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Abstract

<

Let AN be a population with N balls bearing numbers am.....m“
) respectively. Draw n balls from AN randomly without replacement, and
5 denote the numbers appearing on these n balls by XI,....Xn. Suppose

that ¢N(x.y) be a Borel-measurable function, symmetric in x and y.

-1 .
set U= (}) o (Xs oK), 8 = Eop(X14X,) 00X ) = E(gy(X0X,)]%y)
. n 2]§§<k:n,Njk N = BNty talhaliy N XXl e
- og = Var(g(x1)). In this paper we established that, if there exists
»

fixed constants M and xz such that 0 < "1”1!'!/“-‘ 12 < 1, then it {s

. valid for all positive integer n and real x that
' V’N-(U "6 )
A n N -¥% -3 3 -3

9

where ¢(x) is the standard normal distribution function, and C is an

absolute constant depending solely on A and xz.

L)

i
AT AN AT AT A




“

Teis laca,

1. Introduction

Let AN be a population of N balls bearing real numbers L ERERIL e

Draw n balls from AN randomly without replacement, and denote the numbers

2y 1,

appearing on these n balls by X;,...,X . Suppose that o(x,y) = ¢N(x,y)

~ n
E be a two-variable Borel-measurable function which is symmetric in x and
S y. Call

: U= (37T elxg) (M

- 1<j<k<n

? the finite-population U-statistic with the kernel ¢. For simplicity and
. without losing generality, we can assume that E¢(X1.x2) = 0. Define

% a(X;) = E(s(X;,%,)|X;) and suppose that ug = Eg%(X;) > 0.

o Nandi and Sen-(1963) researched the asymptotic normality of .

i. U,- Zhao Lincheng and Chen Xiru (1985) established the ideal

:S Berry-Esseen bounds of Un under weaker conditions. Considering the pro-
}E found results about non-uniform convergence rates of U-statistic, estab-

lished by Zhao Lincheng and Chen Xiru (1983), it is natural to raise such

:E a problem: whether the analogue is true for finite-population U-statistics.
' But this problem will be more difficult, when x,.....xn are not independent.

Recently we studied this problem and established the following main
result:

Theorem 1. Suppose that there exist fixed constants M and Ay such
that

0<a 2n/N<a, <l (2)

R T O AT T G O TP AN
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Then there exists an absolute constant C depending only upon A and Ay
such that |

<% - (x| < 7% (1) (3)
9

for every x and n, where v, = E|¢(x].x2)|3 and ¢ (x) is the standard normal

distribution function.
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b I1. Some Lemmas

> I

To prove the Theorem 1 we must prove some lemmas in this section.

»
s

Obviously, we need only to prove the inequality (3) for large n and all

real x. For convenience, we often omit the index N and the phrase "for

- large n". Besides, without losing generality, we can suppose that og " 1.

§ Let I(A) denote the indicator of set A,#(A) denote the number of different
elements in set A, and the letter i denote /-T especially. Last, for
simplicity of presentation, we make the following conventions:

i 1. In this paper, "absolute constant" means the positive constant

depending only upon A and Ays which is independent of n,N,AN, and ¢, and

can assume different values on each of its appearance even within the same

- " ,t’ l. l-

formula. Throughout this paper, we will use C,C*,C',C",\,u,e,e*, etc. for
some absolute constants, use Q;([t[), Qy([#[) and Q (lw{.[t[) for some
polynomials with absolute constant coefficients. Further these polynomials
can also take different forms on each of their appearance.

s 2. Set "

: by = glayg)//A, LN=j);]|bj|3.

Let wI(t) and wz(t) be two functions (which may depend on n) defined

on R]. We call w1 - wz. if there exists an absolute constant A such that

[t (e) - vplt)fat < NN, (4)
ltI:ALN

In this paper, the following symbols are often used: p = n/N, q = 1-p,
(p,q are both dependent on n and N)
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(x )/m n ] J n []
A T I 9(xj)/ P, S, = 32153’ Sp = 52155' Sp = Sp - Spe
3 where J < n is to be defined. Write
E g: = 9(X:), 4. = 6(X.0X ), J # K,
. J J Jk i’k
Ve = $5¢ - x_:‘z (g5%4g)s 1< i A k<n (The j,k's range is the
t same in the following). Set
p - * - -
< ¢jk = ¢jkl(|¢jk|£JN)n ¢jk = ¢jk - E¢jk’

_ x* * . * N-1 * &

N-2 . /o' ,ny-1 a |
LS B = (,) Y., =d Y.
Y likg'lin' ik "'*!'szkin Jk

o = d Yo, an=d T Y

T Maggcken KM ggaeg 3K
n-: k-1

* * *

A=A =-A,=d Y.,

n2 “n nl n k-§+1 jZ] Jk

where dn =0 (n'3/2). Let.

2/q
It is obvious that
) 36 e1, e
b, =0, b =1, Eny = I/N,
j=1 J j=1 J 1

o,
et e,

.'- x. .‘v L ."\ Lt e '.._ , N -.,'~., -'." ‘." e )
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v 6
L and
K- 1IN < L =—LE|g(X )|3<v//N
y - N N ] -3 *
.
! E Sh =0, Var(Sn) = N/(N-1).
Suppose that {j],....jk}ci{3,4,....n}. It is easy to see that
E(Y]ZIX.) =0, forj=1,2,...,N, (5)
k
:- E(Y12’X1.X ]’Oo-’x ) 2 - m Z Y]jl’ (6)
E E(Yy,1X; vereaXy ) =("5k)" ) j i, .for k > 2. (7)
a Iy k 1<fam<k
g Lemma 1. For any a > 0 and any n < N, we have
EIS"Icl < C = C(a).
f Proof. We only prove lemma 1 for every even natural number 2k, that
N is EISn|2k‘5 c(k).
Because
. n r
E( Y n)% = 2 5 _(Z_"-L ("»E(m ™,
j=1 J m=1 o me
here the summation Z‘ is carried out over all integers Ploeeeslpn satisfying
- ryte..try =2k and ry > Taeooor, 2 1. If some ry = 1, for example r =1,
’ then we have .
’ r r m-1 r
v n 1 my, _ ] n 1 m-1
) (m)E(n] o-onm ) E - m (m) jg]E(njn] ...nm_~| )g
from E(np[nqs.eeany 1) = ﬁ:ﬁiT 2 So the contribution of this term
N
>

et et e Attt
I A N R N N N A RN R AP A S AT S
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can be merged into some summands with the forms

(;-I)E("l ...n ] ) and does not change the orders of magnitude of these
)Zk

summands. Hence in the expansion of E( Z n;
j=1

the terms with some rj = 1

can be omitted, and we get

- E( E 2k _ "m
_ ng) z 3R (M ECn e ™,

i j=1 ~ m=1

here the summation 2 is carried out over all integers Fyseeesn satisfying

¥ N r P
i ryte.otr = 2k and r 2 2,...5r > 2. In this case (;)Elnll...nmml‘i c(k)
L
so E( 2 ) t c(k), and the 1lemma is proved from (2).

Lemma 2. For any n < N, we have
4 3.4 4,2 (2
E( Yo ) = Cn EY,, + Cn (EYD,)C.
1jjgkﬁn Jk 12 12

Proof. Write wn = 2 Y'k' In the expansion of E N:, we need not take
1< j<k<n

account of those terms, in which some index only appears one time. As an

1 id
example, we consider those terms such as E YJIJZ YJ1 s j234 j335‘ where

j1.....j5 are different and the index j5 is single. From (6) we have

E(YJIJZ iqd 32j4 J3j5) = Y, ,5Y13Y54E (V5] Xy 0X50Xg0X,)}

1
- 77 € Y92Y13Y24(Y13%Y23%Y34) -
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Since the number of such terms do not exceed Cns, the contributions
of these terms to E H: can be merged into the terms with 4 indexes and
don't change the orders of magnitude of the latter. Using Schwarz's
inequality, we get, for example, IEY]2Y23Y34Y]41 < E(Y$2Y§4). So

4 3.4 4 ,.2 2 3.4 4,.,2 2
E W, < Cn7EYq, + CnUE(Y],¥3,) < Cn7EYy, + Cno(EYy,)",
- -3/2
from d_ = 0(n ), the lemma is proved.
Lenma 3. Without (2) but with the cond*tior T8 1 =n-J<cu8y and

J/(N-n+1) < A, we have

n
3 3/2 3
E|k£2v1k| < Cn / Elv]zl ’ (8)
3 3 3
E| Y. |” < CnElY,,17, (9)
15j§k_<_n kb = 12
d n
3 3/2 3
E| } Y. 17 < c(A)(13)V°ElY,]7, (10)
jo1 k=§+1 k= 12

where C(1) is a constant depending only upon i.

Proof. The proofs of these inequalities are similar, so we only prove
(9). Set

By = L Yo W= ) Eps
k j=1 jk Nk

then

e At aNeT e
” .

“»
SR S
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3 _ 2 2
ElW, |7 = E(g (W, 1) + EQ (W |) + 2E(g W _1[W |)

we

3
My,
1

ZE{(%NH_]I%I * En'wn-1'wn-’l”I(EnMn-l 200}

(T

+ 2 E{(Enwn-llwn-ll - ;nwn_]lgnl)l(gnwn_]w)}

2 E(5, My g D)+ 2 BTN, D).

n-1
2
From (6), we have E(g [X;s...0X ) = j§1 E(YJHIX],...,Xn_-‘) = - oo T Wno1e

SO
2 2 3
My < 2 E(gplW, 1) <2 ECg W 1) + 2 E[g |7,
and
3 2 2 ey (3. ] 3 3
EIW 17 < 3 E(gqW |} + (5 EIW_([7+ 5 E[W [7) + 2 Efg [,
3 9 3,2/3 3,1/3 3 3
el 13 <3 (Ele 193 12 w el 17+ 3 Ele |°.
Set

- 3 _ 3
Yy © Elwnl , @ = SuUp Elzkl .

2<k<n
then by above last inequality we obtain
a2/3 1/3

Yt t 3a,

7Yy Y 3,
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% 10
7
o
oy So
9 2/3, 1/3,.1/3 1/3
> Yo 233 (y, *Ypo1tee ¥y, T) + 3na,
»
~
: 9 2/3,.1 1
< Ypo1 232 / (y,,f13+ynf§+--.+y;’3) + 3na,
Define y = sup y,, then
2<k<n

3 y 5_-3- na2/3y1/3 + 3na
" From this estimate, we get
Elwn|3 < cn3/2 sup ElEkls.
- 2<k<n
: and (9) is obtained from (8).

Lemma 4. Let ¢ and c¢* be any fixed positive numbers, and J < n. Set

d 2
Ay = {(Xyse0u0Xy): jg]nj > J/N+el, (1)

g J * 2
" By = {(Xys.e.0Xy): Ijzln‘jl >elyh, (12)

then under the condition of the Theorem 1, the following estimate is valid:
- 2
: P(AjU Bj) < CLy.
Wi The proof of this lemma is almost the same as lemma 1 of the paper LS].
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Suppose J > O,uy N7 < T = n=0 < N “uqay > 0 asl0.%].
' Set N = N-J, p = I/N, q = 1-p. It is obvious that
1 p = (n-0)/(N-0) < /N <2, <1,
\ Let C'> 1, €', €*> 0and {Jyu....d;0C {1,....N}. Define
. Dy =iz 1ci<h, b > Lyt (13)
by
: GJg{]'.oo,N}-{j]'c.-’j‘]}. (14)
N -
2 o - A s . s o= j"’l:
gk =N ;5“’ + tbks wk = Ek/\/ﬁq- 6k = 6k(¢nt) a q+ pe ’ (15)
- -ipw fqu
Ek =N &"’ + tbko W = Ek/"i_’a. Dk = Dk("ot) = Qe k + pe kn
(16)
f'l = {(’l’st)3 H" hd ZC'v’Eﬁ, ltl hs C""E b:1}’ b, = max Ibklo
1<k<n
T, = tvat): 200 < Jv] < oRBa, [t] < OV B3V,
A - —_— -— . -
; ry = ((v,t): || < 2C'/Rpg, C"Vpg ba' < It] < "R LN]}.
: Tg = {lyst): 26VRRG < [0 < »/RPa, C*VRa b)) < [t] < €V Ly 3.
In the definition of 51.....54. taking off all the "~" we get new
- sets of (y,t) and denote these sets by TPyseesslye
Suppose
: f 2 i’ -1 0. (17)
- b; < J/N + ¢ b < €%, for e, e* > 0.
: 1 I "lgm dei= N
N

RN N P P L A AP AT A A SRS S S R ) e T o a mt P T T e T T Mt St e ta T, T AN _sie . m e .
(S ., CRICRK . . o e L . K RPN, o T e Tt et T T e S R PO Y A S ST
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Lemma 5. Let positives ¢ and ¢* be small and C* be large, C', C" be
small enough, and C' > C*C*. Then, when (17) is valid and (¥,t)el U T,UTHT,,

there exist absolute constants C and u such that

| B Siat)] < explou (v2+t2)3, | (18)

G,-Ox

| o CN'3exb{-u(w2+t2)}, when (w.t)e§2L154 (19)
keG -Dy-nSk(Wot)l < )
JoN CLgexp{-u(w2+t2)}. when (¢.t)er3. (20)

for N large enough, where set A ='{m].m2.m3.m4} is any subset of {1,...,N}.
Proof. The proof of (18) can be referred to the lemma 2 of the paperlsl.
From (18) the estimate (19) also be deduced. Now suppose that (w.t)e§3.
using (18), we get

|kesj‘-’on‘sk(“"t)| < CL: expl-u(y24t2)}. (21)

If some element m of A does not belong to DN’ then

- —1:.- (l‘l’ﬁ-l’|+|tbkl) < (ZC'/—ﬁﬁ ﬂ'&..cuj“'ﬁ L;IC*LN)//;;
ﬁ .

€ ¢
3
A

< 2C' + Cer @ C.

Taking C small enough, from the inequality l-cos&m < 1-cosC < 52/2,

we have

~2

256>1-c

> 0.

2 ~a - ~
log(¥st)|” = 1 - 2pa(1-~cosa,) > 1 - €
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Using this inequality and (21) we proved (20).
Lemma 6. Suppose (2) is valid and 0< u N < (n-J)/N < u N™ for acl0,%]

and select ¢ and ¢ * appropriately, then there exist » and u such that

IE{(S")reftsn X«I...-.XJ}I < CN-I‘G/Z(«H_IS'.'II‘+N-PC¢/2|t|P).

. expl-uN"%t%}, for r = 0,1,2, (22)

EE R PR S Y- e L L T R RS L T

. exp{-uN"%?), (23)

provided |t| _gAL']]/FG and (XI.....XJ) € Ag n 83.

Proof. The case of r = 0 in (22) can be proved by lemma 2 of the paper (51

., 2 =1,...,d, and write S" = (pq) I’Z ny.

In other cases, let X, = a
L NJL jeG

Because of the releationship between S;" and §;". we only need to prove that

2 = 1EGre ™0 x X)) < c+ls) [+ [t expt-ut?y,  (28)

-~

& Jec(3 % BN x ek 1] < el 1 2oed)expl-ut?, (25)

pel} 2
My & JECEN e N X3 < cOMBLes)l+]eBexpt-ut?),  (26)

where |t| <>\f§a L"‘].

Define B (p) = v’T( )pI " ~I It 1s not difficult to see that

NN gt e e e AL Lt e B Lot ek o e e S :
O B T e R e S S RNV L O R TN O Ty SV
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E(e'Sn|xp0.000X))

. BTI(FT : T]ﬁ J g (a+Pexpli(thy//5gs0)1)e™ oo
i
lo]<x

1 1 I » —
= . - {n s (v.hexp(-11y/ g==1dv
Npw8, (5) V2% — keG, K N5

lvlenMpg Y
from the equality
* " for integer k = 0,
I elKeyq = {:
for integer k # 0.

-n

Differentiating both sides of (27), we obtain

M < C[ - Tv 8 cf T P L EATATY
keGy /pq €55
] <n/N5q o] <n/NpG ik

here we have already used Striling's formula to get the following

estimate:
A3, () = 140 1)) for actoi)

Take C' and C" small enough such that |8k|<1/8 for (w,t)ef] and

k e GJ. In this case, we have

fok,, . ~

(27)

(28)

(29)
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Here and after, o, can be assumed different values and tka‘g'C. We have

by  ia pb 8 Ex
|7 =% elok| = | ] X (162K

ke6 /a6, ke6y /B3 /B

J
<c] 3 bl +CY IbE | <clyb, | +CloINT[b] + Clt]
keGJk keG, kk' = "2y dp E k

_ J
<et] by |+ Qel+lth.
£=1 Y2
Thus, it is inferred by (28) and lemma 5 that
J - 2,2 -
Ty < i) ) bo | + vl + [t]dexpl-u(t+7)}, for (y,t)ely, (30)
£=1 3¢

- 2
Ty <C E IbkljeGg j#kl%-(’l’ut)l <C E lbkl’ CN lexP{'H(‘P +t2)}

< ¢ expl-u(y?+t?)}, for (vut)el, U T, (31)

) N
Now consider the case (v,t)ely. From by = 0, we have
j=1

| 3 bl Ibl+ T Ibsl, (32)
jeGyDy 3 = e e gep,
2121 ¢ 2 0% el
b <C'L by < (C L) . (33)
je%ﬂ| ‘jI - N jegn i= N

Take C' and C" appropriately small such that |w | < 1/8, where
keG,-Dy, then e'*k/a, = 1+ o, [E,[//p3. Using (20), (32) and (33),

we get
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T1_51

5bk i

k
. SN m & +cCy [b]| m [6:]
keG ;=D '!ﬁﬁﬁ .']s:GJJ keDy k JEGJ'Jfk J

<Ccl 3 b |6|+C£ Ib & | m |&.]
ke6-Dy k jet, 3" ke 50y k*k se6y

+C} |b| m A
keDy k jeG yy ik 2

J * . .
€A Loy [+ (€)™ + clvl+lel) + (€T -
- Ly exp{-u(¢2+t2)}
? 2,,2
<l I by |¥1+lul+[t]) expl-uly®+t%)1. (34)
£ e

So (24) can be inferred by (28), (30), (31) and (34). It is similar
to get (25). In order to prove (26), differentiating three times in the
both sides of (27), we have

My < CJ Tydy
| <r/Npq

where T3 = T3 + T3 + T3 , and

s
J

Ty = p(pa) Y2 1 b3 etk L
keG

I l
m
J k meG




-
~

ei(mk+aj) n 6m|,
g GGJ meGJ
¥ kfi m#k,J

I D

k j L o
GJ meGJ
k#jEL#k m#k,J.L
S 2
The estimate of each term is similar to (22), but the term c N"LN e vt

appears in the right side of (26). The reason is that if C' and C" are small

enough, we obtain by lemma 5 that

a a .
T <N T [b 131 6| < CNLexpi-u(vBstd)} .
3 - k m' - N
keG meG
J J
The other estimates are omitted. The lemma 6 is proved.
Lemda 7. Under the condition of the Theorem 1, there exists A > 0 such
that
617! [1%s3e 0 <y (t)1at < oL,
t L’1
[t]<x N +2
where v (t) = (1€ 53 + 3t - t3)e? .
Proof. Set
u = (-e"TPuky e¥0Ky /27 )
k Pk — Ux/Pye
Tpwg, .o 19wk 4
Vk (Pe +qe )/D 'k/pk'
- A -
"k = ('pze 1Pwk+q2eiQMk)/p,k = wk/pk'

B (p) = /Zn(Mptg",

';s‘:-."!\ ~ -.i-."; ’.:. !\' \_';- .’:.' RN, v
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From the equality

EeltSn.__1 L j ,'{,, (v,t)dy (35)
A5 B (p)  vzw A 1¥1<r/WBa g kYR |
we have
(€ e'tSmy" . 1 - j (T14T,4T,) ,': o (¥st)dy, (36)
A5 8y (p) /2w 4 Ivler Mgt 12T A
here
T1 = /pq kz bkwks (37)
T, = -3i/pg b2y, b (38)
2 ]$k§j<N k k u
- /2
T, = -i(pqP 2 - bybbeuusup (39)
kfj#@#k

Take C' and C" small enough to satisfy Imkl < 1/10 for (w,t)ery. In this

case,
u = Tuy 1+ 7 1(a-ploy 0,851, (40)
) 2
Vi = 1+ i(q-p)wk + 88 (41)
w, = (a-p) + 0,5, |. (42)

Substituting (42) into (37), we obtain that, when (¢.t)eP1.

T b2| < € § [b3e, | < CIby [3N%y]+[tb, |)
I™ /e k§1 k| 2 k>k E k k

< € LN yl+]t]). (43)




g i i o o day b S A Nl aaii, ety SRS Sl v SRaL Mab M e Sl S 4 r,—rr.w

19

Further, substituting (40) and (41) into (38), we get

2 2, ¢ .i(q-
T, =3 blb,E, + 3 b2b, 5, (1{9B) (2¢ 4
2 l:k;jiﬂ k3% 15k§jiﬂ Ry (25,ey)

2 2 e ] n
. +°j°k(5k+5,1)] T2+T2.

where

'
T, =3

N N
2 - 2 2 - 3
, bgb, (N ystb,) = 3t 1 by(1-by) - N ”wk§1bk.

I:kgjfﬂ

N
" 2 2 2
T c bb.g el +C b b.&
Tl 2 €1, Gy 0smeEs * LT Py !

2.2 2 3
+C (byer|b.E.|+b |b.ET]).
ebpge nOKERIOE BT
Using this estimates, we can easily get

T, - 3t] < € LA0,(Iv]) + € LyltlagClvl.le]), (48)

provided (w,t):r,.
Substituting (40) into (39), we have

T, = - b b.b,E E.E (1+ 119:21 g, + 80 gz).
e (1+ 119:215 +6 52)(]+ 1&3:215 +9 52)'
v 3 Y9585 e L Lt

Using an argument similar to above, we get

Ty - t3 <C Lﬁoz(lwl) + C Ly tlQ(Ivl,1t]), for (witlery, (45)
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When (y,t)er;, from (39) of the papertm. there exists 8 such that |e] < C and

N 2,2 2,,2
T O0t) = €MD o (1y) 31139 M (g

. N
Noticing 13 S: = ifgﬂ )) b2(1+0(%)) and using above estimates, we get
Pa k=1

N 2.,2
- -3 3 3 -ls(w +t )
(T; + T, + T3)k£1 plwat) = (3% s +3t-t3)e .

2,,2
'*. + a(LZ0,([v]) + LNItlQ3(|w|.|tl)le'*(“‘ ), for (¥,t)er,. (47)

When (w,t)erzu Tg» from (19), we have

I V1ol <€ LIol® 1 bylecy  Enin o]
N T, + T, +T p,t < C b i p | +C by|b.| I P
Vo2 300 = T e K etk ™ 1<kgen K 3 el mpk,g
> +C Ib,b.b,| o |

- 1ik§jﬂ#kiN K301 mk, g,

3
< ClL NN dexpon 20t

Noticing that (vp,t)erzu ry fmplies |y]| > 2C'/Npq, we have

O Y N

2.2
|(13Es:+3t-t3)e"’("’ ) . CELa+(It]+1t1%)L, expt-u(v?t?)),

so the estimate (47) is also valid for (w,t)srzu Tg-

When (w,t)er3, the case is more complicated. Set Hy ={1,2,...,N} - Dy.

5 It is obvious that |wk| < 2C' + C"C* for keHN. After fixing C*, we can take

C' and C" small enough such that |uk| < Clek[ for keHy (refer to'(40)).
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Noticing | ] by

JeDN

< 1/C*l.N and using (20), we have

N 3 2 2.2
IT‘kI=11°"I = Clk§1b"w" mel, m;!k""‘I < € byexplulytoh,
N o2 - )
T2 howl =€ kzlb"lv"llj;k.ieHijujlm:klp""l !

gzlkll IAIN
+C by |v bu.|l 1
ka1 K K geB ek I

ol
JEDN, # m=1 ’mfkaJ
Y02 5 bl mled scT B2 I Ibld lo]
<C Jb b.e.l T |p +CZb bl A, o
k=1 kjfk,jeHN F3pg M kjsN jzfl'j m

< ¢ el vl e expl-u(y2+t2))
< ¢ L2041t ]+]v]) expl-utoBetd)},

By the similar method the following estimate also can be inferred:

7y kl:1pk(w,t)| < citlo,(lel) + LN03(H)|.It])}exp{-u(wz*'tz)}.

Note that above estimate is also valid for (i3E Sz+3t-t3)exp{-¥(w2+t2)}
when [t]| > C"/pq b;]. so (47) holds for (v,t)ery. Hence, when [t] < C"/pq Lﬁ‘,
we have

_ 2,2
Noa - ($3es343t-t3)e k(v +t7)
l /7 J|¢]<w P9 [(T1+T2+T3)k£1°k(¢ot) (1 ES +3t-t Je 1dv]

< G2y 110y (1)) expi-ut?y.

....................




By (36) and the equality /Npg B (p) = 1+0(N"1), it holds that

N

e .

3 %53 850y -y (1)) < ey lt]0y (It Dexpi-ut?) (48)
.‘: for |t| < C"V/pg Lﬁ].

rry

When |t| < C Ly» from lemma 1, we get
tZ

16177 [1%(s2e ) - (3% si+3t-t3)e‘7 |

——

: 2 2
< [t1 lesdeSnan] + esd-e 2|+ 3l et /2

1A

E st o+ ltlES]] + 3ft] + [t < o (It]). (49)
With (48) and (49) we obtain

-1,.3..3.itSp _ '
" /_; 1__|t| ki ES e -wn(t)ldt = {J|t|:pLN +
t|<C"/paLy

-1,.3.  3.it
_]}ltl [i°E sne1 Sn _ wn(t)ldt

;[‘
CLy<|t]<C"vpaLy

< C L.

Up to now the lemma is proved.

Lemma 8. Let I = n-J = [/n]. Under the condition of the theorem 1, the

following relation is valid:
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’ *
E{(S +A exp{it(sn+An1)}~E{(S +An1) exp(itS ).

nl)

Proof. We only prove the relations

Lk
E{si‘mA:T eItSn(eTtAn]_1)}~0‘ for m = 0,1,2,3. (50)

From Jensen's inequality, for « > 1, we have E[g;(“ = E([E(¢;ZIX])1°)

< E{E(l¢12‘ lx])} El¢]2]° < CE'¢]2!“
so with lemma 2, we get

4, cn-3/2v

EAn1 < 3

Using lemma 1 and 2 and Holder’s inequality, we have

E)s3 M ™) < eal™D2, | for m = 1,2,

Hence

. *
617 E $3Mar Ml St tanT 1y ¢ gs3myt MY ¢ oy

n “ni V3

form = 1,2,3. From this (50) holds for m = 1,2,3.
Now we prove the case of m = 0. It is obvious that there exist

8y Iej{ < 1,3 = 1,2 such that

*
et < qeat + 20 (ta |1(AUB,) + a,tPa P1(AS N B),
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2¢ I L] Nty 3(‘*“;z|t| Jexp{-uN"4t%1dt
[t{<aLy
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here the definition of A, and B, can be found in (11) and (12). So

J
we have

lt17 |E(s2e BSn(e tan1o1)) | < (E(se®nar ] +
+ 26()S3a07 11(A;UB))) + [t] [ECo 8, 252650 1(aS 0 8S))

3
Zl Mj(t). A (51)

Using lemma 1, 3, 4 and Holder's inequality and noticing v, 3_03 =1,

9
we obtain
My(t) < 2(E[s |'8)/8celar (%) 3p(a u 8,1
< IR (52)
So
My(t)dt < € N5,
J|t|<ALN] 2

From 1emma 1, 3, 6 and Hélder's inequality, for appropriate selected

e and e*, there exists A such that

3
1 Ma{t)dt < CI . It rZOE{A |s |3' 1(AS f\BJ)

J|t|<xL [t] <L
=**N

“r itsp
JEC(S,) e M X 0. e X | 2t

<C JI l . It] Z E 2 |s;|3"(1+|sa|3+n‘z|t|3) expl-uN"%t%1dt
t|<AL




AN

< c[|u|N"’v3(1+|u|3)ex'p{-uu2}du < O %y, (53)

Set

. i = ae N
= [n/2], Aﬂ = (2)/(2): Sn = .X]Ejo Sﬂ = Z _Ejo
J= 'j=3‘ﬂ
~%

An" = d

-Y L ]
n 153'2@1 3k
By the symmetry, we have

3! - )
My(t) = A |E(a  s2e®n)| < EC|3,,S 1 T(A;UB3)} +

~Nn

s z EC oy (5% T I1(A§ N B3 IEL(S,) e SS)x .. X 1)

4 My (2) + m,(e), (54)

Where A&. 83 were defined by (11) and (12). Using an argument similar

to that employed in establishing (52) and (53), we see that for appropriate

selected ¢ and e* » there exists 1 such that

J 1 (thdt < NN, (55)
-1
[t]<aly
2
I 1."12(t)dt 2 cI|t| AL XOE{IA ](S )3"' (]4.'5 | +|tl3)}e ut dt
el aly s

2
< cu"’vJ 0+ dt < oy, (56)
ltf.f.“-N

From (51) to (56), (50) is proved for m = 0, thus the lemma 8 holds.

:_$f“,'.‘~_-. v..'.'f‘:. .:-'i.’}f‘ _.:_...-,'_0. ‘.}‘\-..\-‘.‘.:..}'v-s\‘.\ ., ; e e gt L% \}, '- \ \* - “\

W
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{ Lledma 9. Let I = n - J = [/n]. Under the condition of the theorem 1, we
v have %?
- 3 * 3 itSp o 43 * .3 3, -
% TE{(S +a 1 )7e )28 (t) = (ITE(S #a,0)" + 3t - tT}e " .
N
oy
. Proof. From lemma 7, we need only to prove
3-m,* its 3-m,* my -t%/2
E(Sn a8 ny. E(S (W8 ™e” , form=1,2,3 (57)
53 But from lemma 1, 3 and Holder's inequality, it is obtained that
7 ’
- - -l * - -
Itl ]'E S: mAn?,(eitSn_e t /2)| |
: 3-m,* m,itSp Ter3em *m, -t y2
% < Itl” EIS Agp e hN)| + [t TIElS; T " (1-e )
- m |
- 4-m,* -2
2 < Els, ™, ™)+ EIS "'| < CN S,
aC form = 2, 3. From this estimate we see that (57) holds form = 2, 3. In
.,_'; -~ ~%
23 order to prove the case of m = 1, taking J =b2] and introducing. S , S and
- 3;1. as the proof of the lemma 8, we need only to prove
t2
E(s23 e tn)-e(sZir e 2 (58)
- Using the similar method employed in establishing (54)-(56), we know
2
o that there exists A such that
<.
=
~
. |
- !
;;-.

5 g R e Ry T ™ o et A TR T ata e T e N e et et et R I R P S
, -* ". P, ., ff .. ,- .D‘,\'.\ $ ‘\.. " o \._-\ \"\. cin e a_.. SRR ., N .{\.\.\‘ . LG
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its fts
It E(sZE) de T tSn |t <[ |Es2E" e 't5n gt
f1<|t|<x ! o <ftlay "M |
. 2-* _itS [ 4 .
(€|s25,,1(A;UB3)| + |esZd; e’tSn p(aSBS) |20t
L<lt|<ll-] IsZam1(A5UB3)| + [EsiEme’™Sn (A 8%y |
<c N'&v3. (59)
But .12:2
-1 - -
[1<lt|< L_]Itl |e(sn n])e ldt < € N %y, (60)
- ~k -+2
J|t|<1|t| ]IE sﬁAnI(eitsn'e ’ lz)ldt
< 1t177([esZE™, (e tSn1)| + (s (1-e't2/2)|)dt
=Jitja n®n1 n®n1
< [ (EIs3a0 1+€1S2E0, )t < € N™*%,, (61)

so the relation (58) holds by (59)-(61), and the Temma 9 is proved.
Lemma 10. Suppose that y(t) have continuous third-order derivative y

in |t] < T, and w(j)(o) =0 for j=0,1, 2,. Then

:
[ . [ed-41el) () fat < FTltl"lw‘”(t)ldt. for 3= 0,1, 2.

The proof can be referred to lemma 2 of the paper[3].

Lemma 11. Suppose that (2) is valid. Let'{Hn]} and'{an}. n=1, 2,...

sequences of random variables, Nn = "nl + “nZ’ and {an} be a sequence

numbers such that |a,-1] < C//N. Then, the following conclusions are

> ..._(q, o ' .‘r.&.‘r.' R RS AR < Ca e e ";":"'Q"‘; ~:‘~_;..; .'_-.: -_:.‘-_:.-‘:..-_: TRCAR

(3)¢ey

, be a
of real

valid.
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(1). If we have
PGy < x)-o(x)] < C n"%3(1+|xn’3 (62)

for all x and n, and
PUIWG 2 CIx| 1) < € NS, 0041x])73,
for all |x| > 1. Then
IP(Hn < x) - o(x)| < CN"’v3(1+|x|)°3, for all x and n. (63)

(2). Suppose that vy 2 C/N, also (62) and the following hold,

PUM,| > %lx]) < € N8, x|

for |x| > 1. Then (63) holds.
Proof. Refer to the proof of lemma 1 in the paper[:”, and use the

.

condition "1 < C']N"’v:,“'.

I11. Proof of the Theorem

In order to prove the theorem 1, first we prove the following theorem:

| N N
Theorem 2. Let ] by =0, ] b5 =1and (2) hold. Then for all n
J=1

j=1
and x we have

IP(s, < x) - o(x)] < € Ly(+[x)™>,

3

Proof. Seta, =1, ay = 0, ap = ESZ = 1, ay = ES2. Obviously, Ja;| < CLy

are valid for j = 1, 2, 3. Define
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3 2
ho(t) = I o (it)ke™ /2, (64)
k=0
g, (t) = € e'®n, (65)
Obviously,
2 2
Ihy(t) - e 8 72] < e (t2s]]3)et 72,
and

2
I8ty - v (8)] < eyt +ebret 72,

where the definition of tn(t) is found in the Temma 7. With the lemma 3

of [S5] and the lemma 7 there exists » > 0 such that

A1t g, (8) - h (B ]at < c Ly, (66)

IltlgL“

A1ty - neyjae . (en)

JI t L‘.“-N

Noticing ggj)(O) = hgj)(o) for j = 0, 1, 2, with 1lemma 10 and (67),

we get
4100 ey - nDie1ae < ]
Iltls.k'-{.'lt' l9p™"(2) - () [dt < € Ly, for § = 0,1,2,3. (68)
Define
Ik L
6y(0) = P(s, < x), Wt = 3 LD o a{Kn), (69)

n e s <nmm e bm ney onen ey o mene
LR | Ty Xy G O O, ST P P Ng
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N
;:2 It is easy to see that G (x) is non-decreasing, H (x) is differential
. and has bounded variation 6n R], and G (+=) = H (+=), £ |x] Id(G (x)-H (x))] < =,
|Hn(x)| < C(1+|x|)'3. So G, and H_ satisfy the conditions of lemma 8 of the
Chapter 6 in [2]. Checking the proof of the lemma again, we see -
that this lemma also holds when T > A, here 1 is an absolute constant.
Set :
| oy(t) = [ &' (6, 00-#,0x0),
then
' -3 S
= 6y00) = Hy(x)] < cC1+1x)7%] 1t £) - h
2 16, a2 2 |x] ltlg«!-,]] [t]™ g (t) - h (t)]dt +
- -1
> I -1 1t |63(t)|dt +C L. (70)
. |t]<aky
o From the lemma 7 of the Chapter 6 in t2], and noticing (66),
&% (68) and (70), we get
-
- -3, -1 . .
G(X)-H(x)<C(1*|X){I t t) - h (t)|dt
] 6, NN IS | |t|£ﬂ§] [t]™ [g,(t) - n (2)]
. + g J 'tIJ 4[ (j)(t) - h(j)(t"dt + c’ L.}
. [t]<x I n N
<C LN(1+|xI)'3. (1)
o But
'..‘ [ (x) = e(x)] < € L(+Ix]),
~ so the theorem 2 is obtafned from (71).
I
;.
>,
."'V' " '- SR LSy '- A S R O P L R R TR

) .
D) 2 B
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In the following we give the proof of the theorem 1.
Proof. First suppose that vy > /N, By lemma 3, we have

P(la,] > X|x|) < C|x|'3E|AnI3 5_C|xl'3.N'3/2v3.

for |x| > 1. Using Temma 11 (2) and theorem 1, and noticing Gn =S, + A

we get

P(U, < x) - o(x)| < € N 004[x)7. (72)

Now we suppose that v, </N, write

Qe = ], u] = 0' 02 = E(S *An]) Q3 ’ E(S"+A:])3I
h (t) P o (it)ket Y21, (73)
n - kxo Ck /
g,(t) = E exp{it(S +a ])}. (74)

and

.2
B, (t) = {4 3(s +AM)3 + 3t - tet2,

Clearly, hn(t)-e't? , and by lemma 9, we have h£3)(t)'8n(t). From the
proof of the theorem 1 in (5], we have gn(t)le'tzlz. Using lemma 8 and
lemma 9, we get g£3)(t)-8n(t). Hence gn(t)~hn(t). g£3)(t)~h§3)(t) and
gij)(O) = hgj)(o) for j = 0, 1, 2. Similar to the proof of the theorem, we
get that there exists A > 0 such that

-{: -(“‘\ ) \)\{\1

SN
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Cad
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(a
<,
>,

w2 de %W A

[P(s +ar < x) - o(x)| < € N"%, (1+]x])73, (76)
Set
- ~% - ~ -k ~%k
¢jk = ¢jkl(1¢jklim(1+lxl)' ¢jk = Ojk - E¢jk’ J £k, gj = E(¢jklxj)o
~ ~% N-1 o* v, =% ~% A SN
Yik = 45k - W2 (95*9k)s 8y = 4 ]£§<k£nvjk’ ik = Yok = Ve

g vy - . Y i g Pl S s S MR autel Jutie g D - 2t 2
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-1 -
e g (8) - m(t)]at < ¢ N Ry,

At el e - niI(e)|at < ¢ N"%,, for §=0,1,2,3.

jltlf_ALN

Similar to the proof of the theorem 2, we can obtain 1
[P(s a0y < x) - o(x)] < € N7%,(1+[x])73, (75)
When |x| > 1, with (9) and (10) we get
PUan, | > clxl//M) < ¢ N/2)x| g, 13
< N3/2ix|'3.cu'9’2(/i-n)3/zv3 < N 1x 0

Hence with (1) of lemma 11 and (75), we have

*e ™ K ..'.-:‘p ‘4 .-‘-;‘- = SR -‘-‘.- - . *r .o ‘j
:z..!L IR I ) _'L\é}.'}_'_'a.);}k'iﬁl}.&\




4
E 2}, < C/01+[x] v,

Using Jensen's inequality, we get

2 . ~%  *x 2 ~k ok 2

) E Zy) < 3{E(815015) + 2E(EL(81,-01,)1 X, 1)}
~% % 2 % % 2 .

< 3{E(¢]2'¢12) + ZE(E[(¢]2'¢~|2) Ix]])}

~d *
< 9 Elbjmay)°

< 9 86 10< o, LR+ 1x)) < 7o,

Hence, from lemma 2 and the supposition v, < /h, i.e. n'l*v3 < C, we have

-3.,4

N -6 4 “2/e92 2
E(a-8,)" < Cn 7 E( ] ij) < Cn77EZy, + Cn °(EZy,)

1<j<k<n
< Cn'3-c/?{(1+|x|)v3 + (:rn'z(9r|"’\»3)2

< e 1+x]). - (77)

~ %

On the other hand, if we set "jk = ij - ij. then it is easy to

see that
~odp - -
E(a,-8,)° < ¢ n7'ew2, < € 07 o980, 1000, 1> R0+ X))
<C n'3lzv3(1+lxl)'1. (78)
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Thus, from (77) and (78), we have

PLIU -(S,+0)| > [x|//}

< PU,-8,] > [x|72/8) + P(1&-2)] > |x|/2/B)

2., 2 2 -4 <% *.4
< 4nx E(An'An) + 16 n“x E(An-An)

<C n"‘xa3(1+|x|)'3, (79)

for all |x| > 1. Further, with (1) of lemma (11) and (76) and (79), we
get
|P(U, < x) - o(x)] < € n”%(1+]x]) 2. (80)
/nU

0 e N-2 ny . ;
Noticing U N_'T(_Z"E)’ and using lemma 11 (1), we get

/o,
2/q

| P( <x) - 8x)] <¢C n'l’v3 (1+|x|)'3, for all x and n,

i.e. (3) holds for og =1, So the theorem 1 is also valid in general case.
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