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I. INTRODUCTION

i_ The purpose of this paper is to lay the theoretical groundwork for a multi-
52} aperture imaging system which operates on the principles of partially-coherent
Eij imaging (1:499-510). The system described here is the optical analog of a

radio-frequency interferometric antenna array. The premier example of this tech-

j - nology in the radio regime is the very large Array (2) near Socorro NM.

The exit pupil of the multi-aperture optical system considered here consists
NN of six apertures arranged in an hexogonal array. As an example, one might think
of the Multiple Mirror Telescope (3). An aperture arrangement similiar to the
Multiple Mirror Telescope is shown in Fig. 1. Here, the six apertures (numbered

< 1 to 6) are arranged hexagonally.
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Fig 1. The pupil function of a six element multi-aperture system

e This multi-aperture system is oriented to view a distant incoherent source.
The basic princi.le of operation is to use opposing pairs of mirrors in the

" array to measure the complex degree of partial coherence of the light Ffield.




reaching the array from the source.

A Lwo-dimensional measurement of this quan-

tity in the plare of the aperture can be translated into a two-dimensional image

of the object.

The goal of this paper is to demonstrate theoretically how imaging can be

done in this manner. A two lens version of such a system is presently being

built by the Emvironmental Research Institute of Michigan (ERIM) under contract

Lo the Avionics Laboratory (4).
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[L. THEORY

The theory will first be developed for a one-dimensional system and then

extended to a two-dimensional system along the lines of the Multiple Mirror

Telescope. The basic principles, which are most easily explained in a one-

X dimensional case are completely valid in two dimensions. The treatment that §
Y

e follows comes primarily from Sections 10.3 and 10.4 in Born ad wolf (1:499-510). :
N I
an. The General Inteference Law

;}- To illustrate the principle, lets consider the optical system of Fig 2. An '
Ta

- S, 2

Fig 2. Geometry of a two element multi-aperture system

1 extended polychromatic (incoherent) source o produces a wave field travelling

7

L Sl

.i toward screen A. Neglecting polarizatinn effects, the light disturbance can be 3
n: _\ :
o2 regarded as a real scalar function v(T) (P,t) of position and time, with an ;
2

associated analytic signal V(P,t). The observable quantity, irradiance, is pro- .
“h
B s :
N
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portional to the mean value of V(r)?(P’t)’ so that, aside from a constant

multiplier,

1(P) = 2 <v(T)?(P,1)> = <v(P,t) V¥(P,t)> . (1)

S - RIAARIID ) | ARG

The sharp brackts in Eq. (1) indicates that the quantity enclosed within the

sharp bracket is to be averaged over a long time period, i.e.

. ,.‘
"‘ " e
.. . 4 2t 2

~ T

.

N <F(t)> = Lim 1 S f(t)dt. (2)
[+« T O

Consider now any two points P) and P, in the wave field. The irradiance at
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these two points I(P)) and I(Pp) can be measured as can the interference effects

oy 3

P

arising from superposition of the vibrations from these two points. To measure

3
d

the interference effects, an opaque screen with two pinholes could be placed in
plane A of Fig. 2; and a second screen ,to view that interference, could be

placed in plane B. Let S) and S, be the distances of a typical point Q on the

L R T PO P
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;a screen B from P) and Py respectively. Points P} and P, may be regarded as cen-
;ﬁ ters of secondary disturbances so that the complex light field at Q 1s given by
| V(Q,t) = kpV(Pp,t-t)) + kpv(Pp, t-tp), (3)
A

:fj where t} and tp are the times needed for light to travel from P; and Py, respec-
i; tively, to the observation point Q. Specifically

- tp] =Sy and tp =Sy | (4)
2 < CN

-1::

;f where ¢ is the velocity of light. The propagation factors k] and ky depend on
ﬁ% the size of the openings and are inversely proportional to the distances S; and
g 52.

ii The irradiance at the point Q is found by substituting Eq (3) into Eq (1),

with the result
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1(Q) = KK ¥ <Vi(t-t IV *(t-ty)> + Koky* <vo(t-tpIvp*(t-to)>
+ KK* <V (-t VR  (-t2)> + KoKy ey (toto vy * (t-t) )>, (5)
where Vi(t) is written in place of vV (P),t). Since the optical field is sta-
tionary in time, the origin in time can be shifted, giving for example,
(-t VP (t-ty)> = v (v ¥ (t)> = 1 . (6)

Using Eq (4) and the fact that kj and ko are purely imaginary, tq (5) is

S  WAPRPIRAVRRS g S R PLT @l | =R e ol

simplified to

~

S .
2. I_'_J.,‘.

i 1Q) = lkyl21y + lkol?1p + 2|k1k2|f}2(r)[§g:§lj , (7)
i where I}z(r)[52—51]= r12(r)(T) is the real part of the function

- —<

: No(t) = <vp(tevp®(t)> . (8)

The quantity I12(r) is termed the mutual coherence function of the wave
field. In the general theary of stationary random processes, r12(1) is called
the cross-correlation function of v|(t) and vp(t). When the two points coincide

(P1=P2), the result is

- 0,0 = <vp(ter) vi*(t)> (9)
i which is a measure of the self-coherence of the light field; it reduces to the
- irradiance at that point when t = O, i.e.

The first terin on the right hand side of Eq (7) is the irradiance which would be

RN IR R

observed at @ if the pinhole at P) alone was open and the second term has a

.
Ve s

similar interpretation. These terms can be redefined as

1) = Ikyl21y = |k1|2fil(0) (11a)

and

P

1)@= kgl 21z lky | 415,000 (11b)
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Conventionally, riz(f) is normalized such that
Yl2(T) = I12(T) = ]-_‘IQ(T) ’ (12)

where 712(1) is termed the complex degree of coherence. Using Eqs (11) and

(12), Eg (7) may now be written as

1@) = 10+ 1) + 2/T00 /T v, (7 5225y (13)

C

where v,,(r) denotes the real part of Y1 .

Formula (13) is the general interference law for stationary optical fields.
[t relates the irradiance at a point @ to the single opening irradiances and

ths real part of the complex degree of coherence It will be shown in the

L Y12'
next section how Y), Can be calculated from data which specify the source and

the transmission properties of the medium.

The quantities le(r) and Iiz(r) can be determined experimentally. This can
be seen by solving for Yl2(r) in Eq (13) and then solving for I}Q(r) in Eq (12).

The results of such efforts leads to

Y1200 | 1) - 1) - 1)) (14)
2/I(N{Q) V1(*)(Q)

and
N,(0) =/IPY) VIP2) v ,(r) - 1 vipI(Py) Li(@)-1C@)-1)@)]. (15)
L/IPLIP2)
YIH@IMMW)

The signiticance of Yo is seen by expressing Eq (12) in polar terms:

v (1) = |Y12(1)|ei[a12(1) - 2wt |
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where

a12(t) = 2nvt + arg v,(1), (17)

and v is the mean frequency of the light. Then Eq (13) becomes

1Q) = 10@) + 1()1(@) + 2 /T VITIW) ly,5(1)lcoslaip(1)-8],  (18)

where

§ =2nut = 7m (59-51), (19)
?

and X is the mean wavelength. Now, Yo (1) is a normalized quantity, so that
|Y12(T)| varies between unity and zero; it specifies the degree of coherence.
when |y12(T)|:l, the intensity at @, as described by Eq (18), is the same as if
the light from the source were strictly monochromatic of wavelength X, and with
the phase difference between the vibration at P} and Py equal to ajp(t). In
this case, the vibrations at P} and Py are coherent. Wwhen lYlZ(T)|=O’ there is
no interference between the beams. In this case, the vibrations at P} and Pj
are incoherent. If, as in most cases, Us|Y12(T)|$l, the vibrations are said to

be partially coherent with |712(1J| representing the degree of coherence.

The main points to be made from this section are, first of all, that an

incoherent source of light gives rise to wave fields which are partially
coherent. Secondly, the quantity which specifies the coherence of this wave-
field, y12(1), is measurable. The next sectinn will show the relationship be-
tween the physical parameters (nize, distance, and intensity distribution) of

the source anid the measurable quantiiy D in some distant plane.

The van Cittert - Zernike Thenrem
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The analysis will now be restricted Lo the quasi-monochromatic case; that

/
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is, when the spectral bandwidth of the illumination A 1is much less. than the

oy
vow s O
O

mean frequency of the light, or :3
A o< T (20) 0

The analysis i< further restricted to the case where the time delay introduced S:
between the interfering beams is small; ie, E‘
1

b << 1. (21) X

Av A

-

when these two conditions are met, a new set of variables which describe the Ej
correlation in the optical field are usually defined. These are !?
N2 = 0,00 = v (Lt (L)> (22) oy

M2 = v;,(0) = I, (0) = J1? = J12 (23) )

v

vT1100) VTp(0] VI Yz VIIV1; ' ]

Bi2 = @12(0) = arg v ,(0) = arg u, (24) i:;

The quantity Jj, (s called the mutual intensity and Mo is called the complex :;
degree of coherence. ;}

It will now be shown how the mutual intensity Jj, can be determined for
points P} and Py on a screen A illuminated by an extended quasi-monochromatic

primary source (see Fig. 3).

To simplify the anmalysis, the source is assumed to be paralle]l to the Ej
observation plane A. [t is alsn assumed that the maximum linear dimension in o ii
is much smaller than the separation 00" between the source and the plane A, and gﬁ

g
that the angles between 00 and the lines jnining a typical source point S to P) :ﬁ
and P are small. i;
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illuminates points Pl and P, in the x,y plane.

3
Fig 3. An incoherent quasi-monochromatic extended source o in the &,n plane 3
N
2 3

The source is divided into elements doj, dop, ... centered on points Sy, So,
..., each having linear dimensions small cumpared to the mean wavelength . If :
Vm1(t) and Vpp(t) are the complex disturbances at Py and Py from the element

dom, then the total disturbance al these pointe from all elements of the source

are
v

N A}
Vi(t) = 2 vptt)  and  Volt) = £ vpolt) . (25)
m m

9




Thus, the mutual intensity function associated with these two points is

J12 = V(v (L)> = §<Vm1(tJ Vmo (£)>+ 5 5<Vm1(t)vn2(t)> . (26)
m

The light cource was assumed incoherent which implies that the individual source
elements are statistically independent and of zero mean value, so that
®x

*

<Y1 (E)VR2(E)> = <vp1(t)><vpo(t)> = 0 | (27)

when m#n. [f Rpy and Rpp are the distances of P1 and Po from the source ele-

ment dopy, then

Yml = Am(t- Rpy/y) exp [-1215( t-Rpy V)] (28a)
le
and
Vmz = Am (t-Rmpsy) expl-iznS(t-Rpp/v)] (28b)
Rm2

where |Aml is ihe strength and arg Ay is the phase of the radiation from the mth
source element, and v is the velocity of light in the medium between the source

and the screen. Then, the correlation at the two observation points from the

ath source element is

« % o
<Vm1 (E)Vmp (L)> = <Ap(t- Rml/yv) Am(t- Rm2/v)> expEZnU(le “’Rm2)/V]
Rm1 Rm2
= <Am(t)Am(t Rm2 le)> (‘Xp[i?ﬂ\)(le~Rm2)/V] (29)
' Rml Rm2

Assuming that the path difference Ryp-Rp is small compared to the coherence

length of light, the mutual coherence (correlation) of the radiation in the

10
DICST AVAILABLE COPY
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observation plane is, from tas (26), (?27), and (29)

*
J12 = §<Am(t)ﬂm(t)> expl&n:Kle-Rmz)/v] (30)
m - "ml Rm2

Tooguantity in shatp brackets is the radiance in the §ource plane of the mth
soutce element.  For any real source, the total number of source elements may be
assumed to be large, se that the wource may be regarded as being effectively
continuous. Dernting by I(S) the radiance distribution of the source

*

I(Smidom = <At )AL(L)>, Eg (30) becomes

Jig = 5 1(5) explik(R1-R3)] ds (31)
a K] Ko

where k = Z1u/v = 21X is the wave number of the medium. The complex degree of

coherence, “q (23) can now be written as

uyp = 1 S 1(S) exp[iE(Rl-RQ)]dS y  (32)

—_— R} R
VI(P) V1(Py) 1 R2_

where

g Rlz o Rzz

are the irraciances at the observation points P; and P2

The integral, Ea (32), is the same which occurs In a different connection.
[t arises in the calculation of the compiex disturbance in the diffraction pat-
terr arisirg from diffraction of a spherical wave from an aperture in an opaque

5CTeEeNn.,

More precisely, Eq (32) "implies thabt the complex degree of coherence,
11
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which describes the correlation of vibrations at a fixed point Pp
and a variable point Py in a plane illuminated by an extended
guasi-monochromatic primary source, is equal to the normalized
complex amplitude at the corresponding point P; in a certain
diffraction pattern, centered on Py. This same pattern would be
obtained on replacing the source by a diffracting aperture of the
same size and shape as the source, and on filling it with a

spherical wave converging to Pp, the amplitude distribution over

the wavefront in the aperture being proportional to the intensity

"y
PN
- f

‘l

distribution across the source.” (1)

p—
LR

PR ng
. "-._r

This result was first established by van Cittert (5) and later in a simpler way

by Zernike(6). It is referred to as the van Cittert-Zernike Theorem.

Referring again to Fig. 3, (€,n) are the coordinates of a typical source

- point S, relative to the axes at 0, and (X[,Y}) and (Xp,Y2) are the coordinates
of P and P, respectively, relative to parallel axes at 0°. Then, if R denotes

the distance 007,

Ry = (X;-€)% + (Y1-n)? + R4, (34)
so that
R TR + (X1-§8)% + (Y[-n)* , (35)
ZR

where the binomial expansion of a syuare root has been used, keeping only the
leading terms in X1/R, YR, €R, and n/R. Thus

R1-Rp T (X124Y12) - (Xp%#v%) - (X-X3)E + (Y)-Y2)n (36)
2R R

SR T YW tL tif R A AT TSI S LA 0 28
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In the denominator of (32), R} and Ry may, tu a good approximation be replaced

by R. Making the substitutions

p = X=Xy , q=Y-¥p , and (37a)
R R

b= Rl 2evy2) - (xp2ev,2)] (37b) .
R ’ 5
Eq. (32) may be written as i

w2 =lei¥lss 1(g,n)expl-ik(pr+an)] dedn (38)

IIOI(E,n) df dn '

o .

Thus if the linear dimensions of the source and the distance between P} and P;
are small compared to the distance of these points from the source, the complex
degree of coherence p), is equal to the normalized Fourier transform of the ]

intensity distribution of the source.

BP R R Py Bl Pl Al A~

R
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IIT. Sampling the Mutual Intensity Function

The development so far has shown that an incoherent source produces an opti-
cal field which is partially coherent, that the complex degree of coherence ujp
of this field i< an observable parameter, and that the relationship between the
source irradiance distribution and ujp is described by a Fourier transform if

certain conditions are met.

If the complex degree of coherence is measured in the two-dimensional plane,
then the aobject irradiance distribution can be calculated by performing an

inverse Fourier transform on the measured data. This is a form of imaging.

To see how this might be done, consider the one-dimensional system of
Fig. 4. There is an incoherent source S in the ¢ plane having a rectangular

shape and a width w. The measurement device consists of two small equal-sized

\
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Fig 4. The relationship of source and system geometries to the complex degree

of coherence function.
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apertures separated by a distance d in the x plane, which is a distance R away

from the source. Assuming that both w and d are much smaller than R, the func-
tional shape of ujp is a sinc function, perhaps like the one shown superimposed

on Fig. 4 near the x axis.

The purpose of the measurement system is to make enough measurements in the
x plane to adequately sample uj)p. The actual measurement apparatus which must
exist somewhere to the right of the x plane in Fig. 4 will not be covered in

this paper.

The function to be measured is represented as the dashed curve in Fig. 5.
The apertures as shown in Fig. 4 allow the measurement of a sample of ujp
(sample #1 in Fig. 5) directly. Sample #1°can be inferred from the first
measurement because of the Hermitian nmature of pjp. That is, since the source S

is a real function, its Fourier transform (ujp) is Hermitian; see Table 7.1 in

Hq2

Fig 5. The complex degree of coherence u,., (dashed curve) and measured samples

of this function at 1 and 1 .
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Gaskill (7:193). This means that samples #1 and 1° are a complex congugate

pair.

Other samples of uj, can be made with the same two apertures by varying the
center wavelength of the quasi-monochromatic light measured. This can be seen

by examining tg. (38) which is rewritten here:

w2 = ei¥lrs 1e,n)exp lLik(pt+qn)] dodn (38)
g .
JS 1(.,,n) dedn
a

The pertinent part of this equation is the product kp (or kq but consider

only kp):
kp=2n xp-x2 , (39)
A R '

where A is the center wavelength of the quasi-monochromatic (narrow) band of
light accepted in making the first measurement above and xj-x, is the physical

separation of the apertures. If A is varied, the effect on the Fourier integral

in (38) is the same as if X were fixed and p = x]-xp were varied. This means
that more samples of the function ujp can be obtained, perhaps as shown in Fig. 6,
where samples 2 and 2" occur at center wavelength A, and so on. If enough
samples of pjp are made in this mamner, then the original function S can be
reproduced with sufficient accuracy. The Whittiker-Shannon sampling Theorem

(8:21) will be of use in making this determination.

Now consider the two dimensional measurement system of Fig 7a. The aper-

tures 1 and 4 yield samples of ujp along the x axis as shown in figure 6. If

now two other aperture pairs 3-6 and 2-5 are added to the system and used at the
same time, then the sampled pattern of u), appear as in Fig 7b.

16
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Fig 6. The complex degree of coherence Mo (dashed curve) and the measured

samples of this function.
Y

A

Nl BT

ey e

a b
Fig 7. A two-dimensional multi-aperture system (a) and the location of some of

the possible samples of the complex deqree of coherence Mo in the aper-

ture plane (b).
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35 Other pairs of apertures besides these can also be used. The pairs 2-6,

ﬁ% 1-5, and 1-3 can yield information in new directions. This new information

= is along different radial lines and at lower spatial fregquencies. Using all the
Eﬁ pairs of apertures could yield a sample pattern like that shown in Fig 8.

Y
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LN
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-
Yy

A

-ﬁf Fig 8. Possible samples of the complex deqgree of coherence Mo when all

S

ﬁg possible pairs of apertures in Fig 7a are used.

e

»

o The image is recovered by performing an inverse Fourier transform on this
fo sampled data. 1f the sampling is sufficiently dense then a good image will be
Y formed.

[ ]

\:"

:i The resolution ¢? this image is determined by the largest spatial frequency
T,

E; sampled by the array. This is, in turn, determined by the maximum separation of

[
. E

the apertures and the lowest wavelength passed by the system.
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If the two dimensional array of measured values of P does not sample in
the function densely enough, there are two remedies. First, the number of
samples along a particular radial line can be increased. This can be done by

increasing the number of wavelength bands measured.

The second method involves a rotation of the telescope array or the object.
This would result in a doubling of total samples if measurements from all the

apertures are taken at two rationally different orientations.
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1v. Conclusion

The purpose of this report was to point out that a multi-aperture telescope
like the Multiple Mirror Telescope could be used for partially coherent imaging

and to show that this is possible in a mathematically rigorous manner.

The derivation which was presented followed closely that of sections 10.3
and 10.4 in Born and Wolf (1:499-510). The main results of this development
were that an incoherently illuminated source produces a partially coherent
field, that the degree of coherence of this field can be measured, and that it
is related by a Fourier transform to the two-dimensional intensity distribution

of the source.

It was then suggested that a six-element multi-aperture optical system could

make this measurement in an efficient manner.
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