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How Many Bootstraps?

Robert Tibshirani

1. Introduction.

. et .“\

e ( "
"™ The bootstrap (Efron 1979 ) is a non- parametric method for assessing -, #/!1 )
statistical accuracy. Coneider for example estimation of the variance of S

8 statistic T under & true distribution F, i.e. URRET. The bootstrap works
by replacing the unknown distribution F by the empirical distribution
function F and the bootstrap estimate of UARET is defined as UARET
Unless T is very simple, this can't be computed analytically, and hence
must be approximated by a monte carlo simulation. To do this, we sample
N times with replacement from the original data (N is the sample size) ,
then evaluate the statistic of interest for this "bootstrap sample”. This
process ic repeated B times, where B is typically 100 to 1000. The maonte
carlo estimate of URRET is the semple veriance of the B bootstrap values
of T. (Note that sampling with replacement from the data is equivalent to
sampling from F).
If we could take B = « , our monte carlo estimate would exactly
equal URRPT. Because of computational costs, we might not be able to
take B much larger than 1000; for complicated statistics, 100 might be
our limit. In this paper we study the question of how many bootstraps to
take. We provide an adaptive method, based on the bootstrap samples
already taken, for assessing how meny more bootstrap samples (if any) we
need. Our experience shows that for estimating variance or biss, B=100 to :;
\ 300 is usually adegquate. An estimate of a percentile, however, may S
b require B = 1000, — ]
] The formulse used here are closely related to those derived in
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Efron (1984), Section § and are based on standard results that can be found
in many books (e.g. Kendall and Stuart (1958), chapter 10).

2. The Bootstrap Method and a Statement of the
Problem.

Suppose that we have 8 sample X=(X X5, XN} , with X; assumed to
be iid from e distribution F. (X; may be real or vector velued). Our
statistic of interest is some symmetric function T( Xy,X0,..Xy). We require
an estimate of a functional Q(T,F,X). Denoting the empirical distribution
function by F, the hootstrap estimste is defined as O(TF X). Usually, we
can't compute this analyticelly so we estimste it through & monte cerlo
simulation. This is done by a) writing Q(TF X) in terms of guantities of
the form ER, then b) estimating each quantity by 8 monte carlo estimate
of expectation. In the case of Q(T,F X) = URRET, for example, we write
UARET=EpTZ - (EpT)2. We drew B bootstrep semples (thet is, semples of
size N drawn with replacement from X;, Xo,.. XN} and compute the
bootstrap values T4, To™,. Tg". Our monte carlo estimate of URRET is
then £T;"2/B - 1[5 T,7/B)2

I Q(T,FX) = Probe(T > ), we write Prabp(T > ¢) = EpI(T > ¢) and our
monte carlo estimate is *{T;~ > c}/B.

Now let Qg(T,F X) be an spproximstion to Q(T F,X) based on B bootstrap
samples. As B+ « we have, for sufficiently well-behaved Q, QB(T,F,X) -
Q(T,F X). The question we address here is: how big should B be so that
Qg(T.F,X) is (on the average) sufficiently close to Q(T F,X)?

The spproach we will teke is the following. For a specific Q, we
choose & measure of Qg's eccuracy in estimating Q . (This measure will be
conditional on the observed date). Then we teke & small number of
bontsirap samples (say SO or 100), and estimate the accuracy of QB(T,?,X).
If DB(T,F‘,X) is not accurate enough, we take more bootstrap semples until
the estimated accuracy is sufficiently high.

in the following sections we illustrate this for three specific Q's:
standard error, percentile, and bias. In the final section we discuss @
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number of points including Efron's (19684) approach to this problem.
3. Number of bootstraps for standard error estimation.

Here we toke Q=e=(Varp(T)'/2. Let Xy™, X,™. Xg* denote
bootstrap samples generated from F. Then Qg =g, the sample standerd
deviation of the Xj's. A reasonable measure of the accuracy of ep is its
coefficienl of variation conditions) on X. Standard calculations show

CV(sg 1 X) = [(s+2)/4B]1/2 + 0(1/8) (N
where § is the kurtosis of the bootstrap distribution of T. Table 1 shows
Cv(eg | X) for =0 and §=3 (the kurtosis of the t distribution on 6 degrees
of freedom).

Table 1.
Cv¥(eg | X) as o function of B and &

B 10 20 50 100 200 500 1000

22 14 10 07 05 03 .02
35 25 .16 .11 08 05 .04

1]
w o

We propose estimstion of CV(ep | X) from the bootstrap distribution es
a guideline for the choice of B. The suggested procedure is to take say S50
bootstrap samples, estimate CV(sg | X) from the bootstrap distribution,
take more samples etc. until the estimated coefficient of varistion is
smell enough. Note thet estimationof  CV(sg | X) requires en estimete
of 8. For this we use the sample kurtosis of the bootstrap values. For
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non-robust T, it would be preferabie to use a more robust meassure.

what is a "small” coefficient of variation? One way to determine this
is to examine the effect of en error in ¢g on the coverage of & confidence
interval of the form [T(K}+egz(®), T(X)*sBz("“)l where z{®) is the
1000i~-th percentage point of the standard normal distribution. Let 8 be
the parsmeter of F that T estimates and let gleg)=P(8 ¢ [T(X)+sgz(®™),
T(X)+sBz“'°‘)] ), the coverage of the standard interval. A teylor series
argument gives for the (conditional) standard devistion of g{eg)

SD(gleg) 1 X) = 2 p(2{1-a2{1-2) cy(eg | X) (2)

This relstionship is iliusirated in Table 2.

Table 2.

SD(g(eg) | X) and C¥(sg | X}
for «¢=.025 and .05

7-CV1]
SD =025 =095
01 .04 .03
02 .09 06
05 22 15

Thus if we aim for 8 90% confidence interval and we're willing to allow 8
stendard error of 28, we require C¥(eg | X) to be about .06. For & 95%
interval, we require CV(sg | X) to be .09. In the examples that follow, we
will use .06 8s our target, although this is of course up to the statistician

to choose in sny particular problem.
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Example 1. The correlation coefficient.

ey The dete for this exemple come from the SAS Besics manuel (1962)
page 510. They consist of 50 messurements of ches! and abdomen skinfold
thickness. The statistic we chose was the sample correlation coefficient
which hed & vslue of .620 for the original data. Table 3 shows the results
of successively increesing the number of bootstraps.

Table 3
Results for the correlation coefficient
applied to the skinfolid date

B E) 6B Cv

50 -11 .090 .065
100 -44 097 062
200 13 097 052
500 -20 100 .030

1000 25 106 .024

we cee that with 200 bootstraps the CV is below .06, and even S0 may be
aedequate.

Example 2. Cox's model.

In this example we bootstrapped Cox's partial likelihood estimate for
the proportional hazards model. The date consisted of 200 measurements
on mice teken from Kelbfleisch and Prentice (1981) pg 233. The outcome
was survivel in days, the coveariele wes % antibody level. The
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bootstrapping was performed by treating the response, covariate and
‘ censoring indicator for each mouse as the sampling unit. The partial
5 likelihood estimate for the original data was -.015. The bootstrap results
- are shown in Table 4.

Table 4.
Results for Cox's estimator
applied to mouse leukemia dats.

B 8 €B Cv

20 3.02 010 .16
100 204 009 10
200 175 008 .07
300 200 008 .06
500 1.86 008 .04

1000 3.00 009 .04

About 300 bootstraps are necessary to get CV down to about .06, despite
the fact that the velue of sg changes very little as B increases.

- 4. Number of bootstraps for percentile points.

59

E For the problem of estimating percentile points, the functional
- Q(T F,X) is 6”1 («) where G is the distribution of T under F. The bootstrap
:: estimate of G !(a) is 6 V(«) where 8 is the bootstrap distribution of
o T(X®) , thet is the distribution of T(X™) under F. Letting Gg be the
-f empirical distribution function of T;”,. Tg", the monte cerlo

approximation to 6 (a) is Bg™1(a). (If 67 '(x ) is not uniquely defined,
we will sssume some reasonable definition like inf{t: G(t)> «} and
similarly for 6™ () and Bg™'(«)). Standard calculstions give
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e cviBg M) _ la(1-a)¥ +  0(1/8) (3)
- 1B%6~1(a) §(6™ 1 (a))]
38
2% In the above §() is dB(t)/dt. Now if & is normal, then §(6~Ya)) =
12(2)/6- () (p(2{*)) and hence CVIBE™ ! (e)] = la( 1-)1%/[B%12(Ny( (o)),
v For this case, Table 5 shows & tabulstion of CVIBg™ (e)] .
5
® Table 5
. v [6g™1(a)) for & normal
o « 75 90 95 975
o B
- 50 29 19 18 19
100 20 A3 13 14
200 14 09 .09 10
200 09 06 .06 06
4_;: 1000 .06 04 04 04
s
}“v As we did in the previous section, we must address the question: ]
' What is a "small” coefficient of variation for this problem? Let 1
v a=P(T;* < Bg '(a)). We can measure the size of CV [bg™(a)] by |
o assessing its effect on SD(@). If G is approximstely normal, it is easy |
1_3 to show thet |
L)
) so(@) = z{) 1y(z(#)) Cvibg™ ()] (4) |
2
» |

RS Table € tabulates this for various values of & and SD(at)
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% Table 6.

CulBg™ 1)) 8s & function of & and 5D(a)
N o .75 .90 .95 .975

| SD(at)

. .005 .02 .02 .03 .04

> 01 .05 .04 .06 .09

p .02 .09 .09 .12 .17

. - .05 23 .22 .29 .44

Thus for example if we want to estimate the 90th percentile with @
standard error of .01 in the coverage, CU[GB“(ot)] has 1o be less than or
equal to .04. Assuming again that G is normal, Table S then tells us that |
B should be at Teast 1000.

Instead of assunming normality, we csn take the approsch discussed in
section 2. estimate 57 («) and §(6~1(«)) from the bootstrap distribution
end thus get an estimate of CUIGg™ !(a)). We tried this in the next two
. examples, using & kernel density estimate of the form S(1/heg)e((T;” -
- y)/heg). A value of .5 was used for the window pararneter h; fortunotely
> the results changed very little when h was varied.

ﬂ Example 3. Percentile points for the setup of example 1.

4

y We applied the bootstrap to estimate a percentile of the bootstrap
: distribution for the correlation in the skinfold dete estimate. Table 7
- shows the resulls for o=.10 and .0S5.

: 6
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Table 7.
Percentile results for skinfold data

o=,025 o=, 10
culbg™ M) Bg M) CUIGE () B~ T(a)

100 014 . 152 .013 AR

B 200 011 . 761 SRR . 125
500 .006 772 .006 .732

1000 .003 . 786 .005 . 743

We cee that 100 bootstraps is adequate both for o=.10 and o =.025.

Example 4. Percentile points for Example 2 (Cox model).

The results for the Cox model applied to the mouse leukemia dats are
shown in Tahle 8.

Table 8. !
Fercentile results for Cox model ‘

o=.025 o=, 10
culbg M)l B~ T(a) CUIBE He)l G M)

100 250 -.0046 .095 -.010
B 200 151 -.0047 .090 ~.008
S00 .096  -.0047 .054 -.008
1000 062 -.004¢4 .040 -.007
9
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in order to get CV down to .04, 1000 boolstreps are needed for o=.10;
more than 1000 bootstraps are required for o=.025. |In the second case,
G-_?](d) isn't chenging much but the estimates still have large variability.

5. Bias estimation.

The mean bias of the estimsator T is defined as EpT-8, and s estimated
by the bootstrap quantity EpT(Xy™ ;™ iy )-T(K{ X5, Xy) The mante
carlo approximation to the bootstrep estimete 18 ZT]-*/"Ei - T(K],XQ,A_.XN).
Assuming E;?T('m*,XQ*‘.‘XN*) = T(Xy ¥o,.¥y), ths has coefficent of
veristion 6/BET(X Xp, Xl Llsmg'sﬁ 8 an estimate of €, Table 9
shows the CV as B increases for the setup of Example 1.

Table 9.
CY for estimate of bias
(correlation coefficient, example 1)

B cv
30 027
100 016
200 011
500 007
1000 005

There seems to be no naturel wey to decide what & "smeall” CV for bies is;
one might arbitrarily decide that .05 is small. In that case, as few as SO
bootstraps is satisfactory in this example. For the Cox model example,
sbout 200 bootstraps are necessary to get the CV down below .05,

Medien bias is defined ss G™1(%)-8 snd is estimsted by
61(%)-T(%y,Xo. Xy) The monte carlo approximation by~ (%) -T(X,Xo..X)

10
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has coefficient of variation that can be estimated by the method described
in section 3.

A related problem is the estimation of a=P(T > t), where « is near ¥.
The bootstrap estimste is & = Pp(T;"> t) end the monte cerlo
spproximation is ag=_ {T;" > t}/B. The standard devistion of & ic
[a{1-a)/B1%, which equsls 1/26% when &=¥%. In order for the standard
deviation to get down to .02, B must be 625; a standard deviation of .01
requires B=2500. Efron (1884) notes this fact in the context of estimation
of the bias-corrected percentile interval and suggests 8 better method of
approximation.

6. Discussion.

We have presented here an adsptive method for determining the nurnber
of bootstraps necessary to echieve e pre-specified accurscy. These
techniques should be used with some csution. in the first two problems
tonsidered, estimates of kurtosis and the density of the bootstrap
distribution were required. The estimation of bath these quantities is
quite delicate and shouldn't be sttempted for bootstrap sample sizes less
than 50 and 100, respectively. It goes without saying that if you can
fessibly take 1000 or more bootstraps, then teske them!  One reason is
that often attention is not focussed on 8 single aspect like varisnce; for
exernple the genersl shape of the bootstrap distribution mey be of
interest. For this it is hard to quantify how large B should be and the
bigger the better. Some further remarks:

Remark A. A7 wncongitionsl view af ihe prablem  Efron (1954)
computes the unconditional coefficient of variation of 6g and 6-He) as 2
way of determining how large B should be. He tskes the point of view that
E is large enough if the conditions) varistion in eg is small compared to
its unconditionsl verietion, thet is, if increasing B doesn’t decrease the
unconditional CV substantially. For standard error estimation he assumes

R
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that E(8)=0 and shows that B as small as 25 or 50 can be adequate. For
percentile estimation, his results, based on normal sapproximations,
indicate that B=1000 15 necessary. In this paper, we have taken a slightly
differerent view--- that even if the sampling variability of the estimate
is large, one might still want an accurate measure of its standard error.
Also the sdaptive approach allows one to take less or more bootstraps
depending on the variability of the bootstrap values observed.

Remark B. Vsrisnce reductian technigues . The use of monte carlo
variance reduction techniques can greatly reduce the number of bootstraps
hecessary to achieve & given accuracy. Thernesu (1983) looked at @
number of methods, most notably control variates, for verience and bias
estimation. Johns {1984 personal communication) has had success with
importance sampling for percentile estimation.

Remark C. FKe/slianshin lLelween semple size end number a7
raatstreps. U T = ¥, i1t is straightforwerd to show that the
unconditional CV of e is of the form [a/N +(b/NB) +c/BI%, where 3, b and
¢ are congtante depending on F (the distribution of X, ). Hence as N
increases, CV(sg) goes down at the rate 1/N¥. This mekes senses
intuitively: as the sample size increases, the kurtosis of the bootstrap
distribution of 8* decreases. By linearizing a non-linear statistic, one
could presumably show that this is approximately true in general. This
doesn't meen, however, thet less computations are necessary since each
evaluation of the statistic will typically be at least O(N).

.
. . 4 3 .
:'.:')'. R L

Remark D. 7/he parémelric end smaalh hoalstrsps. The technigues
discussed in this paper did not make any special use of the fact thet F was
estimated by the empirical distribution function F. Hence they are still
appropriate if some other estimate of F is used, for example 8 parametric
estimate ("the parametric bootstrap”) or 8 semi-parametric estimate ("the
smooth bootstrap”).
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