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1%i How Many Bootstraps?

Robert Tibshirani

1. Introduction.

The bootstrap (Efron 1979 ) is a non-parametric method for assessing -

statistical accuracy.'Consider for example estimation of the variance of
a statistic T under a true distribution F, i.e. UARFT. The bootstrap works
by replacing the unknown distribution F by the empirical distribution

'.K function P and the bootstrap estimate of UARFT is defined as URRpT
Unless T is very simple, this can't be computed analytically, and hence
must be approximated by a monte carlo simulation. To do this, we sample

N times with replacement from the original data (N is the sample size),
then evaluate the statistic of interest for this "bootstrap sample". This
process is repeated B times, where B is typically 100 to 1000. The monte

carlo estimate of UARrT is the sample variance of the B bootstrap values
of T. (Note that sampling with replacement from the data is equivalent to
sampling from r).

If we could take B , our monte carlo estimate would exactly

kg equal UARIT. Because of computational costs, we might not be able to
take B much larger than 1000. for complicated statistics, 100 might be

our limit. In this paper we study the question of how many bootstraps to
take. We provide an adaptive method, based on the bootstrap samples
already taken, for assessing how many more bootstrap samples (if any) we
need. Our experience shows that for estimating variance or bias, B= 100 to

.3 300 is usually adequate. An estimate of a percentile, however, may

require B = 1000.
The formulae used here are closely related to those derived in
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Efron (1964), Section 8 and are based on standard results that can be found
in many books (e.g. Kendall and Stuart (1958), chapter 10).

2. The Bootstrap method and a Statement of the
Problem.

Suppose that we have a sample X=(XI,X 2 ,...XN ) , with Xi assumed to
be i.i.d from a distribution F. (X1 may be real or vector valued). Our
statistic of interest is some symmetric function T( Xl,X2 ,.. XN). We require
an estimate of a functional Q(T,F,X). Denoting the empirical distribution
function by F, the bootstrap estimate is defined as Q(TAX). Usually, we
can't compute this analytically so we estimate it through a monte carlo
simulation. This is done by a) writing Q(Tf,X) in terms of quantities of
the form EpR, then b) estimating each quantity by a monte carlo estimate
of expectation. In the case of Q(T,F,X) = URRFT, for example, we write
UARFT=EpT 2 - (EpT) 2 . We draw B bootstrap samples (that is, samples of
size N drawn with replacement from X1, X2 ,... XN.) and compute the
bootstrap values T *, T2 *,... TB*. Our monte carlo estimate of URRFT is
then ZTi* 2 /B -Z Ti*/B]2.

If Q(T,F,X) = ProbF(T > c), we write Probp(T > c) = Ep (T > c) and our
monte carlo estimate is S(Ti* > cl/B.

Now let QB(T P,X) be an approximation to Q(Tf,X) based on B bootstrap
samples. As B - . we have, for sufficiently well-behaved Q, QI(T,AX) -

Q(TAX). The question we address here is: how big should B be so that

QB(TAX) is (on the average) sufficiently close to Q(Tf,X)?
The approach we will take is the following. For a specific Q, we

choose a measure of Q's accuracy in estimating Q . (This measure will be
conditional on the observed data). Then we take a small number of

bootstrap samples (say 50 or 100), and estimate the accuracy of 0B(Tf,X).
If QB(TPX) is not accurate enough, we take more bootstrap samples until
the estimated accuracy is sufficiently high.

In the following sections we illustrate this for three specific 's:

standard error, percentile, and bias. In the -final section we discuss a
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number of points including Efron's (1984) approach to this problem.

3. Number of bootstraps for standard error estimation.

Here we take Q--=(VarF(T))1/ 2. Let X; , X2 ... XB* denote
bootstrap samples generated from r. Then QB =6B, the sample standard
deviation of the Xi's. A reasonable measure of the accuracy of 6B is its
coefficient of variation conditional on X. Standard calculations show

CV( 6 IX) = [(s+2)/4B]112 + 0(1/B) (1)

where S is the kurtosis of the bootstrap distribution of T. Table 1 shows
CV(6 0 I X) for 8=0 and 8=3 (the kurtosis of the t distribution on 6 degrees
of freedom).

Table 1.

CV(6B I X) as a function of B and 8

B 10 20 50 100 200 500 1000

8=0 .22 .14 .10 .07 .05 .03 .02
8=3 .35 .25 .16 .11 .08 .05 .04

We propose estimation of CV(6 6 I X) from the bootstrap distribution as

a guideline for the choice of B. The suggested procedure is to take say 50
bootstrap samples, estimate CV(EB I X) from the bootstrap distribution,
take more samples etc. until the estimated coefficient of variation is
small enough. Note that estimation of CV(6 6 I X) requires an estimate
of 8. For this we use the sample kurtosis of the bootstrap values. For
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non-robust T, it would be preferable to use a more robust measure.

What is a "small" coefficient of variation? One way to determine this
is to examine the effect of an error in 65 on the coverage of a confidence
interval of the form IT(X)+BBz(1), T(X)+6Bz(I-d)] where z(00 is the
100&-th percentage point of the standard normal distribution. Let 8 be
the parameter of F that T estimates and let g(6B)=P(8e [T(X)+6BZ(0),

T(X)+6Bz(1-0)] ), the coverage of the standard interval. A taylor series
argument gives for the (conditional) standard deviation of g(cB)

SD(g(eB) I X) z 2 y(z(1-0)z0I - 4 CV( 6 B I X) (2)

This relationship is illustrated in Table 2.

Table 2.

SD(g(6B) I X) and CV(6 B I X)

for ot=.025 and .05

i--cv-- I
SD a=.025 a=.05

.01 .04 .03

.02 .09 .06

.05 .22 .15

Thus if we aim for a 90% confidence interval and we're willing to allow a
standard error of 2%, we require CV(6 B I X) to be about .06. For a 95%
interval, we require CV(6B I X) to be .09. In the examples that follow, we
will use .06 as our target, although this is of course up to the statistician
to choose in any particular problem.
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Example 1. The correlation coefficient.

The date for this example come from the SAS Basics manual (1982)
page 510. They consist of 50 measurements of chest and abdomen skinfold
thickness. The statistic we chose was the sample correlation coefficient

which had a value of .620 for the original data. Table 3 shows the results
of successively increasing the number of bootstraps.

Table 3
Results for the correlation coefficient

applied to the skinfold data

L 0 6B  CV

50 -11 .090 .065
100 -.44 .097 .062
200 .13 .097 .052
500 -.20 .100 .030

1000 .25 .106 .024

We see that with 200 bootstraps the CV is below .06, and even 50 may be

adequate.

Example 2. Cox's model.

In this example we bootstrapped Cox's partial likelihood estimate for

the proportional hazards model. The data consisted of 200 measurements

on mice taken from Kalbfleisch and Prentice (1981) pg 233. The outcome

was survival in days, the covariate was % antibody level. The
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bootstrapping was performed by treating the response, covariate and
censoring indicator for each mouse as the sampling unit. The partial
likelihood estimate for the original data was -.015. The bootstrap results
are shown in Table 4.

Table 4.
Results for Cox's estimator

applied to mouse leukemia data.

B 6 6B CV

50 3.02 .010 .16
100 2.04 .009 .10

200 1.75 .008 .07
300 2.00 .008 .06
500 1.86 .008 .04

1000 3.00 .009 .04

About 300 bootstraps are necessary to get CV down to about .06, despite
the fact that the value of 65 changes very little as B increases.

4. Number of bootstraps for percentile points.

For the problem of estimating percentile points, the functional
Q(T,F,X) is G-I(oi) where G is the distribution of T under F. The bootstrap
estimate of G-I(0=) is 6-1 (ot) where t is the bootstrap distribution of
T(X*) , that is the distribution of T(X*) under P. Letting B be the
empirical distribution function of T I ,... TB*, the monte carlo
approximation to 6-(0) is bB-1(). (If G-1 (ot ) is not uniquely defined,
we will assume some reasonable definition like inf{t: G(t)> 0=} and
similarly for -I(0) and B- I(ot)). Standard calculations give
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* CvIh- I(c) _ 1oc( -o01 + O(1/1) (3)-EM l _1 (Co Pj- l(am)

Ithe above g(.) is db(t)/dt. Now if , is normal, then 9(ac) =

Iz(d)/t-l(o) (y(z(o ) ) and hence CVIbB- l()] j(1-o)]4IlB4Iz(OlV( z(d))].

For this case, Table 5 shows a tabulation of CV[IB-'(()

Table 5

CV [tB- (c)] for b normal

. .75 .90 .95 .975

50 .29 .19 .18 .19

100 .20 .13 .13 .14

200 .14 .09 .09 .10

500 .09 .06 .06 .06

1000 .06 .04 .04 .04

As we did in the previous section, we must address the question:
What is a "small" coefficient of variation for this problem? Let

=PI (Ti* < B-l(o). We can measure the size of CV 1 by

assessing its effect on SD( ). If G is approximately normal, it is easy

to show that

SD(0) z z I V( z (  CV ItB- (DOI (4)

Table 6 tabulates this for various values of ot and SD(A)
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Table 6.
CU[t - I (o)] as a function of a^ and SD(A)

0 .75 .90 .95 .975

SD(a)
.005 .0 2 .02 .0 .0
.01 .05 .04 .06 .09
.02 .09 .09 .12 .17

.05 .23 .22 .29 .4

Thus for example if we want to estimate the 90th percentile with a

standard error of .01 in the coverage, CIU[B-I (cO] has to be less than or

equal to .04. Assuming again that G is normal, Table 5 then tells us that

B should be at least 1000.

Instead of assuming niormality, we can take the approach discussed in

section 2: estimateC-1 (d) and g( 1 (O)) from the bootstrap distribution

and thus get an estimate of CU[B -1(a)]. We tried this in the next two
examples, using a kernel density estimate of the form Z(I/h ):B)((Ti-

y)/hiB). A value of .5 was used for the window parameter h; fortunutely

the results changed very little when h was varied.

Example 3. Percentile points for the setup of example 1.

We applied the bootstrap to estimate a percentile of the bootstrap

distribution for the correlation in the skinfold data estimate. Table 7

shows the results for o=. 10 and .05.

* 8
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Table 7.
Percentile results for skinfold date

o=025 a=. 10

100 .014 .752 .013 .711

B 200 .011 .761 .011 .725
500 .006 .772 .006 .732

1000 .005 .756 .005 .713

We see that 100 bootstr-aps is adequate both for d=. 10 and d = .025 .

Example 4. Percentile points for Example 2 (Cox model).

The results for the Cox model applied to the mouse leukemia data are
shown in Table B.

Table B.
Percentile results for Cox model

d~=.025 o~10

100 .250 -. 0016 .095 -. 010
B 200 .151 -. 0047 .090 -. 008

500 .098 -. 0047 .054 -. 008
1000 .062 -. 0011 .040 -. 007

9
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In order to get CV down to .04, 1000 bootstraps are needed for oi=. 10;

more than 1000 bootstraps are required for oi=.025. In the second case,*--I(o) isn't changing much but the estimates still have large variability.

5. Bias estimation.

The mean bias of the estimator T is defined as EFT-8, and is estimated
ty the bootstrap quantity ErT(X I ,X- .. N*)-T(XI.X.-.XN) The monte

carlo approximation to the bootstrap estimate is .Tii*/ - T(XI,X2,...XN).
Asuming ET(X , 2 ..- N = T(XX 2 ,..X.N),, this has coefficent of

variation 6/B IT(X,X 2 ,...XN)I. Using 6B as an estimate of ., Table 9

shows the CV as B increases for the setup of Example 1.

Table 9.
CV for estimate of bias

(correlation coefficient, example 1)

B CV
50 .027

100 .016
200 .011

500 007

1000 005

There seems to be no natural way to decide what a "small" CV for bias is;

one might arbitrarily decide that .05 is small. In that case, as few as 50

bootstraps is satisfactory in this example. For the Cox model example,

about 200 bootstraps are necessary to get the CV down below .05.

1edian bias is defined as G-1(k)-8 and is estimated by

-1 (k)-T(X,X 2.. XN). The monte carlo approximation -B-(k)-T(X,X2...XN)

10
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has coefficient of variation that can be estimated by the method described

in section 3.
A related problem is the estimation of o=P(T > t), where o is neat I.

The bootstrap estimate is d - Pp(Ti*> t) and the monte carlo

approximation is dB=#{Ti * > t}/B. The standard deviation of hB i5

-[( I- 5)IBo which equals 1/2B0 when =,. In order for the standard

deviation to get down to .02, B must be 625; a standard deviation of .01
* requires B=2500. Efron (1984) notes this fact in the context of estimation

of the bias-corrected percentile interval and suggests a better method of

approximation.

6. Discussion.

We have presented here an adaptive method for determining the number
of bootstraps necessary to achieve a pre-specified accuracy. These
techniques should be used with some caution. In the first two problems
considered, estimates of kurtosis and the density of the bootstrap

distribution were required. The estimation of both these quantities is

quite delicate and shouldn't be attempted for bootstrap sample sizes less
than 50 and 100, respectively It goes without saying that if you can

feasibly take 1000 or more bootstraps, then take them! One reason is
that often attention is not focussed on a single aspect like variance; for

example the general shape of the bootstrap distribution may be of
interest. For this it is hard to quantify how 1-rQe B should be and the

bigger the better. Some further remarks:

Remark A. AP unconditional Pie) of te portblem. Efron (1984)
computes the unconditional coefficient of variation of 6 B and b-l(o) as a

way of determining how large B should be. He takes the point of view that

B is large enough if the conditional variation in 6B is small compared to
its unconditional variation, that is, if increasing B doesn't decrease the
unconditional CV substantially. For standard error estimation he assumes

o.o.
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that E(8)=O and shows that B as small as 25 or 50 can be adequate. For
*.. percentile estimation, his results, based on normal approximations,
- indicate that B=1000 it; necessary. In this paper, we have taken a slightly

differerent view--- that even if the sampling variability of the estimate
is large, one might still want an accurate measure of its standard error.

2.- Also the adaptive approach allows one to take less or more bootstraps
depending on the variability of the bootstrap values observed.

Remark B. Variance reduction techniques. The use of monte carlo
variance reduction techniques can greatly reduce the number of bootstraps
necessary to achieve a given accuracy. Therneau (1983) looked at a
number of methods, most notably control variates, for variance and bias
estimation. Johns (1984 personal communication) has had success with
importance sampling for percentile estimation.

Remark C. Pelat ionship betwean sample size and number

boo/straps. If T z X it is straightforward to show that the
- -- unconditional CV of 65 is of the form [a/N +(b/NO) +c/B]0 , where a, b and

c are constants depending on F (the distribution of Xi) Hence as N
increases, CV(6 5 ) goes down at the rate 1/N . This makes senses

- , intuitively: as the sample size increases, the kurtosis of the bootstrap

distribution of X3* decreases. By linearizing a non-linear statistic, one
-- could presumably show that this is approximately true in general. This

doesn't mean, however, that less computations are necessary since each
evaluation of the statistic will typically be at least O(N).

Remark 0. The parametric and smooth bootstraps. The techniques
discussed in this paper did not make any special use of the fact that F was
estimated by the empirical distribution function P. Hence they are still
appropriate if some other estimate of F is used, for example a parametric.
estimate ("the parametric bootstrap") or a semi-parametric estimate ("the
smooth bootstrap").

12
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