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1. Introduction

In this paper stochastic integrals are defined with respect to processes

LA RS S A A
)

with Independent but not necessarily stationary increments. Sufficlent

conditions are given for a process to be integrable. 1In the special case
where the integrator is a stable motion of index p € [1,2), the integrand may
have sample paths in LP. Basic properties of these integrals are established
and then attention is restricted to integrals involving nonrandom integrands.
For this special case, characteristic functions are computed and used to
establish necessary and sufficient conditions for the independence of such
{ntecrals.

Throughout this paper z(t), t > 0, will denote a stochastically
continuous process having independent increments and not having a Gaussian
component, The reason for the assumption of no gaussian component is that
such a component is obtained by a nonrandom time change from a Brownian motion
and leads to a simple variation of the extensively studied Ito integral., We
further assume that the sample paths of 5(t) lie in D[0,=) and that £(0) = O.

It is well-known that for every a > 0 such a process may be written as a sum,

z(t) = ba(t) + ca(t) + r:&(t).

where ba(t) 1s a continuous nonrandom function such that bq(0)=0, and where
Cq(t) and C&(t) are stochastically continuous independent processes with
independent increments having paths in D[0,=) and such that ca(O) =0 = c&(O).
Moreover, the sample paths of %y have jumps of absolute values less than or

equal to o while those of C; have jumps of absolute values greater than a.
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The jump-time Levy measure will be denoted by M; M(AxB) is the expected number

of jumps of size in A which occur at a time Iin B. The notation Mt will be

et eTaTaa 4 8,

I used to denote the Levy measure of f(t); then Mt(A) =M (A x [0,t)), t >0,

. Mt({O}) = 0, and if J = [-1,1], f] x* dM, < =, and Mt(Jc) < ®, The jump-time

Levy measures of Ca and of C& are the restrictions of M to oJ x [0,») and

aJ€ x {(0,2) respectively. The centering for ca(t) will be chosen so that

'

Ca(t) has the ch. f. exp{f Wo(ux) th(x)} where Wo(x) = elX -1 -1x, The
aJ

: ch., f. of c&(t) will be exp{/ o elux -1 th (x)} and this process will have

a

step functions as sample paths. We will assume throughout that for some

a > 0 the nonrandom function ba(t) is of bounded variation over every finite

i
s interval. This will be case {ff it is the case for all o > O,
- The process z(t), t > 0, will be assumed to be adapted to a nondecreasing
N family {At: t > 0} of o-fields, such that for each t > 0, At and o {z(t+h)-
[
| z(t): nh pd 0} are independent. The integrands will be stochastic processes
v(t), t > 0, which are adapted to {At}. The term "adapted process" will
always mean adapted to these same o-fields At' An adapted process V(t) will
! be said1 to be simple 1if it {s of the form
. v= Y v, I +UI
: k=0 © (Bt ! to}
)
where 0 = tg < t], t2 < ..., lim tn = o  and for all k, Vk is
A - measurable. Note that a simple process V has left- continuous
] paths. For such a process the stochastic integral is defined as usual to he
]
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k(t)

t = -
[§ vag = jgl Vo8 + Yy (6(0) = ak(e)))
where ch = C(tj+l) - c(tj) and €y < €< e (L)+1° (Since £ (0+) =

z(0) = 0 , the definition of fg Vdz does not involve W,) Observe that for
simple V the sample paths of f; Vd¢ lie in D [0,*). 1In sections two and

three the class of integrable processes is extended to adapted predictable

processes V(t) such that for some a > O, n{xV(s)) dM(x,s) < =

jaJ x[0,T]
a.s., T > 0 where n(x) = 'x' A x2 = min(lxl, x2). The idea of using this
criterion in the case of stationary increments 1Is Kallenberg's (see Theorem
3.1 of [2}). The resulting class of integrable processes 1is larger than the
usual class of processes which have paths in L,[0,T] a.s. and so generalizes
Millar's work in [5]. 1In the nonstationary Increment case, we require that
the integrands V(t) be predictable; that is, V(t) 1is measurable with respect
to the o-field of subsets of 2 x [0,»] generated by the left-continuous
adapted processes. In section 2 the stochastic integral is defined with
respect to Cuand in section 3 the definition is extended to 7. This
definition contains that of Kallenberg in the special case of stationary
increments and predictable integrands. Throughout section 2 we use
Kallenberg's techniques to define the integral; in particular we use his
extension of an inequality due to Dubins and Savage [l1]. 1In section 4 we
construct a complex-valued exponential martingale and in section 5 we consider
stochastic integrals with nonrandom integrands.

In addition to the work of Kallenberg [2] generalizing that of Millar

[5}, we should mention that of Rosinski and Woyczynski [9], Urbanik and
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Woyczynski [10}, and Prekopa [6]), (7], and [8]. Rosinski and Woyczynski
studied integrals with respect to p-stable motions and established several
interesting results, Urbanik and Woyczynski considered nonrandom i{ntegrals
with respect to symmetric processes with stationary independent increments.
They established conditions for stochastic integrability in terms of Orclicz

spaces. Prekopa made an extensive study of random measures.

2. Construction of the Integral

In this section the existence of simple adapted processes which
approximate a given predictable process V 1is established. Then the
stochastic integral is shown to exist as a suitable limit. The given process

V 1s assumed to satisfy the Kallenberg condition

[aaxgo, g]n(x V(s)) dMlx,s) <= a.s.

for some a > 0 and a fixed t. The smoothing technique used by Kallenberg and
others to construct these simple processs fails to work in general for
nonstatfonary increments and we use another method here.

Let t denote an arbitrary fixed positive number. Partition the

-r r

interval [0,t] into the subsets {0}, I . = (0,2 (2 e, (2)27

l t], I

2 t], oo.,

r r r

= ((3-1)27e,527%¢), ..o I .r = ((2F-1) 27", ], Letﬂr be the

Irj r,2

family of all finite disjoint unions of sets of the form A, x {0},

0
Ay x Tp 4, 1 <3 <27, where A5 € A _ .

9y — — j2
Lemma 2.1. Aéj r is a o-field of subsets of & x [0,t].

Proof. The proof 1s standard and is omitted.

Lemma 2.2. 1If a process V 1is x%jr—measurable, then it is simple and
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adapted to the o-fields As .

Proof. Assume V |{is 15/ r—measurable and let Vj be the restriction of V to

1 x Irj' The o-fleld on & x Ir induced by ;é/ r is the product o-field

3

A -r * {8, Iry} and so V; {s measurable with respect to this product

o-field. Consequently, for each w £ i, Vj(~,w) is constant on Ir and for

)]
each s € 1 , V.(s,°) 1s A - measurable. Thus V(s,w) =V, ,, a fixed
r’j j j2_r j

&jz_r ~ measurable r.v. on Ip.j. This proves that V 1s simple and adapted.

Q.E.D.

Now let Hy be a finite Borel measure on [0,t] defined for Borel sets D

by the equatilon

La(D) = | x* dM(x,s) + M (aJC x D).

aJxD
Let My be the probability measure on [(0,tl determined by ;a; i.e.
M, (D) = LQ(D)/ La([o,t]). Then P x u_ is a probability measure on the

product space: (& x [0,t], At x B{0,t]) where B[O, t]) denotes the Borel

o-field of subsets of [0,t]. We denote expectation relative to this

probability measure P x u by pru (*). A predictable measurable process is a
a

r.v. on this space.

Theorem 2.1 Let V bhe a predictable measurable process which 1s bounded

over % x [0,t]. Define vr = EPXUQ[vlzéjr]. Then {Vr} is a sequence of simple
adapted processes such that

(a) P> u (UUmV_=V} =1,
Q r

(b) 1im E [ xZ'V (s) - V(s)|dM(x,s) = 0, and
el aJx[0,t] r
(¢) %ig E u}cx[o,t] lVr(s) - V(s)|dM(x,s) = 0,

!‘.-w-_A..< - .-‘. RPN 2 'u'_-.._-n-..-_.-'_~A - . -
R IEAESE RN T A AR PN SRR




Proof. Since {tir} i1s a nested family of o-fields, {Vr} is a martingale.

Also any upper bound for V 1is a upper bound for Vr so by the Martingale

~

Convergence Theorem there exists V such that {Vr} converges to V Pxu  a.s.

and in Ll(Px”a)' The statements (a), (b) and (c¢) will follow 1if V=,
Let ﬁ= O{Ur: r> 1}. Then every left-continuous process over € x [0,t] 1is

Te).

<Zj -measurable since if er—r t <s S'(jr+l)2-rt, V(s) = %;g V(er-
Consequently the predictable process V |is 27-measurable and V = Q. Q.E.D.
Corollary 1. Let a > 0 and suppose that V(s), O < s < t, is an adapted
predictable measurable process which is bounded over 2 x [0,t]. Define

Vr = E (V|lﬁr) as in Theorem 2.1. Then

1im E f n(xV(s)-er(s)) dM(x,s) = 0.
| el oI %[0, t]

Proof. Let cp = sup {|V(s,w)|: 0<s<t, weQl. Then 'Vr(s,w)l S-CO for

(w,s) £ 2 =x{0,t). First suppose that ' wW(s) - er(s)].S 1. In this case

a(xV(s) = xV_(s)) x2|v(s) - vr(s)l2

I

2c0x2'V(s) - Vr(s)|.

On the other hand if |x V(s) - x Vr(s)|>1, then Ix'.z 1/2¢, and so

n{x V(s) - x Vr(s)) 'xl 'V(s) - Vr(s)|

| A

2 colx‘2 ‘V(s) - Vr(s)l.
That 1is, Iin elither case

n{x V(s) - x Vr(s)) <2 <o |X|2 'V(S) - Vr(s)l,

and by (b) of Theorem 2.1,




lim E | n{x V(s) -~ x V_(s)) dM(x,s) = 0;
e aJx[0,t] r

Q.E.D.
Lemma 2.3 (Kallenberg) For all x and vy,

n(x + y) < 4n(x) + 4 n(y).

Proof Note that sup Eigil < 4 and hence
x  n(x)
n{x +y) = n(|x + yl) {(n is even)
< n('xl + 'yl) (n 1s nondecreasing in [0,%))

} A

n (2 max(lxl, ’y'))
4 n (max(lxl, ,y'))

fA

A

4 n (|x|) + 4 n(|y|) =4 n(x) +4n (y).  Q.E.D.

Corollary 2. Let a > 0 and suppose that V(s), O < s <t, Is an adapted

predictable process such that

f n(x V(s)) dM(x,s) < © a.s
aJx[0,t]

Then there exist simple adapted process Vr such that
lim | n{x V(s) - x Vr(s)) dM(x,s) = 0 a.s.
rre aJx{0,t]

Proof Define processes V(k)(r,w), 0<s<t, by
k 1f V(s,w) > k

V(k)(s,w) = {V(s,w) 1f -k < V(s,w) < k
-k £ v(s,w) < - k.

Then by the Dominated Convergence Theorem
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lin | n(x V(s) - x V(k)(s)) dM(x,s) = 0 a.s.
k*e aJx[0,t]

Thus for each positive integer m, there exists km such that

(km) 1 1
p{ [ n(x V(s) = x V (s)) dM(x,s) > — } < —.
m

2
aJx[0,t] 8m

From Cor. 1 it follows that for each km there exist simple adapted processes
v such thot
r

(k )
P-1{m | n(x v " -x v_(s))dM(x,s) = 0.
r aJx[0, t} r

Thus for each m we may choose r, so that

. (km)
p{ | n(x V = (s) - xV_ (s) dM(x,s) >
aJx[0,t] m

1

ey b < 1/m?.

Since by Lemma 2.3, n(x +y) < 4 n(x) + 4 n(y),

p{ | n (x V(s) - x v, (s)) dM(x,s) > %.}
aJx[0,t] m
(km) 1
< pla ] n(x V(s) = X V. "(s)) dM(x,s) > — }
aJx[0,t]
(km) . 1 }
+ P4 n{x V "(s) - xV_ (s)) aMm(x,s) >
aJ=[0,t] T Zm
2
< = .
- 2
m
By the Borel-Cantelll Lemma,
lim / n{x V(s) = x V_ (s) dM(x,s) = 0 a.s.
ml aJx[0,t] T ’
Q.E.D.

Corollary 3. Let a > 0 and let V(s), s > 0, be a predictable process adapted

to the J-filelds :t such that for every t > 0
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/ n(x V(s)) dM(x,s) < = a.,s.
alx[0,t]

Then there exist simple adapted processes Vr(s) such that

(a) Vr(s) =0 for s > r, and

(b) for every t > 0 1lim / n(x V(s)-x V_(s))dM(x,s) =0
r aJx[0, t] r

Proof. By Cor. 2, for each positive iInteger r > O there exists a simple

adapted process Vr(s) satisfying (a) and also the condition that

’

P, a(x V(s)-x V_(s)) di(x,s) > = } < 1/r°.
aJ-{0,t) r r

It follows from the Borel-Cantelli Lemma that

lin J n(x V(s)=x Vr(s)) dM(x,s) = 0 a.s.
aJx{0,t]
which implies (b) since n(+) > O. Q.E.D.

Corollary 4. Let « > 0 and assume that V(s), O < s < t is a bounded nonrandom
real-valued measurable function on [0,t]. Then there exist step functions

Vr of the form

kjl
V =7v, I + ) v, 1
r 0 {0} ico 3 (trj’trj+1]
where 0 =t0 < trl < oo tk = t such that
r
(a) 'V < vl
rco..~ =]

(b) Up V. (s) = V(s) u - a.e.,
rr r o

() Ug | x| Vi)V ()] anlx,s) =0,

an[O,t]
(1) %}Q 'V(s) —Vr(s)| dM(x,s) = 0, and

aJSx(0,t]
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P-1im | n(x V (s) = x V(s)) dM = 0.
. m
m*® ) <{0,t]

Define V& by the cquation

Vé (s) = max (-(m AIVI_ ), min (Vm(s), m ANV _)).

Then for m > K, ’V(S) - V;(S)i S_IV(S) - Vm(S) and hence

P-1im n(x V! (s) = xV(s)) dM = 0.
m+*  aJx[0,t]

such that

Now 1{f 'xl < x there exists a positive constant K1

K, x" (VE(s) = V(sN? < n (xV'(s) - x V(s)).
1 m - m
It follows by the NDominated Convergence Theorem that

lim E x“(V(s) = V(sN’ am = 0
m>ee aJx[0,t]

which proves the Lemma for bounded V.

For general V define
Vk(s) = max (-k, min (V(s), k))
and again use the Dominated Convergence Theorem to see that

im E | x4 (V(s) - vk(s))2 aM = 0.
k>0 aJx{0,t]

Since each Vk is bounded, there exist simple processes V& such that for each

k, “V&ﬂm LW and

oo

[ x* (V, (s) = Vi(s)? dM < 1/k.
aIx(0,t]

(This follows from the first part of the proof.) From the elementary

tnequality (a+b)2‘£ 2a% + 2b2, we obtain the fnequality

- . P POt L I R
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22
and since both terms on the right converge in probability to zero,
P-1im sup |fg Vk de, - fg Vdc' = 0.
k= 0<s<t
To prove the second part of Property 3 assume that
k 1f V({u) > k
Vk(u) = V(u) 1f - k < V(u) <k
~k of V(u) < -k.
Then by the Dominated Convergence Theorem
1im | n{x Vk(u) - x V(u)) dM(x,u) =0 a.s.
k*o alx[0,t]
Clearly the Vk's are integrable since V {is integrable and n(ka(u))
< n(x V(u)). It follows by the first part of the proof that
P-1im sup |fS V. d¢ - [ v d¢| = o. Q.E.D.
0 'k 0 ’

k+ 0<s<t
Lemma 2.6: Let V be integrable over [0,t] with respect to ¢ ¢ C, If

E [ %2 V()% daM < =,
aJx{0, t]

then there exist simple processes Vm such that

qvmnm z sup {|Vm(s,m)|: 0<s<t, we Q} < Vi A m

and

1n E [ x% (V(s) - Vm(s))z dM = O.
m+e Q'JX[O,t]

Proof. First assume that IVi < K { =» yhere K 1s some finite constant.

Since V 1is integrable there exist simple processes Vm such that

B T T
o, e, -

PRI TV T SN R SR ] . - DA S
PR PR I WA TN, Tt S S I IS DL B U .Y LIPS




Al i e e ——— ~

- o e e, e N e—— _W*I.v-";v—-.v—"r

21

P~lim | n(xv

(u) - x Vk(u)) dM(x,u) = 0.
mre  alx{0,t]

km

The existence of such sequences 1s guaranteed by Cor. 2 to Theorem Z.,i1. Use

Theorem 2.2 to see that

P-11m sup ’fg v, dg -

dc, = 0.
m*® 0£§§t

s
0 Vk

Choose positive integers m tending to infinity such that

P {] n(x Vkm

(u) = x V, (u)) dMlx,u) > 1/k} < 1/k,
aJx{0, t] k

and

P { sup v, do - [3v dg] > 1/x) < 1/k.
Qﬁ%ﬁt l 0 kmk 0 k '

Now by hypothesis

P-1im | a(xV, (u) - x V(u)) dM(x,u) = O.
B o,k

But by Lemma 2.3

n(x V (u) = x V(u)) < & n(x V (u) ~ x Vk(u)) + 4 n(x Vk(u) - x V(u)).

km, km,
From the above it follows that
P~1im f n(x Vkm (u) - x V(u)) dM(x,u) = 0
k+o aJx[0,t] k

Use Theorem 2,2 again to see that

p-1im sup |/SVv. dz- [Pvdc| =0
k> oggpl 0 km 0 |

Since

T s s s
sup s~ Vo dg - f vdg| < sup f V., dg - v dq'
0<s<t 0 k 0 ' OSFSF, 0 k 0 kmk

+ sup | [3v. dg - [Svde
0<s<t, 0 km 0 V|

. S
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1=1,2. Thus V {s integrable with respect to ¢} and 3. Furthermore by
Theorem 2.2

P~1im fg v dg, = ]g Vg, 1=1,2.

m-)m
for 0 { s { t. Now since the Vm's are simple, it is imnediate that
s _ (8 ]
fo Vi 425 = Jg Vadty + Jo ¥y iy, as.
0 s < t. Let m* and use the right-continuity of the sample paths to

complete the proof. Q.E.D.

’;o
Property Let V be integrable with respect to ¢ € Ca over [0,t] and

suppose that (Vk} is a sequence of {i{ntegrable but not necessarily simple
processes such that

P-lim | n(ka (u)=x V(u)) dM(x,u) = 0.
k+*>  alx[0,t]

Then
P-1im  sup lfg Vk dg - fg Vd;l = 0.
Ko 0<s<t
In particular if

k 1f v(u) > k
Vk(u) = ) v(u) if -k S_V(u) <k

-k 1f V(u) < -k ,

then

t t
P-1im sup |[~ V., dc - [~V dg| = 0.
koo qg;gc' 0k 0 ¥ *¢|

Proof. For each k 1let V m=1,2,... be a sequence of simple processes

km?

such that

. .
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and hence

s _ s
fo ¢ Vy + ¢, V,ydo = ¢ /s v do+c

. Yy S v,de a.s.

2 IO
Since the integrals have right-continuous paths, equality holds simultaneously

for all s ¢ [0,t]. Q.E.D.

Property 2. Let Cl and CZ be two independent processes in Ca' Then

¢, ¥ &, isin C . If V {is integrable over [0,t] with respect to

i 2
C3 = Cl + CZ, then V 1is integrable with respect to both Cl and to cz.

Furthermore
s _ (s S _
P{ fo vdg, = jo vdg, + fo vdg,, 0 <s<t) = 1.

Procf. Let M1 denote the jump~time Levy measure of Ci' 1 =1,2,3. Then

M, =M +M

3 1 9° Now by hypothesis,

J n(xV(s)) dM; < = a.s.,
aJx[0, t]

and there exist simple processes Vm such that

P-1im | n(xV_(s) - xV(s)) dM; = 0.
m*  aJx[0,t] m

Since n(x) 1s nonnegative,

f n{xv(s)) dM1 {» a,s.
aJx{0, t]

and

P-1im | n(me(s) - xV(s)) dM1 =0 a.s.

4

m*  aJx{0,t]

B S S K . B e e
BRI R R R T L N L I e L. .
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if S and c, are any two real numbers, then < V1 + <, V2 is integrable
with respect to ¢ and
s s s
P { fO ¢, V) + ¢, V,de =c fo v, dc + ¢, fO v,dg, 0<s<t} = 1.

Proof. If V; and V), are both simple, this property is obvious. To prove

1m

P-1im | n(xv
m*  aJx[0,t]

it in general, let V and V2m be sequences of simple processes such that
1 1

im(S) - xvi(s)) dM(x,s) = 0

for 1 =1, 2, Then by Lemma 2.3 and the definition of n(x),

n((x < V1 + x c, VZ) -x ¢ Vlm + x c, Vzm))

< 4 max(cf,lcl') n(le— X Vlm)
+ 4 max (cg, 'c2|) n(xV2 - XVZm) ,

SO

P-1lim [ n{(xc (s))) dM =0.

(s) + xc2V2(s)) - (xc
me  aJx[0,t]

11 1Vin(s) + xey Voo

Also by the integrability of V) and V;

n{x ¢, V.(s) + x ¢, V,(s)) dM(x,s) < » a.s.
%[0, t] 1 1 2 72

Thus ¢V} + ¢2 V2 1s Integrable, and furthermore by Theorem 2.2

s _ oo s
fO cp Vi + ¢cp Vy dg = Pmiim fo ci Vlm + czvzm dz.

But since Vlm and V2m are simple,

s _ s s
Jg ey Vim ¥ €3 Vo 48 = ¢) o Vip 6 *+ ey [g Yy 40

Again it follows from Theorem 2,2 that for i=1, 2
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Yet P—l%m fO Vndﬁ may not exist., For instance, take v2n“ 1 and V2n+1 = 0.

The proof of Theorem 2.2 {is the same as the proof given by Kallenberg for
his theorem. The only change necessary was the adaptation of Millar's
inequalities to the present setting.

Let Ca denote the class of all stochastically continuous adapted
processes ¢(t) with independent increments, with paths in D[0,~), without a
Gaussian component and satisfylng the conditions

(1) ¢(0) =0,
(11) E ¢(t) = 0 for all t > O,
(111) o {z(t+h) - ¢(t); h > 0} is independent of Atfor all t > 0,
and
(iv) the jump—time Levy masure M of ¢ 1s concentrated in

aJx[0,®).

Definition. A predictable process V(s), s > 0, is integrable over [0,t] with

respect to ¢ € Ca if

/ n(xV(s))dM(x,s) < » a.s,
atx[0, t]

If V 1{s integrable, the limiting process fg Vdz will be called the

stochastic integral of V with respect to ¢ and will always be chosen so

that the sample paths of the integral 1lie in D[O,t].

We now give some basic properties of the stochastic integral fg vV dg.

Property 1, 1If V1 and V2 are integrable with respect to Ly € CQ and
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(2.2) and let (f; \ dca)' be the limiting precess having paths in D[0,=). By

considering the mixed sequence V;, V'}, V2, V',, ... we sce that

t L oo(t , t ,
IO vde (fo v dcu) a.s. for each t > 0. But since the paths of (fo v dca)

are right continuous,

P { (ISVdca)' =f(§VdCa, t>0} =1

Remark, Theorem 2.2 1s an extension of Theorem 3.1 of Kallenberg [2]. In his

theorem Kallenberg states the existence of the stochastic integral, fé vdz,

under one of the following two conditions:

(1) ! n(x V(s)) dM(x,s) < « a.s., and
Jx[0,t]

(11) | |x V(s)l Al dM (x,s) < = a.s.
R x[0,t]

In Kallenberg's setting ¢ has stationary independent increments so
dM(x,s) = dM1{(x) ds. Under condition (i1) the sample paths of ¢ are of
bounded variation over [0,t] with probability one, and so, as Kallenberg
noted, one may simple use the Lebesgue-Stieltjes Integral. For this reason
condition (11) was not extended to the present setting.

Theorem 2.2 differs from Kallenberg's theorem in another respect. In
Theorem 2,2 the integrating process - has jumps of absolute value not

greater than ao. In Kallenberg's theorem, no such restriction is needed. For

example Kallenberg's hypotheses are automatically satisfied if M is
concentrated in JC x {0,). 1In particular i{f V {s any process and if Vn is
any sequence of simple processes, then (1) holds and

n(an(s) - xV(s)) dM(x,s) = 0.

Jx[0,t]

Ol ‘dirfd




GRS I RO
.

b

Y

PO A DA P i S Y A AP SN e e I Al S b= A e e dharn Ao St s ihans dnche Mg Sng i

15

But g 1s continuous and strictly increasing on [0,*) and g(0) = 0, so g‘1 is

continuous and strictly increasing on {0,») and g‘l(O) = 0, Thus

t -1 2 .
P { sup ' f Vo=V dca‘ 28 (7)) <, n,m > n

0<t<T 0

It follows that for all € > 0 and all T > 0 that

1im P { sup
m,n+e 0<t<T

Pick an increasing sequence {nk}, positive integers such that 1f m,n Z.nk,

vy -
o Vo Vndcal > ¢}

then

P{ sup | o v -V dey| > 27Ky ¢ 27K,

0<e<k
and so by the Borel-Cantelll Lemma
i "k
P {lim inf | sup J -V az | <2ty =1
k> 0<tck [ /s LS ol
Therefore with probability one
k=1
t \ t t
V. odg = ) [~V -V_ dg_+ [V dg
0 o a j=1 0 nj+1 nj a 0 n, o

converges uniformly on each bounded interval to fg Vdca. But since V is

simple, the paths of fg Vn dca lie in D[0,~) and consequently so do the

paths of fg Vdca. Furthermore since

sup ‘]O vdc - fg Vd;al < sup 'ft VooV

t t
dg |+ sup|[ Vv d¢ -~ [ vdg |,
0<t<T 0< t<T “' | 0 a 0 “l

k 0<t<T

t
P - 1lim  sup f v dc -[-vde | =0
m> @ 0T /o o 70 o

which proves (2.3).
Finally, let V; (t) be another sequence of adapted processes satisfying

o e s . -
T TR S P - e .
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P-1im | g{x V _(8) - xV(s)) aM(x,s8) = 0.
e alx[0,t] n
Now g(x+y) < 4 g(x) + 4g(y) (Lemma 2.3) so
/ g(xV_(s) = xV_(s)) d M(x,s)
alx[0,t] n n
<4 f g{x V _(s) - xV(s)) dM(x,s)
aJx[0,t] n
+4 f g{xV(s) ~ x V (s)) dM(x,s).
aJx[0, t] m
Thus
P-1im [ g(xV_(s) - xV_(s)) dM(x,s) =0

n,m*> oJx{0,t]

Now let € be any positive number and choose n, so large that if n,m Z_no, then

0

3
p{ [ g (x V_(s) = xV_(s)) dM(x,s) > © /32} < ¢/2
aJx{0, t] n m

Consequently for m,n > n,

1/2

t
P{ sup g/o Vv = vVv.dg) > e}
0<t<T I 0 m n Ca | =
<Pl sup | g vy - v de VP e, [ gl (s)-xv (s)an < £7/32)
0<t<T aJx[0,T]

+pP{ [ g(an(s) - x Vm(s)) M > €3/32)

aJ=x{0,T]

t 172 16 >

<P{sup |[[fV -V dg > g(xV (s) = x V _(s)daM+ . }

+— .

2

By (2.4) with p = 3/¢® and 8 = €/2

P { sup ' g( f; Vo=V dca) 1/2
0<t<T

>el<e n,m> L

. S . oL . N
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Now let T > O be arbitrary and suppose that V(t) is a simple adapted process

of the form

: _']—.l
'j: v(t) = 120 vy I(t . (£) + vy Tpy(0)
- 1, i+l
“l where 0 = ty <, <Len X tj = T, whereV, is At;measurable and v, is
:' Ao-measurable. For brevity put Aci = Ca(ti+l) - ca(ti). We have
[
E j-1 j-1
. E [g(ViA;i) IAt ] <27 g(Vix) dM(x,s)
- = =
g 1=0 1 1=0 alx(t ,t, ]
=2 | g(V(s)x) dM(x,s).
aJx[0,T])

Since g' is concave and increasing on [0,»), Lemma 2.3 of Kallenberg [2] is

applicable and says

1/2

(2.4) pPlsup. | g(/t vdz) >2p | g(xv(s)) dM(x,s) + 8 }
t e Dl 0 a | aJx[0,T]
2
S w5

where D 1s any finite subset of [0,T] and where p and B are any positive
numbers. Let {Dn} be an increasing sequence of finite subsets of [0,T] such

that D'E\,)Dn is dense in [0,T}. By monotone convergence (2.4) holds with D
replaced by D'. But for simple V the sample paths of fg VdcOl are right—-
continuous so (2.4) holds with D replaced by {0,T].

Let V(s) be any ac:pted process such that (2.1) holds, and let Vn(s)

be a sequence of simple adapted processes such that (2.2) holds. Since

g(x) < C2 n(x),

.......
< -

Dl SR N Y
. - S ol a8 o0 0 .
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e
f: 1f {Vn(s): n=1,2,...} is any sequence of simple adapted processes such that
%. for every t > 0
] (2.2) P - lim i n(x V_(s) - xV(s)) aM(x,s) = 0,
:‘. n+® aJx[OQt]
fﬂ then there exists a stochastic process, fg Vdca, with sample paths in D[0,=]
. such that for every T > 0
- _ rt ; - [t . -
(2.3) P I1122 sup{[ ;v do = [g Vdca|. 0<t<T}=0.
Furthermore, 1if {Vé(s)} is another sequence of simple processes satisfying
(2.2) and if (fg Vdca)' denotes the corresponding limit having paths in
D{0,=], then with probability one, the paths of fg Vdg_ and of (fg vde )"
- are identical.
-~ Proof. Let Vn(t) be a sequence of simple adapted processes which satisfies
;j (2.2). Put g(x) = x2/(1+ |x|) then according to Lemma 2.5 g(x) < C; n(x) and

=; so for every T > O

.. / g(xV(s))dM(x,s) < » a.s.
' aJx[0,T]

Now g(vx) is concave and strictly increasing on [0,») while g(x) 1is
convex on [0,®). So by Lemma 2.4a 1f G(u) = E(g(u[;a(t+h) - cu(t)]) At}

then G(u) < 2 éJ glux) d(M (x) - Mt(x)). Hence if Y {s any &t-measurable

t+h
r.v., then

E {g(¥[c (t+h) - ca(t)1)|At} = G(Y)

L2 / g(xY) dM(x,s).
aJx(t, t+h]
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It is necessary to apply this result without the assumption of stationary
increments. Such an appiication may be justified by observing that if u is
any Infinitely divisible distribution with Levy measure v, then there exists
a stochastic process X(t) with stationary independent increments etc such that
the distribution of X(1) is u. Since Eh(X(1)) and Eh(X(l)Z) depend only on
the distributfon of X(1), we may restate Lemma 2.4 in the following

alternative form.

Lemma 2,4a Let Y be an infinitely divisible r.v. with Levy measure Vv and

without a Gausslan component. Let h be a concave strictly increasing
function from [0,*) onto {0,®) such that h(0) = 0. Assume that the support of
v 1s contained in [-a,a). 1If h(xz) is convex on [0,~) and if EY = 0, then

En(Y?) < 2 [ n(x?) v(dx).

2
Lemma 2.5 1If g(x) = X s then there exlst positive constants C1 and 02
1+|x|
such that
€1 n(x) < g(x) < C2 n(x) x € R

Proof. Since n(x) and g(x) are even functions, it suffices to prove the Lemma

for x > 0. Cousider the ratio, r(x) = g(x). Obviously, 1lim r(x) =1= 1lim r(x).
n(x) x+0 X+

Define C; = {nf{r(x): 0 < x < =} and Cy = sup{r(x): 0 < x < »}, Since r(x)
is continuous and never zero on (0,@), 0 < C} £ C; < =, Thus

20D e, 0 < x < -,

€< mmr < 2

Theorem 2.2, Let V(s) be an adapted process satisfying the condition

(2.1) / n(xV(s)) dM(x,s) < ¥ a.s., 0.
aJx[0,t]

- - . B T . N . a .
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(e) 1lim [ n(x V(s) = x V_(s)) dM(x,s) = 0.
el aJx{0, t} r

Proof. This is an obvious special case of Theorem 2.1 and Cor 1, so no proof
is given,

The stochastic integral of a simple process has been defined in the
introduction. We now conslder the problem of defining the stochastic integral

of a process V(t) which satisfies the condition

J n(x V(s)) dM(x,s) < = a.s.
aJx{0,t]

We will show that if Vr is a sequence of simple processes such that as r » =

/ n(x V(s) - x V_(s)) dM(x,s) > O,
aJx{0,t] r

t t N t
then %Lg IO Vrdca exists a.s. Of course we define IO Vdcol = %1Q IO Vrdca.

We will need a result of Millar (Theorem 4.1 of [4]) which he obtained
for stochastically continuous processes X(t) with stationary independent
increments and without a Gaussian component. Assume that X(0) = 0 and that
the sample paths of X 1lie in D[0,*]. Let v denote the Levy measure of

X(1). Millar proved the following.

Lemma 2.4 Let h be a concave strictly increasing function from [0,*) onto
[0,2) such that h()) = 0. Assume that the support of Vv {s contained in
aJ = [-a,a)l. If EX(t) = 0 for all t and if h(XZ) is convex on [0,~), then
ER(X(6)%) < 2t [ h(x") v(dx).
In the above statement we have inserted the actual bound obtained by

Millar in his proofs.
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E J x? (V(s) - Vi(s))® aM

aJx[0,t]
<2E | x*(V(s) = Vv, (s))? oM
aJx[0,t]
+2E | xz(Vk(s) - Vi(s)? am
aJx[0,t]
and hence
nE [ x* (V(s) - vi(s))” au = 0.

k+»  aJx{0,t]

Since by the definition of Vk(s), v < Wi, v

phy Sk AWVIL  Q.E.D.

il
k =

Property 4. Let ¢ ¢ C(l and assume that V 1s integrable with respect to ¢

over [0,t}. 1f

EJ x° V(s)? aM < @,
aJx[0, t]
then
E {fg v dz} = 0, and
E (fgvdgli=kE (] x? V(s) aM}.
aJx[0,t]

Proof. Let ¢(u) E exp{iuz(t)} denote the ch. f. of z(t)., Then

fux

¢ (u) = expl f e =1-1ux th}. Differentiate twice and evaluate at u = 0 to
aJ
see that E{C(t)z} = [ x? th. We use this to first prove the property in the
oJ

case that V 1is simple. Suppose that 0 = t0< t1< t2<... < tn = t and that

nfl
V(s) = ) Vv, 1

(s) + W, I,..(s),
120 1 (¢ ] 0 {0}

1’t1+1
where V, is A - measurable and W

i ti 0

is AO- measurable. Then
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t n-1

= o \. -
E{fgvdel = () v (e )= clt)))
1=0
n-1
= ) E (v, E {g(t, ) - c(e)| A })
1=0 i i+1 i t1
n—:l
= ) E{v, E {z(e,, ) - c(e)}} )
1=0
since c(ti+1) - C(ti) is independent of At . But ¢ € Cu so Ez(s) = 0,

i
0<s<t, and thus
E([; V dc} = o,
Similarly, if ACi = g(t

) - o(e),

n-1
| v acp®r+2 [ BV, VaC
1=0 1<k

E(fg Vdc)? }

182y
n-1
R ACRE:
1=0 -
n-1 )
) E{V; E{(Aci)ZIAt 1}
1=0 {
“Tl ) 9
= ¥ Elv; | x° dM}
1=0 aJX(tl,tH_l]
E f v(s)? x* aM.
aJx[0,t]

This proves Property 4 for simple V.

Now let V be any integrable process satisfying the condition

E{ | x* V(s)ZdM} < ®, Then according to Lemma 2.5 there exist simple

aJx[0, t]

processes Vm(s) such that

N, e e, e . ." '_» - U | O '-'
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HmE [ x2 [V (s) - v(s)]2 am = 0.
me  aJx[0,t] m

Since n(x) = x2 A |x‘ S_xz,

P-lim [ n{x V {(s) - x V(s)) aM = 0,
m>  aJx[0,t] m

so by Theorem 2.2 it follows that

P-lyn [§ V. do = [oV dc.

Now Vm(s) - Vk(s) is simple so by the first part of the proof

t t 2 2 _ 2
E{ fo vdr =[5V, de} = El a£X[0 g X [V (s) =V, (s)]° am.}

The right side tends to zero as m,k*>® so fg Vm dgz is Cauchy and converges
in L2 norm, Since this sequence converges to fg V dz in probability, it

converges to fg V dz in L2 also. Thus

1n E (/5 v dc} = E {J; V dc} = 0, and

m-N!)
g € (g v e} = E ([ v do)i
Therefore,

E{fp v dc}® = UmE | x* v ()M =E [ x2v(s)? au.
m+  oJx[0,t] aJx[0,t]

Q.E.D.

For Property 5 below we need to introduce the notation L-fg V dz for the

pathw{se Lebesgue-Stieltjes integral of V with respect to ¢ over [0,t]
Such an integral is defined when the path of ¢ 1is of bounded variation over

[0,t], and this is the case a.s. provided [ |x| dM(x.8) < =,
aJx[0, t]
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v Alsn in Property 5 we use the assumption that the integrand V 1is

‘l
—

predictable. The proof of Property 5 below 13 essentlally that given by

Millar for his Property 6 in [5].

Property 5. Assume that V 1s Iintegrable with respect to ¢ ¢ Ca over [0,t].

AVIAY . MENEIEh

Assume further that f 'x' dM(x,s) < <, {.e. that almost every path of
aJx[0, t]

z 1s of bounded variation over [0,t]. Let dlc' denote the total varilation

A.':!
Yool

:f measure determined pathwise by ¢, If L- fglvldlg' e« a.,s., then

p{févac= L—fSVdc,O_(_sﬁt}=1.

Proof. Without loss of generality we may assume that M 1s concentrated on
(0,a]x[0,t). Let S denote the class of all bounded simple processes and let
H denote the class of all bounded integrable processes satisfying Property

5. Then S 1is a vector space with the property that {f f and g are any
two elements of s, then f A g ¢ S. H 1is also a vector space of functions

defined over ¢ x (0,t] and contains S. Let Vm be a bounded nondecreasing

rEe

1
Y 't ‘- l'

sequence of functions in H which converges to V. Then by the Dominated

v

Convergence Theorem

»#'

UmE { | x> (V(s) = V_(s)? dM(x,s)) - oO.
m>eo aJx[0,t]

'E From Property 4 it follows for 0 < s < t that

EC(fg v do- [ovan?<e (] XX (V_(s) = V())? aM(x,s))
aJx[0,t]

+ 0 as m*> «,

That is, f; Vv dc converges to f; V dz in Lp(R) for each s € [0,t]. On the

other hand

RPN
L

PN
[N
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8
%1m L- fO Vm dg = L-fg Vdg a.s., 0<s < t., Thus

f; V d¢ = L—fg vdg, 0<s<t,

and since both integrals have right - continuous paths, equality holds
simultaneously in s ¢ [0,t] outside a null set. This proves that H s

closed under bounded nondecreasing limits. By the remark following T 20 of

Meyer [3] (Chapter I) 1 contains all bounded predictable V. Now let V be

nonnegative and predictable. Define

,-' RGP

p 1f V(s) > p
v (o) =
V(s) 1f 0 < V(s) < p.

(p)

Then for each p, V € H, and so

—TTTT

3 v®) 4 - L-fy v ®) 4.

Now according to Property 3

P-1im  sup IIS viP) g - fg v dcl = 0.
pr  0<s<t

Write z(t') = T(t') - m(t') where the sample paths of T are nondecreasing and

where m(t') = [ x dM(x,s). By the Monotone Convergence Theorem
[(0,a]x[0,t"]

lm L= [3 viP) g T o - fg v dc a.s. and

p-bm

1im L- fg viPldn = L- fg Vdmn  a.s.

p-)oo

Since dlc’ =T + dm and since by hypothesis
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L- f; v d|c| <o a.s.,

L- fg ) dz.< © a,s. and L- f; Vdm <> a,s,

Hence 1lim L- f; V(p) dg = L- f; vV d;, 0 < s < t. Consequently
p+oo

1im jg v,

S
fo vV dz

p‘)w

lim L- fg viPlyc

p>®

= L

Jgvds, 0<s<r

Since both fg V d4; and L~ fg V dz have right-continuous paths

P{fgVds = L- [gvdr, 0<s <)=L

This proves Property 5 for nonnegative V. For general V, the Property

+ -
follows from the decomposition V =V -V . Q.E.D.

Property 6. If ¢ € Ca, if V 1is integrable with respect to ¢
2 2 t
E | x° V(s)“ dM(x,s) < =, then fo vdg and
aJx[0,x]
(fg vdz)© - / x% V(s)? dM(x,s) are martingales.
aJx[0,t]

, and 1if

Proof. We first prove that property 6 holds for simple V. Let 0<r<t.

Since V 1s simple, there exists a partition 0 = tO < t1 Cene

k~1
such that V(p) =
1=0

measurable. We add r to the partition if necessary so that r

v, I (p) + v, I for 0 <p < t.
{ (ti,t1+1] 0 - F =

b <.k. Set Ag ) - ;(ti), Ei(') = E(- At ), and T1 =

i

{ = C(t1+1

. et et el s Lt e
R N -

<tk =t of [0,t]

Here V1 is Ati-

= t, for some

]
(ti’ t1+1]‘

L r et R T AR .
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ft kil
V dz = vV, Az,.
0 1=0 i i

Since V1 and Aci are independent, and since ¢ ¢ Ca EA;, = 0, and

1

Ei(viAci) = 0. Thus for { > j, E (ViAci) = EjEi(viAci) = 0, while for 1<j,

h|
A = A -
Ej(V1 Ci) V1 Ci since ViAI;1 is At1+1 measurable,
t el r
It follows that E ([T vdz) = | v, A, = [F vdg which proves that [Vdc s
‘o o 171 0 0
fs a martingale,
Next calculate
k-1 k-1 m-1
2 N 2 -
(fg vdg)© = ) Vi2 (8c)" + 2 ) ) (V82 )(V_ac ).
i=0 m=1 1i=0
For m > j,
2 2y _ 2 2
Ej v (g )") Ej BV (82, )"%)
2 2
= E [vm E (8g )7
-5 x? vZ dM(x,s).
aJX(tm,tm+1]
Thus
k-1
: 2
B, 1 Vi eep? - By <% V() am(x,s)
4 1=0 aJx(r,t]

+

i, 2
1Zo vi (82))

Also if m > j and m > {,

A
EJ(Vi & v Acm)

Ej Em(ViAgi

Ej [V1AC1 v Em(L;m)]

Vm Acm)

= 0
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and for 1<m<j,

Ej(vi Ag1 Vm Acm) = V1 Aci Vm Acm.
Thus
k-1 m-\"l j-1 m-1
ECY Y v,ap v AL )= ) ) V. Ag, V. AC .
P mer gm0 DL ® ™ gy qmp BT e
From the above we get the equation
E.(fg var)? = E, / x> V(s)2aM(x,s)
J aJx(r,t]
jil 2 9 =1 m-1
Vi (A )+ 2 ) Y Vv, bg, V AL
1=0 i i m=l 1=0 i i m’m
= Ej i x2 V(s)2 aM(x,s)
aJx(r,t]
r
+ ([ vao)?.
From this we see that
t 2 2 2 2 2 2
E, [(fg va)™ - | XV(s) dM(x,s)] = (I; vag)® - [ x"v(s)“aM(x,s)
aJx[0, t] aJx[0,r]
t 2 2 2
which proves that (fo vag) - | X~ V(s)” dM(x,s) is a martingale.
aJx[0, t]
Now consider a general process V(t) such that
E | x2V(s)2 dM(x,s) < =,
aJx{0,%)

Then according to Lemma 2.6 there exist simple adapted processes Vm(t) such

that

1m E [ x? (V(s) - Vm(s)]2 dM(x,8) = 0.
m>o aJx[0,®)

By Property 4,

fova?=£ X [V(s) = V_(s)1% an(x,s),

E (g vdg -
aJx{0, t]

L PP P
W e e #, Wy W ST T T e P AP A A S R N .
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and consequently

lim E(J; Vde I vmdc)2 = 0.

mreo

So for r < t

il

E g Vdc|Ar) n E (fgV dc'Ar)

m>o

r
0

1im f

m>e

vV dg
m

’

" vac.

i
-~
<

Also,

e{ (fp vao)2 - ] %2 v(s)iam(x,s) | A}
aJx{0,t] r

1im E { (fg v dg)? - / x> U (s)? dM(x,s) | A}
mo " aJx[0,t)

!

1im { (fg v dt‘,)2 - X v (s)2 dM(x,s)}.
m>e n aJx(0,e] ™

( f; '/ d?;)2 - %2 V(s)2 dM(x,s). .
aJx[0,r]

(To see that E { | <2V (s)2 aM (x,s) - | x> V(s)ZdM(x,s)} + 0.
atx{0,t] ™ aJx[0,t]

as m *+ ® observe that by Cauchy ~ Schwarz

2

E [ x>V (s)? - x° v(s)? am(x,s)

aJx[0,t]
=E | (xV_(s) = xV(s)) (xV_(s) + xV(s)) dM(x,s)
aJx[0,t] m m

ClE [ KR s) = v @t e [ xR (e) + vs)” aM(x,8) 112

aJx[0, t] aJx(0,t]

and while the first term on the last line tends to zero, the second term 1s

not greater than

.....
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|
2E [ X V_(s) 2 4 x? v(s)? aM(x,s)
aJx{0, t]
which 1s bounded since it converges as m * =,),
3. The Integral.
In this section the stochastic integral fg Vdg 1s defined for general
processes ¢ using the decomposition ¢ = ba + ca + c&. This decomposition
is not unique so 1t 1s necessary to show that the integral is {independent of
the choice of the decomposition. (See Theorem 3.1l.)
Definition. Let V(s), s > 0, be a measurable predictable stochastic process
adapted to the o-flelds {At: t > 0}, We say that V 1is integrable (with
respect to ¢) over [0,T] 1if for some o > O
(a) ! n(x V(s)) dM(x,s) < = a.s., and
aJx{0,T]
(b) f |v(s)| db_(s) <= a.s..
to,T]
If Vv 1is as above, we define the stochastic Integral fg vdz, 0 <t < T,
by the formula
rt _ t t .
[y vz = [ vdb_ + lim fo vde + [ovdg!
[o,t] r+o
where Vr is a sequence of simple functions satisfying the condition.
1im f n(xV(s) - x Vr(s)) dM(x,s) = 0.
>~ aJx[0,T]
According to Cor. 3 of Theorem 2.1 such a sequence exists, and according to
Theorem 2.2, any two such sequences lead to the same limit, fg Vd;a, except
for a set of paths having probability zero. The third term, fg Vdc&, is the
|
i
- el T e .
L e e e e T e e S 4
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usual Lebesgue-Stieltjes integral. It exists a.s. since with probability one
the paths of ;' are step functions with finftely many jumps in every bounded
interval,

As defined above the integral depends on a > 0. Clearly, if V
satisfies condition (a) of the definition for some particular o« > 0, then for
any B8 ¢ (0,a), it will satisfy condition (a) with o replaced by B. It is
therefore necessary to show that the integral does not depend on the choice of
a > 0 for which (a) holds. Temporarily we denote the stochastic integral as
defined above by a - fg Vd: to indicate the possible dependence on the choice

of «a.

Theorem 3.1 Suppose that V {is both a- integrable and B- integrable over

[0,T]. Then

o -~ fg vdg = 8 - f;VdC, 0<t<T, a.s.

The exceptional set does not depend on t.

Proof. By the definition of the integral,

8 - jg vdg = fg vab, + jg vz + jg vdz}

Now b (t) = b (t) + /

X th(x). By Property 2,
a<|x

Q2
8]

rt

t t
o Vo, = fo vdg  + fo vd(e g &)

But according to Property 5,

rt . -
fualo, = c ) = L= [ivat,, - .
Stnce 7,(t) - g () = ci(e) - f,é(t) - -f x th(x)
u(lx'(B

Cr'x(t:) - f,é(t) - (bﬂ(t) - ba(t))»
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t t A - t -
L= fovdle, =) = [)vd(e! -z Io Vd(b, - b ). Thus,
[Yvae, - ¢ ) =[S vagt - ¢ty - [Evd(b, - b ) and hence
0 8~ ta 0 a " %8 0 g~ P

g - f; vdg = fg vdb  + fg vdg  + fg vdg! = a - j; vdg a.s.

Since both sides are right-continuous in t,

P {8 - f5Vdr =« =[5 Vdz, 0<t< T) = 1.
4 A Complex-valued Martingale.
Let V be an integrable process and let
2(v) = exp {fufy vde - | ¥ (x,u¥(s)) dM(x,s) - fu [  Vdb_|

R x[0,t]

where a > 0 and WQ (x,w) = eixw-l -{ I (x) xw. In this section we show

oJ
that 2(t) is a martingale under a certain moment condition (Theorem 4.1.).

This result generalizes Prop 3.1 of Rosinski and Woyczynski [9] which they

used to establish an "inner clock"™ for symmetric p-stable motion.

Lemma 4.1. Let V be a integrable process bounded on  x [0,t] and adapted

to the o-fields A. 1If | ledM(x,s) < =, then
aJ€x[0, t]
B[y vdel = E [ XV(s) dM(x,s).
«Jx[0, t]

Proof. Let B > a and set A = [-8, -a){} (a,B8]. Put C&B(t) = C&(t) - Cé(t)

and X(t) =z' (¢t) - [ x dM(x,s) so that X € C_. Since V 1is bounded,
[01:) Ax[0, t] B

V {isintegrable with respect to X. Furthermore the Levy measure of X is the
restriction of the Levy measure of [ to Ax[0,t]. The hvpotheses of

Property 5 are satisfied and so
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- rt - t
L JO vdX IO vdX.
- t - t v
But L IO vdX IO vVdg 8 f xV(s) dM{x,s). lence

Ax[0, t]

E(fEvax} = (/S vde' ) - B ([ xV(s)dM(x,s)).
0 0 B Ax[0, t]

But by Prnperty 4, E fg VdX = 0, and thus

E /5 vag iy = E [ xv(s) dM(x,s).
Ax[0,t]

Since the paths of ¢! have at most finitely many jumps in [0,t],

(+yw)

6l (s w) = k!

8
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for sufficiently large B depending on w. Since fg Vdc& and f; VdC&B are

defined pathwise,

t ' = [t '
IO VdCOl (w) = IO VdcaB (w)

for sufficiently large @£. Thus

Um [ vdel, = [0 vde!,

0

But also {f 'C&BI and IC&' denote the total variation measures of C&

respectively, and 1f C 1is an upper bound for 'V',

B8

[ ]
and ¢ o

[/ vaeia| < ¢ feig|Closel) < ¢ [ot] (lo,e)). Hence

o ‘fg vags | < ¢ Elfer] (lo,eD))

= c | 'x' dM(x,s) < =,

aJS[O,t]

Thus by the Dominated Convergence Theorem,

Ejg vdc! = Um B 5 vde!

fre
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lim | xV(s) dM(x,s)
gro Ax{0, t]

/ xV(s) dM(x,s).
aJcX[O,t]

Q.E.D.

Cornllary. Let V be a bounded integrable process.

’

If | x|dM(x,s) < =, then E [[Evdg'] < E | xV(s)|aM(x,s).
QJS[O,t] | | ! ! ' 0 0-| - aJs[O,t]' \ ’

Proof. For each w ISVdC& is an ordinary Lebesgue-Stieltjes integral and so

[ o vaca) <o [¥] 4 |<q]

r t

+ -
where d o denotes the total variation of dc&. Let Y (s) and -Y (s) denote

the sum of the jumps of Cé which occur in [0,s] and have positive and negative

+ - + -
magnitudes respectively. Then c& =Y -~ Y and as 1s well-known Y and Y are
both stochastic processes with independent increments and right-continuous

+ -
paths which are step functions. The jump-time Levy measures of Y and Y are

and M| .

M (a,=) x [0,®) (a,»]x[0,%) where M~ 1s defined by the equation

™ (D, x D) = M((-D)) x D,). Furthermore, d|c&l = ay" + d¥”. Thus by

2

Lemma 4.1,

A

Elfg Vdc&l e fg |v| avt + E s |v| ay

n
™

/ x|V(s)) dM(x,s)
(a,@) x [0,t]

+ E f le(s)| dM(x,s)

(a,=) x [0,t]

E ujéxfo,t] le 'V(s)‘ dM(x,s)

Q.E.D.

2
.
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Proof. We first prove the lemma in the special case that V {3 simple, say
k-1
+ l v

j=0 3

where 0 = € < ) < ... < tk = t. By 1independence of increments

V(s) = wy Iy IR L

41

1<u, [pvde > L 1<u, vp>aE,
E e = E e }

= IE ei(u,vj>ch

e

]
=

exp{ [ wo(x<u,vj>)dM(x,s)
j aJ X(tj,tj+1]

exp { | wo(x<u,V(s)>)dM(x,s)
j aJX(t j+1]

[}
=

=exp { | wo(x<u,V(s)))dM(x,s)}.
aJx[0,t]

This proves the lemma for simple V.
Next assume that V 1s bounded over ({0,t] and let Vr be a sequence

of simple processes such that HVrII°° < v,

lim | lv(s) - V_(s)|dM(x,s) = 0 a.s., and
r+ aJx[0,t]

1im | n{xV(s) - xV_(s))dM(x,s) = 0,
r+e aJx[0,t] r

Now a Taylor series expansion shows that if (x,06,y) 1is confined to a compact

subset of R3, then

(eix¢

-1x8 - -ix¢)

vo(xe) - wo(x¢)| |e1xa

<kxle - ¢
where the constant k only depends on the compact set. Since
“VrTm £ Wi < =, we obtain for each u ¢ r?

|w (x<u,V(8)>) = o (x<u,V (s)>)'dM(x s)

uJX[O t]

< kxZluleIV(s) = V_(s)1dM(x,=).
aJx[0,t] r
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(The last equality follows from the NDominated Convergence Theorem since

M(aJS<[0,t]) < =.) Q.E.D.
Prop. 5.3. If wo(x) = eix - 1 - ix, then for each w # 0, there exist

positive constants S and <, such that

cln(x) S-IWO(XW)I S.czn(x), xXE R,

2 2
Proof. Observe that as x * 0 'wo(xw)|,v f_;. and n(x) ~x% so

1im M|= w/2.

x+0 n(x)

Also observe that as |x| +> oo lwo(xw)l n-'xw| and n(x) n/|x|, so

1im JweGen| | Ju]-

'xl*w n(x)
Furthermore wo(xw) =0 1iff Re wo(xw) =0 and Im wo(xw) = 0, That {s,
WO(XW) =0 1ff cos(xw) =1 and sin (xw) = xw. The last two conditions are
equivalent to xw = 0, f.e. x = 0 (sin x < x {f x > 0 etc). Thus since
'wo(xw)l and n(x) are continuous functions there exist positive constants

c, = cl(w) and c, = cz(w) such that

< l!ﬂile| < C2' Q.E.D.

1 n(x) -

2

c

Lemma 5.4, Let V(s) be a nonrandom Borel measurable RP-valued function on

[0,t] such that

f n{xiv(s)1)dM(x,s) < =,
aJx{0,t]
Then for all u ¢ RP
1<u, [Tvdz >
E e =exp { | wo(x<u,V(s)>)dM(x,s)}
aJx[0,t]

where ;O(x) = e1x -1 - 1ix.
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t t
[ - v '
IOVdca ;f: fO dcu,B
Consequently,
1<u, [gvac?> 1<, [gvde, >
E e “ = 1im E e ’
f} poo
= Um expl{, [ eix(u,V(s))_l dM(x,s)}
X Al x{0, ]
3 re B
= exp{ | eix(u,V(s))_l dM(x,s) .
aJx[0, t)
This proves the lemma for bounded V.,
Now suppose that V 1s not bounded. Let
k if V(s) >k
Vk(s) = V(s) 1if -k < V(s) < k
Then 1lim Vk(s) = V(s) for all s ¢ [0,t}]. Let Tj denote the time of the
jth jump of C& in {0,t] and let AC&(Tj) denote the magnitude of the jth
jump. Since ¢! has finitely many jumps in [0,¢]
f vy ' s
INZI] L V(T 8cA(T) (a finite sum)
. 3
= 1m ) V, (T,)AL'(T,)
k> j k J @ j
t
= 1im V. g,
Ko 0'k’a
Hence,
1<y, fSVd;&> 1<u, fgvde&>
E e = 1lim E e
k+co
= %im exp { | eix(u,Vk(s)>_1 dM(x,s)}
»00
¢ aJx{0, t]
= exp | . eix(u,V(s))_l dM(x,s)}.
aJ =x[0,t]
e T T e e e L e L
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It follows that

1<u, fgvndc& 2 1x<u, V_(s)>
lim Ee *® = 1im exp( | e -1dM(x,s)}
n+® n*o Ax[0,t]
_ 1x<u, V(s)>
exP{A£l0 t]e ~1 dM(x,s)}.
That 1is,
t L]
1<u, fOVdca & 1x<u, V(s)>
Ve Vo= expl f e ~1 dM(x,s)}.
Ax{0, t]

Q.E.D.

P_valued function on

Lemma 5.2. Let V(s) be a nonrandom Borel-measurable R
[0,t]. Then for all u €:Rp
1<u, jg vdg!> {x<u,V(s)>

E e = exp{ [ e -1 dM(x,s)}.
aJ%x[0,t]

Proof. We first prove the lemma under the assumption that V is bounded over
[0,t]. Let B8 be any positive number greater than a and set

Ay = [-8, =a) (a,8]. Then according to Lemma 5.1

i<u,ngdc& 2> 1x<u,V(s)>
e 'Y= exp{ | e -1dM(x,s) }.

Since the sample paths of C& have finitely many jumps in [O0,t],
C;(S,w) = C&,B(S’w)’ 0<{s<t

for 2> So(m). It follows from the pathwise definition of ISVdQ& and of

f;Vdc; 8 as the usual Lebespgue-Stieltjes integral, that
s
(t i ==
[guaslw) ngdc&,B(M), 8> Bolw).

Hence
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so 'u' is a finite measure.)

Then

E|e1<u, févac&’6>_e1<u,f;vndc&’ﬁ>'
5_E|<u, f;VdC“’B> - <u, fgvndcé’ﬁ>|
= EI(u, fo v-v_dz? a>|
< nun-guj; V_VndC&,B"

But according to an obvious extension of the corollary to Lemma 4.1,
t
EV/, v-v dg' t < f Ix(V(s)-V_(s))idM(x,s),
‘0 n “a,3 —AX[O,t] n

and hence

ity - o=
Un Ei[JV =V dcy =0,

n*©

Thus

i<, [Svdgr > 1<u, [W dgr
Ee 0 B lim Ee ? 70'nTa, B .

n-ND
On the other hand by the first part of the proof

1<u, [t LA
Ee 0 8 exp { [

Ax{0,t]

eix(u,Vn(s)>_1dM(x’s)}

Now similarly,

eix(u,Vn(s)>_1 dMix,s) - |
Axlo,t] AX[O,t]
{x<u,V _(s)>  1x<u,V(s)>
< J e n -e ldM(x,s)
Ax[0, t]
<+
Ax[0, t]

o1x<u,V(s)> dM(x,s)

o"uu-nvn(s)-v(s)ndM(x,S)

+ 0 as n * =»,
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ty,ps) = Pagi(T): 0T, <5 and a<( lA;;(Tj)| < Bl

3 ]

Lemma S.1. Let V(s) be a bounded RP-valued nonrandom Borel-measurable

function on [0,t]. Let B8 > a and put A = [-B8,-a,) U (a,B8]. Then

1<u,f5VdCa o
e 9

E eix<u,V(s)>

=exp { [ -1 dM(x,s)}.

Ax[0, t]

Praoof. First suppose that V(s) 1is a simple process, say

k-‘l
V=v,I + ) w1
0-{o0} §=0 3 (tj,tj+1]

where 0 = t0 < t1 < t2 < eee K t:k = t., Since Ca,B is right-continuous and
since C&,B(O) = 0,

k-1

' = At
Jovacs,g = v,
3=0
' = r -

where Ajca,B Ca,B(tj+1) ;a,B(tj)' By independence of increments,

k-1

Ee1<u’IEVdC&,B> = T Eei<“’vj>Ajc&,8
3=0
k-1 1x<u,v4>
= T exp{ [ e RIS dM(x,s)}
3=0 AX(tj,tj+1]
k-1
= I exp{ | eix(u,V(s))_l dM(x,s)}
gm0 Atyptyy)

This proves the Lemma for simple V,
Now let V be any bounded Borel-measurable function on [0,t] and

choose simple Vn such that

1im | 'xI-HV(s) -V _(s)1dM(x,s8) = O,
n> Ax[0,t] n

(This 1is possible since step functions are dense in Ll([O,t],Iu')

where |u|(D) = |
AxD

xIdH(x,s)
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5. Characteristic Functions and Independence
Let Vl(s), caey Vp(s) be nonrandom Borel-measurable integrable
functions on [0,®). 1In this section we compute the joint ch.f. of
jgvld;, ceey f;VpdC and establish necessary and sufficient conditions for
Vi(s)
these integrals to be independent r.v.'s. Let V(s) = : , and let

V;(s)

<u,v> denote the usual inner product of two vectors u and v 1{in Rp, and

let full = <u,v>1/2 be the Euclidean norm. Since each V1 is integrable,
there exists a > 0, and simple Rd-valued functions
kr
(r)
Vi(s) = v, 1 + ) v,I
0 {0} 4=0 3 (trj,tr,j+1]
where 0 = trO < trl K eoe £ tr,kr = t, such that
P-1im | n(xV(s) - xV(r)(s))dM(x,s) = 0.
r+ aJx[0,t]

Let Ca(s) = ba(s) + ca(s) + c&(s) denote the corresponding decomposition
of the process z(t). Since V 1is nonrandom and since the processes Cu and

C& are independent,

1<u, [ngc> _ 1<u,b_(t)> 1<u,ngdca>.E ei<u,f8Vdc&>

Ee e Ee

1<u, févac;> 1<u, jSvaca>
We will first compute Ee and then Ee .

1<u, [ovde!>
To compute Fe we will use a truncation argument.

For 8 > a, define (s) to be the sum of those jumps of ¢ which occur

%, 8

in the time interval {0,s] and have absolute value in (a,B8]. That {s,

......
.
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Cor. (Rosinski and Woyczynski) Let z(t) be a symmetric p-stable motion
(i.e. z(t) has stationary independent increments and %(1) {s symmetric and
stable with index p) where 1 < p < 1. Let V be an integrable process
such that
E exp {r fg 'V(s)'pds} < =
for every r > 0 and t > 0. Then for every X e R
Z(t) = exp{1) fg v dz + |A'P fg|v(s)|Pds}

is a complex-valued martingale.

Proof. Since Z(t) 1s symmetric ba(') Z 0 and by the well-known formula

for the ch.f, of a symmetric stable law (dM(x,s) = ,x'—p-ldxds)

4

R
and so Z(t) above 1s the same as the Z(t) defined in Theorem 4.1. A

‘ wa(x.xv(s))‘xl_p-ldx = [7P|vee)|P

straight-forward calculation shows that if
E exp {r fg|V(s)|pds} { =

for every r, then

Eexp { | n(xV(s))|x|—p-ldx ds} < =
aJx{0,t]
for some a > 0. Q.E.D.
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If x¢ aJ,
_ . ixuv, (s)
i Iwa(x,uvp(s))l = 'e p 1] < 2.
_ Thus lwa(x,uvp(s))| S_n(xuV(s))IaJ(x) + ZIQJc(x), and the right side is
integrable with respect to M a.s. Then by the Dominated Convergence

Theorem,

' 1m wa(x,uV (s))dM(x,s) = [ v (x,uv(s))dM(x,s)
L p>> R x[0,¢] P R x[0,t] ¢

Consequently,

1im Zp(s) = Z2(s) a.s.

] p>®
In order to conclude that Z(s), 0 < s <t 1is a martingale, it suffices to
show that {|Zp(s)|}:=1 is bounded above by a r.v. having finite expectation
) since we may then again invoke the Dominated Convergence Theorem., But
g 'Z (s)l =exp { | 1 = cos(xuV(r))dM(x,r)}
- P R x[0,s]
é Now ;jg i:%%§§ggl =.§ u2, éi: i:f%;é;gl = 0, and this ratio is continuous in
' 6 so there is a constant c¢ = c(u) such that 1 - cos(u8) < en(8). It
follows that
K / 1 - cos(xuV(r))dM(x,r) < [ ¢ n(xuv(r))dM(x,r)
l R x[0,s] “aJx[0,t]
+ 2M(a3%x[0, t])
; Thus
) Izp(s)| S_eZM(“ch[o’t])-ec faJx[o’t]n(xuv(r))dM(x,r)
By hypothesis the right side has finite expectation and so Z(s), 0 { s 't
) is a martingale. Q.E.D,
;
]

p
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Again the convergence is bounded since 1 - cos 0 S_min(2,62/2) 80

2.2
|zp(s>| < exp {.‘125- [ x%aM(x,s) + M(I®x[0,s])}. It follows that 2
JIx[0,s]
is a martingale. Q.E.D.

Theorem 4.1. Let V be an integrable process which satisfies the condition

that
E exp{ [ n(xV(s))dM(x,s)} < =
aJx[0,t]
for some o > 0., Then the random variables
. Z(s) = exp {{iu fg var - | P (x,uv(s))dM(x,s8) - iu ftde }
a 0 a
F Rx{0,s]

form a martingale over the o-fields As’ 0<{s<t

i; Proof. Define processes Vp by
. p if V(s) > p

Vp(s) = V(s) 1f -p<V(s) <p .
-p 1if V(s) < -p

According to Lemma 4.3

z (s) = exp{iuf(;'vpdf, - ){[0’81wa(x,uvp(s))dM(x,s) - tu [gvdb )

is a martingale. Now by Property 3, lim fgvpdca = ISVd;a, a.s. And also

p-)@

[ . lim IS Vpdca' = fg Vdc& since for every w the integrals with respect to
{“ p*
. ' t tv
co L, are finite sums. Thus 1lim IO Vpd; a IO dz., To see that
b P
- / wa(x,uvp(s))dM(x,s), converges a.s. to | wa(x,uV(s))dM(x,s),
. R x[0,t] R x[0,¢t]
we need to bound the quantity lwa(x,uvp(s))| by an integrable function

relative to M., Note that leie- 1 - 10' _<__(1/2)62 5_262 and also
e® -1 -] < |e!® 1| + [o] <2fo]. Hence [e!® -1 - 16| < 2n(0), so

oo (0¥ (82)] < nxuV ()

< n{xuv(s)) 1if x ¢ alJ.
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1Hm E | lwa(x,uv(s))- wu(x,uv (8))|dM(x,8) = 0
= 8Jx[0,t] r
and so
P-1im | wa(x,uvr(s))dﬁ(x,s)
r+ BIx[0,t]
= | wa(x,uV(s))dM(x,s).
8Ix[0, t]
Put 7, (s) = expliu [gv d(c + 2! ) = [ g (x,uV ())dM(x,@)}.
gIx[0,s)
Then
P;iim ZBr(S) = ZB(S)’ 0<s<t,
where

25(s) = expltu [V d(z_ +2l) = [ ¢ (xuV (@))dM(x,q))

8Ix{0,s]
But also since 1l-cos © 5.(1/2)62, 6 e R,
‘ |28r(s)‘ = exp{ [ l-cos(xuVr(q)) dM(x,q) }
"E BIx[0,s]
- 2.2
- < exp {2.5_ f x2dM(x,q)} < =.
8Ix[0,s]
Thus if 0 < ) < s, < t, the Dominated Convergence Theorem together with

Lemma 4.2 implies that
E{ZB(SZ) As } = 1im E{ZBr(SZ) AS }
r-poo

1 1

1im 2 (s8.)
o BT 1

= Zs(sl).

Now let 8 + = and note that as in the proof of Lemma 4.1,

Un [J Vil = [gvde?,

R4

Thus,

1im ZB(s) = 2(s), 0<s<t,

R+

. Tt " -
PP I TP W '.:'.'j
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' t ' . - "
| Jovasiy - fovedels | SE L x| o[uter-vytor|antx, o)
< BE_J V(s)-V_(s)|dM(x,s),
—'achlo,t] I t |

and hence P - 1lim fg Vrdc&8 = fg VdC&B' It follows that

) g

- t ’ = '
P ifZ Jovpatc, + 8l2) 15Vd(ca+c08

).

On the other hand,

[f ]|wa<x,uv<s>) = V(0¥ (s)) | a(x, )
8Ix[0,t

= | ‘<eixuv(s) -ixuV(s)) - (eixuVr(s) -ixu Vr(s)) dM(x,s)
aJx{0, t]

+ [ 'eixuv(s)_eixuvr(s) aM(x,s).
Ax{0, t]

To bound the first integral on the right use a Taylor series expansion to see
that

(eixuV(s) 1xuVr(s)

-1xuV(s))-(e -ty ()] < KxZ'V(s) - V_(s)

where K 13 a constant depending only on the bound for V and on a. Thus

by .the choice of Vr

m E [ I(eixuV(s) -ixuv(s)) - (eixuvr(s)

-ixuv (s))]dM(x,s)
r~ aJx[0,t] r

=0.
Also,

i IeixuV(s) —éxuvr(s)|dM(x,s)

Ax[0,t]

</ IxuV(s)-xuV (s)‘dM(x,s)

Ax(0,t] r

<elufl [ Vo)V (e)|anix,s),
Ax[0,t] r

{xuV(s) ixuVe(s)
and consequently, lim E | le -e dM(x,s) = 0.

> Ax{0,t]

It follows that
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b
- Z(tj) is At -measurable we obtain the equation
< )
b EZ(tj+l) = F.{Z(tj)Lj')lt ;
g = 2(ty) E{leﬂtj}
=
h Thus {Z(tj):j =0, 1, ..., k} 1s a martingale and hence
. E{z(e)|Aj} = Elz(t )AL} = 2(t)) = Z(s).
- 2
-

That is, Z(t) 1is a martingale for continuous time, Q.E.D,
Lemma 4.3, Let V be a bounded integrable process on & x [0,t]. Let a be

any positive number and put

Z(s) = exp{iu ngdC -J wa(x,uV(s))dM(x,s)-iu ngdba}

R x[0,s]

eixw -1- ilaJ(x)xw. Then {Z(s),As: 0<s<t}l isa

where wa(x,w)

martingale.

Proof. Let C

may assume ba

such that:

(a) IVr'.S C on

sup{'V(s,m)': 0<s <t we 2}, By hypothesis, C < =, We

0. Select simple adapted processes {Vr} as in Theorem 2,1

2 x [0,t],

(b) iim E
r*e QJX[O, t]

& (¢) lm E [

x2|V(s) - Vr(s)‘dM(x,s) = 0,
n{xvV(s) - er(s))dM(x,s) = 0, and

+. rr~  aJx[0,t]
(d) 1Um E [ |v(s)-v (s)|dn(x,s) = 0.
e al%{0,t] i

hd "vr_ Ly 0
B

Condition (c) is the hypothesis of Theorem 2.2 and so

m [; v dc = Jgvde,  a.s.

r—PG)

Let B be any real number greater than a, Than according to the Corollary

to Lemma 4.1 with A = [-B8,a) U (a,8],
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Lemma 4.2. Let V(t) be a simple process adpated to the o-fields At.

Then for all ue R, and a > 0,
e1uxV(s)

Z(t): = exp{iungdC —1--IQJ(x)uxV(s)dM(x,s) - iufSdea}

R x[0,t]

is a complex-valued martingale relative to the o-fields Ac.

Proof: Let a > 0 and u € R be arbitrarily chosen and then fixed. Without

loss of generality we may (and do) assume that ba(') =0, Let 0<s<t

0 1

k-1
i V(r) = WI + Z v
5 {0} §=0 j (tj,tj+1

‘i and choose a partition 0 = t, < t, < ... < tk =t of [0,t] such that

1’ 0<r<t
where W and V0 are Ao—measurable, and for each j > 1 Vj is

At -measurable, Since I{f necessary we may enlarge the partition to include

3

s, we may assume that s =t

3 for some £ < k. Then by the definition of the

integral for simple V,

k-1
ftVdc = )V b,
0 1=0 i
where Ac, = (e, ) - C(ti). Let ¢ (x,w) = L I (x)xw. Then
k-1
Z(t) = 2(t,) = exp{iu } v - ) { b (x,uV,)dM(x,s)}.
k 3" 0 R x(t,,t,..1° ]
j’ i+l
Set
L, = exp{iu v,ac, = [ ¢ (x,uv, )dM(x,s)}.
] 373 a h|
R x(tj,tj+1]
Since ch is independent of the o-field At while Vj is At -measurable
3 3
v,{e“‘"j“j]ﬂt b=exp { [ CRURLICRIH
J R x(t,,t, ]

3
It follows that E{Lj'ﬂt =1, =0, 1, «.., k-1. From the fact that
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The right side tends to zero as r * =, and thus,

1im f wo(x<u, Vr(s)>)dM(x,s)
r+ aJx[0,t]
= | wo(x<u,V(s)>)dM(x,s).
aJx[0,t]

But by Theorem 2.2.

in fovdc = [

tVdc a.85.,
| ad 0 @

0

S0

m E exp(i<u, [V dg >)

r-bm
= 1im exp{ | wo(x<u,Vr(s)>)dM(x,s)
 ahad aJx[0, t]

= exp{ [ wo(x<u,V(s)>)dM(x,s),
aJXIO,t]

E exp(i<u, ngdCa>)

so the lemma holds for bounded V.
Now consider the general case where

/ n(xV(s))dM(x,s) < =.
aJx[0,t]

Define

r if Vv(s) > r

V(r)(s) - V(s) 1f -r (V(s) <t
~r 1f V(s) < -r.
Then by Property 3, P-lim f; V(r)dcOI = ngdca, so by the Dominated
r-)m
1<u,jgv(‘)dca> 1<u, [ovde >
1lim E e =E e

o

......................................
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Convergence
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y That s,

t<u, [gvde > (r)
Ee % a2 1im expl / wo(x<u,V ) (8)>)dM(x,s).
r*e aJx[0,t]

But by the preceding Proposition,
'wo(x<u,v(r)(s)>)| S.czn(x<u,v(r)(s)>).
By the definition of n, n(ex) 5_max(|c|,c2) n(x), and so by the

Cauchy~Schwarz inequality

(r) (r)

(s)>) < max(iuf, tut®)n(x1v " (s) 1)
< max(lull, tui®)n(xIV(s)1).

n(x<u,Vv

Since | n(xIvV(s) 1)dM(x,s) < © by hypothesis, the Dominated Convergence
aJx{0,t]

Theorem implies that

1m | wo(x<u,V(r)(s)>)dM(x,s)
> aJx{0,t]

= wO(X<u,V(s)>)dM(x,s).
aJx[0, t]

This proves the Lemma. Q.E.D.

Theorem 5.1, Let V be a nonrandom Borel-measurable Rp-valued function on
[0,t] such that for some a > 0.

/ n(x1V(s) 1)dM(x,8) < =,
aJx{0,t]

Then the ch.f. of ngdC is given by the expression
exp {1<u, ISdeQ> + wq(x,<u,v(s)>)dM(x,s)}
R x[0,t]

where

1x<u,V(s)>_

Vq(x,(u,V(s))) = e 1 - iluj(x)x<u,v(s)>.

Proof. This Theorem follows immedfately from Lemmas 5.2, 5.4, and the

independence of f8Vdcu and [;Vdgl. Q.E.D,

L e e e . el e .
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Corollary 1. Let V be a Borel-measurable nonrandom Rp-valued function on

[0,), such that for a>0, [ n{xiV(s) 1dM(x,8) < =. Let Tt: R x[0,t) » RP be
aJx[0, t]

defined by the equation Tt(x,s) = xV(s). Then ngdC, t > 0, is a stochastic

process with independent increments and no Gaussian component. The Levy

measure of f;VdC is MTZI.

Proof. Note that for a, h > 0, and t > a+h, the Increment
a+h a ... _ rt
fo vdg - fOVdg = fo I(a’a+h](s)V(s)dC
has the ch.f. (assume ba(t) : 0 for simplicity)
i<u,xI(a,a+h](s)V(s)>

exp { | e -1 ~ 1l _(x)<u,x I (8)V(s)>dM(x,s8)
R x[0,t] alJ (a,a+h]

f ei<u,xV(s)>
R x(a,a+h]

= exp { -1 - IQJ(x)<u,xV(s)>dM(x,s)}

The independent increment property thus follows easily from the expression for

the ch.f, of f;Vdc, given in Theorem 5.1.

Next we check that MT-t1 is a Levy measure. It suffices to show that

fp UxU2A1 dMT:l { ©, Observe that by a change of variables
R
2 -1 2
[, 1xI°AL aMT = [ IxV(s) 1Al dM(x,s).
RP R x[0,t]

It is easy to check that HxV(s)HzAI‘S n(xv(s)). If Ixv(s)t < 1,
lle(s)IizAl = n(xIV(s)); 1f IxV(s)1 > 1, lIxV(s)IIZAl =1 < ixV(s)ll =

n(xIV(s)!1). Hence
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[ wxv(s)¥’mdM(x,s) < f n(x1V(s) 1)dM(x,s)
R x[0,t]} aJx[0,t)
+ 1dM(x, s)
aJx(0,t]
< =,

This proves that MT;1 is a Levy measure,
..1 tv
To see that MT ~ is the Levy measure of IO dz, write the ch.f. of

f;VdC in the form

exp{ca(t) + e1<u,xV(s)>_1 -11{ ol "<1}(xV(s))<u,xV(s)>dM(x,s)
R x[0,t] AR A
and then make a change of variables to get the expression
1<u,y>_

exp{ca(t) + épe

1 - 1I{y:"y“<l}(y)<u,y>dMTzl(y)}
for the ch. f.

It is clear from the above expression for the ch.f. that ngdc has no
Gaussian component. Q.E.D.

Lemma 5.5. If Vs seey vp are any p real numbers and if v = . ,

) E ( .
1 )

Proof. First assume that fv! > Yp. Since vl < /p max 'vi', there {s some

1, such that |vi l > 1, and lv1 | = max |v1'. Then
* * {

e |vy| = |V1*| =l )< ?“(Vi)

so n(ivl) = tvl < /p gn(vi) in this case.
1
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Next observe that if vl < 1, then for each 1, 'vi'.g 1. Hence

n(livl) = vt = E vi2 = E n(vi) in this case.
1 1

p
Finally note that the function r(v) = ) n(vi)/n(uvu) is continuous

—

on RPN\{0} so if m = min{r(v): 1 < vl £ vp}, m > 0. Let c;l = min(l,m).
/P

Q.E.D.
Corollary 2. Let Vl, ceey Vp be real-valued Borel-measurable nonrandom
functions on [0,t] such that for some a > O

/ n(xVi(s))dM(x,s) <oy £ =1, vuey P
aJx[0, t]

Then the stochastic integrals f; Vldc, cevy f;Vpd; are independent iff

M( R xA) = 0 where A = {s ¢ [0,t]: for some 1 and j, Vi(s)Vj(s) # 0}.

Vi(s)
Proof. Let V(s) = : . Then by Lemma 2.6,
Vsz)
P
/ n(xIv(s) 1)dM(x,8) < e ) [ n(xVi(s))dM(x,s)
aJx{0, t] P 1 aJx(0,t]
< m.

Thus V satisfies the hypothesis of Cor. 1, and hence f;Vdc exists and is

infinitely divisible with no Gaussian component and with Levy measure M'I‘-1
where T: R x[0,t] * RP {s defined by the equation T(x,s) = xV(s). The

integrals fgvldc, ceey I;Vpdc are the marginals of f;Vdc, and thus, as 1is

easy to see, they are independent iff MT-'1 is concentrated on the

coordinate axes. That is, if D = {v ¢ RP: for some 1 and 3 vivj ¢ 0},
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then MT-I(D) = 0, But T(x,s) ¢ D i{ff for some {1 and 3, xzvi(s)vj(s) * 0.

Stnce M (0} = 0, MI1(D) = 0 {ff M( R xA) = O. Q.E.D.

Remark. The expressions given in Theorem 5.1 for the ch.f. seem to be natural

extensions of the case of simple V., If p = 1, the integral

ei(u,xV(s)>_ 1 - 1IaJ(X) <u,xV(s)>dM(x,8) exists for all u 1ff
aJx[0,t]
i n(xvV(s))dM(x,s) < =, (Prop. 5.3) If p > 1, then the corresponding
alx{0,t]

expressions for the marginals of ngdc make sense 1ff

/ n(xVi(s))dM(x,s) < = for each { and some a > 0. But according
aJx[0,t]

to Lemma 5.5, the latter condition implies that [ n(xUV(s) 1)dM(x,8) < =.
aJx[0,t]

Thus in this connection, at least for nonrandom V, it seems natural to

require that

J n{xiv(s) 1)dM(x,8) < =
aJx[0, t]

for V to be integrable.
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