il

{ |

{

i

b

i

0

d

i

:

l

BT

i

AEDC-TR-85-43 o SEM 19 1305
o>

» Development of a Two-Dimensional/ Axisymmetric
Implicit Navier-Stokes Solver Using
Flux-Difference Splitting Concepts and
Fully General Geometry

Richard G. Hindman
The University of Texas at Arlington

Piop® genc L‘.BRN'W

£ 40600-81-C-0004
{Revised, October 1985)

Fina! Report for Period March 1, 1984 — February 28, 1985

TECHNICAL REPORIS
FILE- COPY

approved for public releass; distribution unlimited.

ARNOLD ENGINEERING DEVELOPMENT CENTER
ARNOLD AIR FORCE STATION, TENNESSEE
AIR FORCE SYSTEMS COMMAND
UNITED STATES AIR FORCE



NOTICES

When U. S. Government drawings, specifications, or other data zre used for any purpose other than a
definitely related Government procurement operation, the Government thereby incurs no responsibility
nor any obligation whatsoever, and the fact that the government may have formulated, furnished, or in
any way supplied the said drawings, specifications, or other data, iIs not to be regarded by implication or
otherwise, ar in any manner licensing the holder or any other person or corporation, or conveying any
rights or permission to manufacture, use, or sell any patented invention that may in any way be related
thereto,

Qualified users may obtain copies of this report from the Defense Technical Information Center.

References to named commercial products in this report are not 10 be considered in any sense as an
endorsement of the product by the United States Air Force or the Government.

This report has been reviewed by the Office of Public Affairs (PA) and is releasable to the National
Technical Information Service (NTIS). At NTIS, it will be available to the general public, including
foreign nations.

APPROVAL STATEMENT

This report has been reviewed and approved.

KEITH L. KUSHMAN
Directorrle of Technology
Deputy for Operations

Approved for pablication:

FOR THE COMMANDER

Ay o o
"{”Zu«ba._, =Ny
MARIJON L. LASTER
Director of Technology
Deputy for Qperations




UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE

I I———_—
REPORT DOCUMENTATION PAGE

ta AEPORT SECURITY CLASSIFICATION 1b, RESTRICTIVE MARK INGS

UNCLASSIFIED
25, SECURITY CLASSIFICATION AUTHORITY A DISTRIBUTIDNAVAILABILITY OF REPORT
Approved for public release; distribuiion
2b, OECLASSIFICATION/DOWNGRADING SCHEDULE unlimited.
4. FEAFORMING DAGANIZATION REPOAT NUMBERIE) 5. MONITORING ORGANIZATICN AREPOAT NUMBER(S)
AEDC-TE-85-43

Arnocld Engineering HF appiicable)
Development Center Do
<. ADDRESS (Cily, Siate ond ZIP Code) Th, ADDRESS (Cily, Stote and ZIP Codel
Alr Force Systems Command

Arnold Alx Force Btation, TN 37389-5000

du NAME OF PERFORMING ORGANIZATION rb\. OFFICE SYMBOL Ta. NAME OF MONITORING DRGANI|ZATION

a. NAME DF FUNDING/SFONSORING Bb. OFFICESYMBOL |8, PROCUREMENT INSTAUMENT IDENTIFICATION NUMBER
ORGANIZATION Arnold Engineer- (I applicabis)

ing Development Center DOT CFST 82~18 and CFSI 83-7

8c. ADDRESS (Cily, State and ZIP Code) 10, SOURCE OF FUNDING NOS.

Alr Force Systems Command PROGRAM PROJECT TASK WORK UNIT

Arnold Air Force Station, TN 37389-5000 ELEMENT No. Na. no. g

11 TITLE (Mechads Security Cloanificalion) D205W

Please see reverse of this page.

¥Z. PEASONAL AUTHORIS}

Hindman, Richard G., The University of Texas at Arlington

13p. YIME COVERED 14. GATE OF REPORT (¥r. Ma.. Day! 15. PAGE COUNT
FROM TO October 1985 65

13s. TYPE OF AEPORT

18. SUPPLEMENTARY NOTATION

Avallable in Defense Technical Informatlon Center (DTIC),

COSATI CODES 18 SUBJECT TERMS [Conkrwe on reverse :f necasary and identify by block sumber)
GROLP sua gn computational fluid dynamics

04 axisymmetric flows

0l two~dimensional flows

19. ABBTRAGT (Condinus on revarse if neceasary and idéntify by block number)

Theoretical background and severzl basic test cages are presented for a new, time=
dependent Havier-Stckes solver for two-dimensional and axisymmetric flows. The goal of
the effort is to invoke atate-of-the-art computatfonal fluid dynamics (CFD) technology
to dmprove modeling of viscous phenomena and to increase the robustness of CFD analysis
tools. The original motivation was ilnadequate representation of supersonic ramp-induced
geparation by exlating CFD codea, The present work addresses that inadequacy by employing
modern numerical methods which accurately model signal propagation in high-apeed fluid
flow.

The present technique solves the Navier-ftckes equations in peneral curvilinear coord-
inates in a four—-sided domain bounded by & wall, an upper boundary opposite the wall, an

inflow boundary, and an outflow boundary. The interior algorithm is a flux-difference
gplitting method similar to that of Yang, Lombard, and Bershader, but it is blended inteo
a second order, implicit factored delta form. With implicitly treated boundary conditions

20. DISTRIBUTION/AVAILABILITY OF ABSTRACT 1. ABSTRACT SECURITY CLASSIFICATION

UNCLASSIFIED/UNLIMITED OO same as reT. B pTic users O Unclassified

228 NAME OF RESPONSIBLE INDIVIDUAL 220 TELEPHONE NUMBER 22¢. OFFIGE SYMBOL
W.0. Cole tIneluda Arnga Coday
. (615) 454-7813 Dos
DD FORM 1473, 83 APA EDITION OF 1 JAN 73 1S OBSOLETE. SSIEIED

SECQURITY CLAGSIFICATION OF THIS PAGE



~——UNCLASSIFIED

SECURITY CLABSIFICATION QF THIS PAGE

11l. TITLE. Concluded.

Development of a Two-Dimensional/Axisymmetric Implicit Mavier-Stokes Solver Using
Flux-Difference Splitting Concepts and Fully General Geometry

19. ABSTRACT. Comcluded.

the solution iz performed using a block tridisgonal method followed by an explicit
updating of the boundaries. The resulting scheme satisfies the global conservation
requirement to within the order of accuracy of the algorithm, The grid is generated
using a relaxation Polsson solver. A systematic and rigorous development of the
complete method is presented. Initial steps in code validation Include successful
rapraduction of Couette and Blasius solutions.

—— UNCLASSIEIED

SBECURITY CLASSIFICATION OF THIS PAGE




AEDC-TR-85-43

PREFACE
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1.0 INTRODUCTION

Over the past decade, sufficient advances have been made in the field of computational
fluid dynamics (CFD} to provide an extremely useful tool to engineering practitioners. This
tool is the CFD technology which currently sees extensive use in a large variety of aerospace
engineering design and analysis. The present report documents an application of this
technology resulting in a new analysis tool (i.e., computer code) which is immediately
applicable to the study of flow past specific components of modern aerospace vehicles. The
present CFD development effort supports testing as well as analysis and evaluation of re-
entry vehicles and high-speed aircrafi. The specific technical problem addressed herein
concerns viscous flow over a two-dimensional or axisymmetric body with possible
streamwise separation.

1.1 MOTIVATION

Consider the wall/ramp arrangement shown in Fig. la. This two-dimensional
configuration may represent a simple model of a vehicle control surface., A ramp-induced
shock-boundarv-layer interaction results when this model encounters a
supersonic/hypersonic airstream. The flow separation resulting from this type of interaction
can have devastating effects on the control surface performance. Therefore, it is of prime
importance to be able to predict flows of this type accurately, Figure 1b illustrates a
cylinder/flare configuration. Configurations of this type exist and also are subject to shock-
induced separation problems. The present effort was motivated by an earlier, unpublished
computational analysis at AEDC of ramp-induced separation on an actual re-entry vehicle
control surface. The available Navier-Stokes solvers were found to underpredict the size of
the separation zone by about a factor of two, even in laminar flow where the turbulence
model is not involved. Since the separation zone is the primary phenomenon degrading RV
flap performance at flight conditions, and since high Reynolds number phenomena are not
adequately simulated in wind tunnels, it was deemed necessary to mount an assault on the
problem with state-of-the-art CFD technology.

The result of the effort reported herein is a computer code designed to compute the
viscous flow field on and about wall/ramp and cylinder/flare configurations. This code uses
state-of-the-art CFD technology. To date the code has been tested against known solutions
for Couette and Blasius flows and it has successfully reproduced the classical solutions.
Preliminary solutions, not presented herein, have been obtained at AEDC for compressible,
separated ramp flows.
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1.2 BACKGROUND

Numerical computations to date have primarily been limited to the two-dimensional
wall/rfamp configurations. For example, Refs. 1 - 4 report numerical computations on
problems of this type for both laminar and turbulent flows. Since this numerical work was
reported, advances have been realized in the treatment of the inviscid terms of the
descriptive equations. These advances provide for integration algorithms with substantially
improved stability properties without the use of artificial viscosity. These more robust
algorithms are capable of solving a tougher class of problems than previously possible. The
remainder of this report documents the development of a pair of computer codes utilizing
the new methods,

Coalesced
Shock

Aft Compressicn
Intermediate Expansion

Fore
Compression

Boundary
Layer

Reversed Flow

a. Ramp-induced shock-boundary layer interaction

b. Hollow cylinder-flare configuration
Figure 1. Specific configurations of interest.
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2.0 DESCRIPTIVE EQUATIONS
2.1 CARTESIAN COORDINATES

The two-dimensional Navier-Stokes equations expressed in Cartesian coordinates are
given by
a  de . of
at ox ay )

wheree = ¢; — e, and f = T, — T,. ¢ is the dependent variable vector and e, T are the
associated flux vectors, The bar indicates that these variables are defined with the use of the
Cartesian velocity vector g = (u, v). The inviscid and viscous contributions are indicated by
a subscript i and v, respectively. Consult Ref. 5 for a precise definition of the vectors ¢, e, T
in terms of the primitive flow variables. Equation (1} is valid only for 2-D flows.
Axisymmetric flows are modeled by

—+ —+ —+ h= (2)

wheree = ¢; — e,, f = f; — f,, and h = h,. Now ¢ is the dependent vvariable vector and
f, g are the associated flux vectors. The source term, h, is inversely proportional to y, the
radial coordinate. This term can easily be switched on for axisymmetric problems and off
for 2-D problems. Note that the vectors ¢, ¢, f, h are defined in terms of the cylindrical
velocity vector g = (u, v). This results in the fact that ¢, e, f appear identical to ¢, e, f when
u, v are replaced by u, v. It must also be recognized that ¥ « q appearing in the definitions
for e, f (sece Ref. 5) is given by

du

av v
v L = — 4+ — 4 — 3
= utmty (3
in contrast to ¥ « q for e,  given by
ax dy

2.2 GENERALIZED COORDINATES

An attempt has been made to construct as general a 2-D/axisymmetric Navier-Stokes
solver as possible while maintaining a substantial degree of operational simplicity. The use
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of generalized coordinates has contributed to this effort. Equation {2) is transformed from
the (t,x,y) domain to the generalized (7, £, n) computational domain to yield

dp a¢ de af ap de of
—+ =+ H -+ EH—+p—+ n—+9y—+h=10
3r & 3t & o Ey 2% Mt 3 x m My an (4)

where the following functional forms have been assumed:

T=1
£ = &tx,y)
n = 5(L,x,y)

This allows for the possibility of utilizing adaptive grids if so desired. The vectors ¢, g;, f}, h;,
e, I, h, are now given:

¢ = (o, Qu, gv, ge)” (5a)
e; = (pu, p + gu? guv, (p + ge)u)” (5b)
fi = {gv, quv, p + ov% (p + ge)v)T (5¢c)
1
h; = —y-(ev. uv, gvZ, (p + ee)v)T (5d)
0

MV o q) + 2p(% ug + 25 up)

(& Vi + v, + Eyug + my u’l)
MV =g} u + 2pu (Eug + 350,

’ + F"V(Ex"i + vy, + Eyuf + ’l‘yuq) + k(ExTE + ﬂxTrr)
(5e)
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0

ﬂ(fyug + muy + Exve + ﬂqu)

f, = MV s @) + 2u(gyve + nyvy)
MV e @) v + pu (&mg + puy + Evp + mvy)
+ 2uvityv: + ayvy) + k(T + 9T
(5D
0
nlEue + nyu, + Eve + vy
h, = % 2u(E, vy + 1y Vy) - 2u V7Y

MV » @) v + pu (Bup + nyu, + &V + 1,0V

+ 2uv(Eyve + vy} + k(5T + nyTy)
(5g)

2.3 CONFIGURATIONS OF SPECIFIC INTEREST

The flow problems of specific interest are those depicted in Fig. 1. Figure la illustrates a
wall/ramp intersection encountering a high-speed viscous flow. The possible separation
resulting from this complex interaction makes this problem of more than academic interest
for aerospace vehicles in which control surfaces are used. Figure 1b illustrates a
cylinder/flare configuration which exhibits similar separation characteristics but under
different conditions due to the flow’s radial relief. The current approach is to identify a
computational region on these configurations and solve Eq. (4) on this domain subject to
proper boundary conditions.

2.4 BOUNDARY CONDITIONS

In either the wall/ramp case or the cylinder/flare case the computational domain is
illustrated in Fig. 2, The boundaries of this domain are labeled A,B,C,D corresponding to
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Figure 2. Computational domain layoul.

body, outflow, upper, and inflow, respectively. Boundary conditions consistent with the
viscous flow requirement are utilized on boundary A. That is, the no-slip condition requires
u = v = O on this boundary. The surface temperature is either prescribed on this boundary
or is determined from an adiabatic wall condition by the equation

[+ 4

+(1-a)lT-T) =0

TS

where T\, is the prescribed wall temperature value and T is the calculated wall temperature,
is 0 for the fixed wall case and 1 for the adiabatic case. Since n is the direction normal to the
boundary A, it lies in the direction of V5. The actual numerical implementation of this
condition is reserved for Section 3.5. Finally, a condition on the normal pressure gradient is
enforced to provide closure on the wall/ramp boundary. The simplest condition is dp/dn
= @ which is consistent with boundary-layer theory. Results illustrated in Ref. 5 show this to
be adequate for the cases considered. However, Ref, 6 shows contrary results for a turbulent
separated case near the reattachment region. For the present work in the interest of
simplicity, the simple zero normal pressure gradient is enforced. For the more general case,
the vector momentum equation is dotted with the normal ditection Vn to yvield a rather
complex expression for 3p/an which must be solved for the wall pressure. This expression is
given by

10
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] 1 d 3
3% B N + g {(Ex'?x + ‘Ey"*'y) 3t [)\(nxu” * qu”)] * ZE,.HXB—E (qu")

+ 2, a%(.uﬂyv,,) + (&, + %rl‘?x) ais [P‘(‘?x"w * ”Yu'r)]
+ (7 + ) ai" [x(v . q)] + ni% [2# (6, + ’Ju“u)]
+ nﬁ% [ZM(Ey"z + “;r"u)]

+ 2nxvyain [ﬂ (& + £u + 7y, + "v“n)]

1 Tx 7
+ ("i + 11;)7\'" + Lyﬁu‘l} (6)

This completes the ideology behind the viscous boundary conditions on boundary A. As
mentioned, numerical implementation of these is discussed in Section 3.35.

Boundary B is an outflow boundary. The simplest treatment of boundaries of this type is
to enforce either a zero streamwise first derivative or a zero streamwise second derivative of
all dependent flow variables. This is stated as

or

ag? (7)
This is equivalent to a zeroth order or first-order extrapolation of ¢ to boundary B from the
interior of the domain along an 7 = constant curve. It should be noted that while this

condition is simple and commonly used with success, it is not physically correct. This point is
addressed further in Section 3.5.

11
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Boundary C is generally thought of as having fixed dependent variables. However, an
alternate option is considered in the present work. If flow exits the computational domain
through boundary C, then it is technically correct to fix only one flow variable on this
boundary. The rest must be computed from the descriptive equations. Pressure is chosen as
the fixed variable for the present work.

Boundary D is an inflow boundary in which the dependent variables are fixed. This is
technically correct from a signal propagation viewpoint only in the supersonic portion of
this boundary. However, practice has demonstrated this to be an adequate boundary
condition for flows of the type considered here.

The numerical aspects of all of these boundaries are best left for a discretized setting and
are presented in Section 3.5.

3.0 DISCRETIZATION

3.1 GRID GENERATION AND METRICS

The numerical solution of Eq. (4) requires values for the metrics &, %, £y, %« £y, 1y. The
time metrics are zero for the present work since a moving grid is not presently considered.
The remaining metrics are obtained from the grid point locations and the metric identities,

Ex= I'EXIT‘-O‘I: - h

,Ey:—',—-——rxr;.jz—-ﬁ
] J
_rpxmed n
= ] _J

K (82)

where
' J =1 X r1yer; = Xy — XV2 (8b)

since for this 2-D domain ¢ = zand ;‘. = (0, 0, 1). Now since all calculations are performed
in the computational domain, these metrics are easily computed once the values of X, ¥2, Xg
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vy, are known. These values are determined with finite difference formulae. The pﬁrticular
formulae chosen depend upon how the flux derivatives are treated. A discussion of this is
reserved for Section 3.4 but regardless of the specific formulae chosen, the grid point
locations must first be known.

The approach used in the present work is to break the grid generation problem up into
four distinct parts:

'1. Boundary point distribution
2. Forcing function calculation -
3. Réla.xation

4. Redistribution

Each of these is now discussed. Boundary point distribution simply means that the analyst
decides where to place the grid points on all four computational boundaries beginning at
boundary A and moving counterclockwise to boundary D (refer to Fig. 2). The analyst must -
create the (x,¥) coordinate values for each grid point in this counterclockwise cycle. This is
typically accomplished by a separate computer program which distributes points on the
boundaries according to some measure of expected flow ficld activity. The points need only
to be equally spaced on boundaries B and D at this time since the redistribution phase
redistributes points along all £ = constant curves according to an input from the analyst
regarding boundary-layer resolution. If I K are used to represent the number of points in the
£, 7 directions, respectively, and j,k are the indices of these points, then part 1 of the grid
generation process produces

5y forj=1,2,..,1
Xix>Yixfork = 1,2, ., K

1,2,...,1

Xk » ¥jk forj
ks ixfork =1,2,..,K

See Fig. 2 for reference. Part 2 of the grid generation process uses the work of Ref. 7 to force
the interior points in the grid to respond to the boundary point distribution created in part 1.
The general grid generation approach used is due to Refs. 8-9 in which two coupled Poisson-
type partial differential equations are solved for the x,y values at all interior points given the

13
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%,¥ values on the boundaries. The grid equations

vt = P(¢, 7)

vy = Qi )

are expressed in computational space as

ofge ~ 28T + YTy + JPr; + 1°Qr, = 0 9
wherer = x,¥), & = X24+y%, 8 = xx, + ¥e¥p and y = x¢ + yZ. Equation (9) represents two
coupled equations which are solved by relaxation once the functions P, Q are determined.
These functions, in general, provide for arbitrary point clustering but in the present work are

used to force interior points to respond to boundary point placement as suggested in Ref. 7.
Again, using the index notation, the P, Q functions are defined as

P = (¢ |v¢|
Q = W& ) |n?

where ®(£, 3), YA, n) are determined strictly from boundary point information as follows.
Along boundary A, ¥ is defined as

= 1) = - %
Q(Es n= l) - Sf
or
D1 = — 2sj41 + S5-1 — 25D/(5541 — Sj-1) (10a)

in finite-difference form. Note that ¢ = j, 4 = k are assumed so that Af = Ay = 1. Thesin
these equations is simply the arc length along the boundary. This is determined by evaluating
the quadrature

§
5= | V(x§ + Yam dg
1

Likewise on boundary C,

Pk = — 2sj+1 + 8- — 250/ (8541 — §5-1) (10b)

14
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where

g
5= § VOE+ 9Dt
1

Equations (10a) and (10b) are applied only to interior boundary points (i.e., j = 2, 3, ....,
J — 1). The interior field values of ® at j for k = 2, ...., K—1 are simply found from the

interpolation formula
— & k-1
‘bj-k - @,‘1. + (K _ 1)(4""1( - q’j’])

forj=2,3 waJ—ladk = 2,3, ..., K — 1. On boundary B,

Yix = —28k+1 + Skt — 280/ (Ska1 — Sk—1)

where

L 3
5= | ETT T
1

and on boundary D,

Y1k = —2(sk41 + Sk—1 — 250/{sk+1 — Sk-1)

where

.
s = | *J(K,,: + YD1 dn
1

Then for the interior grid points

Yik = Y1k + (; - 11)(11'1,& - lh,k)

forj =2,3,..,]—land k = 2, 3, ..., K — 1. Now, &, ¢ are known at all interior grid
points. An initial grid is then prescribed to begin the relaxation process. The P,Q functions
are computed as indicated from &, ¥ and V£, V. Part 3 of the grid generation process is
then carried out to produce a converged grid. The grid resulting from this process will not be
sufficiently refined near the » = 1 boundary to resolve the viscous features of the flow field.
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The redistribution process in part 4 is designed to resolve this deficiency. Following part 3, a
grid such as that shown in Fig. 3 is produced. The points are now redistributed along each §
= constant curve to satisfy some user prescribed near wall point spacing. Consider the ¢
= constant curve given by £ = 4 in Fig. 3. The first requirement of the redistribution
process is that the same total arc length be reproduced. This arc length is computed by

Sj= [ ~(x2 + yd), dy

E = Constant = 4

Figure 3. Redistribution along £ = constant lines.

In general, the desire of the present work is to redlstrlbute points to satisfy the relation (see
Ref. 10)

si(m) = Gi(n)S; (11a)

B
Gi(m = 1 - 8 | =
B+ 1
(ﬂ, - 1) (11b)

with 9 = (3 — 1)/K - 1). This is to be subject to the constraint that 5i(2) = As; which is
prescribed by the analyst as direct control of the point spacing near the wall. Then
application of this constraint to Eq. (11) yields

where

16
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(ﬁj + I)l—‘-i2
4s;j B — 1 -1
1- = §; :
Si B + 1)1-1,
B -1 + 1 (12)

;??‘:(Kl—l)

The value of f; is then determined from this equation using a Newton-Raphson iteration.
The points along each £ = constant curve are then redistributed using these 8; values in Eq.
(11) and the grid generation process is complete. An example of a grid generated by this
method is illustrated in Fig. 4.

where

Figure 4. Completed grid.

3.2 FLUX DIFFERENCE SPLITTING

The concept of splitting the convection terms was introduced at least as early as 1952 in
Ref. 11. Since then the idea has been expanded in a number of ways by various investigators
(see Refs. 12-19). The flux difference splitting concept used in the present work closely
resembles that of Ref. 19 but the present work blends this concept into the framework of the
implicit solution of the Navier-Stokes equations in factored delta form and the splitting
concepts are developed in a more systematic and rigorous fashion than in Ref. 19.

17
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Consider Eq. (4) expressed in the form

¢ Bei a¢ de; af;
+ + + h;
dr (-E; at & 3t ) (ﬂ; "y ™ dn ) '

de, af, de, ar,

b th gt g T (13)

Let A, B represent the Jacobian matrices

respectively and let A* = £l + §A + {,Band B* = 5] + g, A + 7n,B where [ is the identity
matrix. Then Eq. (13) becomes

3 3 3o de af ac af.
— +A*— + B*"— + h = L+ Y + Y + — +h 14
ar as an 1= & at b TR ™ an v 14

For an inviscid problem, the right-hand side of Eq. (14) is zero and the matrices A* B*
determine the characteristic structure of the resulting hyperbolic system. It is for this reason
that the splitting concept in the present work is applied only to the inviscid terms. The
diffusive terms on the right side of Eq. (14) are not considered to contribute to the signal
propagation direction information in the fluid, Note, however, that the viscous contribution
does, in fact, include terms which can be expressed as first derivatives of ¢ multiplied by
various functions implicitly dependent upon ¢ for the case of an axisymmetric problem. For
example, derivatives of e, and [, which involve ¥V » q contribute due 1o the v/y term existing
in V » q. A portion of the h, term also contributes. It is therefore possible to include these
contributions in the matrices A* and B*, thereby altering the characteristic structure of the
governing equations. However, as mentioned, this idea was avoided in the present work.

The development of the split equation requires first that the system’s characteristic
structure be exploited in detail. This is accomplished by diagonalizing A* and B* as follows.
Let TE_] represent the matrix whose rows are the left eigenvectors of A*. Let T, represent the
matrix whose columns are the right eigenvectors of A*, and let A, represent the diagonal
matrix whose nonzero elements are the eigenvalues of A*. Likewise let T~ I T,, A, represent
left eigenvector, right eigenvector, and diagonal eigenvalue matrices of the matrix B*. The
A*, B* can be expressed as

18
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A* = TAT;, B = TA.T;! (15)
Since
d¢ o ﬂei 8f,
A‘a—f = Ela—E + Exa—e + EyTE-
and
3o 3 de; af;

*—= — —y
B~ mam thgy vty

the quantities 3¢/ df, d/0n may be expressed as

B¢ _ -1 de Bei af,
Fri A* (E'H_E + E"B_E + EY—E)‘E_ (16a)
ao _ pa-l dd aei afi
8_1] =B (Thg + T],‘W + ﬂya_r,) {16b)
But from Eq. (15),
A*" = TADITS! (17a)
B* ' = T,A;!T;! (17b)

Equation (14) requires the product A* d¢/8%, which becomes

TATS! %‘f | (18)

by substitution of Eq. (15). This term may now be split into a part involving positive
eigenvalues plus a part involving negative eigenvalues. This is desired for the purpose of
determining which grid points to use in finite-differencing the £ derivatives in order to
maintain consistency with the preferred propagation directions in the hyperbolic part of the
governing equations. Since A, is the diagonal matrix of eigenvalues, let AF, A, represent the
parts involving positive and negative eigenvalues, respectively. Then

A£=A2++AE
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and Eq. (18) becomes

( ¢'

99

TAFTS
£ T E aE

which by substitution from Eqs. (16a) and {17a) becomes

ATl de; af;
TEAE AE TE E. 3% + Ex fy 3%
de

P R | 3¢ i af;
+ T A AL T Eta—E+ ‘E"a_z+ EY“B'E_

af, _ ¢ Eaei Eari
Q’ E‘az "a E"az +Q E‘a$+"ae+’as

with the help of the definitions

or

Q" = TAFA;'TE! Q7 = TA A7 'TE!
Now an identical treatment of the B* term in Eq. (14) with the definitions
_ e - _ -a=lT-1
= TAFA;IT,Y R™ = T A AT,

yields the continuous but split version of Eq. (14).
aé’ + a¢ . aei af| - ‘aé ﬂei 3f|
— + —+EE—+(—0 + — + +
ar Q (‘E‘ 13 & at % ak Q& 3k & az £y 3%
d¢ de; of; _ ad g,
+R gy —+p—+7,—) +R — + g, —
("t am . e Moy KPP e

P W . UL . T 1)
_ .= +
L P RTge Thy e T T v, v
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The inviscid counterpart of Eq, (19) is presented in Ref. 19. The present development of this
equation is, however, entirely different from that of Ref. 19. Clearly for Eq. (19} to be
consistent, the following requirements hold

Q*+Q =1
Rt + R- =1

Note that the construction of Q*, Q~, R*, R~ requires an inverse of diagonal eigenvalue
matrices. Consider Q% for example,-

Q* = TAf A 'TY!
and

Ay = ding (5 + B + &V, & + Bu + v b+ BU 4 &Y

o2+ Bk 4 Eut gy - oV + e;)

where ¢ is the sonic velocity of the fluid. The inverse of A, does not exist if & + &u + &yv
=0or |+ Eu+ Ev|=c N/ Eyi. To prevent these circumstances from causing
difficulties, the products A; Ag‘ and A7 AE_I are treated in the following way. Let A,
= diag (A, Az Ay, Ag) and let ﬁ;_" = Ay AE_' = diag (\7Xy, ANy, M7Ag, M7A). Then

0 A<D

M=M= (172 =0 fori=1234

i N >0 (20a)
Likewise,
0 >0
N/ =h= {1722 N=0 fori=1234
I N<O
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This way, the singular character of the eigenvalue matrices at selected points is avoided. The
same procedure is used to determine R+ and R~ corresponding to the n direction,

Equation (19} has some very special features. First, the matricesQ*, Q~, R*, R~ act as
complex weight factors weighting the various fluid signals (waves) according to the
appropriate propagation directions. This is accomplished in a discretized setting by using
backward finite-difference approximations for derivatives weighted by positive eigenvalues
and forward finite-differences for derivatives weighted by negative eigenvalues. This is
consistent with the wave propagation physics since positive eigenvalues mean characteristic
signal paths toward the positive coordinate direction with the opposite true for negative
eigenvalues, In addition to this characteristic-like structure, the equation retains its
conservation law form, thus providing a needed shock-capturing capability to the resulting
algorithm. See Ref. 20 for a discussion of the connection between conservation law form
and the computation of weak solutions,

3.3 INTEGRATION SCHEME '

The implicit integration algorithm used in the present work is developed in this section.
Before beginning the development, some comments regarding notation are in order.
Variables are generally functions of (7, £, 7). Thus, when writing a variable it is important to
identify which value of r and at which point in space (&, 7) the variable is applicable.
Generally this is accomplished in discrete work with an index notation. In this work, an n
superscript is used for the 7 index and j, k subscripts are used for the £, n indices,
respectively. Therefore, the variable ¢ at the point ¢ = jAf, 3 = kAnand r = nAr would be
identified by ¢« where A, Ay, and Ar are the computational grid point spacings and the
time increment, respectively. Because of the notational complexity of this and other
sections, a shorthand notation is followed. If the term ¢ is encountered with no indices, it is
assumed to be ¢ . If ¢, , is encountered, the 7 index is assumed to be n and the 7 index is
assumed to be k. Simply put, only indices not equal to n, j, k are explicitly written. This
approach greatly enhances the readability of this and other sections. In addition, the
symbols A, V imply first-order forward and backward differences, respectively, No subscript
implies differencing in the 7 coordinate and £, n subscripts imply general differencing in the
E, » coordinates.

With this notation, consider the equation

" = ¢ + (1 - PAr ¢, + fAr ¢o+! @1

. If 8 = 0 an Euler explicit scheme results, 8§ = 1/2 carresponds to trapezoidal time
differencing, and # = 1 gives Euler implicit differencing. Consider ¢,"+? from Eq. (19).
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- ¢itl = [Q+ + Q-] [ ;‘*‘a%(qb + Ad + 0(A2))

a8 f 2
Lo (e, + Ado + 0(a ))

+

ne1 0
g+t % (fi + BA¢ +.' O(Az))]

[R+ + R-] [r,{'“ ai(qa + A + 0(a) 22)
. n ;

+

+

o+ aiq(e‘ + AAd + o(AZ))

+

gt Biq(fi + BAg + 0(A2))] + hpe!

Je +1 1 n+l +1
- n+l“_+ En+l e':lf:! + n+lae"'_+ n+1 Bf? + hn+l
- X aE ) 4 a,E nﬂ. an T-'j' a?} ¥

Note that Q* + Q~ may be evaluated at n or n + 1 since in either case the result is-the
identity matrix. Now with the additional linearizations

hi+! = b, + Hiae + 0(4%)

n+ 1
e\f

e, + CAg + 0(A%)

M+l = f, + DA + 0(AY)

hi+i = h, + H,A¢ + 0(A2)

where
o ohi
i a
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c=2
da
D =
dey
and
dh
H, = —
v a¢
and also
?+I=EI+AEt "-'J'cHl:"i'x""Aﬂ,
it = m + A gl = & + Af,
£:+l =&+ A&, 7?;-“-' =7y + Aﬂy

substitution into Eq. (22) yields
- g o {[(Q"’ + Q- )(elasl + EXa—EA b2 B) (r* + &- )
(n2rsniasn2n)vn)
_ [E"a%c + sya%n + qx%c + uy%D + H,,] }Ad: - 6,

+ (Q+ + Q-)(Azt.;f;E + Abey, + Afyfif) + (R + R-)

(Amtﬁ,, + An.e; + An,fi,,)

- [Afx ey, + AL, + Ance, .+ Anf, ] + 0{A2)
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where all terms of 0(A?) were ignored. Substitution of this result into Eq. (21) gives

{1 * aAr[(Q+ + Q- )(5,3—51 + b A+ 5,,6513) + (R* + R°)

] ] a
i LA+ B) ( 9
("lt n Nx o i’h + H,; E - C+ & — af D + 9, o C

+ q!,a%]) + H)] }M. = Ard, - Bm[(m + Q')(AE@E + A, (23)

+ AE,,fiE) + (R+ + R‘)(Amtpq + Ay, + &nyfiﬂ)]
+ BAT(AExe\,E +ARA,, + Ane, + dq},fvn) + 0(42)

Equation (23) represents the general time differencing formula for interior points of the
computational domain. This scheme is second-order accurate in r if B, 8 = 1/2. The spatial
accuracy of the steady-state solution is dependent only upon the £, 5 differences used on the
right-hand side of Eq. (23). It should be noted that only first-order spatial difference
approximations are required on the left side of Eq. (23) to maintain an accuracy consistent
with the second-order time differencing, If the transient accuracy of the solution is not of
primary importance, it is worthwhile 1o drop the source terms and viscous terms on the left
side of Eq. (23). The result is first-order accurate in 7, and good stability properties remain
so tong as the convective terms are treated according to the splitting philosophy. The result
of dropping these terms and factoring the remaining operator yields

[1 + 0arQ* (EV;1 + E7:A + §V,B) + farQ-(1ad + AA + EyAEB)]
X [I + BAT R"'(nLV,,I + nV,A + nyV,rB)

+ gar R (A + nAA + q,,A,,B)] Ad
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ard, + Bar((Bkde, + MBS, + Ande, + Angf,)

BAr[Q*(AE.VEqb + AL Ve + AEyVEfi) + Q'(AE,AEqb + AL AL + AEyAffi)
(24a)

+ R+(Aq.qub + an Ve + Aquqfi) + R_(A'QIAWQS + anAe, + Aqu,,fi)]
where ¢, is given by solving Eq. (19) to yield

Cb-, = (Exagev + Ey‘ssfv + "que\- + nyaqfv + h'v)

- [Q+(glrg¢ + e + £T7)

+

Q"(f,l‘g¢ + &ce + £,[’E‘fi)

-+

R*’(nlr‘;qﬁ + e + 9,0 I'i)

+

R'(ml‘,,“cp + e + rr_\.l",?_f‘) + h-l]

The factoring introduces an error of the same order as the error in the second-order
differencing scheme which is appropriately ignored. The operators 8¢, 6, are difference
operators used with the diffusive terms and are now precisely defined. Consider the fypical
term &, e,. A quick look at Eq. (5¢) reveals that é; ¢, will always 1ake one of three forms. Any

of
6E(cg a% s), 6£(cg a% s), or 6E(sg) (25)
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where ¢ and s represent quantities dependent only upon the elements of ¢, and g represents a
geometry related quantity. Then these three forms are approximated by the following
second-order difference formulae:

a - (CE]j+1fz(Sj+1 - sj) - (cg)i—1f2(5j - sj—l)
6E(cg % 8] = Al (262)

Sj—l.k—l) (26b)

a _ (Cs)j-n (53+1.|:+1 - 5j+1.k—1) - (C8)3_1(5j-1,k+1 -
ﬁs(cggs) = pyvTe

(26c)

6,(sg) = G ,2;E(sg)j —

where half-point evaluations are simply averages of the neighboring two points. Similar
formulae are used for the §,¢, type terms. The operators r's I“,fin Eq. (24b) are one-sided

difference formulae and can be either first-order or second-order, depending on the steady-
state solution accuracy required. For first-order accurate steady-state solutions,

rf =v,I'y =V, Ty =48,andT; = 4, 27
while achieving second-order accurate steady-state solutions requires the use of
ry =5 (3% - ) (282)
ry == (3% - v._,) (28b)
ry = o (38 - 4y,,) (280)
ry = %(M‘n - Aﬂk+|) (28d)
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For example,
]

In practice, the value of 8 in Eq. (24) is set to zero if the input value of 8 is not 1/2. This
is consistent since, if 8 = 0 or 8 = 1, then the resulting algorithm is only first-order time
accurate anyway, so the 8 terms are the same order as the error. Therefore, they may just as
well be eliminated. If computation of the 8 terms is required, the forward time differences in
Eq. (24a) may be replaced by backward time differences without compromising the accuracy
of the algorithm. It is sometimes more convenient to generate differences based on past
geometric information rather than future information. This is done in the present work.
Note, however, that all 8 terms vanish anyway for a stationary grid.

The difference scheme represented by Eq. (24) uses fully general geometric description
and is capable of handling adaptive grids. The laws governing the grid motion are not
supplied but could be incorporated. The scheme can be either first- or second-order accurate
in space and is currently first order in time. The addition of the viscous and source term
Jacobian matrices to the left side of the difference scheme is required to produce a fully
second-order accurate transient solution.

The object of the integration scheme is to produce ¢"*!. This is actually accomplished at
a typical point as described in what follows. Rewrite Eq. (24a) as

0,2, A¢ = RHS (29)

where ., Q, represent the factored operators on the left side of Eq. (24a) and RHS
represents everything on the right side of the equal sign. Define ¢* such that

Q, 46 = o* (30)
Then
2 * = RHS (31)

and the algorithm implementation is as follows,
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1. Given ¢ at all points at level n
2. Compute RHS and elements of Q; in Eq. (31)
3. Solve block tridiagonal system to get ¢*
4. Compute elements of §, in Eq. (30)
5. Solve Eq. (30) for Ao

6. Solve for ¢n+1 = ¢n + Ag

~d

. Go to Step 2.

3.4 CONSERVATIVE PROPERTY

It was reported in Ref. 21 that exact satisfaction of the conservative property is essential
for computation of flows with shock. {It is unclear to this author that such a requirement is
strictly necessary for higher-order differencing schemes.) This requirement means that a
difference scheme must numerically satisfy the following integral condition {divergence
theorem)

[§§veFav=# n.Fda (32)
v FY

where F is the flux dyadic represented in Cartesian space by F=Cei+ ff For a 2-D problem
in &, # coordinates the discrete analog of the left side of this equation is

TEJV.F (33)
j k

where dV = Jd¢ d» and d¢, and dy are taken to be unity with no loss of generality. The
operator JV is given by

i ay - 0 dy:
9= (i 2= (- nd )

Therefore,
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= de de af af
JV'F—Y,,a—E }’ea—xﬂ-i-f'xfa-

The present flux difference splitting concept modifies this to the following

WW.F = Q+(y,,EE - x,,fg) + Q‘(y,,Es - x,,fg)

R, - ) + X, - vi)

which by substitution into Eq. (33) gives the discrete analog of the left side of Eq. (32) as
; zk: [Q+(Y'IEE - xvfi) + Q_(Y,, E# — Xy f.s) (34)
i

+ R* xE ?‘? - YE E'!) + R xzfv - }'EE‘)]

where 5’2 ?E indicates a double summation over all points in the region of interest. Now,
inspection of Eq. (32) reveals that when the double summation in Eq. (34) is expanded the
result must be that all terms drop out except terms on the boundary of the domain of
interest. This is simply a fact stated by the divergence theorem. However, in practice, this
does not happen exactly unless special consideration is given to the evaluation of the metrics
and the matrices Q*, R*, This special consideration, unfortunately, depends on the

differencing formulae selected for EE- €,, etc. For example, consider the case of first-order
spatial differences in the fluxes ¢, f. Then Eq. (34) becomes

LE (Q*y"VEE + Q 7y, A — R*y Ve — R'yEA,'E)
oK (35)

- I Z(Q*%,7 + Qxaf - R*x7,7 - R™x:4,7)

where terms involving e and f have been separated. An expansion of the double summation
shows that in order to get interior point cancellation, the metrics Xg, Xy ¥p ¥y must be

centrally differenced and the products Q+y,1, Q‘y,,, €tc., are evaluated with two point
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averages over the points involved with the associated finite difference. For example, to
compute Q*y, V, e, the product Q*Y, is evaluated as

(e'w) = %[(Q"Y,) + (Q*y,,),-_,] (36)

This assures one of satisfying global conservation. For the case of second-order finite
difierence representations of the flux derivatives in Eq. (34}, no method has been found of
exactly satisfying the global conservation property. However if the coefficients Q*y,, Q7v,
etc., in Eq. (34) are evaluated at the point of application of the associated second-order flux
difference and the summation indicated is carried out, then it can be shown using Taylor
expansions that a typical interior point has a residual which reduces to

—;—Afaq(Afzyﬂm - m;zth) + higher order terms

This is consistent with the fact that the second-order difference approximations are used
at each point. This error in satisying the conservative property exactly is thought to be
negligible for the second-order scheme, although further tests are required to prove or
disprove this hypothesis.

3.5 BOUNDARY CONDITIONS

This section describes the discretization of the boundary conditions outlined in Section
2.4. The general philosophy for all boundaries is to incorporate the boundary condition
implicitly and then impose it explicitly after the integrated solution vector is determined.
Refer to Fig. 5 for the following discussion. Consider applying the factored difference
scheme to all interior points in the computational grid. In particular, perform the step
indicated by Eq. {31) along edch 5 (or k) = constant line excluding k = 1 and k = K. When

Figure 5. Typical 7 = constant line,

k]|
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the operation indicated by Eq. (31) is expanded, the result will be a block tridiagonal system
of equations to solve for ¢* at all points from j = 2toj = J — 1. This system has the form

LZ ¢; + D2¢; + U2¢; = RHS:
L3¢y + Dyéy + Uy = RHS,

Ly_185_2 + Dy_1¢)_, + U;_j¢) = RHS;_,

where L, D, and U are 4 x 4 matrix blocks representing lower, diagonal, and upper blocks,
respectively. This system involves ¢* at j = 1 and ¢* at j = J. Atj = 1, or boundary D of
Fig. 2, the inflow data is prescribed and never changes, implying that A¢ = 0 here. Since o*
is proportional to A¢ as indicated by Eq. (30), then ¢* at j = | is always zero. At thej = J
boundary (boundary B of Fig. 2) the value of ¢; is needed. In the present work ¢) is assumed
to depend on upstream information in the following way

¢) = ady_, + Bd)_, &)

If (o, B) are taken to be (2, — 1) this is equivalent to enforcing ¢EE = ( at this boundary. (o,
A = (1, 0) implies that qb; = 0 at this boundary. Incorporation of these conditions at j = 1
and j = J results in the following system of equations.

D, U, 0 0O 0 bs RHS,
L, D, Uy 0 0 b3 RHS,

0 Ly D, U, 0

0 Li-3 Dy_3 Uj-s 0
0 0 Ly, D;_, U;-; $12: RHS;_,
0 0 0 Ly, +8Up; D+l | ¢, RHS;_,

(38)

This block tridiagonal system is solved for ¢, through ¢;_, and then ¢] is computed from
Eq. (37). This is repeated for each k from 2to K — 1.
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The approach just outlined for treatment of the outflow boundary is not physically
correct even from a signal propagation point of view. This is because subsonic flow will
always exist in the boundary layer and, technically speaking, some mechanism for upstream
influence is necessary. However, the present approach does work for the class of problems
considered with minimal degradation of the flow upstream of the outflow boundary.

Next, a solution to Eq. (30) for A¢ is required for j = 2 through l. Consider a typical £, j
= constant line as shown in Fig. 6. Along this line, expansion of Eq. (30} vields

L,Ad¢, + DyAd, + UsAdy = ¢y
(39

LiAdy + DyAdy + UAd, = ¢3
Ly _1A¢g_; + Dg 1A + Ux_ Ady = ¢, (40)
This system involves A¢,, and A¢y which are wall and upper boundary increments in the

solution vector, ¢. The treatment of A¢, is addressed first. The value of A¢; must come
from the wall boundary conditions as described in Section 2.4. Since

T
a¢; = (4, alow), Alev), A(ee]) @1
from Eq. (5a), the values of each of these increments at the wall point must be determined.

The no slip condition requires A{gu) = A(gv) = 0. The density increment, Ap, is expressed
in terms of temperature and pressure increments from the equation of state giving

1 R
Ap = — Ap - 2 AT 42
Q RT P T “42)

The normal pressure gradient condition is used to obtain

(2) 0= &l
and

() = V()

where fi = Vz/|Vy| is the wall normal unit vector. So since V = Vi 3/3% + Vy 9/0n,
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: o
(AE ¢ V) ﬁdi‘:-??— + (Vy+ ¥y) —(—é[’-)

il ﬂYf

=10
which is finite differenced to yield (see Fig. @)

(Ve vf,)[ap ~ ap;. ,] + %(v,, . Vq)[‘l Ap, - 34p - Ap_,] -0 {(43)

Note that this equation allows exi)rc.-ision ol Ap at the wall in terms of Ap al points an (he
interior adjacent 1o the wall and the first upstream wall point.

Constani

.,

J =1
Figure 6. Typical £ = constant line.
The temperature condition is handled as follows. Since
e (- aT =T =0
an

time differencing yields

a2 aT + (1 - WAT = 0
an

and

in |vn] Bk AT

QAT _ VEeVn HAT) | Vn « ¥ HaT)
an

The differenced result is

kT
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5[(vz . V:;)(AT - Tj_,j + %(vn . Vn)

(4(,51")2 - 3(AT) - (AT),) - AT] (44)

+ AT =0

This equation allows expression of AT at the wall in ferms of AT at points on the interior
adjacent to the wall and the first upstream wall point. Recall that &« = 0 for a fixed wall
temperature and and e = 1 for an adiabatic wall condition.

The quantity A¢, in Eq. (39) must be related to the wall boundary conditions expressed
by Eqs. (43) and (44) along with the no-slip condition. This is done by expressing A¢,, in
terms of A¢ at interior adjacent points and possibly A¢ at other selected points. First
recognize that the fourth element of ¢ is total energy per unit volume expressed in terms of
total energy per unit mass, e, as

Qe =

1+ 50 [lew? + @]

A time differencing of this equation yields

2 2
Alge) = TA_"I - ()20 + vatew + vatey)

At the wall, due to the no-slip condition,
Ap = (y — 1)A(ge)

At points other than the wall, Ap is expressed in terms of the elements of Ag as

ap = & - D[ s + (1) ae - uatew) - vae]
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Let the vector m be defined as

m = vy — 1)[ﬂ.—u,—v, l]T

2
then
Ap = m « Ap
Further define the vector ¥ as
?=(1,0,0,07T
$0 that
Ag =T Ad
Now from Eq. (42) it is clear that
AT = Lap - Tag
eR e
or
aTz_l_Tn.¢¢_lE.A¢
eR 0
Let
n=A1m-T7
QR e
Then
AT = n + Ad

Substitution of Egs. (45b) and (46b) into Egs. (43) and (44) gives

am « Ap = (VE+ VoIm;_,, « Ad;_,, — 2(V7 » Vajm,, » Ad,,

1 —
+ £} (Vn . Vo)m, ; - Ad; 4

36
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(45b)

(46a)

(46b)
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and
Wl_'l . Ad’ = E{VE . V”)ﬁj—l.l - A¢j—l,l - ZE{V"‘J- v‘ﬂ’)]-'ljlz . A¢j.2
+ E (Vg = V)n; 5 » Ady
2 a7 A (48)
where
3
a=(VE+Vyg) — T(Vr,! » V)
and

w={(1-a + oa

It is desirable to define the 4 X 4 matrices Z, X, W, Y such thalt the boundary condition may
be expressed as

ZA¢LI = XA¢J'__|'| + WA¢J.2 + YA¢J'3 (49)

Equations (47) and (48) constitute the first two rows of Eq. (49) so the first two rows of the
matrices Z, X, W, Y may be written down by inspection. The last two rows of Eq. (49)
simply represent the no-slip condition. Let the four elements of m be represented by m;, m,,
m,, and m, and likewise for n. Then the matrices Z, X, W, and Y are given by

,am] ams a4 am,
mnl wnz Un:; wn4
7 =
0 1 0 0
\ 0 0 1 0 ] i»1 (50a)
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an, am,

X = {Vge vy,
0 0
o o

W= —-2v. V’i)j,l

and

!ml

o

ony
Y =(1/2)(Vy « Va);
0

Lo

m;

(4117}

0

0

m;

ally

0

J-1,1

J2

3,3

{50b)

(50c)

(50d)

Now define X" = Z~!X, W* = Z-'W, Y° = Z-!Y. Then the solution increment Ag;

becomes

Agy, = X'ad;_,, + w'mpj'z + Y'Aqulz,

Thus, with this result, Eq. (39) is modified to read

(D; + LiWN)Ag, + (U + LyYHAd, = 5 — LX"Ad;_,

38

(51)

(52)



AEDC-TR-85-43
Since the j = 2 § = constant line is computed first, the value of Ad; _, ; which is needed on
the right-hand side of Eq. (52) is known since it falls on the inflow boundary. Each &
= constant inversion in turn reguires Ag;_,, at the previously computed wall point, so as
long as the sweep proceeds from left to right the quantity Ag;_ |, in Eq. (52) is known.

Next, the value of A¢y is needed in Eq. (40). Two approaches are considered for treating
this upper boundary. The first is to consider the upper boundary one of fixed known flow
properties. In this case, A¢gx = 0 and the block tridiagonal system of equations to solve at
each £ = constant line from j = 2t0j = Jis given by

Dy + Law” Up+ LY ¢ 0 0 Ady \ /qb; - LoX ady_y 4
Ly D, Uy 0 0 Ay @
0 Ly D, U, 0 0
A%
0 ¢ Lg_y Dg_3 Ug_3 0 . >
0 0 Lg—2 Dg_» Ug-2 -“’1.:-2 -2
0 0 o Lg—y Dy A¢K—l} oK1
(53)

Solution of this system yields Ad, through A¢y _, for the given j. Agy is zero and Ag¢, is
computed from Eq. (5I). The dependent variable, ¢°*!, is incremented giving the new
solution on the given j = constant line. Due to roundoff errors, this solution will not exactly
satisfy the wall boundary conditions even though these conditions are implictly satisfied. For
this reason, the wall conditions are explictly enforced with the equations

[ (Ve PRy pj_g, + %(Vr,l * Vn)p; 3 — 4p52) ]
Py =

(VE - Vi) — '%' (Vg « Vi) (54)

,..,[(VE - VAT, + —é' (7« Tn)(T;3 - 47T;3)

(VE« V) ~ 5-(Vn « V)

(35)
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u.:

it = ¥ =0 (56)

Equations (54) - (56) provide wall information to be used to compute a new ¢}‘j! Even
though this recomputed wall solution is only slightly different, this practice of reinforcing
the wall boundary conditions explicitly will oftentimes avoid drifting in the solution.

The second approach in determining Agy is to actually solve the governing equations on
this upper boundary since, strictly speaking, the first approach of assuming Ay = Dis
physically incorrect from a signal propagation point of view. The first thing to recognize in
this context is that ¢* must be determined at k = K, which requires a block tridiagonal
inversion along this upper boundary. That is, Eq. (38) must be solved along k = K. To
present a clear picture of the approach used, it is necessary to begin with the governing
eguations. Define the vector S such that

_ de, af, de, af,
SEh bk b gy T T 57
The governing equation is then written [see Eq. (19)] as
a¢ a¢ Bei i af,
(g vt b))+ (g bt b

+R"‘(vha¢I + 3 aei+'q )+R(q +nae]+1;af)
an X oy Y on Loan X oy Y ooy

+8=0

Premultiplication of this equation by the left eigenvector matrix T, ! exposes the normalized
cigenvalue matrices A* on the 5 derivative terms. The elgenvalues associated with this
direction are

kl.2=’7t+’7xu+'?yv=7h+q'v_’f

40



AEDC-TR-85-43

Ay =N = cong + m;

Sincen, = —~ g = Vn where g is the speed vector of the point in question (important only in
moving grid problems), X, is expressed as

k;=(ﬁ—§)-Vn=ﬁg-Vn

where an represents the fluid velocity relative to the moving boundary point. It is also true
that V4 is & vector perpendicular to the = constant boundary in question. In this case Vi
points out of the computational domain, Therefore, the sign of \,, indicates whether flow is
into the computational domain or out of it at this 7 = constant boundary. If A; > 0, flow
exits the computational domain through the upper boundary and if A, < 0 flow enters the
domain through this boundary. Now consider \,.

M=ar Vg + el + 42

or
N nﬁ[ag-ﬁ + c]
or
N =T+ [qRN + c] = c /i + 1} (Mg, + 1)
Likewise,

M o= g+ [qnl.q - C] = c/n + 72 Mgy — 1)

where Qg,, Tepresents the relative normal velocity through the upper boundary. Note that
Qry > 0 when flow exits the domain and qgy < 0 when flow enters the domain. Thus the
sign on A;, ), is determined by the relative normal Mach number at the upper boundary. For
the problems considered in the present work the relative normal Mach number is a low
subsonic value so that A, > 0 and A, < 0. In addition, the decision was made to treat the
upper boundary as an outflow boundary rather than an inflow boundary. Thus X, , > 0
which gives three positive eigenvalues and one negative eigenvalue., The compatibility
eguation system is
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1_8¢ 1l o+ de; 3¢
T ar +T [Q(‘E‘ae +£"ae E”ae) Q(E‘ag & 3%

of; L m il de; af;
+ & a—E') + S] + AT, l(,,t P» + 81; + q,? (58)
A-T- ad de; af;
+A-T '( + iy )
L | gt ay ™ 3 Wy - an

where on the boundary in question

= diag (1, 1, 1, 0)

and
A; = diag (0, 0,0, 1)

The n-derivatives associated with the A,, are backward dlfference approximations which are
obtainable on the upper boundary. Therefore, consistent with A* the first three equations
of the system represented by Eq. (58) are retained. However, the fourth equation requires a
forward y difference on the 3,,‘ terms which is not possible. Therefore, this fourth equation
must be replaced by a boundary condition on this upper boundary. The condition chosen is
to enforce a “‘*known’’ static pressure. This upper boundary pressure is not really precisely
known in the general case but a judicious placement of the upper boundary allows
justification for the use of this condition. The result is that

p = constant in time

Thus, p, = 0 and this condition must replace the fourth compatibility equation. Since

=ty -1 e, - +}‘°’]

where ¢,, ¢,, ¢;, ¢, are the elements of the solution vector, ¢, p, becomes

pp=(y—1) [¢4l - %'¢2t = d’3t %Tf{blt]
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or p, = m s+ ¢, where m is defined by Eq. (45a). Since p, = p, + £p; + w b, the
pressure condition is expressed as

meg, +Emeg+ pmeg, =0 (59)

Equation (59) must replace the fourth compatibility equation of the system represented by
Eq. (58). This is accomplished by first defining a nonsingular 4 X 4 matrix D~ L, which has
the first three rows identical to T, . The last row of D-! is the vector m. Also let T,,‘,.'
represent T, ! with the last row replaced by zeros. With these definitions, Eqs. (58) and (59)
are expressed as

D '¢, + D™IQ* ¢ + DTIQ 4, + D90,

" l'[Q+(E" ) (bt ) ¢S

+(ﬂ;§;’ L e )]

where all y derivatives are backward in sense. Premultiplication by D yields

af;
ny —— o

+ (b + ) + (5o + 6 )] }

which is expressed in factored finite difference form as

¢ = — {QhﬁqbE + Q kg, + ne, + DT} [(n ‘;:: +5

(60)

{I + ﬁAT[Q"‘ £, V£I + DT;.‘ Q+(EvaA + EyVEB)]
+ ;w[q-z,afl + DT @ (kA + E,AEB)] } x
{1 + par] 7,%,1 + DI (mvﬂA + qu,p)] }M = Amp,
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- Bar [Q*aeiv,&.;. + DT;¢ Q*(afxvtei + Az,vEfi)
+ Q- AEA% + DT Q"(AEKAEei + AE,AEE}) (61}
+ MnV,p + DTN (An,v,,ei + Ar,),V‘fi)]

+ Bar((Agpe, + AbSS, + Ange, + Anbf,)

where the same approximations used in arriving at Eq. {24a) for interior points were used
here. In practice, the viscous terms in Eq. (61) are not included since they are expected to be
negligible at the upper boundary, Equation (61) may be expressed as

0.0,A¢ = RHS
or
2¢" = RHS
This latter form is used to compute ¢* along the k = K, n = constant boundary as indicated
for other n = constant lines. Then since the operator {1, is one-sided, the block tridiagonal

system to solve for Ag along each § = constant line is written by appending the boundary
equation to the system expressed by Eq. (53) yielding

D+ LW oy, +Ly 0 o Ad, ¢ — sz‘A.#,-_,..\
Ly D U; 0 A ]
3 3 @3 #3
0 L, D, U
"‘\ Rt \""\
. N = >
Lg-s Dg_; Uk, O

0 Lg_; Dgoy Ug_i| Ak, Pk -1
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This system is solved for Ag, through Ay for each ¢ = constant line beginning with j = 2
and ending with j = J. The wall point is updated as discussed. The vector ¢y is modified to
assure satisfaction of the implicitly enforced pressure condition. This is done by simply
accepting the first three elements of ¢y and recomputing the fourth element using the correct
pressure value. If this step is not performed it is possible for the upper boundary pressure to
deviate from its desired value due to round off error. This is particularly true when a large
number of integration steps is taken.

3.6 INITIAL CONDITIONS

Before the governing equations are integrated using the techniques described in the
present work, the computational domain must be initialized to some starting solution. For
the class of problems considered, this starting solution is somewhat arbitrary since only the
steady-state solution is of interest. It is first assumed that the solution on the inflow
boundary is known by some means. This could be data supplied by another computer code,
for example. Then the solution on each £ = constant line, in turn, is set equal to the solution
on the upper boundary. This procedure is simple and reliable for the class of problems
considered.

4.0 APPLICATIONS

Two computer codes were written using the procedures outlined. The first is called
VISCODE and the second is VISCOD2. VISCODE imposes a fixed boundary condition in
all dependent variables on the upper boundary of the computational domain. VISCODE2
imposes a fixed condition only on static pressure, and the remaining variables are computed
on the upper boundary. VISCODE was applied to a Couette flow problem and VISCOD2
was applied to a flat plate laminar boundary-layer problem.

4.1 COUETTE FLOW

Figure 7 depicts a schematic of a Couettie flow problem. The problem tested was
characterized by the following parameters: U_ = 100 meters per sec, p,, = 10° Newtons per
square meter, T, = 250.36 °K, and Ymax = 4 m. A coarse 3 X 5 grid was used to solve this

problem. This problem has an exact solution when coefficients of viscosity and thermal
conductivity are constant. The exact solutions for velocity and temperature distributions are

given by
- v.(55)

T(y) = (1 - E Tw + (_'_ T + ——U2(Ymax)( !fmax
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for a fixed wall temperature, Ty, and

) = T, +—-—U2[1-( )]

for an adiabatic wall, Figures 8 through 10 illustrate a comparison of the numerical solution
versus the exact solution for temperature profiles in a fixed wall temperature environment.
The three fixed wall temperatures tested were Ty, = 0.5 T, Ty, = T, and Ty = 2T .
Figure 11 depicts the temperature profile comparison for the adiabatic wall case. Figure 12
illustrates the velocity profile comparison.

Vertical Distance,

y{meters)

y
t Moving Plate
WL““““"—.—

Computational Domain

177777777777777277777777'—'”‘
Stationary Plate

Figure 7. Couette flow schematic.
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290.2 290.6 291.0 291.4
Temperature, T (CK)

Figure 8. Temperature profile, T, = T,
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This test problem was chosen as the first step in the code validation process. As Figs. 8
- 12 illustrate, the numerical solution is right on target for this problem.

VYVertical Distance,
y(meters)

145 185 225 285 305

Temperature, T (°K)

Figure 9. Temperature profile, T, = 0.5 T .
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0y 2.0
-
v
-
1.0
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Temperature, T (9K)

Figure 10. Temperature profile, T, = 2T .
4.2 BLASIUS FLAT PLATE BOUNDARY LAYER

An incompressible laminar boundary layer on a flat plate was chosen as the second code
validation case. See Fig. 13 for a schematic. This problem has an *‘exact’’ solution
formulated in terms of a solution to a third-order ordinary differential equation. This
Blasius solution is well known and provides an additional comparison case against the
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Figure 11. Temperature profile, adiabatic wall.
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Figure 13. Flat plate problem schematic.

numerical solution. VISCOD2 was used to compute the numerical solutions. Even though
the exact solution used is for an incompressible flow, the solution 1o the compressible
equations should compare favorably if the test case Mach number is sufficiently small, The
test case chosen is characterized by the following parameters: Ry = 105, U = 100 ft/sec,
T, =500°R,and P, =1 where R, is the Reynolds number based on the length of the flat
plate and P, is the Prandtl number. The plate wall temperature is fixed at 600°R. These
conditions translate to a Mach number of 0.09, which is sufficiently small to justify the
comparison. The exact solution for the temperature profile as a function of local velocity for
the problem described is given by

= (- G2+ G+ )

where c,, is the specific heat at constant pressure of air.

A comparison of known versus numerical solutions is found in Figs. 14 and 15. Figure 14
depicts the velocity profile comparison at a downstream station. Two numerical solutions
are presented in this figure. One is for the case of a uniformly spaced grid in the y-direction
and the other is for the case of a grid clustered toward the plate to the extent that the first
point off the wall is at y = 0.0005 ft. In both cases, 30 points in the y direction were used.
Figure 15 illustrates the comparison for the boundary-layer temperature profile at a
downstream station. All comparisons show good agreement. As a result, this part of the
code validation is considered to be successful. '
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Figure 14. Velocity profile at exit plane.
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Figure 15. Temperature profile at exit plane.
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5.0 CONCLUSIONS AND FUTURE WORK

A two-dimensional or axisymmetric Navier-Stokes code was developed. The code is
formulated using a factored delta form. All inviscid terms are treated using a flux difference
splitting concept. The viscous terms are centrally differenced. A fully general geometric
description is employed and all metric terms are retained, including those pertaining to a
moving grid. The algorithm as presently constructed is first order in time and either first or
second order in space. 1t can be made seond order in time by the inclusion of the viscous and
source term Jacobians in the operators on the factored side of the scheme. The code shows
very promising stability properties and convergence rate. Two codes were actually
developed. One imposes a fixed strategy for all variables on the upper boundary of the
computational domain, The other imposes a fixed strategy only on the static pressure at this
upper boundary. Validation runs were made on a Couette flow problem and a Blasius flat
plate boundary layer. Results were good. The code must yet be validated on axisymmetric
problems and problems with shocks such as a simple ramp induced shock-boundary layer
interaction. A turbulence model is currently being incorporated to extend the current
capability to turbulent flows. Future work should also include a conclusive study of the
importance of the conservative property and possibly development of an adaptive grid
scheme for the class of problems of interest.
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NOMENCLATURE
Jacobian matrix associated with x-direction inviscid flux
Coefficient used in application of wall boundary condition
Jacobian matrix associated with ¢-direction inviscid flux
Jacobian matrix associated with y-direction inviscid flux
Jacobian matrix associated with n-direction inviscid flux

Jacobian matrix associated with x-direction viscous flux
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Sonic velocity
Also a solution dependent coefficient used to explain viscous term differencing

Specific heat at constant pressure

Jacobian matrix associated with y-direction viscous flux

Also diagonal matrix in block tri-diagonal system

Also inverse of boundary condition altered matrix of left eigenvectors

Boundary condition altered matrix of left eigenvectors

Specific total energy
Also y-direction flux vector in cylindrical frame

y-direction flux vector in Cartesian frame

Inviscid part of y-direction flux vector in cylindrical frame
Inviscid part of y-direction flux vector in Cartesian frame
Viscous part of y-direction flux vector in cylindrical frame
Viscous part of y-direction flux vector in Cartesian frame
Dyadic flux function for Navier-Stokes equations
X-direction flux vector in cylindrical frame

x-direction flux vector in Cartesian frame

Inviscid part of x-direction flux vector in eylindrical frame
Inviscid part of x-direction flux vector in Cartesian frame
Viscous part of x-direction flux vector in cylindrical frame
Viscous part of x-direction flux vector in Cartesian frame

Grid clustering function
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g Geometry related coefficient used to explain viscous term differencing
g Grid point speed vector

h Source term in cylindrical frame

H; Jacobian matrix associated with inviscid source

by Inviscid part of source term in cyindrical frame

H, Jacobian matrix associa-ted with viscous source

h, Viscous part of source term in cylindrical frame

I Identity matrix

E x-direction unit vector

J Jacobian of coordinate transformation
Also number of grid points in the g-direction

j t-direction index

f y-direction unit vector

K Number of grid points in the »-direction
k Coefficient of thermal conductivity

Also g-direction index

L Lower off-diagonal matrix in block tri-diagonal system
[ Vector used in application of body boundary condition
m Vector used in application of body boundary condition
MRN Relative normal Mach number used at upper boundary
n Direction normal to a surface

Unit vector in direction of n
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Vector used in application of body boundary condition

E-forcing function in grid generation scheme

Static pressure

Prandtl Number

n-forcing function in grid generation scheme

Cylindrical velocity vector

Cartesian velocity vector

Relative velocity vector

Relative normal velocity

Rotation matrices used to control differencing of f-direction inviscid terms
Gas constant

Position vector

Rotation matrices used to control differencing of x-direction inviscid terms
Right hand side of integration algorithm

Solution dependent quantity used to explain viscous term differencing; total arc
length along { = constant curve; also represents grouping of source and
viscous terms

Arc length along grid lines

Temperature

Time

Matrix of right eigenvectors associated with £direction

Matrix of left eigenvectors associated with &-direction
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Matrix of right eigenvectors associated with p-direction
Matrix of left eigenvectors associated with 5-direction
Upper off-diagonal matrix in block tri-diagonal systerln
x-direction cylindrical velocity

x-direction Cartesian velocity

Free-stream velocity

y-direction cylindrical velocity

y-direction Cartesian velocity

Matrix used in application of body boundary conditions
Matrix used in application of body boundary conditions
Matrix used in application of body boundary conditions
Independent Cartesian coordinate

Matrix used in application of body boundary conditions
Matrix used in application of body boundary conditions
Independent Cartesian coordinate

Matrix used in application of body boundary conditions
Matrix used in application of body boundary conditions
Independent Cartesian coordinate

Coefficient used in grid equations

Also used in extrapolated outflow boundary condition
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Used as switch to choose temperature boundary condition
Coefficient used in grid generation

Also a parameter used in clustering the grid

Also used in extrapolated outflow boundary condition
Also used to switch order of time differencing

Related to 8 as used to switch order of time differencing
General backward difference operator

General forward difference operator

Coefficient used in grid generation
Also ratio of specific heats

Forward and backward difference respectively
Half point central difference operator
Transformed independent variable

Transformed independent variable

Normalized transformed independent variable
Diagonal eigenvalue matrix

Diagonal eigenvalue matrix of poﬁtive eigenvalues

Diagonal eigenvalue matrix of negative eigenvalues

AEDC-TR-85-43

Normalized diagonal eigenvalue matrix with positive or negative elements '

Second coefficient of viscosity
Also eigenvalue of Jacobian matrix

First coefficient of viscosity

Transformed independent variable
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Subscripts

J.k

t,x.y,7.£7

Fluid density

Indicates discrete summation
Also used in extrapolated outflow boundary condition

Tempeoral coordinate

A part of forcing function used in grid generation
Cylindrical dependent variable \;ector

Cartesian dependent variable vector

Intermediate dependent variable vector

A part of forcing function used in grid generation
7-direction factored implicit operator

n-direction factored implicit operator

Coefficient used in application of wall boundary condition

Inviscid
Grid point indices

Indicates partial differentiation in associated direction
Also indicates simple association with a particular direction

Yiscous

Wall
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Superscripis

n Temporal index

T Transpose

+ Associated with positive eigenvalues

- Associated with negative eigenvalues

Other
v Gradient operator

Also backward finite difference
V2 Laplacian operator
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