current experimental

order of 135-25x. LlLaboratory
£iber/resin systess has had
results represent teats with
been stanAdardized in dimension
results would then be scaled to
methods. ' .

strength hau
teasted through the design loads.

testing of ne. fibers,

bean noted in veasels

vk in this field {s attempting to
mposite pressure chambers on the
resins and
results (19]. These
mall pressure bottles which have
for compilation of data. The
a future design using existing

promising
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basis for

The effect of proof testing on subsequent atrength has

te atructures are constantly in



CONCLUSIONS; AND RECOMMEKCATIONS

The current level of theoretical development of composite
chambers is well beyond the practical application level ‘used in
the design and manufacture of these. chambers. The most prorising
area of fundamental growth that can be applied tc the deaigning
and manufacturinc areas is that of accurate 3-dimensionel finite
element analysis (3-DFE). The limiting factors precluding this
transition include: :

1) The reluctance of industry to adapt hardware and

software to perform these analyses.

2) The lack of expertise at the industry level to ef-
.ectively employ the procedures of this method, including the
selection of the regions where 3-DFE analysis is required.

3) The lack of testing methods and systems to determine :he
material properties within the composite structure by deduction
through 3-DFE methods; e.g. the deduction of the  material
propertiea from test results instead of vice versa. .

The longitudinal material property values that are compiled
in the literature asare not very useful in the designs; actual
desigas include many property-reducing factors such as stress
concentrations, fiber wash, fiber: slipping, resin-rich and
resin-lean regions, ''delaminations and voids. These factors,
although not part of the design, exiat in all manufactured
chambers to some degree. The analyses of the current designs are
based on the data from previous tests and  have empirically
included these effecta on a macroscopic acale. This then does
include the "unknowns". The problem often arises where some
damage or a manufacturing dafect beyond those that are inherent
occurs and an analysis is required to determine the suitability
of the chamber for use. This analysis, if limited to two-
dimensions, may miss a critical atress condition 1n the triaxial
condition that actually .xt-tl.

Bocquao of the -ultiplicity of possible failure modes, the
prediction of the ultimate failure strength is very difficult
from the theory. The original designs have built-in factors of
cafety and empirical factor:.. regarding the actuel test data of
similar designs. These factors cannot be directly applied to the
theoretical optimization calculeiions. Fundamental data will

have to be obtained in order to rsach sn optimuam design condi-

tion. Crit!~al deaign optimizations can utilize . successive
approximations to create the proper angles of windings, dome
contours and fiber layers, as well as resin content. The
routines to accoaplish this can be creatc:® with significant
pay-back on the investment by providing designs th-- approach the
maxinum possible performance and reliablility witu given mat-
erials. ' ‘ '
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I recommend that current deaignera adapt the teating and
design methods that utilize 3-DFE as their foundation. The
hardware and software required to accomplish this exiats. The
costs are justifiable. Software to do limited 2-DFE is currently
available for PC’s that can be on the designer’s desktop. Nore
advanced CAD routines incorporate 3-dimensional graphics that can
display the grids and visually display the stresses that a design
is experiencing to the designer/engineer. These tools for design
exist and should be incorporated into our current deaign/evalua-
tion techniques.

11

. (- v . . . . v . ’ . L ’ : .
B P T I R e R T TR R S P S IS S ST NP S0 T, ST T Yl SIL L. SPLLPIE NS U i




APPENDIX 1

General Notes on_Laminate Theory from “Composite Materials
Handbock”-Nel M. Schwartz, McGraw-Hill

Laminate analysis is a mathematical means of deteraining
elastic properties of the complete laminate from the angles of
fiber orientation and elastic moduli of the individual layers.
Conversely, the method is alsc used to determine astreass and
strains in each layer produced by stretching and bending forces
on the complete laminate.

The elastic properties of a laminate (Ex,Ey,Gxy.,Yxy) are
determined in three steps: '
'L) The elastic properties of each layer are determined from
~the moduli Ejp1. E12, and G12 and Poisson ratio V312 of 'the layer
material. These properties are determined from the Hooke’s-law
rolationship between stress and strain in the principal material
directions (parallel and perpendicular to the fiber direction).

2) The elastic propertias of each layer in the principal
laminate directions (parallel and perpendicular to the axis of
the laminste structure) are determined from the material-
direction properties and the angle between the laminate and the
mnaterial directions. '

3) A summation of the laminate-direction elastic propertiea
of all layers, taking into account their relative positions with
respect to *he midplare of tha complete laminate, yields the
elastic properties of the complete laminate (Fig. 2).

Laminate analysis is also used to determine satresaes and
straina in each layar due to forces on the laminate. Layer
atraina are determined form laminate strains ‘and rotations,
taking into azcount the layer position relatizs to the middle
surface . of the complete laminate. Stresses in each layer are’
then determined from layer strains and +ihe Hooks’s-law relation- .
ship. Thus, the stresses and strains at a point in the atructure
can be cal~ulated in every direction, that is, % ,7y, Txy and ¢ 11,
022, 112 in every ply. . '
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» APPENDIX 2
General Notes on Linear Elestic Fracture Mechanics (LEFM) Theorzk

from “Fracture Toughness Testing and Its Applications-Symposium
on Fracture Toughness Teasting and Its Applicationa, ASTM Special
Technical Publication No. 381, American Society For Testing
and Materials, 1964

The introduction of stresses in a body, caused by a crack,
is a feature of the strength of the material. The stresses near
the crack tip may result in the growth, or perpetration of the
crack or flaw. The nonlinear and pilastic effects are neglected
in the gross features discussed in this presentation, but may be
asignificant in a given scenaric. The satress-field expansions for
the crack tips are applicable for the general case of an isotro-
pic elastic body. The three modes, opening, edge-sliding and
tearing, (I,II and III respectively) are shown in ‘the figure (3).

Tha Basic Modes of Crack Surface Diasplacements.
Figure (3).

The surfaces of a crack dominate the distribution of
stresses in the vicinity of the crack. Other ' boundaries are
remote and affect only the lnton-ity of the lucnl stress field,
aa does the loading forces applied to the body. The opening
mode, I, ia associated with the locsi displacement where the
crack surfaces move directly apart. The edge sliding mnmode, II,
is whers the displacements move over one another, perpendicular
to the leading edge of the crack. The tearing mode, III, is
where the crack surfaces slide parallel to the leading edge of
the crack. . )

Modesa 1 and II can be treated as plene-extensional problama
in the theory of elasticity, symmetric and skaeaw-symmetric,
respectively. Mode III is a pure torsion or shear problem.
-Using the notation in  figure (4), -the resulting stresa and
displacement fiolds are derived: - :
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Mode I.

Ox =

Txy=

Oz =

\vl'=
Mode II:

sz

o =

Txy. =

w =

<K1/<2nr)1/2>coaO/2c1—=1n<6/2>51n(30)2)1
(K1/(212)1/2)c0a0/2(1+a4n(0/2)8in(30/2)]
(x1/<énr>1/2>ein<e/2>coa<0/2)cos<3e/2>
v(oyx *0y), Txy =tyé =0 |
(KI/G>tr/{2n>11/2 coa (0 /2) =

[1-2 v +8in2(0/2)]
(K1/G>(r/(2m)11/2 gin 0/2) =

[2-2 v ~cos2(06/2)]

-(K11/(2nr)1/2§sink(Y29[20cos(®/2)cos(3<W2)J
[K11/(27r)1/218:n(0/2)co8(0/2)coal3 &/2)
(K11/¢(27r)1/2)coa(0/2)(1-8in( ¥2)cos(30/2)]
VO 9% «+ %y), Txz =Tyz =0
(KII/GStr/<2ﬂ>11/2 8in(9/2) =

' (2-2 Q*cos2(9/2)l
(KI1/6) tr/7(2m31/2 coa(ezzi .

[-1+2 v +8£n2¢8/2))

0.

Moda III:

Txz ™
Tyz E ]

Ux'

W

-(xxxngznr>1/2>szn<9/2)'
(K11r/¢27r>1/2)con(6/2)

Cy s 0z » tyy =» 6 '
<krn/c_>t’<2r>/' 711/2 atn (¥2)
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Coordinates of the Streas Componenta in the Crack Tip.
Figure (4).

The parameters, Kr, KrI, and ‘K11z 4in the equations are
stress-intensity factors for the corresponding three types of
stress and displacement fields. These factors must contain ‘the
loading force magnitudes linearly (for linear elastic bodies) and
depend on the configuration of the body including the crack .
size. They, therefore, reflect the rediastribution of stresa in a
body dua to the introduction of a crack end the force transmis-
sion through the crack tip.

: It haa been ahownlthet, for the general hoaogeneous aniso-
tropic case, the crack-tip stress fields and their intensity
factors, the coamplete analogy with the isotropic case is preserv-
ed. By judicious definition of the anisotropic stress-intensity
factora, they are identical to those for the isotropic case.
However, for the non-homogeneocua anisotropy, the resultant stress
fields and intensity factors, as well as stress distributions,
may well be different and rasult in different singularitiea than
those observed in the homogeneous case.

The introduction of viscoelasticity into the problem rssults
in similar intensity factora and stress distributions in the
vicinity of cracks: however, .this causes these fectcrs to now
becono variablos as a function of time,

The complete discussion and developaent, as well as axten-
sions to other and general cases is found in the above credited
text and this presentation is nmerely a condensation of the
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principle governihg eguationas. It is given for completenesa and
the readers reference.
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