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) Abstract
A Note on Programming and the Single Machine
Lotsize Scheduling Problem
by
Thom J. Hodgson

Henry L. W. Nuttle

- Past research on the lotsize scheduling problem has relied heavily
on the following assumptions:
1. Each product is to be produced on a regular invariant cycle.

. \
2. The inventory level at the onset of each production run is zero.

. In this paper these two restrictions have been dropped. It is shown that the

inventory cost function can be expressed as a linear function. This allows the

use of linear programming methods to determine the optimal lengths for a given

£ producti : ST dmad. e e
sequence of production runs V/44(;%Z¢I)4{, ,rfw/ ,

\ .
P t
’, ,:j/'«.' liim L. ﬂ"&?/p WL, ; / T G !__167,, /T ‘g.tf;t;é",; . - P
( ; / C
i . -

OTic
Cory
NePROTEN
L ]
N
’
1
\\
.‘ - - - - - - - - » - - - '- -- - . . ‘--.\ ‘. .
LGt {.(.‘.\..‘. -, ..l"‘.-\-\-~r-\- SCCITL T e ~ DRICRRI RN - SR - s -~ S R
AYS IS N Ner & 3 Fd, WONY O Y X :




[ER P

The lotsize scheduling problem is basically that of finding a minimum cost
production schedule on a single machine, for N different products, each with known
demand rate, production rate, and setup time. As its name implies, the problem has

elements of both inventory and scheduling. The objective function, the sum of setup

#i and inventory costs, is derived from inventory theory; and the feasibility require-
>& ment associated with machine availability is primarily a scheduling problem.
il _ Variations of the problem have been the subject of numerous articles in the
- literature. A comprehensive bibliography through 1976 is given in [4]. More recent
references include [1]*[3],[5]-[7], {9], and [11].

The most frequently considered variation is the one in which the objective is
to determine a cyclic, repeatable schedule which minimizes setup plus inventory

costs per unit time. In this context one is faced with determining the sequence in

which products are to be processed and the length of each production run.
In this paper we focus on determining the run lengths, given the sequence. 1In

particular, we show that when all runs for a given product must be of equal length,

but production may start before inventory is exhausted, then the optimal cycle and
run lengths may be determined by linear programming methods. This result can be
used in conjunction with a sequence generating procedure to provide solutions to the
overall problem. It can also be used to easily "tume" schedules produced by other
procedures to be more acceptable from the standpoint of implementation.

Our model corresponds to Maxwell's (8] when the "equal lots rule” is used and

idle time between the production runs is permitted. Relative to the model of Del-
. porate and Thomas [3), it requires equal lots for each run of a given product, but

allows non-zero inventories at the beginning of the runs.
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Consider a set of N products to be produced in lots according to a repeating

cyclic schedule on a single machine which can process one product at a time. Let

dps Py and S, derote demand rate, productiorn rate, and set up time, respectively,

for product k.

Suppose that we are ziven a sequence J={k1,..,kj,..,kL} of production runs to
be performed in a cycle of lenzth T (to be determined) time units.
kje{l,z,...,N } denotes the product to be processed during run j and 0y denotes the
cardinality of thg set { je[1,2,...,L]|kj=k}, i.e., the number of runs of product k.

N

Thus L = I ng . Ve require all production runs for product k to yield dkT/“k units
k=1 '

which implies a run lengbh of dkT/pk“k time units.

In this context, we wish to determine, the cycle length, T, and the production

run start times (after setup), X., O S'Xj T, j=1, ..., L, so as to minimize

j’
the cost (setup plus inventory carrying) per unit time, subject to the restriction
that all demand be satisfied without backordering.

If wj denotes the amount of idle time following production run j, then start

tines, idle times, and cycle length are related by

dk'T
J
XJ + ——————— + W, + Sk Xj+1, i=1, -, L1 (1)
Pk "k . i+l
J ]
dk T
L
D FWp =T (2)
LY
L
where Xl = Sk
1

Let zy be the index of the next production run of product kj after production
run j. If Ij is the inventory level of product k. at the beginning of run j, then

J

I.+d,T/n, ~d, (X, - X:)=1 j=1,2, ... (3)

k., 7K, kK %z z, ! ’ 4
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along with Ij > 0, for all j, assures that no shortages will occur. Note that equa-

tion (3) is not neeeded when production run j is the nkth production run for product

J
k;, since only n, - 1l equations are necessary to fully define the relationships be-

J)
J
tween the un, inventory levels.
b
Our objective is to minimize the total setup plus carrying cost per unit time.

POY N

If inventory levels, Ij, were required to be zero, then this cost would be given by

N

kil(nkAk/T + hck(l-dk/pk)dkT/an) (4)

where A, and ¢, are the setup and piece costs, respectively, for product k, and h is
the inventory carrying charge. The associated inventory pattern for an arbitrary
product k (m = 3) is shown in Figure la. When the Ij's are allowed to be positive
(implying that production of a product may begin before the current supply is
exhausted) inventory patterns such as that illustrated in Figure 1lb (where we use
the notation Ij.to represent the level for product k at the beginning of its ith
run) are then p;ssible. Such patterns result in an increased carrying cost (versus
Ij = () which is proportional to the area (A+B) in Figure 1b {or its equivalent for

i
other patterns). Since the production schedule will be repeated every T time units,

the increase in carrying cost for product k per unit time may be calculated as
‘. hcp(A+B)/T (or its equivalent for other patterns). As illustrated in Figure lc,

this increase is easily shown to be

sote that the increasc is linearly dependent on the minimum inventory levels.
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: T > 1° (8)

. to the linear program and applying sensitivity analysis to T°. For T > T°, F(T) is

-

: piecewise lincar and non decreasing with break points corresponding to optimal basis

N changes in the LP. Thus, the minimum of (7) will occur either at one of the break-
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Based on equation (5), the cost expression ((4)) may be rewritten as

N N L
I om AT+ h[ e (1~dy/p)d T/20, + -Z ck.Ij/“k.] (6)
k=1 k=1 j=1 13 J

Minimiziug (6) subject to (1) ~ (3) plus nonnegativity restrictionson the Xj's,

I.'s, Uj's and T will yield an optimal schedule.

This problem may be solved by linear programming methods. Note that the

problen may be restated as, choose T > 0 to

min Z(T) = A(T)+F(T) (7)
N
where A(T) = I nkAk/T and
k=1
N L
F(T) = min h [ I ¢, (1-dy/p)dyT/2my + I ¢ Ts/my ]
k=1 =1 7] ]

subject to (1)-(3) plus nonnegativity, which is a linear program.

For T>0, the hyperbolic setup cost function, A(T), is convex, while F(T) is
piecewise linear and convex {10]. Thus Z(T) is convex for T)O.

Let T° Le the point where F(T) attains its minimum. For T<T® both A(T) and
F(T), and thus Z(T), are decreasing. Thus the optimum T will be at least as large
as T2, so that we can restrict our attention to TZIo. For this range F(T) caun be

obtained by adding the constraint

Coia 20, ]
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points of F(T) or in between breakpoints. To determine if the minimum occurs be-
tween two breakpoints, the following procedure can be used. The expression for the
variable elements of the total cost function in a given segment is just
N
L n A JT + ST, 9
k=1 k“k
where S is the sensitivity to T (dual variable for (8)) of the linear program objec-

tive function in the segment. The minimum of (9) occurs at

R (10)

If T' falls within the boundaries of the segment, then the minimum of Z(T) occurs at
T'. Since S is non decreasing with T®, if T' falls below the lower end of the
segment, then the optimal T occurs at the lower end of the segment. If T' falls
above the upper end of the segment, the next segment must be investigated.

If we ignore the requirement that only one product be processed at a time, the

least cost value of T can be determined as

( Y 1/2

T* = | e (11)

hkzlckdk(l—dk/pk)/nk
B /
When this requirement is considered, it is easy to see that the optimal value of T

will be no less than T*. Thus we may replace constraint (8) with

TO>max (T®, T*)
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Finally, we should note that, from the standpoint of implementation, the
production quantities associated with the optimal value of T may be impractical.
For example, if T turns out to be 19.335 workdays, this may call for producing 2
lots of a product each of which covers the demand for 9.6675 workdays. As an

alternative, albeit at some cost relative to optimality, we may simply specify a T"

In this context, the op-

( for example, 20 workdays) and solve the LP with T = T".

timal T can be used to determine the "ballpark™ for the choice of T".




References

1. Axsater, S., "Lower Bounds for the Economic Lot Scheduling Problem Using
Aggregation”, European Journal of Operations Research, Vol. 17, No. ,
1984,

2. Boctor, F. F., "The Two-Product, Single-Machine, Static-Demand, Infinite
Horizon Lot Scheduling Problem”™, Management Science, Vol. 28, No. 7, July,
1982.

3. Delporte, C. N., and L. J. Thomas, "Lot Sizing and Sequencing for n Products
on One Facility”, Management Science, Vol 23, No. 10, June, 1977.

4. Elmaghraby, S. E., "The E-onomic Lot Scheduling Problem (ELSP): Review and
Extensions”, Management Science, Vol. 24, No. 6, February, 1978.

5. Fujita, Seiichi, "The Application of Marginal Analysis to the Economic Lot
Scheduling Problem™, AIIE Transactions, Vol. 10, No. 4, December, 1978.

6. Geng, P.C., "Multi-Product Lot-Sizing Problems on a Single Machine",
unpublished Ph.D. thesis, University of Waterloo, 1984.

7. Hsu, W. L., "On the General Feasibility Test of Scheduling Lot Sizes for
Several Products on One Machine™, Management Science, Vol. 29, No. 1
January, 1983.

?

8. Maxwell, W. L., "The Scheduling of Economic Lot Sizes,” Naval Research
Logistics Quar.orly, Vol. 11, No. 2~3, June-September, 1964.

9. Maxwell, W. L., and Harpal Singh, "The Effect of Restricting Cycle Times in
the Economic Lot Scheduling Problem™, IIE Transactions, Vol. 15, No. 3,
September, 1983.

10. Murty, XK., Linear and Combinational Programming (Ch. 7), John Wiley and
Sons, 1976.

11. Saipe, A. L., "Production Runs ror Multiple Products: The Two-Products
Heuristic™, Management Science, Vol. 23, No. 12, August, 1977.

e e e i g T S S T T




~

R e -

12-85




