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ABSTRACT
In testing hypotheses involving order restrictions on a collection
of parameters, distributions arise which are mixtures of chi-squared or
beta distributions. In general, the mixing coefficients are quite

intractable even for a moderate number of populations. Stochastic upper

and lower bounds are obtained for mixtures which arise in Bartholomew's tests

for homogeneity of normal means with the alternative restricted by a quasi
ordering. These bounds are applicable in the dual-testing situation, that
is in testing the order restriction as a null hypothesis; in testing order
restrictions in exponential families, Poisson intensities and multinomial
parameters; and in some nonparametric settings. 4&3;/Ean also be applied

to obtain the least favorable configuration for testing equality of two

multinomial populations with a stochastic ordering alternative.
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; 1 INTRODUCTION. Suppose one is interested in testing hypotheses about a

vector of normal means, u = (u1.u2,....uk). and it is known apriori that

>
uk or ui =

these mecans satisfy certain restrictions, such as ¥ < u, < ... £
0 for i = 1,2,...,k. Likelihood ratio tests (LRTs) which make use of such
order restrictions have been derived under various assumptions on the
covariance structure.

Bartholomew (1959, 1961) considered testing homogencity subject to the

restriction that the My satisfy a partial ordering. Let << be a quasi order

on T = {1,2,...,k}], that is << is reflexive, ie. i << i for all i € I, and
transitive, ie. i << j << £ implies i << &. (A partial order is also

antisymmetric, ie. i << j < i implies i = j.) 1If My < My for all i << j,

then p is isotonic with respect to (wrt) <<. Since k = 1 is not

interesting, we suppose k 2 2. Ffor j = I,2,....ni and all i ¢ r, let

(A1) X.. be independent, X, .6 ~ N(u..c?) and o? = a.02 with a, known and
ij ij i"1 i i'0 i

02 = 1 if known.

0
Bartholomew studied the LRT of HO: My = Wy = .o = versus H]—HO with H‘:
p is isotonic. H~ showed that the null distribution is a mixture of chi-

2 .
squared or betn distributions depending on whether % is known or not.

Under a more general assumption about the covariance structure, Perlman

(14969) considered the LRT of H] versus H is not isotonic and obtained

2t ¥
bounds for the significance level of the test. Assuming (A1), Robertson and

wegman (1978) proved that H_ is least favorable for testing H] vVersus H2 and

0

showed that the distribution of the LT statistic, under HU' is agnhin a
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mixture of chi-squared or beta distributions with the same mixing
coefficients as in Bartholomew's test.
The mixing coefficients depend upon the quasi order, <<, and w =

(w, ,W.,.-.,W ) where w. = n_/a. for i ¢ T. Even in the case in which << is
172 k i ii

a total order (ie. 1 << j or j << i for all i,j € T), these coefficients are

quite intractable if the weights, "i' are not equal and k > 5, cf. Barlow et

al. (1972, p. 142). (The equal-weights mixing coefficients for a total

order are given in their Table A.5.) For the totally ordered case wWith
unequal weights and og known or unknown, the distributions, under HO' of the

LRT statistics for H,., versus H.I and H1 versus H2 have been studied.

0
Approximations were developed by Chase (1974), Syskind (1976) and Robertson
and #Wright (1983). Upper and lower bounds for their significance levels are
given in Robertson and Wright (1982).

For the partially ordered case, less is known about 'the null
distributions for these tests. An iterative scheme for computing the mixing
coefficients is discussed in Barlow et al. (1972, p. 139). They also give
exact expressions for these coefficients for arbitrary weights, k ¢ 4 and
the following partial orders:

(1) the simple tree; 1 << i for i = 2,3,...,k (the equal-weights

coefficients for a simple tree are given in their Table A.6) and

(¢) the simple loop; 1 << i << Kk for i = 2,3,...,k-1.

There are other partial orders that are of practical importance, too. For

instance, if uij is the mean response of a dependent variable with one

independent variable at level i and the other at level j and uij is

nondecreasing in i with j held fixed and vice versa, then p = “Hj) is
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isotonic wrt <<, the coordinatewise partial ordering. (This example is
discussed in Brunk, Ewing and Utz (1957) and Hanson, Pledger and Wright

(1973).) The unimodal ordering, M, < u, § ... S 2 Yy with 1

by, 2 Mot 2 ... 2
< h < k is also of interest. There is much to be learned about the mixing
coefficients for such partjal orders. Robertson and Wright (1985) and
Wright and Tran (1985) give approximations and bounds for the case of a
simple trce.

In Section 2, we show how the qQuasi ordered case is reduced to the
partially ordered case and obtain sharp bounds for the significance levels

of the LRTs of HO versus H‘ and Hl versus H2 which are independent of the

weights, wi. In Section 3, some applications of these bounds are discussed.

Kudo (1963) considered a closely related problem, that of testing H': 8

0
: = (0 versus H{—Hb with H;: 6 2 0, where 6 2 0 means each coordinate of 6 is
i
N nonnegative. He derived the LRT based on a.random sample from a
multivariate normal distribution, ie.
S A2 .= . PR & i.i.d. i = sesos i
I (r2) Y1 (Y”,Y12 Y1p) are i.i.d. N(6,L) for i 1,2 n with
I nonsingular,
. 2
for the case of known I.-~Neusch (1966) treated this problem with I = oOA
) and A known. (See the comments in Section 12 of Shorack (1967).) Perlman
(1969) considered the case of unkpown, nonsingular I. In fact, Perlman
derived the LRTs for ¢ = 0 versus 06 ¢ 2-{0} and 8 ¢ C versus 0 $ C with C a
4
positiv2ly homogeneous, one-sided subset of Rp {sce that papecr for
:: definitions) and obtained sharp bounds for the significance levels of these
v tests. Some of the testing problems discussed earlier can be placed in this
)
. fram»work. For instance, for the simple tree witn varionces known, set n =
)
A e

.. L. [T
. e e e e Lo - . .
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1, p = k-1, Ylj = XJ+1 - X1 for j = 1,2,...,p and C the p-dimensional

positive orthant. The total order and unimodal order can be treated
similarly.  However, if the variances are unknown and the sample sizes are
not the same, or if this differencing yields a nonsingular I (see the
discussion of the simple loop in Barlow et al. (1972, p. 176)), then this
technique does not seem to work. On the other hand, (A2) includcs
situations not included in (A1). The bounds given here are, for somc
partial orders, tighter than the bounds obtained from Perlman's work, but
that is because they depend c¢n the special covariance structure implied by
(A1). Perlman shows that for any C, which contains a p-dimensional open
set, his bounds are sharp.

2 TAIL PROBABILITY BOUNDS. Throughout this section we assume that (A1)

holds unless stated otherwise. 1If og is known the LRT of HO versus H]

rejects for large values of

-2 Y
Kor = Lyqpuy - W)

-k — - - —
with y = )i_ w.X./ZT_ w,oand u o= EW(X|H1), the projection of X =

(X‘ ’;?""’%k) onto H1 with respect to (wrt) the distance determined by the
inner product (x,y) = zk w.X.y.. Furthermore, under H
i i=17i7i714 ’ 0
K

D . p)
(2.1 P Uxgy 2 el = b PURkw)IPIx_, 2 c]

£=1

Y -
with Xg = 0 and P(%,k;w) the probability, under HO' that Ew(XIHI) has

exactly £ distinct values (cf. Barlow et al. (1972, Chapter 3)). Of course,




e, -
can be written as ||u-u|| . in which u also denotes a k-dimensional

-2
X01

-~

vector with each component equal to p. Barlow et al. also discusses the LRT

of H, versus H1 if og is unknown. It rejects H0 for large values of

0]
—2 K - 2ok _-1gd =2
Bor = Lyoqwy Grymnd 7L 3y Ly, (gm0
Under HG'
=2 k
(2.2) P [ES . 2c)l =1 .P(R,k;w)P(B 2 c]
w0l £=1 1 ! N-1)
E(Q‘_])'—Z_ N
with Ba p @ beta variable with parameters a and b (BO b = 0) and N =
I . n
i=1 i
If og is known, the LRT of Hl versus HZ: u is not isotonic rejects for

large values of

=2

- =2 = =2
Xi2 RPACIRTTR AN I LT S

t{, is least favorable within Hl' and under H

0'

-2 K 2
(2.3) P Ixj, 2c) =} P(Lkw)Ply, _, 2 c).

2 .
If oy 1s unknown, the LRT of H1 versus H2 rejects for large values of
=Z -k = = .2 ¢k - - .7
P A N TR DI ORI M)
K 1M - 2
with Q = éi=1 ai zj=1(xij-xi) . HO is again least favorable within H‘ and




=2 k
(2.4) P LE|, 2 c) = L, P(R,k;w)P(B, |

—Z-(k‘l).E(N'k)

2 cl.

(See Robertson and Wegman (1978).)

We seek upper and lower bounds for the significance levels given by
(2.1)-(2.4). The techniques from Pcrlman (1969) and Robertson and Wright
(1982) will be combined. In the latter reference, it was shown that for the
total order, 1 << 2 << ... << k, an upper (lower) bound for (2.1) and (2.2)

k-1,.,-k+1
((2.3) and (2.4)) is obtained by replacing P(%,k;w) by A(L,k) = (1_])2 * .

1 £ ¢ €k, in those expressions, and a lower {(upper) bound for (2.1) and
(2.2) ((2.3) and (2.4)) is obtained by replacing P(f,k;w) by B(L,k) =

1

5 1

(1,21(#) with I, (2) = 1 if L e A and I,(2) = O if 2 ¢ A. They also

established the sharpness of these bounds. The bounds resulting from the
B(2,k) were obtained by Perlman (1969) and the mixing coefficients, A(L,k),
were encountered by Dykstra and Robertson (1982, 1983) in related testing

problems.

If Y is a binomial variable with parameters k-1 and then the

1
2’
probability function of Y+1 is A(%,k), and so we refer to the {A(L,k})} as
shifted binomial probabilities. Because the bounds of interest here involve

convolutions of shifted binomial probabilities, we give the following

»~K+b

)

g for £ =

dgefinition. For positive integers b € k, set Ab(l.k) = (;:
1,2,...,k.  (DOf course, Ab(l,k) =0 for 2 < b and A(%,k) = A‘(Q,k).)

The LBRT statistics and their null distributions given in this section

were derived for partial orders. However, if p is understood to be the

projection of X onto the cone corresponding Lo 1 quasi order, <K, then the




arguments given in the references above show that the LR procedure gives

-2 =Z

=2
x12»501 and E . Dykstra (1981)

rise to the same test statistics, ;81,

discusses the computation of ; for an arbitrary quasi order. The argument

given to show that HO is least favorable within H1 in the partially ordered

casc 1s also applicable for an arbitrary quasi order. In the next remark,
we show that (2.1)-(2.4) are also valid for quasi orders. The proof
consists of reducing << to a partial order and applying the known results.
This reduction also shows that we only need to obtsin bounds for the
partially ordered case.

iIf << is a quasi order, then i = j if and only if i << j << 1 is an
equivalence relation and induces a natural partial order, <<¥, on the

equivalence classes {ea: a=1,2,...,k*¥}., We identify a with eu, think of

. Kk *
<K* as a partial order on {1,2,...,k¥*} and let H? denote the vectors in R

isotonjic wrt <<*¥, For 1 £ a £ k¥, set w*a = EU_ w. and X

let p* denote Ew*(Y*IHT); and let P(%,k*;w*) denote the probability under

homogeneity, that H* contains exactly & distinct values. (Cf course
P(L,k*;w*) = 0 for k* < < k.)

Bemark.  Under nomogeneity, (2.1)-(2.4) are valid for quasi orders iand their
right hand sides are unchanged if P{(%,k;w) is replaced by P(L,k¥*;w¥).

~ ol * — k¥ —
Proof. Clearly u* Lk w*x*/l w¥*¥ = 1. Since E (XIH ) is constant on
— a=1 o a “a=1 "« W 1

each e , it must agree with Ew,(f*|H?) on these equivalence classes. Hence,
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P(f,k;w) = P(%,k¥*;w*) for ¢ £ k, and consequently, the second conclusion is

established. Next, we observe that

-~

-2 _ ¢k - _" 2 vk* — _ A* 2 ck* K(TE _ % 2_
(2.5) X4, :‘Zi=1 Wy (ug-w) - X(F‘ Ziﬁeawi(uﬂ p*) = 2a=1 wi(uX - ) = U

and since uy is constant on cu,

(2.6) X, =5

]
-
-
[
(-

K *
i L
with Q Zu=

- -2 K *
- X* =
w (X, - X*¥)% and v =3

_ - 2
WwX(X¥ - u*)“. We assume H
a=1 o a a

0

for the remainder of the proof. It follows from (2.5) and Bartholomew's

work that (2.1) holds for quasi orders. Clearly, @, ¢' and X* are

independent and Q' ~ x2(k-k*). Conditioning on Q' and applying Coroliary

(L.2) of Rob=zrtson and ¥Wegman (1978), we see that

=2 Kk * 2
> o1 = [ 3PRNE ] >
PW[)(]2 2 ¢) 22=1 P{L,k*;w )P[xk_g 2 c]
. - =2 -2 -2
and so (2.3) also holds for quasi orders. Rewriting 801 as X01/(Q + Xg1 *

-2 -2 - .2
X1?), recalling that Xoy = U and X?Z = V+Q' and noting that Q + Q' x (N-

"

k*), wo sce that ES] has the same distribution 2¢s the corresponding test

statistic for ths partinl order, <<¥, with a total sqmple sine of M. Thus,

E01, we soe that (2.7) holds for an

applying Bartholomew's results on

< 1, we consider ¢ € (0,1) and note

il
N . PR =<
arbitrary quasi order. Since 0 £ E1? §

that

LI L A TR
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e e e e e e . e e T el e
AL RUPEICREICIN SO PORE PO PP S P T AP PP I S P S RO Sy e et




W TR W W W VR T WU

=2

PLE 2 c] = P[}leo 2 ¢/(1-¢c)] = P[V 2 cQ/(1-¢c) - Q*].

12
Applying the result of Robertson and Wegman for V to the above probability,
conditioned on Q and Q', we obtain

2

2 K* Xex-g * Q
PLE,, 2 c] = ), P(,k*;w*)P[ 2 c]
12 L=1 2 + Q'+ Q
Xyx-yg
with xi*-l' Q and Q' ingep2ndent. Thus, (2.4) holds for quasi orders, too.

The proof is completed.

- =2
Because the null distribution of X§1 and E

01 for a quasi order, <<, is

the same as for the associated partial order, <<¥, bounds for a partial
order are also bounds for any quasi order that reduces to the given partial

order. Considering the proof of the Remark, it is clear that if

_kl 2 R X .
)l=1 aQP[xk*_1 2 ¢ provides a bound, either upper or lower, for the tail

probability of ;?2 under H_ for the partial order <<*, then

0

ek 2 Sk * )
>
22:] aQP[xk_2 2 c] (22=1 a,PLB, 1 2 c])

-,C-‘(k‘i),'é‘(N“k)

. - Sy -2 ,=2
is »n analorous bound for the tail probabilities of Xl’(hl’) under HO for
the quasi order <<. Hence, we need only obtain bounds for the partially
credorea cone,

W suppose that << is a3 partial order and consider upper (lower) bounds

for (c.1) and (2.2) ({(2.3) and (2.4)). First, w2 necd the following.
Definitions. Two distinet elements i,j € [ are comparable if i << j or j <K<

i. Otherwise, they ore noncomparable,




1

A subset of I' is a chain (antichain) if each pair of distinct elements

in the subset is comparable (noncomparable).

The breadth, b, of T is defined to be the maximal cardinality of any
antichain in I, ie. b = max{card.(A): A an antichain in T}.
The following result is given in Crawley and Dilworth (1973, p. 3).

Theorem 2.1. Let (Ir,<<) be a partially ordered set with breadth b. T can

be written as the disjoint union of b sets which are chains wrt <.
Theorem 2.2. Lot (I,<<) be a partially ordered set with breadth b, and let

p e H. . For any w with wi > 0 for each i ¢ T,

-2 Kk 2
I F- 2 <
(2.7a) Pw[xo1 2 c] ¢ 22=1Ab(1-k)P[Xg_] 2 c],
(2.76) P [E-. 3 1< Zk A (L,k)P(B 2 c]
2 (D Y 2 Cj = v . z CJ,
w01 2=1 "b l(Q-]),l(N-g)
2
oo -2 k . 2
(2.7¢) Pwlx]? 2] 2 21=1 Ab(Z'K)P[Xk—l 2 c¢] and
(2.1d) P (F.. 2 c) 2 3% A (2,k)P(B 2 ¢]
o wo 12 T =1 T 1 o

k-0, La-w)
Ped rd

Proof. Using (7.6) and (7.7) of Barlow et al. and the fact that H, D Hyo it

1o easily shown that H: - :;H‘: = HEW(Y‘}H) - ul]j + Hi - Ew()?]Hl)Hi'

Furthermore, if H; corresponds to some qutsi order on I and l{;:) }H , then
C S I ITT 7’ e Gl (T e .
[ - ¥ (”r‘l)l Foor | x - r,w(X]L])| Iw ind consequently, | |:,w()(|H]) -y Iw <

. . . ) b
et T, ,...,0 be disjoint chiins with [ =7T; 1ot
. b a=1 «a

<ot be defined by 1 <Ot oprovided 1,] & F“ for some a and 1 << j; and let

LR Jadic Ml

L
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k; the other is similar. Since k is an interjor element there exists ¢ f k

-~

with k << ¢. Of course, c € A or ¢ € B, but either case contradicts A + I =
r - {k}.
It is easy to show that T - {k} has i-1 interior and e exterior

(k_1)) can be made close to

elements. By the inductive hypothesis P(f,k-1;w
A(L,e). The desired conclusion follows readily, and the proof is completed.
3 APPLICATIONS. The bounds given in Section 2 provide conservative

critical values or p-values for testing HO versus H] and H1 versus H2 with

Bpsbos el normal means. (Some particular partial orders will be

discussed in this section.) Robertson and Wegman (1978) show that the chi-
bar-squared distributions arise as large sample approximations for the LRTs
of trends in parameters in an exponcntial family. Robertson (1978)
considers testing for trends in multinomial parameters. Also, nonparametric
tests for trends can be obtained by replacing each observation by its
ranking among all the observations (cf. Shirtey (1977)). Chi-bar-squared
distributions arise in this setting, too. The bounds established here can
be applied in each of thesc three cases.

For a total order and the simple tree, such bounds were useful in

_D —_ P
dAetermining approximations for the y and E distributions, in studying the

=7 = .
robustness of the equal-weights (w1 =W, = .. s wk) x and E distributions
and for identifying weight sets for which the equal-weiphts distributions

might not provide very accurate approximations. It is anticipated that the

bounds given here will be used similarly. For instance, in the casec of a

simple loop, we sce from the proof of Theorem 2.4 that if w‘ and wk are
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exterior elements, which is at least two since T is finite with at least two

elements. If T is indecomposable with no interior elements and ¢ = 2, then

P(1,2;w) = P(2,2;w) =

|-

Hence, we suppose that the conclusion holds for indecomposable sects
with no interior elements and e-1 exterior elements. Consider T, an
indecomposable partially ordered set with no interior elements and e
exterior elements. By Lemma 2.7 there exists j e T with ' - {j}
indecomposable, and it is easy to see that I - {j} has no interior elements
and e-1 exterior elemcents. For convenience relabel so that j = k. Because
' is indecomposable, j is not isolated, and by Lemma 2.3, we can, by making

W, small, make {P(2,k:w)} uniformly close to the convolution of {P(%,k-

L (k1)

1
)} with {—2— I (£)}. By the inductive hypothesis {P(%,k-

{0,1}

1-w(k—1)

)} can be made uniformly close to {A{Z,c-1)} and the desired
conclusion follows.

Returning to the primary incuction, we suppose that the desired
°
conclusion holds for indecomposable sets with i-1 interior elements and that
I is indeccomposable with i interior elcments and e exterior elements (of

course, e+i = k). For convenience suppose that k is an interior element.

By Lemma 2.6, we can, by choosing W, sufficiently small, make P(%,k;w) close

(k-1)

to P(L,k-1;w ). Next, we show that T - {k} is indecorposable. 1If not

there exist & and B with A + 8 = T - {k}. There must be elements in both A

and B which are comparable with k, for if not, say B contains no elements

comparable with k, then (AU (k}) + B = I'. This is a contradiction.
Suppose a ¢ A and b ¢ B with a and b both comparable with k. HNow, either a

<< k and b << k or k << i oand k << b, Wo consider the case 2 << k and b <<




Proof. The proof is by induction. If k=2, the conclusion is obvious.

Consider k>2. If I' - {k}] is decomposable, then there exist A and B with A +
B =T - {k}]. We will show that A U {k} is indecomposable (throughout the

proof we mean indecomposable wrt the appropriate restriction of <<). If not

there exist A' and B' with A' + B' = A U {k}. Without loss of generality,
we assume K f A'. Since A'C A, we know that every element in A' is

noncomparable with every element in B. Because every element of A' is

noncomparable with every eclement in B', A* + (BUB') = T, a contradiction.

By the inductive hypothesis, there exists j ¢ A U {k} with A U {k} - {j}

~

indecomposable. Next, we show that T - {j] is indecomposable. If not A" +
B" =T - {j}. Considering separately the cases j = k and j { k, we see that
(r - GHn AV {k} - {j}) 4 ¢. For convenience, let A"} (A U {k} - {j})
f ¢. Because A U {k} - (j} is indecomposable, A" 5 AU {k} - {j}. It is
not difficult to show that B"¢C B. Every element in B, and consequently

every element in B", is noncomparable with j. Also, every element in A" is

noncomparable with every element in B". Hence, (A" () {j}) + B"™ =T, which
is a contradiction. e
Theoorem 2.8. If (I,<<) is indecomposable with ¢ exterior elements, then

there exists a sequence of positive weights w(n) = (w](n).wq(n),...,wk(n))
[
tor which

limn.mP(SL,k;w(n)) = A(L,e) for L = 1,2,...,K.

ol course, A(L,e) = 0 for & > e.
Eﬁoof. The proof is an incduction on the number of interior clements. We

first show that the conclusion is valid for indecomposable T with no

interior elements. This part of the proof is an induction on the number of
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(2)
Lk’

Ci . This produces a partition inji and the probability that this

0

partition occurs converges, as wk + 0, to the probability that

(C1.C2.....C1] occurs. Furthermore, including k in any other Ci or adding

the singleton {k} will not produce a partition in:ng ortr9+1 K

respectively. If io < i’ then {C1,C2,....C2] can be made a partition of T

by including the singleton {k} between Ci and Ci or by adding k to one of
0 1

Ci .Ci *1""’Ci . But, we have scen that each of these partitions of T
0 o )

have limit 0 as w, » 0, except for the two that include k either with Ci or

K 0

Ci . The sum of the probabilities of these two decompositions approaches
i

(k—l)) as w, + 0,

P({C,.C 3

2,..;.,c£}) as w,_+ 0. Hence, P(2,k;w) » P(L,k-1;u
and the proof is completed.

. We now return to the consideration of the sharpness of the results in
Theorem 2.5. More will be established; the assumption that T has at most
one minimal or at most one maximal element will be relaxed. However, as we
have seen, the bounds given there are not sharp if T' is decomposable. Me

will show that if T is indecomposable, then the bounds given in Theorem 2.5

can be obtained as the limit of P(i,k;wn) as n + «, This shows that the

bounds given in Theorem 2.9, as well as those derived from them by
convolutions, are sharp. Another lemma 1is needed.

Lemma 2.7. If (I,<<) is indecomposable with card. (') > !, then there

exists a3 j ¢ T with I' - {j} indecomposable wrt the restriction of << to [ -

{jt.

IR N
_._A-‘...'J\ .
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element in Bj. then ¢ { (L—Lj_1) {‘]BJ / Bj implies that ¢ f (L-Lj_l)(\ (Bj'
k B.-tk d he R
{k}) f 5 {k) an nce

P(1,card. (B,);w{(B_)) » P(1,card. (B.,-{k});w(B -{k})) as w, + O.
J J J J k

Thus, P({B].B 81}) + P(lBl.82,...,Bj-{k}....,8£}) as w, + 0.

PLRRRY K

(3

Finally, we consider decompositions inS(Zk

. If k is a minimal, but

not an isolated element by B, then ¢ { (L-L;_;) flej f B; implies that (L-

< 0, Zk/v'wk -+

Lj—l) N (Bj_{k}) } Bj-[k}, but recall Lj_1() {k} € ji- For Z,

-« and so Bj would not be a level set for wk sufficiently small. Hence, as

w >0,
P(1,card. (Bj);w(Bj))*P(Zk>0)P(1.card.(Bj—{k]);w(BJ-{k])).
If k is a maximal, but not an isolated element of Bj' then a similar

argument shows that as w, » 0,

k

P(1,card. (B,);w(B.)+P(Z <0)P(1,card.(B -{k});w(B_ {k})).
J J k J J
Because 3%1 > k-1} = fLNni,2,...,k=1}: L ejl}. every partition of

r, {BI’BZ""'BQ}' can be made a partition of {1,2,...,k-1} by deleting k

L . » .
from the Bj containing it. Conversely, let {C1,C2,....C£] Lo\l'k_1. Set 1O

= max{i: there is an a ¢ Ci with a << k} and i] = min{i: there exists B ¢ Ci

with k << 8}. (Recall, k is an interior eclemeont.) Now, iO < 11 . For, if

. . ' . . . .
1, <ig, then C, U ... \)Cil * £11.2.....k-1l' which is a contradiction. If

io = i], then {C1.C2.....CQ} can be made a partition of T by including k in
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decompositions of T in which k is an exterior element of Bj but not an

isolated clement in Bj' We now show that the sum in (2.9) overi(“l()

converges to zero as v ? 0. There are two cases to consider, B\j = {k} and

card.(BJ.) 2 2. If Bj = {k}, then because k is an interior element in [, 1 <

J < L. As w >0, Var‘(Av(B])) and Var‘(Av(Bz)) are fixed, but Var'(Av(Bj)) -+

=, Hence, P(Av(B,) < ... < Av(BE)) g P(Av(B]) < Av(BJ) < Av(Bl)) + 0. (See

Robertson and Wright (1982, p. 305).) This also shows that P(k,k;w) + 0 as

wk + 0. We next consider the case in which k is an isolated element of Bj

and card. (Bj) 2 2, but first we note that the event in which there is one

level set in the projection of i(Bj) onto the cone determined by <<B is

J
determined by

Av((L-L. ,)/) B.) 2 Av(B_) for all L ed with (L-L. )N B, ¢ B,
;-0 B N ¢ ¢ b (L-L, ;18
and that the probability of equality is zero. If k is isolated in Bj and

card. (Bj) 2 2, then Lj—l J (K}, Lj - {k} cf (if a << k, then a ¢ Lj— or a

1

€ Bj' but k is isolated in Bj; and if k << a, then a ¢ Lj_ ). Thus, P(1,

1

card. (B.); w(B,) ¢
J J

P(X, 2 Av(B. ) and Av(B -{k}) > Av(B )) = P(X_ 2 Av(B -{k}) 2 X ) = O.
k J J J k J k
. L. . I(Z)
Next, we consider partitions in oKk - Because, Bj - {k} f ¢, P(Av(B])

< Av(Bz) < ... < Av(Bg)) » P(Av(B1) < ... < AV(BJ-{k}) < o.. < AV(BQ)) as W,

+ 0. Replacing Yk by Zk//»_-r_, it is easily seen that if k is an interior
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(k-1)

with P(R,k-1;w ) the probability, under By = My = ... =W that

k-1’

E(k-1) has exactly ¢ distinct values. (Of course, P(k.k-1;w(k_‘)) = 0.

)

Proof. Assume p € HO. As we have seen, the MLSA decomposes I into disjoint
sets BI'B9""'Bh' with the Bi successive differences of a nondecreasing

collection of lower layers. For 1 € % < k, 1et;f1k be the collection of all
such decompositions with h = £. For {81'82""'82} ci?lk' 1t w(Bi) (X(Bi))

be the vector of weights wj (means Yj) with j ¢ Bi' 1 €1 £ 2. Barlow et

al. (1972, eq (3.23)) proved that P(%,k;w) =

(2.9 ) P({B..B.,....B.})
(- SO : PO 1 ST A L
with P({BI.BZ,...,BQI) =
£
P(Av(Bl) < AV“_BZ) < oo < AV(BQ))in“'Card°(Bi);w(Bi))' .

Note that for any such décomposition, if a << R.and 8 ¢ Bi' then a ¢ B]U B?U
... U B,, and if a << B and a ¢ B, then B ¢ Bil) Y B,. Further note
that such a decomposition does not occur as the level sets with positive

probability if n§= P(l.card.(Bi);W(Bi)) = 0.

1

Let j denote the index for which k ¢ Bj. Partitioni?lk into the

. 1 . . . .
following three parts: ;E ;k) consist.s of those decompositions of T in which

2
kK is an isolated olcment ofl%,ztgk) consists of those decompositions of T

in wnich k is an interior clement of Bj andatéz) consists of those
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AR

isotonic wrt <<'l<:}H. and replacing H] by H; provides a lower (upper)

2
12

bound for ;31 and 531(;$2 and ES.). As we have seen earlier in this
.. section, bounds for the quasi order, <{', can be obtained from bounds for
.. its reduction <<'*¥. However, <<'* is a simple tree on {1,2,...,e}l. By
Theorem 1 of Wright and Tran (1985), the appropriate bounds for this simple

e-1,.-e+l

tree are obtained with mixing coefficients (,_,)2 » which is our A(%,e).

The proof is completed by applying the comment given after the proof of the

Remark in this section.

IT T = F] + F2 + .. 4 rd and each Fa satisfies the hypotheses of

iy Theorem 2.5 with e, the number of exterior elements, then the convolution of
the {A(l,ea)} for @« = 1,2,...,d can be used to provide bounds analogous to

(2.8a,b,c,d). However, this convolution is Ad(i,e) with e = e, te, *t ...t

ey Now, e is the number of exterior elements in ', but {A(%,e)} and
. {Ad(l,e)] are not the same unless d = 1. In’fact. if d > 1 and ¢ > O the

right hand side of (2.8 a,b) ((2.§‘q.d)) is larger {smaller) if A(L,e) is

replaced by Ad(l,e). This shows that if one first decomposed ', then better

- =2 - -
lower (upper) bounds for xg] and E2 (xf? and E1

o1 2) are obtained.

;: Th= proof of the sharpness of these bounds rests on the following.
Lemma 2.6. If k is an interior element in (I,<<), then

lim P(L,K:w) P(z,k-l;w("'”)
wk+0
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coefficients which provide upper (lower) bounds for the ra. then their

convolutions provide upper (lower) bounds for . However, if the breadth of

ru is ba then it is easy to show that b = b1 + b2 + L.. bd is the breadth

of T and the convolution of the {Ab (l.card(ra)—ba)} is {Ab(l,k)}. Thus it
a

is not necessary to decompose I for the results in Theorem 2.2. But, as we
shall see, it is necessary to decompose [ to obtain sharp bounds of the type
provided in the next theorem. It should be noted that the hypotheses of
Theorem 2.5 imply that T is indecomposable.

Theorep 2.5. Let (r,<<) be a partially ordered set which has at most one
maximal element or at most one minimal element and let e denote its number

of exterior elements. For u € H, and any w with wi >0 for all i € T,

6

e

c) L=1

AL, e)Plx;_, 2 cl,

w

-2
(2.8a) Pw[xo1

v

=2 e
(2.8b) P [Ej 2¢cl2) | A(l.e)P[Bl(£—1) . 2 c],
2 2
(2.8¢) P [-2 2¢] s 3¢ _a(L,e)pl 2 2 ¢], and
. w2 = S Lgeyntte Xg-g = “40 &
-2 .e
(2.8d) P [E7, 2c)l s},  a(L,e)P(B 2 c].
Wil =1 1 1
5(x-2),5(N-k)

Proof. We give thz proof for the case in which T has 2t most one minimal

clement .  The proof for the other case is similar. Because T is finite, it
has exactly one minimal element. We suppose that the minimal element is 1

and the maximal elements are 2,3,...,¢. Let <<' be the quasi order which

. . . k .
requires 1 = e+l = e+2 = ,,. = k <<*' j for j = 2,3,...,e. If x € R s

- . . . . K
isotonic wrt <<', then it is also isotonic wrt <<. Hence, H; = {xe R : x
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is an exterior element which is not isolated. Now [ - {k} with the
restriction of << has breadth b, and by the inductive hypothesis there is a

weight set w'(e)) for which |P(2,k-1;w'(€c)) - Ab(z,k—l)] < €/2 for ¢ =

1,2,...,k=-1. Set w(eg) = (w'(e).wk). By Lemma 2.3, for W, small enough,

|P(2,k;w(c)) - % P(L,k=-V;w'(e)) - % P(l-I,k-l;w'(c))I < €/2. Using the fact

1

5 Ab(l-l,k—l) « 1 Ab(l,k-l), we see that |P(%,k;w(e)) -

that Ab(l,k) = 5

A (LK) |
S [PCR,kwle)) -5 PR, k=137 (€)) -5 P(E-1,k=1;u (e))]|

1 1
+ E|P(1,k-1;w'(s))-Ab(1,k-1)| + EIP(Q-I,k—l;w'(e))-Ab(l—l,k-l)] < €.

The proof is completed.

The next result provides lower (upper) stochastic bounds for the null

2

-2 =2 .
01 (x12 and E12) for a large class of partial

distribution of ;S] and E

orders of practical importance. This class includes all the partial orders
discussed in the Introduction.
If a partially ordered set, (I',<<), can be partitioned into two

nonempty, disjoint subsets A and B with i and j noncomparable for every i ¢

~

A and every j € B, then we write A + B = T and say that T is decomposable.

Otherwise, {t is indecomposable. If T can be written as the union of

nonempty disjoint subsets I, ,I,,...,, with the elements of ra and T

1727 d e
noncomparable for all 1 s a f 8 < d (ie. Fl + F2 R S Fd = ), then the
mixing cocfficients for I are the convolution of those for F‘.FZ..... and Fd

(cf. Barlow et al. (1972, p. 148)). Hence, if one obtains the mixing
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comparable with k. (Such exists by hypothesis.) For "k sufficiently smaltl,

Zk//wk > max(Y1,....ik_1). Using the MLSA to compute the projection of

(x{k-1) zk//;;), we see that the first i-1 level sets are B,,B,,...,B, ..

Neglecting the set with probability zero on which Av(A) = Av(B) for some A

and B distinct subsets of T and noting that Av(A (J/ {k}) » aAv(A) as L 0

for ¢ £ ACT - {k}, we sce that for sufficiently small w Bi\J {k}l is the

k,

next level set. Hence, for Z > 0 and such w_, M(Y(k-l)

K , Zk//wk;w) =

The proof is completed.
Theorem 2.4, Let (I,<<) be a partially ordered set with breadth b. There

exists a sequence of positive weight sets w(n) = (w1(n)....,wk(n)) for which
lim_ P(%,k;w(n)) = A (L,k) for £ = 1,2,...k.
n+= b

Proof. The proof is an induction on k-b. If k-b = 0, then the partial

order is trivial, there are no comparable elements. Hence, u =

el

Suppose that k-b > 0 and by relabelling if necessary, let {1,2,...,b}
be a maximal antichain. We show that for an arbitrary ¢ > 0, there exists a

weight set w(e) with |P(R,k;u(c)) - Ab(l,k)| <e for & =1,2,...,k. Mone of

the elements b+1,b+¢2,...,k are isolated because {1,2,...,b} is 7 maximal
antichain. Furthermore, we will show that at least one of bl b+, ...,k is
an exterior clement. If not, then they are all interior elements and one
can construct a chain containing b+l with both its smallest ana largest
elements in {1,2,...,b}. But, this is a contradiction since no two clements

in {1,2,...,b} are comparable. Without loss of generality w» assume that k

_.-_-.'_.-....'...,.-',-.-,-, et R T

5 P A R U . S
A A I RN
e e e P FE S S W ST 1. WP TL DA TG Py TP 1PN T Sl G ¥

..
%
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=(Kk-1)

projection of X (X ) onto the cone determined by << (<< restricted to T

- {jh.

Lemma 2.3. Let M, = u2 = ... uk = y. If k is an exterior element but not

isolated, then

_ 8 _. - _
M(X:w) - m(xtR1) k=D (X))
(_m'p) k

Proof. Without loss of generality, assume u = 0. We suppose Kk is a minimal

element. The proof for a maximal element is similar. By enlarging the

probability space if nccessary, we can obtain Zk - N(O.og) independent of

X, poee X

. and of course, M(X;w) = M(Y(k_]).zk//wk;w). For a fixed

k-1"

element in the underlying probability space, we consider the cases Zk <0

and Zk > 0. If Zk < 0, then for sufficiently small W Zk/v’wk <

min(Y,....,?k_l). Using the MLSA and the fact that {k} is a lower layer, we

=(k-1)

see that the first level set of the projection of (X ,Zk//wk) is {k} and

the others are the level scts of E(k_]), the projection of Y(k-') with

k-1
weights w( ). Hence, for sufficiently small wk.

Z(k-1)

M(X (k=) (k)

, zk//Zk;w) = M(X )+ 1,

Next, we consido,s the case Zk > 0. Let El""'nh donote tar level sets

—(k-1)
u

for and let Bi be the first level set containing 1n element




Yb + b is a stochastic upper bound for M and P[Y] + ..t Yb +b=2] =

-k+b

{ )2 = Ab(l.k). The proof is completed.

k-b
£-b
We next show that the bounds in Theorem 2.2 are sharp. Before giving

the proof, the following definitions are needed.

Definitions. An element i € T is said to be maximal (minimal) if there does

not exist j € T with i << j (j << i). Furthermore, i is said to an exterior
element if it is a maximal or minimal element and otherwise, it is an
interior element. An element which is both maximal and minimal is called
isolated.

The minimum lower sets algorithm (MLSA) for computing projections onto a
cone of isotonic functions is used in the proof of the lemma below. A
subset, LC I', is a lower layer provided i ¢ T implies that j e I' for all j

<< i. Letd denote the collection of lower layers in I'. For A CT, define

Av(p) = )icA wixi/zieA w; and set Ly = ¢. Given LyC L, C ... C_Lj, the

MLSA chooses Lj+ to properly contain Lj and minimize Av(L-Lj) over all such

1

lower layers L, and in fact, Lj+1 is chosen to be the largest such

minimizer. This procedure terminates with Lh =T. If i e Lj+1 - LJ‘E B.,

then ;i = Av(Bj). The Bj are the level sets for p (cf. Barlow et al. (1972,
p. 76)).

—(k-1) - _
Let X = (X‘,X = (w1,w2....,w ‘) and

ot K-

M(X;w) (M(f(k-l); u(k~])

})) be the number of distinct values in the
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N
:: H; = {x ¢ Rk: X is isotonic wrt <<'}. Examining the definitions of
; -2 =2 =2 =2 . =2 . . . Ve

3 Xg1*X12+Egy @nd Ej, and noting that Ei, is an increasing function of [ X
. 2 2 2 =2 2

p * . v T o o

- ullw/Q’ we see that an upper (lower) bound for x,, and Eo (x]2 and 512) is
g obtained by replacing H1 by H;. Thus, we need to find the appropriate
b

bounds for the cone HY. Robertson and Wright (1982) have shown that becausec

the chi-squared and beta variables involved in (2.1) and (2.2) ((2.3) and
(2.4)) are stochastically increasing (decreasing) with &, we only nced to

k

find D(%,k) with ZLJ P(Lkw) € I

=JD(Q..k) for j = 1,2,...,k. If M is the

random variable which denotes the number of distinct elements in Ew(ilﬂ;),

k = 2 b
. \ i i - =
we seek a stochastic upper bound for M. Since 2i=1wi(xi ui) zu=1iicfu
; wi(Xi - ui)z, we may obtain the projection of X onto H) by projecting the

N subvector of X with coordinates indexed by clements of I‘(x onto the cone
which requires such vectors to be isotonic wrt the restriction of <K' to I‘Ql

for a = 1,2,...,b. Let Mu denote the number of distinct elements in the ath

i

such projection for a 1,2,...,b. Cie~arly, M‘,b Y are independent

4
A

and, with probability ono, M =M« M _ ¢ .. ¢+ M, Assum~ p & H. . Let Y 7
1 2 b 6] a

1 1
B(card.(l‘“) - 1.5) (8(0,3) is desenerate at 0) for 1 * a € b with

) . b independent. Because (' restricted to I‘a is a total order, Ya
2

. + 1 is a stochistic upper bourd for M for a = 1,0,...,b Heneoe, Y ¢ .ot
. [§3

1 ..
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"small" and w2.....w are not, then the P(2,k;w) will be close to

k-1

NGNS

Ak_z(l.k) and the corresponding bounds would provide better approximations

than the equal-weights oncs. On the other hand, if w2.....wk_‘ are small

and Y and W, are not, then P(%,k;w) will be close to A(%,2). (Sece the

{l"'{l‘f'l'

proof of Theorem 2.8.)
If T has at most one maximal or at most one ninimal element, then,

applying Theorems 2.2 and 2.5, we see that for ¢ > 0 and u ¢ HO'

o e e-1,.1-e 2
. > <
. 22=](1_1)2 P[Xl—l 2 el s Pw[XOI 2

and

Aot
Tt T

with e the number of exterior elements in T and b the breadth of I'. For a
simple tree, e = k and b = k-1; for a simple loop, e = 2 and b = k-2; for a

unimodal ordering (ie. 1 << 2 << ... << h >> h+1 > ... > k), e=3and b =

Pad) ,\'..“".."

2; and for the ordering on I' = {(i,j): 1 €1 R, 1 £j € c} given by (i,j)

<< (s,t) provided i $s and j £€t, e = 2 and b = min(R,C).

We indicate one final application. Suppose that U],U Um are

2’
ordered categorical variables of interest on 2 certain population and that
large values of each are desirable. Further, supposc that one wishes to
determine whether or not a new treatment tends to produce values of

U which are at least as large as under a control, that is whether

UI'UZ""' m

or not the treatment distribution is stochastically larger than the control.

2

AT

LRTs for the case m = 1 are discussed in Robertson and Wright (1981). Let

p : i

i ) denote the proportion of the population with Ua at
1°2°°

(q, .
.lm 1112...

NN
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level ia, 1 £ a £m, under the treatment (control); let << be the

i i i = (i peeepd ): 1 S0 SI,18acsm;
coordinatewise ordering on T {(1],12... .im) 1 i, Iu 1 a m}: and

5+ QREEOL ' Nt

let denote the lower layers wrt <<. Robertson and Wright (1974) studied

LN

the multivariate concept of stochastic ordering which requires

p. . .S Y,. . . q. . )
i (11,12....,1m) e L I PO

..,1m) e L ;

for each L eéﬁ. H is equivalent to requiring f(U1.U2.....Um) to be

stochastically larger under p than under q for all f: Rm + R which are

nondecreasing in each variable with the others fixed. Let A denote the LR

for testing H versus H based on independent samples and T = -2 1n A. It
can be shown that the significance level corresponding to t, an observed

value of T, ie. sup [T 2 t], is for large samples approximately

P
p,qeH p,q
k3 1) sup zk P(L k-p)P[x2 2 t] with k = I.1

: ple=1" 10K g-1 = ‘

(The details will be given elsewhere.) The breadth of this T is b =

min(II,I?....,Iq), and applying Theorem 2.2, we see that (3.1) is

2 ;
2>
oy Ztl

k kb, bk
2evla-p)2  Plx
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